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Abstract

We prove that ifX is a power homogeneous compact space then< 2¢(X)7x(X)  This
generalizes similar results of Arhangelskian Douwen and Ismail. We apply this result to get new
estimates for the cardinality of (power) homogenecosipacta satisfying sagspecial conditions.
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1. Introduction

For all undefined notions, see Engelking [7], Kunen [13] and Juh&sz [12]. Recall that
Ty (X), m(X), w(X) andc(X) denote ther -character, 7 -weight, weight andcellularity of
X, respectivelyAll spaces under discussion are Tychonoff.

A spaceX is power homogeneousif X* is homogeneous for someIn [5], van Douwen
proved the surprising result thatXf is power homogeneous theki| < 27X, Kunen [14]
proved that no infinite compact F-space is power homogeneous. Bell [4] proved that if
X is a continuous image of a compact ordered space Xarid power homogeneous,
then X is first countable. Dow and Pearl [6] proved that every first countable zero-
dimensional space is power homogeneousuRes the same spirit were obtained recently
by Arhangel’ski [3]. He proved that ifX is Corson compact and power homogeneous
thenX is first countable. And also that a compact scattered power homogeneous space is
countable.
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It was shown by Ismail [11, 1.6] tha& | < |R(X)™* X if X is homogeneous. Here
R(X) is the collection of all regular open subsetsXof Arhangel'ski [2, 1.5] observed
that from this inequality and one &apirovski[19] one easily gets thak | < 2¢(X)7x(X)
for every homogeneous spa&e In view of van Douwen’s Theorem quoted above, this
suggests the question whether the same result holds for power homogeneous spaces. We
were only able to answer this question for compact spaces.

Theorem 1.1. Let X be compact and power homogeneous. Then | X | < 2¢(X)7x(X) |

We prove that ifX is compact and power homogeneous th&h< w(X) X)_ This
resultis close to Ismail's Theorem 1.6 from [11]. Then by apphBagirovski's inequality
from [19] in precisely the same way as was done in Arhangéljgil.5], we obtain
Theorem 1.1. Applications are that the cardinality of a homogeneous compact space which
has countable spread or is hereditarily norarad satisfies the countable chain condition
does not exceed

We are indebted to the referee for some helpful comments.

2. Proof of Theorem 1.1

In [5], van Douwen introduced a technique, inspired by ideas of Frolik [9,10], which is
useful for showing that certain spaces aot homogeneous. Thist¢hnique will be used
in the proof of our main result.

Let X be a compact space and I#tX) denote the collection of opeR, -subsets ofX.
Observe that since eveB/ € B(X) is o-compact,

|BXO| < w(X)®,
and that3(X) is invariant under homeomorphisms, i.e.pife B(X) andf: X — X is a
homeomorphism theri(B) € B(X).
Throughout, letc > o be a fixed cardinal. Fop € B(X)“ andx € X we define “the
way ¢ clusters atc”, w(¢, x), as follows:
w(p, x) = {A Ck.xe U{¢>(oz): o€ A}}
Then
W(x, k) ={w(@, x): ¢ € BX)"}
is the set of all possible wayssequences i cluster atx. Observe that
|W(x, 10| < |BXO)|" <w(X)®* =w(X)~. 6p)
It is clear that ifx,y € X and f: X — X is a homeomorphism witlf (x) = y then
W(x, k) =W(y, k). This yields:
Proposition 2.1 (van Douwen [5, 2.2])Let X be a homogeneous space. Then for every
p € X and ¢ € B(X)*, we have
Hw@, x): x e X} <|W(p.x)|
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Proof. If not, then we can find € X such thatw(¢, x) ¢ W(p, k). But thenW (p, k) #
W(x, k), and soX is not homogeneous.O

The following lemma, which is similar to van Douwen [5, 3.1], is the key to our results.
Lemma 2.2. Let X be a compact space and let Y € [X]S¥ be such that y(x, X) <« for
every x € Y. Thenthereisan element ¢ € 5(X)* such that the function

X = w(g, x)
isone-to-oneon Y.
Proof. For everyx € Y let U, C B(X) be a localr-basis atx of size at most. Put

U=,y Uy, and letp 1k — U be an arbitrary surjeain. Pick arbitrary distinct, z € Y.
There is an open neighborhoddof y such that; ¢ V. Put

A={a <k ¢p(@) SV}

If W is an arbitrary open neighborhoodpthenV N W contains an elementof Y, and
hence contains a member of the collectign From this we conclude that

velJl¢@): e eal,
i.e.,Aew(g,y).Butz ¢ V, henced ¢ w(¢, z). We conclude thab (¢, y) # w(¢,z). O
Van Douwen was particularly interested in proving that there are spaaas power

of which is homogeneous. For handling big powers of compact spaces, he proved the
following result:

Proposition 2.3 (van Douwen [5, 3.7])Let X be compact, and let . > « > w. Then for
x € X* we have

W(x, k)= U{W(x[A,K): ACh, |Al=k}.
By using the technique in the proof of van Douwen [5, 4.1], this yields:

Corollary 2.4. Let X be a compact power homogeneous space. If ¥ € [X IS¢ and
7y (x, X) <« for every x € Y, then |Y| < w(X) .
Proof. Let us first observe that
W(X*) = (k- w(X))* =2 w(X)* =w(X)~. ($)
Let A be such thak* is homogeneous. We may assume without loss of generality that
A >«. This is clear since it < x andX* is homogeneous, then so(i&*)< ~ X*.

Consider any € X* which is constant (as a function frominto X). Then by Propo-
sition 2.3,

W(p.i)=|J{W(pra.): ACh, |Al=«}.
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But, clearly,W(plA,x) = W(p|B,«) forall A, B € [A]. Hence
W(p,k)=W(plk, k).

Observe that byt) and (%),
|W(x, 1) < (W(X¥))* =w(X)*.

for everyx € X*. This shows by homogeneity &f* that |W (y, k)| < w(X)* for every
ye X’

Now let Y € [X]S¥ be such thatr, (x, X) <« for everyx e Y. Let¢ € B(X)* be as
in Lemma 2.2 forY. Letx: X* — X be an arbitrary projection, and I§tC X* be such
thatr | S: S — Y is a bijection. Definay : k — B(X*) by ¥ (a) = 7 ~1(¢(a)). Sincer is
open, it is not hard to show that for every S,

w(, x) = w(p, 7(x))

(van Douwen [5, 3.2(a)]). So by Proposition 2.1 we [ggt< w(X)*, and so|Y | < w(X)~,
as required. O

We now formulate the main result in this note.
Theorem 2.5. If X is compact and power homogeneous, then | X | < w(X)™x %),

Proof. We may assume without loss of generality tixats infinite. Letx =, (X) and
observe that > w. By Corollary 2.4, we get:

Claim 1. If Y € [X]S¥ then|Y| < w(X)~.
Claim 2. |X| < W(X)¥.

There is a dense subsetof X with |[D| < w(X). Fix an arbitraryc € X, and letB, be a
localr-basis ate with |B,| < «. For everyB € B,, pick an arbitrary elementg € BN D.
Clearly,

x €{dp: B e B,}.
So for everyx € X there isA, € [D]S¢ such thatx € A,. From this we conclude by
Claim 1 that| X| < w(X)* -w(X)* =w(X)*. O
We are now in a position to draw some interesting conclusions.

Corollary 2.6. If X is compact and power homogeneous, then | X| < 2¢(X)x(X)

Proof. We may clearly assume thatis infinite. LetRO(X) denote the Boolean algebra
of regular open subsets &f. It was proved bySapirovski [19] (see also [12, 2.37]) that

|RO(X)| < 7y (X)X,
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So we conclude by Theorem 2.5 that
X1 w0 < JROCOI™ ) < (y (X)) = 2000 (0

as required. O

Remark 2.7. We do not know whether there is a power homogeneous sfaxech that
|X| > 27x (X)-e(X),

Ismail [11, 1.13] proved that i is a homogeneous compactum thef{ = 2xX).
This is a consequence of the classi€dch—PospiSil Theorem, see [12, 3.16], that if
X is compact and if for some, x(x, X) > « for everyx € X, then|X| > 2¢. So by
Corollary 2.6 we get:

Corollary 2.8. Let X be a homogeneous compact space. Then 2X(X) < 2¢(X) 7, (X)

This inequality is not very appealing. But, in the presence ofd@beél, it looks much
better.

Corollary 2.9 (GCH). Let X be a compact power homogeneous space. Then x (X) <
c(X) -7y (X).

Question 2.10. Let X be a compact homogeneous space. (&) < m, (X) underGCH?

3. Onthecardinality of homogeneous compacta

Ismail [11] observed that the cardinality of a hereditarily separable compact homoge-
neous space is at masgsee also Arhangel’skj2], the discussion before Conjecture 1.18).
This is relevant since Fedtuk [8] constructed a hereditarily separable hereditarily normal
compact spac& with |X| > ¢ under<. By our results this can be generalized to power
homogeneous compacta (with an identical proof).

Theorem 3.1. Let X be a power homogeneous compactum. Then | X | < 25X,

Proof. By results of Arhangel'ski[1] and éapirovski [20], it follows that 7, (X) <
t(X) <s(X) (see also [12, 3.12 and 3.14]). CleadyX) < s(X), hence

c(X)-my (X) s(X)
|1X| <2 <2

by Corollary 2.6. O
Theorem 3.2. Let X be a hereditarily normal homogeneous compactum. Then | X | < 2¢(X),

Proof. Suppose first that there is a pojnt X such thatr, (p, X) > w1. By homogeneity
it then follows thatr, (x, X) > w1 for everyx € X. By deep results dbapirovski[19] (see
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also [12, 3.18]), there is a continuous surjectipnX — I¢1. But I*1 is not hereditarily
normal, [12, 3.21]. So we conclude thaf(X) < w. Hence

1X| < 2¢(X)- 7y (X) _ oc(X)

by Corollary 2.6. O

We do not know whether Theorem 3.2 also holds for power homogeneous hereditarily
normal compacta.
By arguing as in Corollaries 2.8 and 2.9, we get:

Corollary 3.3. Let X be a homogeneous compactum. Then 2X (%) < 25(X),
Corollary 3.4 (GCH). Let X be a homogeneous compactum. Then x (X) < s(X).

The question naturally arises whethgpread in this corollary can be replaced by
cellularity. Since 2 is homogeneous for every and has countable cellularity, this cannot
be done. It turns out that the presence of copies of ce@aith—Stone compactifications
of discrete spaces is the determining factor.

Corollary 3.5 (GCH). Let X be a homogeneous compactum, and let x = ¢(X). If X does
not contain a copy of B«, then x (X) < c(X).

Proof. Observe thaBx is by GCH a subspace ar’. Sincefk is extremally disconnected,
this means thak cannot be mapped onis", cf., the proof of 3.22 in [12]. So there is a
pointx € X such thatr, (x, X) <« ™ by [12, 3.20]. By homogeneity of, this means that
my (X) < k. Butthen

1X| < 2¢(X)-7y (X) _ oc(X)

by Corollary 2.6. So we can again apply the reasoning in the proof of Corollary 2.8 to
conclude that undeBCH we havey (X) < c¢(X). O

4. Examples

In this section we will present some known examples that illustrate the sharpness of the
obtained results and raise some questions.

(1) Letax denote the one-point compactificationofwith the discrete topology). Then
x (ax) = k andrw, (ek) = w. Hence the gap between character ancharacter can be
arbitrarily large.

(2) Jensen pointed out that it is easy to construct homogeneous compact Souslin lines
from <. Arelated resultis Kunen’s construction undet of a compact L-space which
is even aright topological group, [15]. Téespaces are first countable, have countable
cellularity but have uncountable-weight. So there are homogeneous spacdsr
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which¢(X) - 7, (X) = o but (X) = w1, hence Theorem 1.1 improves van Douwen’s
Theorem.

(3) There is an example und&A + —CH of a compact homogeneous spakewith
7(X) = w and x (X) = w1 (van Mill [17]). So it is not true that a compact homoge-
neous space with countabteweight is first countable. BuX has uncountable spread
since it contains a copy of2. This suggests the question whether Corollary 3.4 is true
in ZFC, in particular, whether a compact homogeneous space with countable spread is
first countable. This question is related to Conjecture 1.17 in ArhanggXkievery
homogeneous compactum of countable tightness is first countable.

(4) Theorem 3.1 is false if we drop compactness. There are (consistent) hereditarily
separable topologicaroups of cardinality 2 See Roitman [18] for details. De la
Vega and Kunen [21] recently proved that there is a compact homogeneous S-space
underCH.

(5) Theorem 3.2 implies that a heredita normal homogeneous compactum which
satisfies the countable chaiardition has cardinality at most There are hereditarily
normal homogeneous compacta with cellularity and cardinalifaurice [16]).
These spaces are ordered, hence evenatonically normal, and first countable. The
results in this note do not show ‘why’ these examples have cardinality at m8st
we ask whetheevery hereditarily normal homogeneous compactum has cardinality at
mostc.
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