
l

cta

ew

ll that

that if
s,
ero-
tly
ous
pace is
Topology and its Applications 146–147 (2005) 421–428

www.elsevier.com/locate/topo

On the cardinality of power homogeneous compa

Jan van Mill

Faculty of Sciences, Department of Mathematics, Vrije Universiteit, De Boelelaan 1081a,
1081 HV Amsterdam, The Netherlands

Received 29 November 2002; received in revised form 12 May 2003; accepted 9 July 2003

Abstract

We prove that ifX is a power homogeneous compact space then|X| � 2c(X)·πχ(X). This
generalizes similar results of Arhangel’skiı̆, van Douwen and Ismail. We apply this result to get n
estimates for the cardinality of (power) homogeneouscompacta satisfying some special conditions.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction

For all undefined notions, see Engelking [7], Kunen [13] and Juhász [12]. Reca
πχ(X), π(X), w(X) andc(X) denote theπ -character, π -weight, weight andcellularity of
X, respectively.All spaces under discussion are Tychonoff.

A spaceX is power homogeneous if Xκ is homogeneous for someκ . In [5], van Douwen
proved the surprising result that ifX is power homogeneous then|X| � 2π(X). Kunen [14]
proved that no infinite compact F-space is power homogeneous. Bell [4] proved
X is a continuous image of a compact ordered space andX is power homogeneou
then X is first countable. Dow and Pearl [6] proved that every first countable z
dimensional space is power homogeneous. Results in the same spirit were obtained recen
by Arhangel’skĭı [3]. He proved that ifX is Corson compact and power homogene
thenX is first countable. And also that a compact scattered power homogeneous s
countable.
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It was shown by Ismail [11, 1.6] that|X| � |R(X)|πχ (X) if X is homogeneous. Here
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R(X) is the collection of all regular open subsets ofX. Arhangel’skĭı [2, 1.5] observed
that from this inequality and one ofS̆apirovskĭı [19] one easily gets that|X| � 2c(X)·πχ(X)

for every homogeneous spaceX. In view of van Douwen’s Theorem quoted above, t
suggests the question whether the same result holds for power homogeneous spa
were only able to answer this question for compact spaces.

Theorem 1.1. Let X be compact and power homogeneous. Then |X| � 2c(X)·πχ(X).

We prove that ifX is compact and power homogeneous then|X| � w(X)πχ (X). This
result is close to Ismail’s Theorem 1.6 from [11]. Then by applyingS̆apirovskĭı’s inequality
from [19] in precisely the same way as was done in Arhangel’skiı̆ [2, 1.5], we obtain
Theorem 1.1. Applications are that the cardinality of a homogeneous compact space
has countable spread or is hereditarily normal and satisfies the countable chain condit
does not exceedc.

We are indebted to the referee for some helpful comments.

2. Proof of Theorem 1.1

In [5], van Douwen introduced a technique, inspired by ideas of Frolík [9,10], whi
useful for showing that certain spaces arenot homogeneous. This technique will be used
in the proof of our main result.

Let X be a compact space and letB(X) denote the collection of openFσ -subsets ofX.
Observe that since everyB ∈ B(X) is σ -compact,∣∣B(X)

∣∣ � w(X)ω,

and thatB(X) is invariant under homeomorphisms, i.e., ifB ∈ B(X) andf :X → X is a
homeomorphism thenf (B) ∈ B(X).

Throughout, letκ � ω be a fixed cardinal. Forφ ∈ B(X)κ andx ∈ X we define “the
wayφ clusters atx”, w(φ,x), as follows:

w(φ,x) =
{
A ⊆ κ : x ∈

⋃{
φ(α): α ∈ A

}}
.

Then

W(x,κ) = {
w(φ,x): φ ∈ B(X)κ

}

is the set of all possible waysκ-sequences inB cluster atx. Observe that∣∣W(x,κ)
∣∣ �

∣∣B(X)
∣∣κ � w(X)ω·κ = w(X)κ . (†)

It is clear that ifx, y ∈ X andf :X → X is a homeomorphism withf (x) = y then
W(x,κ) = W(y,κ). This yields:

Proposition 2.1 (van Douwen [5, 2.2]).Let X be a homogeneous space. Then for every
p ∈ X and φ ∈ B(X)κ , we have∣∣{w(φ,x): x ∈ X

}∣∣ �
∣∣W(p,κ)

∣∣.
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Proof. If not, then we can findx ∈ X such thatw(φ,x) /∈ W(p,κ). But thenW(p,κ) �=

ults.

ed the

that
W(x,κ), and soX is not homogeneous.�
The following lemma, which is similar to van Douwen [5, 3.1], is the key to our res

Lemma 2.2. Let X be a compact space and let Y ∈ [X]�κ be such that πχ(x,X) � κ for
every x ∈ Y . Then there is an element φ ∈ B(X)κ such that the function

x �→ w(φ,x)

is one-to-one on Y .

Proof. For everyx ∈ Y let Ux ⊆ B(X) be a localπ -basis atx of size at mostκ . Put
U = ⋃

x∈Y Ux , and letφ :κ → U be an arbitrary surjection. Pick arbitrary distincty, z ∈ Y .
There is an open neighborhoodV of y such thatz /∈ V . Put

A = {
α < κ : φ(α) ⊆ V

}
.

If W is an arbitrary open neighborhood ofy thenV ∩ W contains an elementx of Y , and
hence contains a member of the collectionUx . From this we conclude that

y ∈
⋃{

φ(α): α ∈ A
}
,

i.e.,A ∈ w(φ,y). Butz /∈ V , henceA /∈ w(φ, z). We conclude thatw(φ,y) �= w(φ, z). �
Van Douwen was particularly interested in proving that there are spacesX no power

of which is homogeneous. For handling big powers of compact spaces, he prov
following result:

Proposition 2.3 (van Douwen [5, 3.7]).Let X be compact, and let λ � κ � ω. Then for
x ∈ Xλ we have

W(x,κ) =
⋃{

W(x�A,κ): A ⊆ λ, |A| = κ
}
.

By using the technique in the proof of van Douwen [5, 4.1], this yields:

Corollary 2.4. Let X be a compact power homogeneous space. If Y ∈ [X]�κ and
πχ(x,X) � κ for every x ∈ Y , then |Y | � w(X)κ .

Proof. Let us first observe that

w
(
Xκ

)κ = (
κ · w(X)

)κ = 2κ · w(X)κ = w(X)κ . (‡)

Let λ be such thatXλ is homogeneous. We may assume without loss of generality
λ � κ . This is clear since ifλ � κ andXλ is homogeneous, then so is(Xλ)κ ≈ Xκ .

Consider anyp ∈ Xλ which is constant (as a function fromλ into X). Then by Propo-
sition 2.3,

W(p,κ) =
⋃{

W(p�A,κ): A ⊆ λ, |A| = κ
}
.
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But, clearly,W(p�A,κ) = W(p�B,κ) for all A,B ∈ [λ]κ . Hence

y

ra
W(p,κ) = W(p�κ, κ).

Observe that by(†) and(‡),
∣∣W(x,κ)

∣∣ �
(
w

(
Xκ

))κ = w(X)κ .

for everyx ∈ Xκ . This shows by homogeneity ofXλ that |W(y,κ)| � w(X)κ for every
y ∈ Xλ.

Now let Y ∈ [X]�κ be such thatπχ(x,X) � κ for everyx ∈ Y . Let φ ∈ B(X)κ be as
in Lemma 2.2 forY . Let π :Xλ → X be an arbitrary projection, and letS ⊆ Xλ be such
thatπ � S :S → Y is a bijection. Defineψ :κ → B(Xλ) by ψ(α) = π−1(φ(α)). Sinceπ is
open, it is not hard to show that for everyx ∈ S,

w(ψ,x) = w
(
φ,π(x)

)

(van Douwen [5, 3.2(a)]). So by Proposition 2.1 we get|S| � w(X)κ , and so,|Y | � w(X)κ ,
as required. �

We now formulate the main result in this note.

Theorem 2.5. If X is compact and power homogeneous, then |X| � w(X)πχ (X).

Proof. We may assume without loss of generality thatX is infinite. Letκ = πχ(X) and
observe thatκ � ω. By Corollary 2.4, we get:

Claim 1. If Y ∈ [X]�κ then|Y | � w(X)κ .

Claim 2. |X| � w(X)κ .

There is a dense subsetD of X with |D| � w(X). Fix an arbitraryx ∈ X, and letBx be a
localπ -basis atx with |Bx| � κ . For everyB ∈ Bx , pick an arbitrary elementdB ∈ B ∩ D.
Clearly,

x ∈ {dB : B ∈ Bx}.
So for everyx ∈ X there isAx ∈ [D]�κ such thatx ∈ Ax . From this we conclude b
Claim 1 that|X| � w(X)κ · w(X)κ = w(X)κ . �

We are now in a position to draw some interesting conclusions.

Corollary 2.6. If X is compact and power homogeneous, then |X| � 2c(X)·πχ(X).

Proof. We may clearly assume thatX is infinite. LetRO(X) denote the Boolean algeb
of regular open subsets ofX. It was proved by̆Sapirovskĭı [19] (see also [12, 2.37]) that

∣∣RO(X)
∣∣ � πχ(X)c(X).
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So we conclude by Theorem 2.5 that

t if

oge-
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|X| � w(X)πχ (X) �
∣∣RO(X)

∣∣πχ (X) �
(
πχ(X)c(X)

)πχ (X) = 2c(X)·πχ(X)

as required. �
Remark 2.7. We do not know whether there is a power homogeneous spaceX such that
|X| > 2πχ (X)·c(X).

Ismail [11, 1.13] proved that ifX is a homogeneous compactum then|X| = 2χ(X).
This is a consequence of the classicalČech–Pospišil Theorem, see [12, 3.16], tha
X is compact and if for someκ , χ(x,X) � κ for every x ∈ X, then |X| � 2κ . So by
Corollary 2.6 we get:

Corollary 2.8. Let X be a homogeneous compact space. Then 2χ(X) � 2c(X)·πχ(X).

This inequality is not very appealing. But, in the presence of theGCH, it looks much
better.

Corollary 2.9 (GCH). Let X be a compact power homogeneous space. Then χ(X) �
c(X) · πχ(X).

Question 2.10. Let X be a compact homogeneous space. Isχ(X) � πχ(X) underGCH?

3. On the cardinality of homogeneous compacta

Ismail [11] observed that the cardinality of a hereditarily separable compact hom
neous space is at mostc (see also Arhangel’skiı̆ [2], the discussion before Conjecture 1.1
This is relevant since Fedorčuk [8] constructed a hereditarily separable hereditarily nor
compact spaceX with |X| > c under♦. By our results this can be generalized to pow
homogeneous compacta (with an identical proof).

Theorem 3.1. Let X be a power homogeneous compactum. Then |X| � 2s(X).

Proof. By results of Arhangel’skiı̆ [1] and S̆apirovskĭı [20], it follows that πχ(X) �
t (X) � s(X) (see also [12, 3.12 and 3.14]). Clearly,c(X) � s(X), hence

|X| � 2c(X)·πχ(X) � 2s(X)

by Corollary 2.6. �
Theorem 3.2. Let X be a hereditarily normal homogeneous compactum. Then |X| � 2c(X).

Proof. Suppose first that there is a pointp ∈ X such thatπχ(p,X) � ω1. By homogeneity
it then follows thatπχ(x,X) � ω1 for everyx ∈ X. By deep results of̆Sapirovskĭı [19] (see
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also [12, 3.18]), there is a continuous surjectionf :X → I
ω1. But I

ω1 is not hereditarily
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normal, [12, 3.21]. So we conclude thatπχ(X) � ω. Hence

|X| � 2c(X)·πχ(X) = 2c(X)

by Corollary 2.6. �
We do not know whether Theorem 3.2 also holds for power homogeneous hered

normal compacta.
By arguing as in Corollaries 2.8 and 2.9, we get:

Corollary 3.3. Let X be a homogeneous compactum. Then 2χ(X) � 2s(X).

Corollary 3.4 (GCH). Let X be a homogeneous compactum. Then χ(X) � s(X).

The question naturally arises whether spread in this corollary can be replaced
cellularity. Since 2κ is homogeneous for everyκ , and has countable cellularity, this cann
be done. It turns out that the presence of copies of certainČech–Stone compactification
of discrete spaces is the determining factor.

Corollary 3.5 (GCH). Let X be a homogeneous compactum, and let κ = c(X). If X does
not contain a copy of βκ , then χ(X) � c(X).

Proof. Observe thatβκ is byGCH a subspace ofIκ
+

. Sinceβκ is extremally disconnected
this means thatX cannot be mapped ontoIκ

+
, cf., the proof of 3.22 in [12]. So there is

pointx ∈ X such thatπχ(x,X) < κ+ by [12, 3.20]. By homogeneity ofX, this means tha
πχ(X) � κ . But then

|X| � 2c(X)·πχ(X) = 2c(X)

by Corollary 2.6. So we can again apply the reasoning in the proof of Corollary 2
conclude that underGCH we haveχ(X) � c(X). �

4. Examples

In this section we will present some known examples that illustrate the sharpness
obtained results and raise some questions.

(1) Let ακ denote the one-point compactification ofκ (with the discrete topology). The
χ(ακ) = κ andπχ(ακ) = ω. Hence the gap between character andπ -character can b
arbitrarily large.

(2) Jensen pointed out that it is easy to construct homogeneous compact Sousl
from♦. A related result is Kunen’s construction underCH of a compact L-space whic
is even a right topological group, [15]. These spaces are first countable, have count
cellularity but have uncountableπ -weight. So there are homogeneous spacesX for
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which c(X) · πχ(X) = ω butπ(X) = ω1, hence Theorem 1.1 improves van Douwen’s
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(3) There is an example underMA + ¬CH of a compact homogeneous spaceX with

π(X) = ω andχ(X) = ω1 (van Mill [17]). So it is not true that a compact homog
neous space with countableπ -weight is first countable. ButX has uncountable sprea
since it contains a copy of 2ω1. This suggests the question whether Corollary 3.4 is
in ZFC, in particular, whether a compact homogeneous space with countable sp
first countable. This question is related to Conjecture 1.17 in Arhangel’skiı̆ [2]: every
homogeneous compactum of countable tightness is first countable.

(4) Theorem 3.1 is false if we drop compactness. There are (consistent) hered
separable topologicalgroups of cardinality 2c. See Roitman [18] for details. De
Vega and Kunen [21] recently proved that there is a compact homogeneous S
underCH.

(5) Theorem 3.2 implies that a hereditarily normal homogeneous compactum whi
satisfies the countable chain condition has cardinality at mostc. There are hereditaril
normal homogeneous compacta with cellularity and cardinalityc (Maurice [16]).
These spaces are ordered, hence even monotonically normal, and first countable. T
results in this note do not show ‘why’ these examples have cardinality at mostc. So
we ask whetherevery hereditarily normal homogeneous compactum has cardinal
mostc.

References
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