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ABSTRACT

We construct a hereditarily disconnected, complete C-space whose square
is strongly infinite-dimensional, and a totally disconnected C-space which
is not countable-dimensional (this space is not complete).

1. Introduction

All our spaces will be separable and metrizable. Our terminology follows
Engelking [3], Kuratowski [8] and van Mill [9]. A space X is a C-space if
for every sequence A, A,,... of open covers of X there are pairwise disjoint
open families By, Bz, ... in X such that B; refines A; for every i, and | J;2; B;
covers X. The weakly infinite-dimensional spaces are the ones that sat-
isfy the weaker condition that these refinements B; exist in case the covers .A;
all consist of at most two elements (no examples distinguishing these proper-

ties are known). Any strongly infinite-dimensional space (i.e., a space which is
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not weakly infinite-dimensional) has an infinite essential family — a sequence
{(A;i,B;) : ¢ € N} of pairs of disjoint closed sets such that if L; is an arbi-
trary partition between A; and B; for every i, then ﬂfil L; # 0. A space
is countable-dimensional if it is a countable union of zero-dimensional sets.
Such spaces are C-spaces.

The product of two C-spaces may be strongly infinite-dimensional; cf. [11],
[12]. However, the constructions in the literature illustrating this phenomenon
are based on transfinite induction, producing spaces that are not absolutely
Borel. One of the main results of this paper is the following:

Example 1.1: There is a complete C-space whose square is strongly infinite-
dimensional.

The complete C-space we construct is also hereditarily disconnected and, not
being countable-dimensional, provides a partial answer to a question asked in
[5]. We did not succeed in producing a totally disconnected such space (which
would answer the question completely). However, giving up all good descriptive
properties, we obtained the following:

Example 1.2: There is a totally disconnected C-space which is not countable-
dimensional.

The main construction in this paper is based on an approach developed in
the paper [10] concerning “splintered spaces” (although this notion will not
be explicitly mentioned here), combined with Bing spaces, and some standard
methods producing uncountable-dimensional C-spaces.

We collect in §2 some auxiliary results needed for our main construction,
which will be presented in §3. The spaces in Examples 1 and 2 are described in
§84 and 5, respectively.

ACKNOWLEDGEMENT: We are indebted to the referee for comments which
improved the exposition.

2. Auxiliary results

In our constructions, we shall deal with mappings p between spaces E and F,
such that

(1) p: E — F is a perfect surjection,

(2) F is complete and zero-dimensional.
In this section we shall make several preliminary observations that will be used
later.
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LEMMA 2.1: Let p: E — F be a continuous closed surjection, where F' is zero-
dimensional. If A is an F,-subset of E such that p(A) = F, then there is a
countable collection B of closed subsets of E such that

(i) UB=4,

(ii) the collection {p(B) : B € B} is pairwise disjoint.

Proof: Let us write A as |J;-, A;, where each A; is closed in E. Put Ay = 0
and fix ¢ > 0 for a moment. The sets p{Ag),...,p(Ai+1) are closed in F. Since

F is zero-dimensional, there is a countable pairwise disjoint family C; of closed
subsets of F with JC; = p(Ait1) \ Uj—¢ p(4;)- Then

B={p~'(C)NAi41:C€C;,i>0}

is clearly as required. |

LEMMA 2.2: Let p: E — F be a continuous closed surjection for which there
exists a countable collection A of closed subsets of E such that the collection
{p(A) : A € A} is pairwise disjoint and covers F. If S(A) is a Gs-subset of A,
for every A € A, then |J 4. 4 S(A) is a Gs-subset of E.

Proof: For every A € Alet B(A) = p~}(p(A)). Then B(A) is closed since p is
closed and continuous. In addition, B(A) \ S(A) is an F,-subset of E. Hence

B\ |J ()= | B\ s(4)

A€EA AcA

is an F,-subset of E. 1

Along with the perfect surjection (1), we shall consider the associated
monotone-light factorization
(3) p=uov,v: E - F*, w: F* - F,
where
(4) v is monotone and wu is light;
cf. [6, 3-37]. Let us recall that both maps u and v are perfect, v has connected
fibers and the fibers of u are zero-dimensional. In particular, since dim F' = 0,
(6) dim F* = 0.
(This can be verified by a straightforward direct computation. Alternatively,
apply [9, Theorem 3.6.10].)
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LEMMA 2.3: Let p: E — F be a perfect surjection, where F' is zero-dimensional.
Then for every € > 0 the set A(e) of all points z € E, such that the component
of x in E has diameter at least ¢, is closed in E.

Proof: Considering the factorization (3), (4), we have A(¢) = v=!(L), where L
is the set of points in F* with fibers of diameter at least . Since L is closed, so
is A(e). n

Remark 2.4: Let us recall that a function f: X — Y is of the first Baire class
if and only if for every open subset U of Y we have that f~!(U) is an F,-subset
of X; cf. [7, p. 192].

Let p: E — F be a perfect surjection. Then by a selection theorem due to
Kuratowski and Ryll-Nardzewski [8, §43, IX], there is a first Baire class function
f:F— Ewithpo f(t)=t,fort € F.

Let us note that S = f(F) is a G§-set intersecting each fiber of p in precisely
one point; cf. [2, p. 144, Exercise 9a]. Indeed, if By, Ba, ... are the closures of
the elements of a countable base in F, then

E\S=JB:inp ' (F\ f7(B)))
i=1
The following result, which is an essential element in our main construction,
is based on a reasoning in the proof of [10, Lemma 3.5].

PROPOSITION 2.5: Let p: E — F be a continuous map onto a complete zero-
dimensional space F. Let f: F' — E be a first Baire class function with po f(t) =
t for every t € F, and let S = f(F). Then for each € > 0 there is a countable
collection S of closed subsets in E such that
(i) mesh(S) <e¢,
(ii) p(A) Np(B) = @ for all distinct A,B € S,
(i) S CUS.

Proof: Fix € > 0. Let A be a nonempty closed subset of F. We claim that
there is a nonempty relatively clopen subset V of A such that diam f(V) < e.
Indeed, since f is of the first Baire class, there is a point € A at which f]A is
continuous; cf. [8, §34.VII]. Given a neighborhood U of f(z) in E of diameter
less than €, there is a clopen neighborhood V of z in F such that f(VNA) CU.
Then V is clearly as required.

Using this, we construct by transfinite induction on a < w closed sets Wy, in
F such that
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(6) if F\ Ugcq Ws # 0, then W, is a nonempty relatively clopen subset of
F\ Uﬁ<a Ws,
(7) diam f(W,) < e.
Observe that by (6) we have that (), Wp is open in F for every a < wi. So
there is an ordinal £ < w; such that F = |J,, <t Wa. Now for every a < €, let A,
be the closure of f(W,) in S. Then A, is contained in p~1(W,,); therefore the
collection 8§ = {A, : a < £} is pairwise disjoint and hence as required. n

PROPOSITION 2.6: Let p: E — F, f: F — E and S = f(F) be as in
Proposition 2.5 and, in addition, let p be perfect. Then the union C(S) of
the continua in E that intersect S is a Gs-subset of E.

Proof: Let us begin with the observation that for any closed A in E, the union
A* of the continua in E that intersect A is closed. This follows readily from the
monotone-light factorization (3), (4), as A* = v~1(v(4)).

Now, for every n, let S, be the collection described in Proposition 2.5 for
¢ = 1/n, and let C,(S) be the union of the continua in E that intersect | JSy,.
Then C,(S) is the union of the sets A* with A € S,,. Using the fact that F' is
zero-dimensional, we get p(A*) = p(A) for every A € S,,. Since the collection
{p(A): A € S,} is a partition of F, it follows that

E\Ca(8) = {J (7' (p(4))\ A7)

A€S,,

So we are done once we establish the following:
(%) C(S) = [ Ca(S)-

Indeed, take an arbitrary z € (.-, Cn(S), and let ¢ = p(z). Then for each n
there are S,, € S,, and a continuum C,, in E such that z € C,, and C,, N S,, # 0.
Since C,, C p~!(¢) it follows that S, Np~1(t) # 0; hence t € p(S,). The
collection &, is pairwise disjoint and hence f(t) € S,. So we conclude that
o(f(t),Cn) < 1/n. A subsequence of the sequence C),C3,... converges to a
continuum C C p~1(¢t) which contains both = and f(t). Hence z € C(S). The
reverse inclusion being trivial, this proves (x). |

Another important element of our main construction is described in the
following:
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PROPOSITION 2.7: Let p: E — F, f: F — FE and S = f(F) be as in
Proposition 2.6. In addition, let W be a Gjs-subset of E with W N p~(t)
finite for every t € F. Then there is Gs-subset T of E such that:
(i) TNp~1(t) is a singleton for every t € F, say T Np~1(t) = {£(t)},
(ii) for allt € T, there is a (possibly degenerate) subcontinuum of p~*(t) that
contains both f(t) and &(t),
(iii) if the component of f(t) in E is nontrivial, then §(t) € SUW,
(iv) TN S is zero-dimensional.

Proof: Let us consider the monotone-light factorization (3), (4), and put D =
v(S). Then v=1(D) = C(S) is the set introduced in Proposition 2.6. Hence the
restriction 7 of v to C(S) is a perfect monotone map onto the zero-dimensional
space D. Clearly, n(S) = D, and for each s € S, the component of E containing
the point s coincides with the fiber 7=!(n(s)). In addition, D is a Gs-subset
of F*, since E \ C(S) is an F,-set by Proposition 2.6 and v takes closed sets to
closed sets.
Let
Do = {d € D : w7!(d) is a singleton},

and let
L=7"YD\ Do)\ (SUW).

Observe that Dy is a Gs-subset of D, & being perfect. So L is an F,-subset of
C(S), and since 7~1(d) for d € D\ Dy is a nontrivial continuum, (L) = D\ Dy.
Since D is zero-dimensional, there are by Lemma 2.1 closed sets L, Ls,... in
7~ Y(D \ Do) such that L = |J;2, L;, and the sets

D;=n(Ly), i=1,2,...

are pairwise disjoint (and cover D \ Dy since n{(L) = D\ D;). The map
wlL;: Ly — D; is perfect; therefore for every ¢ we may choose a Gs-subset
T; of L; intersecting each fiber of 7[L; in exactly one point; cf. Remark 2.4. It
follows by Lemma 2.2 that

o0

D\ Do)\ |JT:

i=1
is an F,-subset of 77} (D\ Dy) and hence of C(S). As a consequence,

T=r"(Do)u|JTi

=1
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is a Gg-subset of C(S). Then T satisfies (i) — (iii). To check (iv), let us notice
that TNS = 7~1(Dy) and since the fibers 7~!(d), d € Dy, are singletons, T NS
is homeomorphic to Dy. |

We shall close this section with a description of a mapping which will be the
starting point of our main construction, given in the next section.

PROPOSITION 2.8: There are a continuous surjection p: M — K from a compact
space onto the Cantor set K and a first Baire class function f: K — M such
that

(i) po f(t) =t for every t € K,

(i1) f(K) is strongly infinite-dimensional,

(iii) M\ f(K) is countable-dimensional.
In addition, M contains disjoint closed sets A and B such that all partitions in
M between A and B meet f(K) in a strongly infinite-dimensional set.

Proof: By Rubin, Schori and Walsh [13], there are a compact space X and
a continuous surjection g: X — K such that for every subset S C X with
g(S) = K we have that S is strongly infinite-dimensional. By Remark 2.4, there
is a first Baire class function f: K — X such that go f(t) = ¢ for every t € K and
S = f(K) is a Gs-subset of X. Let {(A;, B;) : 4 € N} be an essential sequence
of pairwise disjoint closed subsets of S. Let ¢: S — I be a continuous function
such that (A1) = 0 and ¢(B;) = 1. Since the space S is completely metrizable,
it has a compactification 7S whose remainder is countable-dimensional; cf. [9,
Theorem 3.13.7].

Now consider the product ¥ = S x K x I, and the function & S —» Y
defined by £(s) = (s,9(s),¢(s)). Then £ is evidently an embedding. Observe
that £(S) is a closed subspace of S x K x [. As a consequence, the compact
space M = &(S) has the property that M \ £(S) is contained in (v5\S) x K x I
and hence is countable-dimensional. Now let p: M — K be the restriction of
the projection Y — K to M, and f = o f. Observe that £(A;) and £(B;) have
disjoint closures in M. So if L is an arbitrary partition between A = £(A,) and
B =¢(By) in M, then LNE(S) is a partition between £(A;) and &(By) in &(9),
and hence is strongly infinite-dimensional by [9, Theorem 3.1.9]. So M,p and f

are as required. |

3. The construction

Throughout this section, p: M — K, f: K — M and the pair of closed sets A, B
in M are as in Proposition 2.8.
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By a well-known result of Bing [1] (cf., [9, Theorem 3.8.1]), one can choose a
partition N between A and B in M all of whose subcontinua are hereditarily
indecomposable, i.e., whenever C, D are continua in N with nonempty intersec-
tion, either C C D or D C C. The set F' = f~!(N) is a Gs-subset of K, f being
of the first Baire class. Observe that f(F) = NN f(K). Put

E=Nnp '(f7'(N) = Nnp~'(F)
and, to simplify the notation, we shall denote by
pE—F, fiF—>FE

the restrictions of p and f to E and F, respectively. Observe that p: £ — F
is perfect and surjective. Moreover, S = f(F) is strongly infinite-dimensional,
E\ S is countable-dimensional, and each continuum in E is hereditarily inde-
composable.
By induction, we will construct Gs-subsets S; and H; in E, for j € N, with
the following properties:
(1) S; intersects each fiber of p in exactly one point,
(2) for t € F the points in S;Np~1(t) and SNp~!(t) are joined by a continuum
in p~1(¢) of diameter at most 1/,
(3) S; NS is zero-dimensional,
(4) S;ns; CS for 1 # 3,
(5) Ui»; Si € Hj and 52, H; = S.
We pick for every j € N a collection S; of closed subsets of E with the properties
in Proposition 2.5 for ¢ = 1/j. We may assume that every element of S;; is
contained in an element of S;.
Put Sp = 9, and assume that the sets Sp,...,S;-1 are defined for certain
j € N. Consider the collection S; and fix an element A € S;. Applying
Proposition 2.7 to the restrictions pfA: A — p(4), fIp(4): p(4A) — A, and
w = (U, <j S;)N A, we get a Gs-set T4 C A intersecting each fiber of p[A in
exactly one point, such that
(6) for all t € p(A), there is a (possibly degenerate) subcontinuum of p~1(t)NA
that contains the singleton sets S N p~1(¢) and T4 Np~'(t),
(7) if for t € p(A) the component of f(t) in p~!(t) N A is nontrivial, then the
unique point contained in T4 Np~1(t) does not belong to SU W,
(8) T4 NS is zero-dimensional.
Since the sets p(A), A € S;, are closed and pairwise disjoint, and mesh(S;) <
1/4,
Sj = U{TA :Ae S]}
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is a G-subset of E by Lemma 2.2, and has the properties (1) — (4). To complete

H; =JSs;.

Then again by Lemma 2.2, it follows that H; is a Gs-subset of E. Note that
UiZj S; C Hj, since S; refines S if j < ¢. In addition, we claim that ﬂ;’il H; =
Nj=1USj = 8. To see this, first observe that trivially § C ﬂ;’il Us;. Con-
versely, pick an arbitrary z € (2, US;, and put ' = f(p(z)). By (ii) of
Proposition 2.5, every element of S; that contains = also contains z’. Since

the construction, we let

mesh(S;) < 1/j for every j, this implies that z = 2/, i.e.,, z € S.
We shall justify Examples 1 and 2 by considering the spaces
8) Xa=8SUU{S;:j€ A},

where A is an infinite set of natural numbers.

THEOREM 3.1: XA is a complete C-space.

Proof: Since, by (5),

8

Xa=[JHu|J{Siriean{L2,...,j-1}}),

j=1

the space X is a Gs-subset of E, and so it is completely metrizable.

Let us check that XA is a C-space. We shall first check that each L C S that
is closed in XA is countable-dimensional. Striving for a contradiction, assume
that there is such L that is not countable-dimensional, and put

K =Lnp (p(L)),

where the closure is taken in E. Since the restriction p’ = p]K: K — p(K) is
perfect and p(K) is zero-dimensional, the set of all points in L that belong to
a nontrivial continuum in K is not countable-dimensional. This follows easily
from the fact that if 2 € K is such that the component of z in the (compact)
fiber (p')~Y(p(z)) is trivial, then K is zero-dimensional at z. Using this and
(2) and (3), one finds a point € L and nontrivial continua C,Cy,Cs, ..., all
containing x, such that C' C K, diamC; < 1/j and (C; N S;)\ S # 0 for every
Jj. Pick j € A with 1/j < diam C. Then, the continua in F being hereditarily
indecomposable, we must have C; C C since C; and C meet. So there is a point
y € LN{(Xa \ L) which contradicts the fact that L is closed in Xa.

Now, let A;, Az, ... be a sequence of open covers of Xa. First write Xa \ S
as (Up—, Zn, where each Z, is zero-dimensional. By following the hint in 4,
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Problem 6.3.D], there is for every n a pairwise disjoint family of open subsets
B, of X covering Z, and refining As,. Then L = XA\, By, is contained
in S, closed in XA, and hence by the above is countable-dimensional. So by the
same argument, there is for every n a pairwise disjoint family of open subsets
B], of X refining Az, 11 such that L C (Jo2, UB;,. ]

4, Construction of Example 1

Let Ap and A; be the sets of even and odd natural numbers, respectively, and
let
X=X Ao B X Ar

be the topological sum of the spaces X, and X, defined in (8),§3.

Then X is a complete C-space. Since by (4) and (8),83, XA, N XA, = 9, the
intersection of X, x Xa, with the diagonal of X x X can be identified with
S. Hence S embeds in the square X x X as a closed subspace, and since S is
strongly infinite-dimensional, so is X x X.

5. Construction of Example 2
Let us consider the space

o0

Xn=SulJS.

i=1
It will be convenient to denote S by Sy. By the Cantor-Bendixson Theorem ({3,
Problem 1.7.11]), we may assume without loss of generality that Sy is perfect.
By a simple transfinite induction, we can partition Sy into a family {B; : ¢ > 0}
of Bernstein sets, i.e., each B; intersects every Cantor set in Sp. Since S is
uncountable-dimensional, we may assume without loss of generality that By is
uncountable-dimensional as well. Observe that p(S;) = F for every i > 0. So
we may pick for every i > 1 a set T; C S; such that p(T;) = p(B;), and we put

o
Y =B,u|JT.

i=1
Observe that p|Y: Y — F is a continuous bijection; hence Y is totally
disconnected.

As in the proof of Theorem 3.1, we will prove that if L C By is closed in Y,

then L is countable-dimensional. This will suffice since Y contains By, which is
not countable-dimensional.
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Striving for a contradiction, assume that there is such an L that is not
countable-dimensional. Let L denote the closure of L in E. Since the restriction
plL: T — p(L) is perfect and p(f) is zero-dimensional, the set A of all points in
L that do not belong to a nontrivial continuum in L is a zero-dimensional G-
subset of L. Indeed, let us consider the monotone-light factorization p|L = uow
described in (3), (4) in §2, with E = L, F = p(L). By Lemma 2.3, A is a G;-set
in L. Since u is monotone, u~!(u(a)) = {a} for a € A, and hence u embeds A
into a zero-dimensional space; cf. (5) in §2.

Hence L\ (AU U;";l S;) is uncountable-dimensional, by (3) in §3. For every
z € L let C, be the component of x in L. Observe that C, is a continuum in
p~1p(x), since pI’L: L — p(L) is perfect and p(L) is zero-dimensional. For every
z € L\ (AUUSZ, S;) we have that diam C; > 0. Hence, L\ (AU U2, Sj)
being uncountable, there are an uncountable subset Z of L\ (AU, S;) and
an € > 0 such that for every z € Z, diamC, > ¢.

By Lemma 2.3, also for each z € Z, diam C;; > €. Since (ZNS)\(AUU;2, S;)
is a Borel set containing Z, and hence uncountable, it contains a Cantor set T'.
In effect, we get a Cantor set T C L NS with diamC, > ¢ for z € T.

Pick j so that 1/j < e. The Cantor set T intersects Bj, and let = belong to
this intersection. Since z € Bj, there is y € T; C S; with p(y) = p(z). By (2)
in§3 there is a continuum C in p~!p(z) joining z and y with diam C < 1/5. The
continua in E being hereditarily indecomposable, we must have C' C C,, since
C and C, meet. Soy € LN (Y \ L), which contradicts the fact that L is closed
inY.

References

[1] R. H. Bing, Higher-dimensional hereditarily indecomposable continua,
Transactions of the American Mathematical Society 71 (1951), 267-273.

[2] N. Bourbaki, Topologie Générale (2° ed.), Hermann, Paris, 1958.
[3] R. Engelking, General Topology, second ed., Heldermann Verlag, Berlin, 1989.

[4] R. Engelking, Theory of Dimensions, Finite and Infinite, Heldermann Verlag,
Berlin, 1995.

[6] V. V. Fedorchuk and J. van Mill, Dimensionsgrad for locally connected Polish
spaces, Fundamenta Mathematicae 163 (2000), 77-82.

[6] J. G. Hocking and G. S. Young, Topology, Dover, New York, 1988.
[7] A.S. Kechris, Classical Descriptive Set Theory, Springer-Verlag, New York, 1995.
[8] K. Kuratowski, Topology, Vols. 1, II, Academic Press, New York 1966, 1968.



220 J. VAN MILL AND R. POL Isr. J. Math.

[9] J.van Mill, The Infinite-dimensional Topology of Function Spaces, North-Holland,
Amsterdam, 2001.

{10] J. van Mill and R. Pol, On spaces without non-trivial subcontinua and the
dimension of their products, Topology and its Applications 142 (2004), 31-48.

[11] E. Pol, A weakly infinite-dimensional space whose product with the irrationals is
strongly infinite-dimensional, Proceedings of the American Mathematical Society
98 (1986), 349-352.

[12] E. Pol, Spaces whose nith power is weakly infinite-dimensional, but whose (n+1)th
power is not, Proceedings of the American Mathematical Society 117 {1993),
871-876.

[13] L. Rubin, R. M. Schori and J. J. Walsh, New dimension-theory techniques for
constructing infinite-dimensional examples, General Topology and its Applica-
tions 10 (1979), 93-102.



