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0. Introduction

Universal objects play an important role in mathematics. In topology, there is a wealth of such objects
that go back a long time. For example, the Cantor set is a universal space for the class of all zero-dimensional
separable metrizable spaces, the n-dimensional N6beling spaces for the class of all n-dimensional separable
metrizable spaces, the Hilbert space for the class of all separable metrizable spaces, etc. There are also
many interesting results for isometries. For example, the Urysohn Universal Metric Space and the space
C[0, 1] of all continuous functions on [0, 1] with the uniform convergence contain isometrically all separable
metric spaces. For details and references on universality, see Iliadis [2]. For basic information about frames
or pointfree topology, see Picado and Pultr [4] or Johnstone [3].

The aim of this note is to construct a universal frame in the class of all frames of weight at most a given
infinite cardinal number 7. Some but not all frames have a topological space as underlying object, so our
result is independent of that of the existence of universal objects in the class of all topological Ty-spaces
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of weight 7 given in [2]. We employ the general technique of constructing universal objects as given by
Tliadis [2]. In so doing, a novel method for constructing new frames involving very set theoretical methods
is presented.

1. Universal frames

1.1. Definitions and notation. Recall that a frame is a complete lattice L in which

x/\\/S:\/{x/\s: se S}

for any € L and any S C L. Our notations shall be fairly standard from Picado and Pultr [4]. For
instance we denote the top element and the bottom element of L by 1, and 0Oy respectively. As usual,
< is the rather below relation whilst << denotes the completely below relation. For =,y € L, x < y iff
z*Vy =1y where * = \/{t € L: t Az = 0} whilst © << y iff there is a system {c¢, € L: » € QN [0,1]}
such that ¢g = z, ¢; = y and ¢, < ¢; whenever r < s. A frame L is completely reqular if for each x € L,
x =\{y € L: y << a2} and regular frames are those in which each element is the join of elements rather
below it. If x V x* = 1, then z is complemented in L. The frame L is zero-dimensional provided that each
element of L is a join of complemented elements (see Banaschewski [1]). A frame homomorphism is a map
between frames which preserves finite meets, including the top element, and arbitrary joins, including the
bottom element. We denote the class of all frames that are completely regular by CRegFrm, regular by
RegFrm, and zero-dimensional by 0-DFrm.

A subset B of a complete lattice (or frame) L is called base for L if each element of L is a supremum of a
subset of B. The weight of a complete lattice (or frame) L is the minimal cardinal & for which there exists
a base B for L of cardinality «.

An ordinal number is the set of smaller ordinal numbers, and a cardinal number is an initial ordinal
number. By w we denote the least infinite cardinal. By 7 we denote a fixed infinite cardinal and by F the
set of all non-empty finite subsets of 7.

Each mapping ¢ of 7 onto a set X is called an indezation of X and will be denoted by

X =A{zo,...,25,...},
where 25 = ¢(0), § € 7.

1.2. Definition of a universal complete lattice (or frame). Let L be a class of (non-empty) complete lattices
(or frames). We say that a complete lattice (or frame) T is universal in this class if (a) T € L and (b) for
every L € L there exists a homomorphism of T onto L.

1.3. Theorem. In the class L of all frames of weight < T there exist universal elements.

Proof. Without loss of generality we can suppose that L is a set and that its elements are mutually disjoint.
For every L € L we denote by

B = {a(’;“,afw.wag“,...}

an indexed base of L of cardinality < 7 such that al’ = 0 and af = 1. We assume without loss of generality
that B is closed under taking finite infima. By 67, we denote a fixed mapping of the set F into 7 such that
for every t € F we have

ClgL(t) = /\{a(;L: 5 S t},
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with the additional condition that if ¢ = {d}, then 01 (t) = 6. We note that for distinct elements L and G

in L the mappings 67, and 65 need not have any relation to each other.

Fix s € F for a moment. By ~* we denote the equivalence relation on the family I defined as follows:

two elements L, G € L are ~*-equivalent if and only if for all ¢ C s such that ¢ # (§ we have 01, (t) = 05(1).
It is easy to see that if ) # s’ C s, then ~* C ~% . We set R = {~%: s F}.
We denote by C(~*) the set of all equivalence classes of the relation ~*, s € F, and put

CR) = [ J{c(~*): se F}.

It is easy to see that the cardinality of the set C(~*) is less than or equal to 7 and, therefore, the cardinality
of the set C(R) is also less than or equal to 7.
Now we consider the free union U of the elements of L, i.e.,

U=|J{L: LeL}.
For every s € F, H € C(~*), and ¢ € s we put
As(H) = {af: Le H} U{af =0.,: LEL\H} CU.

Obviously, for every L € L the intersection LN As(H) consists of one element only: the element a% if L € H
and the element 0y, if L ¢ H. We put

B={A;(H): des,scF,HeC(~")}

Obviously, the cardinality of B is < 7.
For every subset

M={A5,H;): jeJ} CB

we shall define a subset of U, denoted by M. For the definition of this set we first fix an element L € L and
denote by M, the set of elements a¥ of L for which there exists j € J such that

{af} = LN As,(H;).
Therefore, a[;L coincides either with a(;LJ_ or with Oz. Then, we put
M = {supM: L eL}.

Observe that the element sup My, € M in general is not an element of M.
Now we consider the set

T ={M: M C B}.

The subset M C B will be called a generator of M € T. The generators of the elements of T are not
uniquely determined. It is easy to see that the union of any number of generators of an element of T is also
a generator of this element. Therefore, the union of all generators of a certain element of T is the mazimal
generator of that element.

We note that each element As(H) € B is an element of T, that is B C T. Indeed, for the set N =
{As;(H)} C B, it is easy to see that N = As(H).

In T we define an order < by putting M < N for M, N € T if and only if for every L € L we have
sup My, < sup Ny. Obviously, the pair (T, <) is a poset. O
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Lemma 1. The poset (T, <) is a complete lattice of weight < 7.

Proof. To prove the lemma it suffices to prove the existence of suprema of arbitrary subsets (Picado and
Pultr [4, 4.3.1]), and that the weight of T is at most 7. This last fact will follow once we show that B is a
base for T.

The existence of suprema. Let

G={M AeA}CT.

We must prove that the supremum of G exists. Denote by M the union of all generators M* of all elements
of G, i.e.,

M= J{pm* xea}.
Then, the set
M = {supMy: L €L}

is an element of T. We shall prove that M = sup G.
Indeed, consider an element L € L. Then, it is easy to see that

My = J{Mp: xe A}
and, therefore,
sup My, = sup(U{Mﬁ‘: A e A}) = Sup{supMi‘: A€ A}. (1)

This relation shows sup M7 < sup My, that is M* < M for every A € A.
Now, suppose that N is an element of T such that M* < N for every A € A, that is

sup Mi\ < sup Np,

for every L € IL and for every A € A. Then,
sup{supMﬁ‘: NS /1} < sup Vg,

and by relation (1) we have

sup My, < sup Np,
that is M < N proving that M = sup G.
The set B is a base for T. Consider an arbitrary element M of T and let

M = {As,(Hy): A€ A}

We put M = {As, (Hx)}. Then,

M» = As, (Hy) e BCT and M:U{MA:AEA}.
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Consider the set
G={M* Xe A} CB.
As in the above we can prove that
M =supG = sup{M’\: A€ A}.

This relation shows that B is a base for T and, therefore, the weight of T is at most 7. The proof of the
lemma is complete. O

It follows from Lemma 1 that T has a bottom and a top. For later use, it will be convenient to have an
explicit description of these two elements.

The existence of the bottom. Let s = {0} € F. Consider the set
M = {Ao(H): He C(~")}.
By the definition of the indexation of B%, for every H € C(~*) we have
AoH)={0,: Le H} U{0,: L €L\ H}.
Then, for every L € L, My, = {01} and, therefore, sup M, = sup{0.} = 0. Thus,
M ={0;: LelL}.

Obviously, by the definition of the order in T for every N € T we have M < N. Therefore, the constructed
element M € T is the least element of the poset (T, <) and will be denoted by Or.

The existence of the top. Let s = {1} € F. Consider the set
M = {A,(H): He C(~*)}.
By the definition of the indexation of BZ,
A (H)={1: LeH}U{0,: Le L\H}, He C(~).

Since the distinct classes of ~® are disjoint and the union of all classes is L, for every L € L we have

My, = {11} and, therefore, sup My, = sup{1y} = 11. Then,
M = {lLZ Le L}

Obviously, by the definition of the order in T for every N € T we have N < M. Therefore, the constructed
element M € T is the greatest element of (T, <) and will be denoted by 1.

Lemma 2. For every L € LL there exists a homomorphism hr of T onto L.

Proof. Let L be a fixed element of L.
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The definition of hz. We define the mapping hy, setting for every element M & T:
hr (M) is the unique element in L N M.
Obviously,

hr (M) = sup Mjy,.

We note that hy (M) is independent of the generator M of the element M.

Since for any elements N and M of T the relation N < M means that sup N, < sup My, the mapping
hr, is order preserving.

By the definition of hy, it follows immediately that hy(Or) = 0y and hr(11) = 1g.

The mapping hy, is onto. Let a € L. Since B is a base for L, there exists a subset x C 7 such that for
A:{aé: 56&}QBLQL

we have a = sup A. For every s € F denote by HL the equivalence class of C(~*) containing L. For every
§ € s Nk consider the set As(HL) and put

M = {A(;(Hf): seF, e sﬁn}.
Then,
M, = U{{ag} =LNAsHL): se F 6 esnk}.
The above equality means that A = My. Hence, sup My = a, so hL(M ) = a showing that hp, is indeed
onto.
The mapping hy preserves suprema. Let
M = sup{MA: Ae A}.
Then,
hr(M) = sup My, = sup(U{Mﬁ‘: S A})
= sup{supMi‘: A€ A} = sup{hL(M)‘): A€ A},
that is, hy preserve suprema.

The mapping h preserves finite infima. Let A5, (H;) and A,, (H;) be two fixed elements of B such that
d; € sj, Hj € R(~%), n; € s;, and H; € R(~*#). We shall define a subset of B, denoted by

M) = As;(H;)AAy, (H;)

as follows. Let s = s; U s;. Then, for every L,G € H € C(~*) we have 0r,(t) = 0(t) where t = {6;,7;}. In
this case we put 0 (t) = 0. (t). By the properties of the elements of the family R it follows that if H is an
element of C(~*), then either H C H; NH; or HN (H; UH,;) = 0. If the set H; N H; is empty, then we put

M(j,i) = {Ao(H) H e C(Ng)}



2460 T. Dube et al. / Topology and its Applications 160 (2013) 24542464

If H; NH; # 0, then we put
M ={As(H): He C(~*), HCH; NH;, 6 =0u(l)}.
We note that if s; = s;, H; = H;, and 6; = ;, then 01,(t) = ¢; and s = s;. Therefore, in this case
M = {As, (Hy)} = {Ay,(Hi)}.
It is easy to see that for every As(H) € M, ;) we have
As(H) < As;(H;) and  As(H) < Ay, (Hy). (2)

Now, let N and K be two elements of T. Suppose that

N ={A4;,H;): jeJ, H; € C(~%), §; €s; € F}
and

K ={A,(H;): iel, H;e C(~%), n; €5, € F}.
Without loss of generality we can suppose that N and K are the maximal generators of N and K, respec-

tively.
Consider the set

M = J{Mq) = As,(H;)AA,, (Hy): (j,4) € J x I}
First, we shall prove that
M=NAK. 3)
Indeed, let L € L. Obviously, for every (j,4) € J x I we have
As;(H;) <N and A, (H;) <K. (4)

Then, since N and K are maximal generators by the definition of the set M and the relations (2) and (4)
for every (j,i) € J x I we have

MGy SN and Mg;,) CK
and, therefore,
UMy Gii)eIxT} SN and | J{M.: (i) €T x T} CK.
This means that
supML—sup<U{ Gayr: (7, )GJXI}) sup N, (5)
and similarly

sup My, < sup K. (6)
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The relations (5) and (6) imply that

Since N and K are maximal generators we have

PCN and PCK.
Let A;(H) be an element of P. Then, As(H) € N and As;(H) € K. Setting As,(H;) = A,,(H;) = As(H),
by the above, we have M(; ;) = {As(H)}. Therefore, As(H) € M, that is P C M which means that P < M.

Thus, relation (3) is proved.
We shall now prove that

sup My = sup Ny Asup K. (7)
First, we shall prove that if a(; € Ny, and a . € K, then
CL5 A CL G ML (8)

Indeed, let a(; € Ny and a,Lh € K. Then there exist elements H; € C(~%) and H; € C(~*) for some

sj,8; € F such that L € H; N H;, As;(H;) € N and A,,(H;) € K. Let t = {d;,7:}, s = s; U sy, and H be
the element of C(~*) containing L. Then, Ay, ) (H) € M(;; € M. Since agH(t) = aéL(t) = aéj A a%i we
have a5 A a € My,

Now, let a E M7y,. Then, there exist

§jes; €F, H; eC(~%), mes;eF and H;eC(~)

such that a € (M;;))r, where
Mz = As; (Hy) AA,, (Hy).
Therefore, we have
a € Agyy(H) € M4,
where t = {0;,7;}, s = s5; U s;, and H is the element of C(~*) containing L. This means that
a= agj A a,LH. (9)
The relations (8) and (9) show that
My, = {aéj /\ath_: agj S NL,aﬁi € KL}

and, therefore,

sup My, zsup{atng /\aﬁi: aéLj ENL,a,?i S KL}.
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Since L is a frame we have
sup My, = sup{a(;Lj: agj € NL} /\sup{agi: n; € KL} =sup Ny Asup K,

proving relation (7). Relations (3) and (7) prove that the mapping hj, preserves finite infima. Hence we are
done. O

Lemma 3. The complete lattice (T, <) is a frame.
Proof. We must prove that
J\N/'/\sup{f{)‘: Ae A} :sup{N/\K"\: e A} (10)

for all N, K* e T. Without loss of generality we can suppose that N and K*, A € A, are the maximal
generators of N and K*, respectively.
Suppose that

N ={A;;H;): jeJ d;€s;€ F,Hj € C(~%)}
and
KN = { Ay (Hin): i(0) € I, 1m0y € siy € F, Hygy) € C(~"0) }.
Then, the set
K = J{K* xe 4}
= {Ay, Hin): i(X) € I(N), i € sin) € F, Hyny € C(~"™), X € 4}
is a generator of the element sup{f(A: A € A} € T and, therefore,
K = sup{f()‘: Ae /1}.
By the relation (4) for every A € A the set
M* = | J{A4s,(H;) A Ay, (Hix): j € 1,05 € 55 € F,Hy € C(~),i(X) € I(N),
M € sion € FyHiy € C(~"™)}
is a generator of the element N A K* € T. Hence, the set
M = J{M*: xe A}

= {A(sj (Hj)AAni(A) (Hz()\)) J € J, 5j €s; € F, Hj S C(NSJ),’L(/\) S I()\),
i) € Si(x) € F, Hi(A) S C(Ns'i(k)),)\ S A}

is a generator of the element sup{N AKX e A} € T. Therefore,
M = sup{N/\ KM e /1}.

Thus, relation (10) takes the form



T. Dube et al. / Topology and its Applications 160 (2013) 24542464 2463

NAK =M.
Suppose that K’ = K, where
K/ = {A(;j,(Hj/)I j, S J/75j/ S S S ‘F7Hj/ c C(NSJ")}

is the maximal generator of the element K € T (therefore, containing K).
The set

P = {Agj(Hj)AAgj,(Hj/): j € J, 5]' €s; € F, Hj S C(st),j/ S Jl,
5]‘/ SICFTS .F,Hj/ S C(stl)}

is a generator of the element N A K € T and, therefore,

/

>

P=NAK=NA
Since K C K’ we have M C P. Therefore,
M<NAK=NAK'
Thus, to prove the lemma it suffices to prove that
NAK' <M
or equivalently
sup P, < sup My,

for every L € L. For this purpose it suffices to prove that if L € L and a € Pr, then a < sup M. Let
a € Pr. Then, there exist

A(;.(Hj) € N and A(;j,(Hj/) eK'

J

such that a € L N Ag,,; ) (H), where H is the element of C(~*) containing L, s = s; U s, and t = {d;,d;/}.
Therefore,

_ L _ L L
a = ag, (1) = ag, /\a(;j,.

If aJLj, = aTL“(A) for some A € A and i(\) € I(\), then a € M. Thus,

sup{ag“j /\ag“j,: jedj et} = Sup{agj: jeJ} Asup{ag“j,: j'eJ'}
= Sup{aé,: jEJIA sup{a,ﬁ_(k): AeAi(N) € I(N)}
proving the lemma. O
Lemmas 1-3 prove the theorem. 0O

1.4. Some problems. Consider the class of all frames having a given property P. It is interesting for what
properties P this class contains universal elements. For example:
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1. Are there universal elements in the class CRegFrm?
2. Are there universal elements in the class RegFrm?
3. Are there universal elements in the class 0-DFrm?
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