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UNIONS OF F-SPACES

KLAAS PIETER HART, LEON LUO, AND JAN VAN MILL

ABsTrACT. We show that every space that is the union of a ‘small’
family consisting of special P-sets that are F-spaces, is an F-space.
We also comment on the sharpness of our results.

INTRODUCTION

We assume that every space is Tychonoff unless specified otherwise,
and AX and X* stand for the Cech-Stone compactification and the Cech-
Stone remainder of X respectively. A space is an F-space if disjoint
cozero-subsets are contained in disjoint zero-subsets. Equivalently, X is
an F-space if every cozero-subset of X is C*-embedded in X. The study of
F-spaces has a long history since the late 1950’s [5]. For basic information
on F-spaces, see [5], [6] and [8].

It is proven in [4] that each union of w; many cozero-subsets of an
F-space is again an F-space. Hence under the Continuum Hypothesis
(abbreviated CH) each open subspace of an F-space of weight ¢ is again
an F-space. In [1] an example was constructed of a compact F-space with
weight ws - ¢ that has an open subspace that is not an F-space. Hence
CH is equivalent to the statement that each open subspace of an F-space
with weight ¢ is again an F-space. See [1], [2] and [3] for more related
results.

These results have motivated us to study the question “when is the
union of F-subspaces again an F-space” more closely. In this note it is
shown that if a space can be covered by a family of w; many special P-
sets, then it is an F-space. We shall also use the examples in [1, 2] to
discuss the sharpness of our result.

2010 Mathematics Subject Classification. 54G05, 54G10.

Key words and phrases. F-space, P-space, compact zero-dimensional space,
C*-embedded, w1, w2, fw, w*.

The second-named author would like to thank Mr. Yi Tang for financial support.

(©2013 Topology Proceedings.

293



294 K. P. HART, L. LUO, AND J. VAN MILL

1. PRELIMINARIES

A closed subset A of a space X is called a P-set if the intersection of
any countable family of neighborhoods of A is again a neighborhood of A.
If A is a singleton subset of X, then the point in it is usually referred to
as a P-point.

Definition 1.1. A space is a P-space if every point is a P-point.

Definition 1.2. A closed subset A of a space X is called nicely placed
in X if for every open neighborhood U of A there is a cozero-subset V'
of X such that ACV CU.

Definition 1.3. A subset A of a space X is said to be C*-embedded in X
if for each continuous function f : A — I, there is a continuous extension

F:X > Tof f.

Proposition 1.4 ([8, 1.61]). A C*-embedded subspace of an F-space is
an F'-space.

If X is a set, and & is a cardinal number, then [X]* denotes {4 C X :
Al = K}

2. UNIONS OF F'-SPACES

In this section we present our main result on unions of F-subspaces.
In the next sections we will comment on its sharpness.

Theorem 2.1. Let X be a space with a cover F that consists of not more
than w1 many P-subsets, each of which is a nicely placed C*-embedded
F-subspace of X. Then X is an F-space.

Proof. Let U be a cozero-subset of X, and let f : U — I be continuous.
Enumerate F U {0} as {F, : @ < w1} where Fy = (). We shall construct,
by transfinite recursion, for each a@ < wi, a cozero subset V,, of X and a
continuous function f, : V, — I such that

(1) Vo =U and fy = f;

(2) F, CVy

(3) if 5 < a then V5 CV, and f, fV,Q = fﬁ.
Suppose that we have constructed V3 and f3 for all 5 < o where o < wj.
Put V = Uﬁ<a Vs and g = Uﬁ<a fs. Clearly, V is a cozero-subset of X
and g is continuous on V. Let h = g [ F,,. Since V N F, is a cozero-subset
of F, and F, is an F-space, we can extend h to a continuous function
¢ : F, — 1. Moreover, since F,, is C*-embedded in X, we can extend £ to
a continuous function n : X — L
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We claim that there is a cozero-subset W of X such that F, C W and
grwnv)=ni(Wwnv).
Indeed, we write V as |J A,,, where each A,, is closed in X. For all
n<wandk>1, let
A ={x € Ayt |g(a) —n(a)] > 275}
Clearly, A* is closed in X and disjoint from F, since g [ (F, NV) =

n|(F,NV). As F, is a nicely placed P-subset of X there is a cozero
subset W of X such that

Focwex)\ (A4
n<wk>1

It is clear that I is as required. Now put V,, = VUW and f, = gU(n[W).
At the end of the recursion we let f = U(x<w1 fo; this is the desired
continuous extension of f. O

n<w

Remark 2.2. The referee noticed, as did we, that in the proof of Theo-
rem 2.1 we only need that X is covered by a family F such that |F| < wq
and each element F' of F has the property that its closure, Bp, in X is
both a P-set in X and an F-space. Indeed, by compactness, each By is
nicely placed and C*-embedded in 3X. Hence Y = (Jp.» Br is an F-
space by Theorem 2.1. But then X is an F-space as well since it is clearly
C*-embedded in Y. When writing the paper, we decided not to formulate
Theorem 2.1 in this form since the condition that each B is both a P-set
and an F-space is not an ‘internal’ one: our theorem gives a condition
under which building blocks that are F-spaces yield an F-space, whereas
the other formulation would show when building blocks that need not be
F-spaces combine into an F-space.

But it is potentially a weaker condition than the ones that we stated
in Theorem 2.1 and so we believe that it should be studied more closely.

3. THE FIRST EXAMPLE

We shall describe an example of a locally compact space that is not an
F-space yet it admits a clopen cover of size wy consisting of compact zero-
dimensional F-spaces. This shows that Theorem 2.1 is false for unions of
families of size wy. Our example is a modification of the example in [1].

Our starting point is the compact space G obtained from the topolog-
ical sum of w* x (wy + 1) and Bw by identifying the points (u,w;) and w,
for every point u of w*.

Observe that after this identification w is an open F,-subset of G and
that Bw is a P-set of character w; in GG. Moreover, the weight of G is
equal to ¢ and G is zero-dimensional.
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Our next stepistoput Y = wxG. Let 7 : Y — G denote the projection
map and let 7* : Y* — G be the restriction of the Stone extension of .
As 7* is closed the preimage (7*) [Sw] is not open since Sw is not open
in G.

The space Y* is a compact zero-dimensional F-space of weight ¢ and
(m*)*[Bw] is a P-set of character w;. The problem is that (7*)% [w] is
not dense in (7*)* [Sw]. To remedy this let f be the restriction of 7*
to (7*)< [Bw]. Now f maps the closed P-set (7*) [Sw] onto the compact
F-space fw. Hence [6, Lemma 1.4.1] applies to show that the adjunction
space {) = Y*U; Bw is a compact F-space of weight ¢. It is also easily seen
to be zero-dimensional. Thus we have replaced (7*)<[fw] in Y* by (a
copy of) Sw; in this way we get an open Fy-subset C' in Q whose closure
is a P-set of character wy: let C' = w.

We can give an explicit increasing sequence (V,, : a € wy) of clopen sets
in Q such that w\ clo C is equal to |, ¢, Vo. Indeed, in G we have the
clopen initial segments of w* X (w1 +1): put G, = w* x (a+1) for each a.
These are transported into Y*, and hence into €2, by taking preimages:
let Vo, = (7%)[G,] for all a.

Now we perform the same construction as in [1] with w* replaced by €.
Let X be wy + 1 endowed with Gs-topology. We observe that X x € is
an F-space by [7], and that its weight is equal to wo - ¢. This implies that
K = B(X x ) is an F-space as well and its weight is equal to (wg - ¢)¥ =
way - C.

Next let L = {a € wa+1:cfa > wi}. Welet T be the closure in K
of L x C; note that T = clg (L x clg C) also. The complement U of T in
K is our example.

That U is not an F-space is proven in exactly the same way as in [1].

To finish we show that U is the union of ws many clopen subset of K.
Each of these is trivially a nicely placed and C-embedded P-set, and an
F-space because K is.

The first wy many clopen sets are the closures clx (X x V), for a € wy;
these cover the points of U that do not belong to clx (X x clg C), as we
shall see presently.

The other ws many clopen sets will appear in the course of the following
argument. Let u € U and let W be a clopen neighbourhood of « in K that
is disjoint from 7. We let A= {a € X\ L: (Im € clo C)({a,m) € W)};
note that, because W is clopen, it is even the case that WN ({a} x C) # 0
whenever a € A.

Claim 1. A is countable.

Proof. If A is uncountable then, as a set or ordinals, it has an initial seg-
ment of order type wi; we simply assume that the order type of A itself
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is wy. Let § =supA. Then § € L. Moreover, for every o € A, pick, by
the above remark, an element m, € C such that (o, ms) € W. Since C is
countable there is an m € C such that M = {« : m, = m} has cardinal-
ity wy. This then implies that (8, m) € WN (L x C), a contradiction. [

Claim 2. There exists o < wy such that
WN(X xN)C(X xV,)U(AxQ).

Proof. To begin we observe that for every v € X \ A there is an « such
that

W ({7} xQ) C{y} xVa.

This follows because W N ({7} x Q) is compact and disjoint from {v} x
CIQ C.

We claim that for each o the set O = {y ¢ A: ({7} xQ)NW C
{7} x V4}isopen in X. Indeed, X \ Op = AUnx[W N (X x (2\ Va))],
and this set closed because A is closed and because the projection mx :
X x (2\ V) — X is closed (by compactness of Q\ V).

By repeated application of the pressing-down lemma one readily proves
that X'\ A is Lindeldf, so that there is 8 € wy such that X\ A C 5 Oa-

But this then implies that W N (X x Q) C (X x Vg) U (A x Q). O

Since (X x V3)U (A x Q) is clopen in X x Q we see that W C clg (X x
Vi) Uclg (A x Q).

From this we extract our second family of clopen sets: all sets of the
form clg (A x Q) for countable A C X \ L.

We finish by observing that [X \ L]“ has a cofinal subfamily A of
cardinality wo: for each o € wo the set [\ L]* has a cofinal subfamily A,
of cardinality w, obtained via an injection from « into w;. Then A =
Ua<cw, Aa is as required.

Hence the clopen families {clx (X x V,) : o € w1} and {clg(4 x Q) :
A € A} is the required cover of U.

4. THE SECOND EXAMPLE

We shall describe an example of a space that admits a cover of size wq
consisting of C*-embedded F-subspaces that are P-sets yet it is not an
F-space. This shows that Theorem 2.1 is false for unions of P-sets that
are not nicely placed. The space is Example 1.9 from [2].

Let X = wy U {p}, where neighborhoods of p are cocountable and
wy is discrete. Let S = wy X w*, where again w; has the discrete topol-
ogy. Let C' C w* be a cozero subset whose closure is not a zero-set.
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For a € wy, let C, = {a} x C, and put

K= ) clﬁS<U 07>.

acwy Y>a

Then Y = S\ K is a locally compact F-space, and X x Y is not an
F-space [2].

The crucial property of Y is the following: if for each a one takes a
zero subset Z, of {a} x w* that contains C, then

(1) Y0 () clss (U Z7> # 0.

acwr Y>a

Lemma 4.1. Let z be a P-point in a space D and let E be a locally
compact space. Then {x} X E is a P-set in D x E.

Proof. Let F be an F,-subset of D x E which is disjoint from {z} x E,
we show that cl F' is also disjoint from {z} x E.

To this end let y € E and let C be a compact neighborhood of y in E.
The projection map 7p : DxC — D is closed, hence H = np[FN(D x C)]
is an F,-subset of D that does not contain z. Hence U = D \ clH is a
neighborhood of x since x is a P-point in D. So the product of U and the
interior of C' is a neighborhood of (x,y) that is disjoint from F, so that
(x,y) € clF. O

From this Lemma we conclude that the collection
{{x} xY:xzeX }

consists of P-subsets of X x Y that are themselves F-spaces and clearly
C*-embedded. Since X xY is not an F-space, at least one of them cannot
be nicely placed by Theorem 2.1. Since {q} x Y is clopen in X x Y for
every ¢ € X \ {p} the only candidate for such P-set is E = {p} x Y. It
is instructive to provide a direct argument that F is not nicely placed
in X xY.

To this end put

A= J{a} xC..
acwy
It was shown in the proof of Theorem 1.7 in [2] that A is a cozero subset
of Y. Since A is disjoint from the P-set E there is a neighbourhood O
of E that is disjoint from A. If E were nicely placed in X x Y then
there would be a cozero-set V in X x Y such that £ C V C O. Hence
Z = (X xY)\Visazero-set in X x Y that contains A but misses E.
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For every a < wy, put Z, = Z N ({a} x w*), this is a zero-set in {a} x w*
that contains Cy. By (t) the intersection

YN () cgs (U ZW>

acwl >

is nonempty. This intersection is a subset of Z N F which was assumed
to be empty.

5. THE THIRD EXAMPLE

The only question left is whether the hypothesis of being C*-embedded
is essential for Theorem 2.1. Unfortunately, we are unable to answer this
question. A simpler question is: Is it true that every P-subset which is
nicely placed in an F-space is C*-embedded in that space? If the answer
is positive, the condition on C*-embeddedness in Theorem 2.1 would be
superfluous. We can show that the assumption 2 = ws implies the
answer is negative.

The equality 2! = ws implies that there is a maximal almost disjoint
family on w; of cardinality 2%t that is, a collection A of subsets of w;
with the following properties:

(1) AC [w]r,

(2) if A, B € A are distinct, then |AN B| < w,

(3) A is maximal with respct to the properties (1) and (2),

(4) |A| =2+

Let X be w; U A and topologize X in the standard way as follows: the
points of wy are isolated and a neighborhood of A € A contains { A} and all
but countably many elements from A. Then X is a P-space, and by Jones’
Lemma, the set A is not C*-embedded in X. However, by maximality of
A, every neighborhood of A has a countable complement and is therefore
clopen. So, every neighborhood of A is clopen, and therefore A is nicely
placed in the P-space X for trivial reasons.
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