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We establish estimates on cardinal invariants of an arbitrary non-locally compact
topological group G with a first-countable remainder Y. We show that the weight
of G and the cardinality of Y do not exceed 2¢. Moreover, the cardinality of G does
not exceed 2“t. These bounds are best possible as witnessed by a single topological
group G. We also prove that every precompact topological group with a first-
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countable remainder is separable and metrizable. It is known that under Martin’s
Axiom and the negation of the Continuum Hypothesis, every o-compact topological
group with a first-countable remainder is metrizable. We show that under the
Continuum Hypothesis, there is an example of a countable topological group which
is not metrizable and has a first-countable remainder. Hence for countable groups,
the question of whether the existence of a first-countable remainder is equivalent to
being metrizable, is undecidable.
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1. Introduction

By ‘a space’ we understand a Tychonoff topological space. By a remainder of a space X we mean the

subspace bX \ X of a Hausdorff compactification bX of X. We follow the terminology and notation in [10].

A series of results on remainders of topological groups have been obtained in [2,4], and in [6]. They

show that the remainders of topological groups are much more sensitive to the properties of topological

groups than the remainders of topological spaces are in general. Of course, there is an important exception
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to this rule: the case of locally compact topological groups. Indeed, every locally compact non-compact
topological group has a remainder consisting of exactly one point. Thus, we will be interested only in the
case of non-locally compact topological groups.

It was proved in Arhangel’skii [4] that if a non-locally compact topological group G has a remainder with
a Gs-diagonal, then both G and this remainder are separable metrizable spaces. It is a well known Theorem
of Birkhoff and Kakutani that every first-countable topological group is metrizable (see, for example, [8]).
One may expect that the first-countability of a remainder would also force the metrizability of the group
itself, provided, of course, that the remainder is dense in the compactification. There are many partial
results. For example, if G* has a first-countable remainder, then G is metrizable. See Arhangel’skii [3] for
more details and references. The question was answered in the negative recently in Arhangel’skii and van
Mill [7] where it was shown that there is a non-locally compact topological group G of size 2¥* and character
w1 which has a first-countable remainder. It was also shown there that these cardinal characteristics of GG
are no surprise: every non-locally compact topological group G with a first-countable remainder has size at
most 2“1 and character at most w.

In this paper we continue these investigations. We were motivated by the result in Arhangel’skii [3]
that under Martin’s Axiom and the negation of the Continuum Hypothesis (abbreviated MA+—CH) the
following holds: if G is a o-compact topological group with a remainder of countable tightness, then either
G is locally compact, or G is metrizable. We prove that under the Continuum Hypothesis (abbreviated CH),
there is an example of a non-discrete countable topological group of character w; with a first-countable
remainder Y. Hence for countable non-discrete topological groups G the question whether G is metrizable
if and only if G has a first-countable remainder, is undecidable. This example also shows that Problem 12
from Arhangel’skii [5] is undecidable. We also prove that every precompact non-locally compact group with
a first-countable remainder is separable and metrizable (in fact, we prove a stronger result of which this
is a corollary). Moreover, we continue our investigations on cardinal characteristics of non-locally compact
topological groups G which have a compactification bG such that Y = bG \ G is first-countable. We prove
that for such G we have that x(G) < wq, |Y| < 2¢, w(bG) < 2% (hence w(G) < 2¢) and |bG| < 2“1, The
example in Arhangel’skii and van Mill [7] demonstrates that these results are best possible.

2. Cardinal characteristics

We denote by w(X) the weight of a space X, and e(X) stands for the extent of X. Thus, e(X) is the
smallest infinite cardinal number 7 such that |A| < 7, for every closed discrete subspace A of X. The
character of a space X is denoted by x(X).

Lemma 2.1. For any topological group H, we have: w(H) < e(H)x(H).

Proof. Fix an open neighbourhood U of the neutral e in H. Let us say that A C H is U-discrete if
aU N A = {a}, for each a € A.

Claim 1. Every U-discrete A subset of H is closed and discrete in H.

Indeed, let A be U-discrete and let p ¢ A. Let V be a symmetric open neighbourhood of e such that
V2 C U. Then pV N A contains at most one element of A. For if there exist distinct a1, as € pV N A, then
we can pick v1,v9 € V such that pv; = a1 and pvy = as. But then a1 = as (v;lvl) € aoU which contradicts
a1 # ao. This clearly implies that A is closed, and since A is discrete, we are done.

Fix a base & of the space H at e such that | 2| = x(H), and for each U € & fix a maximal U-discrete
subset Ay of H.
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Claim 2. The union of all these Ay (where U runs over &) is a dense subset M of H such that |M| <
e(H)x(H).

We only need to check that M is dense. But this is trivial. For assume it is not. Then there exist p € H
and U € & such that pU N M = (. But then Ay U {p} is U-discrete, which contradicts the maximality
of Ay.

Since w(H) = d(H)x(H), see e.g. [8, Theorem 5.2.5 a)|, we are done. O

Theorem 2.2. Suppose that G is a non-locally compact topological group with a compactification bG such
that its remainder Y is first-countable. Then:

(a) x(G) <wi and w(G) < 2¢,
(b) [Y]<2v,
(¢) w(bG) < 2¥ and [bG| < 2+t .

Proof. That x(G) < w; was proved in Arhangel’skii and van Mill [7]. We will next show that w(G) < 2¢.
Claim 3. ¢(G) < 2.

Assume the contrary. Then we can fix a closed discrete subspace A of G such that |A| > 2¢. Clearly, YV
is dense in bG, and therefore, the space bG is first-countable at each y € Y. Hence the closure of A in bG is
a first-countable compactum B such that |B| > |A| > 2, a contradiction (Arhangel’skii [1]).

Since we already know that x(G) < wy, it follows from Claim 1 and Lemma 2.1 that w(G) < 2¢. Hence
(a) holds.

To prove (b), fix a dense subset S of G such that |S| < 2¢. This is possible by what we just proved. As
we observed earlier, the space bG is first-countable at each y € Y. Hence, we can reach every y € Y by a
sequence 7, in S converging to y. Since the cardinality of the set of all such sequences does not exceed 2*,
we conclude that Y] < 2¢.

It remains to prove (c). Observe that bG has a network &2 such that |Z?| < 2¢. Therefore, w(bG) < 2,
since bG is compact.

Since x(G) < w; by (a) and G is dense in bG, we have: the character of bG at every = € G does not
exceed wi. A similar statement holds for the points of Y. Therefore, the character of bG at any point is not
greater than w;. Since bG is compact, we consequently have: [bG| < 2¢1. O

3. Precompact topological groups

A space is said to be w-bounded (strongly w-bounded) if the closure of every countable (o-compact,
respectively) subset is compact.

Lemma 3.1. Suppose that X is a nowhere locally compact space with a remainder Y which is not w-bounded.
Then no remainder of X is w-bounded.

Proof. Let bX be a compactification of X such that Y = bX \ X contains a countable subset A such that
ANX #0. Let f: X — bX be a continuous map that restricts to the identity on X. For every a € A pick
bo € BX \ X such that f(b,) = a. Then clearly if B = {b, : a € A}, then BN X # (. Now let b; X be
an arbitrary compactification of X, and let g: X — b; X be a continuous surjection which restricts to the
identity on X. Put C' = g(B). Then, clearly, CN X # (. O
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Proposition 3.2. Suppose that bX is a compactification of a nowhere locally compact space X such that the
following two conditions are satisfied:

(1) bX is separable.
(2) The remainder Y = bX \ X has a dense subspace homeomorphic to X .

Then the remainder Y s not w-bounded.

Proof. Since X is nowhere locally compact, the subspace Y is also dense in X and is not compact. Fix a
countable subset A of bX such that A is dense in bX. Put Ax = AN X.

Case 1. Ax is dense in X.

Using condition (2), we fix a subspace H of Y = bX \ X such that H is dense in Y and H is homeomorphic
to X. Then H is separable, so that we can fix a countable dense subspace C of H. The closure of C'in Y is
Y and hence, is not compact. Thus, in Case 1 the space Y is not w-bounded.

Case 2. Ax is not dense in X.

Hence, there exists a nonempty open subset U of bX such that the closure F of U in bX does not
intersect Ax. Hence, the set Ay = ANU is contained in Y. Since A is dense in bX, the set Ay is dense
in U. Thus, the closure of the countable subset Ay of Y in bX is the compactum F. However, F' is not
contained in Y, since otherwise we would have U C Y. This is a contradiction, since U is open in bX and
Y is, clearly, nowhere locally compact. Therefore, the closure of Ay in Y is not compact (since it is dense
in F but is not F'). Hence Y is not w-bounded. O

We will need the following result of Efimov which follows from Corollary 1.3 and Theorem 1.4 in [9].

Theorem 3.3. (B.A. Efimov [9]) Let T be an infinite cardinal number. Then we have: if the w-character of
a dyadic compactum X is < T for each x € M, where M C X and M is dense in X, then the weight of X
s < T.

Proposition 3.4. Suppose that X is a nowhere locally compact space such that the character of X at every
point does not exceed 2%. Furthermore, suppose that bX is a dyadic compactification of X such that the
remainder Y = bX \ X contains a dense subspace homeomorphic to X. Then'Y is not w-bounded.

Proof. Clearly, the character of bX at any x € X does not exceed 2“. Since bX is a dyadic compactum and
X is dense in bX, it follows from Theorem 3.3 that the weight of bX is not greater than 2%. Since bX is a
dyadic compactum, we conclude that bX is separable. It remains to apply Proposition 3.2. O

Theorem 3.5. Suppose that X is a homogeneous nowhere locally compact space with a remainder of countable
w-character and that the character of X at every point does not exceed 2¢. Furthermore, suppose that bX is a
dyadic compactification of X such that the remainder Y = bX \ X contains a dense subspace homeomorphic
to X. Then X and bX are separable and metrizable.

Proof. Let b; X be a compactification of X such that ¥ = b X \ X. Observe that it follows from Proposi-
tion 3.4 that bX \ X is not w-bounded. Hence by Lemma 3.1 this implies that b; X \ X is not w-bounded.
Let A be a countable subset of b X \ X containing the point zg € X in its closure. Since every a € A clearly
has countable m-character in b1 X and A is countable, it follows that xy has countable 7w-character in b1 X.
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Since X is dense in b1 X, it follows that the w-character of X at x( is countable. Since X is homogeneous,
we conclude that the w-character of X is countable at every z € X. Since X is also dense in the dyadic
compactification X, it follows that the w-character of bX is countable at every x € X. Now Theorem 3.3
implies that bX is metrizable and so we are done. 0O

Proposition 3.6. Suppose that G is a topological group such that the Souslin number of G is countable, and
let Y be an arbitrary remainder of G. Then the following two conditions are equivalent:

(a) Y is first-countable;
(b) Everyy €Y is a Gs-point in'Y.

Proof. Indeed, Y is either pseudocompact or Lindelof, by the dichotomy theorem in Arhangel’skii [6]. If
Y is pseudocompact then, clearly, (a) and (b) are equivalent. It remains to consider the case when Y is
Lindel6f. Since the Souslin number of G is countable, G and Y are paracompact p-spaces by Arhangel’skii
[2, Theorem 4.17]. Hence, Y is a Lindeldf p-space and so (a) and (b) are equivalent. Thus, we are done. O

This leads us to the main result in this section.

Theorem 3.7. If a non-locally compact precompact topological group G has a remainder Y such that every
y €Y is a Gs-point in the space Y, then G is separable and metrizable

Proof. Let bG be a compactification of G such that the pseudo-character Y = bG \ G is countable. Since the
Souslin number of G is countable, G being precompact, by Proposition 3.6 it follows that Y is first-countable.
We already know that the character of G is not greater than w; (Theorem 2.2(a)). The Rajkov completion
of G is a compact topological group b1 G (see e.g. [8]). Obviously, the remainder ;G\ G contains a translate
of G and hence a dense topological copy of G. Since every compact topological group is dyadic [8, §4.1], we
can apply Theorem 3.5. O

4. The example

All Abelian groups are written additively.

Let G be an Abelian group. We say that G is Boolean provided that each element has order at most 2.
We write G additively, and denote its neutral element by e. If G is Boolean, and F' C G is finite, then so is
(F)-

A nonempty subset A of a Boolean group G is independent if for every finite nonempty subset F of A
we have X F # e. Observe that if A and B are disjoint subsets of G such that A U B is independent, then
{(A) N {(B)) = {e}. Also observe that if x,, € G for every n < w is chosen such that z, ¢ {({z; : i < n})),
then X = {z, : n < w} is independent.

Let G be a Boolean topological group. We say that G is linear provided that the neutral element of G
has a neighbourhood base consisting of subgroups of G.

Lemma 4.1. Let G be a first-countable, countable, dense-in-itself linear Boolean topological group with com-
pactification bG. If K C bG \ G is o-compact, then there is a dense-in-itself subgroup H of G having the
following properties:

(1) G/H is infinite,
(2) H is not open,
(3) for every finite F C G, F+HNK = (here closure means closure in bG).
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Proof. Since G is countable and first-countable, it has a countable base. By observing that the subgroup
generated by a finite subset of G is finite, and the fact that G is dense-in-itself, it is easy to construct two
disjoint dense subsets D and E such that D U FE is independent. Our subgroup H will be a subgroup of
(D). Since (D) N E = and FE is dense, it follows that H is not open and moreover that G/H is infinite.

Let f:w — w X w be a surjective map. It will be convenient to denote f(n) by (ng,n1).

Enumerate the finite nonempty subsets of G'as {F;, : n < w}. Write K as |J,, ., Kn, where K, is compact
for every n. Finally, let (U,), be an open neighbourhood base at e € G consisting of subgroups of G such
that U,y1 C U, for every n. By recursion on n, we pick an open neighbourhood V,, of e in G and point
pn € Vi, N D, such that:

(1) V, is a subgroup of G,
(2) V, CU,N ﬂm<n Vi,
(3) Frno+{{po,-- - Pn-1})+Va N K,, =0 (here closure means closure in bG).

The construction is a triviality. Indeed, assume that we are at step n of the construction. Put F' =
F,,+{{po,--.,pn-1}). Since F is finite, and K, is a compact subset of bG \ G, for every z € F we may
pick an open neighbourhood V. of e in G such that z+V, N K,,, = () (again, closure means closure in bG).
We may assume that for every x € F, V. is a subgroup of G. Now put V,, = U, N[\ cp Ve N,y Vim, and
let p,, be an arbitrarily chosen point from V,, N D. This completes the recursion.

Now put H = {({pn : n < w})); we claim that H is as required. As we observed before, H is not open.
Moreover, H is dense-in-itself since the sequence (py,), converges to e and is contained in G \ {e}.

Now consider arbitrary n,m < w. We will show that F,,+H N K,,, = 0. Indeed, let i < w be such that
f(@) = (n,m). Observe that by construction we have that

F + <<{p0a s 7pi—1}>> +ViNnK,, = 1]
Since H C {({po, - .-,pi—1})) + Vi, this clearly gives us what we want. O

Corollary 4.2. Let G be a countable dense-in-itself linear Boolean topological group with first-countable
compactification bG. If K C bG \ G is o-compact, then there are a linear dense-in-itself topology T on G,
a first-countable compactification ¢(G, 1) of (G,7) and a continuous surjection f:c(G,T) — bG such that:

(1) the original topology on G is strictly contained in T,
(2) f restricts to the identity (G,7) — G,
(3) if v € K, then f~1({z}) is a single point.

Proof. Let H be the subgroup of G from Lemma 4.1. We endow G/H with the discrete topology, and let
a(G/H) = (G/H) U {0} denote its Alexandroff one-point compactification. Let ¢: G — G/H denote the
canonical homomorphism. Consider the graph

I'={(z,0(x)) : z € G}

of ¢ in bG x a(G/H). We identify G and I". Observe that the subspace topology 7 that I' (=G) inherits
from bG x a(G/H) is simply the topology we get from G by declaring its subgroup H to be open. This is a
linear topology on G that strictly contains the original topology. Clearly, 7 is dense-in-itself since H is. Let
X denote the closure of T" in the compact space bG x a(G/H). Then X is a first-countable compactification
¢(G,7) of (G,7). Let f: X — bG denote the restriction to X of the projection bG x a(G/H) — bG. By
our identifications, f restricts to the identity on (G, 7). It suffices to check that if z € K, then f~1({z})
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is a single point. We claim that f='({z}) = {(z,00)}. First observe that by compactness, f~*({z}) # 0.
Clearly, f~*({z}) C {2z} x a(G/H). Striving for a contradiction, assume that for some p € G we have that
(z, ¢(p)) € X. By construction, x ¢ p+H. Since bG x {¢(p)} is clopen in bG x a(G/H), there is a sequence
(g:); in G such that the sequence ({g;, ¢(p))): is entirely contained in I" and converges to (x, ¢(p)). Hence
#(g;) = ¢(p) for every i and g; — x. But this is a contradiction since from this we get that g; € p+H for
every i and z ¢ p+H. O

Assume CH throughout. We let G be a countable dense subgroup of the Cantor group 2¢. By transfinite
induction on o < w; we will construct a linear dense-in-itself group topology 7, on G. We will denote
the space with underlying set G and topology 7, by G,. We emphasize that we think of all the spaces
G, as having the same underlying set, namely, G. Along the way we will also construct a first-countable
compactification b,G, of G, and for every 5 < « a continuous function fé": baGo — bgG s such that (among
other things) the following conditions are satisfied:

(K1) for every 8 < a, 73 is strictly contained in 7,

(K2) for every B < a, f§ restricts to the identity Go — G,

(K3) if o is a limit ordinal, then 7, is the supremum of the topologies {73 : < a} and b,Go =
lim{bsGg, f£}.
Jm

The example we are looking for will be b, G, . Observe that (K7) implies that G, is not first-countable.
To ensure that b, G, \ G, is first countable, we use CH for bookkeeping.

Let 7:w; — wy X wy be a surjective map such that 7(a) = (3,&) implies that 8 < «. By CH, for every
a < wp we enumerate b,G, \ G, by {x? : £ < wy}. Along the way we will construct an F,-subset S, of
b, G such that

Observe that 7, is dense-in-itself by (K1) and the fact that 7, is dense-in-itself for every o < wy. Hence
Gy, is nowhere locally compact. To check that R = b,, G, \ G., is first-countable, take an arbitrary p € R.
There exists 7 < w; such that f'(p) ¢ Gy. Pick £ < wp such that f1(p) = xg Let 7(a) = (n,&), and
observe that 77 < a. By (K§) we have that (f,‘;‘)*l({xg}) C S, Hence by (K7) we get that (f<1)~1({f<1(p)})
is a single point. Hence the first-countability of b,G, gives us that b,, G, is first-countable at p.

It remains to perform the construction. But this is a triviality. At limit stages, everything is determined.
And at successor stages, we simply need to apply Corollary 4.2.

In Arhangel’skii [5, Problem 12] the following was asked: Suppose that X is a Cech-complete space of
countable tightness such that wy is a precaliber of X. Is X separable? What if, in addition, X has a countable
remainder? The hope was to get a positive answer in ZFC. For compacta the answer is ‘yes’, and under
MA+-CH the answer is ‘yes’ as well (Shapirovskii [11]). We claim that the space Y = b, G, \ G, that
was constructed in this section is a first-countable counterexample under CH. Hence Problem 12 from [5] is
undecidable. To see that Y is not separable, simply observe that by construction Y is w-bounded and not
compact, hence not separable. Alternatively, apply Arhangel’skii [3, Theorem 3.12].

References

[1] A.V. Arhangel’skii, On the cardinality of bicompacta satisfying the first axiom of countability, Sov. Math. Dokl. 10 (1969)
951-955.


http://refhub.elsevier.com/S0166-8641(15)00388-0/bib6172683A63316269636F6D7061637461s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib6172683A63316269636F6D7061637461s1

150 A.V. Arhangel’skii, J. van Mill / Topology and its Applications 195 (2015) 148-150

[2] A.V. Arhangel’skii, Remainders in compactifications and generalized metrizability properties, Topol. Appl. 150 (2005)
79-90.
[3] A.V. Arhangel’skii, First-countability, tightness, and other cardinal invariants in remainders of topological groups, Topol.
Appl. 154 (2007) 2950-2961.
[4] A.V. Arhangel’skii, More on remainders close to metrizable spaces, Topol. Appl. 154 (2007) 1084-1088.
[5] A.V. Arhangel’skii, Precalibers, monolithic spaces, first countability, and homogeneity in the class of compact spaces,
Topol. Appl. 155 (2008) 2128-2136.
[6] A.V. Arhangel’skii, Two types of remainders of topological groups, Comment. Math. Univ. Carol. 47 (2008) 119-126.
[7] A.V. Arhangel’skii, J. van Mill, On topological groups with a first-countable remainder, Topol. Proc. 42 (2013) 157-163.
[8] A.V. Arhangel’skii, M.G. Tkachenko, Topological Groups and Related Structures, Atlantis Studies in Mathematics, vol. 1,
Atlantis Press, World Scientific, Paris, 2008.
[9] B.A. Efimov, Mappings and embeddings of dyadic compacta, Mat. Sb. 103(145):1(5) (1977) 52-68 (in Russian).
[10] R. Engelking, General Topology, second ed., Heldermann Verlag, Berlin, 1989.
[11] B.E. Shapirovskil, Cardinal invariants in compacta, in: Seminar on General Topology, Moskov. Gos. Univ., Moscow, 1981,
pp. 162-187.


http://refhub.elsevier.com/S0166-8641(15)00388-0/bib417268616E67656C736B69693035s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib417268616E67656C736B69693035s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib417268616E67656C736B6969303761s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib417268616E67656C736B6969303761s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib417268616E67656C736B69693037s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib417268616E67656C736B6969303862s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib417268616E67656C736B6969303862s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib417268616E67656C736B69693038s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib417268616E6776616E4D696C6C313261s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib417268616E67546B616368656E6B6F3038s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib417268616E67546B616368656E6B6F3038s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib4566696D6F763635s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib656E67656C6B696E673A67656E746F70s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib7368617069726F76736B69693831s1
http://refhub.elsevier.com/S0166-8641(15)00388-0/bib7368617069726F76736B69693831s1

	On topological groups with a ﬁrst-countable remainder, II
	1 Introduction
	2 Cardinal characteristics
	3 Precompact topological groups
	4 The example
	References


