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The ancient dream: detecting the primes

® Mathematicians have long wondered whether the set of prime numbers can
be described by a simple equation.

® |n the 1970s, Yuri Matiyasevich proved that every “computably enumerable”
set of integers can be captured by a Diophantine equation — that is, by a
polynomial equation with integer solutions.

® Amazingly, this means that also the primes can be characterized in this way!

e A few years later, Jones, Sato, Wada, and Wiens actually wrote down such a
polynomial — a 25th-degree monster in 26 variables whose positive values
are exactly the primes.

® |t works, but it's... not exactly practical.
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Is there an easier way to detect primes?

DIOPHANTINE REPRESENTATION OF THE SET OF PRIME NUMBERS
JAMES P. JONES, DAIHACHIRO SATO, HIDEO WADA aNp DOUGLAS WIENS

1. Introduction. Martin Davis, Yuri Matijasevi¢, Hilary Putnam and Julia Robinson [4] [8] have
proven that every recursively enumerable set is Diophantine, and hence that the set of prime numbers
is Diophantine. From this, and work of Putnam [12], it follows that the set of prime numbers is
representable by a polynomial formula. In this article such a prime representing polynomial will be
exhibited in explicit form. We prove (in Section 2)

TuEOREM 1. The set of prime numbers is identical with the set of positive values taken on by the
polynomial
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as the variables range over the nonnegative integers.

A 25-degree polynomial in 26 variables that detects primes. ..
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Joint work with Will Craig and Ken Ono
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Partitions: building blocks of additive number theory

Definition (Partition)

A partition of an integer n is a finite ordered sequence (A1, A2, ..., A,) of integers
A1 > Ay > - A, > 1 summing to n.

The conjugacy classes of the symmetric group S, are labeled by partitions.
Example (Partitions of 4)
(4), (3,1), (2,2), (2,1,1), (1,1,1,1)

Write p(n) for the number of partitions of n. Euler observed

1
ZP e = Hn>1(1 q")

n>0
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Partitions are determined by their part sizes and multiplicities

Note that a partition is uniquely determined by
the different part sizes 51 < s < ... < s, and
corresponding multiplicities my, mo, ...,

Example (Stanley coordinates)

For A\ =(7,4,4,4,2,1,1) = (7,4°,2°,17), we
have s = (1,2,4,7) and m = (2,1,3,1).
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MacMahon partition function counts sums of products of multiplicities

Definition (MacMahon partition function, 1920)
For a > 1, define the MacMahon partition function by

M,(n) = > mymy - - - m

n=misi+--+m,s,;
0<s51<5< <5,

Consider
W(n) := (n* —3n+ 2)My(n) — 8Ma(n).

n=3a=1 A= (3)or A= (13),s0 My(3) =1+3 =4
n=3a=2. A=(2,1),s0o M,(3)=1-1=1.
Hence,

W(3) = 2My(3) — 8Ma(3) = 0.
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MacMahon partition function (continued)

M,(n) = Z mymy - - - m;, W(n) := (n* —3n+ 2)My(n) — 8Ma(n).

n=misy+--+m,s;
0<s1<8p<-+<8s,

n=4a=1 A= (4),(2%) or A= (1*),so My(4) =1+2+4=T.
n=4a=2 A= (3,1)0r (2,1%), s0 Mp(4) =1-1+1-2=3.
Hence,

W(4) = 6My(4) — 8Ma(4) = 18.

n|2 34 56 78 9 10 11 12 13 14 15
W(n)[0 0 18 0 120 0 270 192 504 0 1680 0 1296 1536
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The MacMahon partition function detects primes

M,(n) = > mimy---m,  W(n):= (n® —3n+ 2)My(n) — 8My(n).

n=misy+--+m,s;
0<s1<5p< <85,

Theorem (Craig—vI-Ono, '24)
For n > 2 we have
e VU(n)>0
® V(n) =0 if and only if n is prime.

v

9/19



(n? = 3n+ 2)My(n) — 8Mz(n)

(3n® — 13n* + 18n — 8)M; (n) + (12n* — 120n + 212)Ma(n) — 960M3(n)

- (25m" — 171n® + 423n? — 44Tn + 170) My (n) + (300n° — 3554n + 12900n — 14990) My (n)+
Reminder

(2400n2 — G0480n + 214080) My (n) — T25760M,(n)

(126n° — 1303n* + 5073n° — 9323n% 4 8097n — 2670) M, (n)+
(3024n" — 48900n® + 288014n% — 7371000 + 695490) My (n)+
(60480n* — 1510080n% + 106444800 — 23496480) Ms (n)+

(7257(\'[]n2 — 36288000 + 218453760) My(n) — 58060800005 (n)

Theorem (C
For n > 2 we

® Y(n) >
(4:!2[][]0n"—354816[]".5—23534:!84[]n1+il332lQB'{[]n”—4237[][]7184[]”2+1b‘1ll]1'11ﬁl]l]l]n.—!:lﬂli[]iﬂl]ﬁ[][])ﬂn’:;(n)-{-

° \|I(n) =
(12098[1[][]?1’—7281792[]?1’—lTuOGGS[JlJlJUn"+39[}192142[]8[]nz—Zll2387[}[}72[1[][]”+8;aa1821l2ll[][])ﬂf4(n)+

(300n®—1542n" —33049n°4-377959n" —1651959n + 3726801 n" —4575760n* +2903750n —T46500) M, (n)+

(1200007 —91008n° —27999001° 450637162n" — 3513663000+ 12390981700 - 22104670000 +1585493500) Mz (n )+

(193536000n" —1056513024000n +21310248960000n — 112944125952000) Mg ( n)+

(—46495088640000n +604436152320000) Ms(n)—1115882127360000M 7 (n)
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Generating series of MacMahon partition functions yields divisor sums

Let Us(q) := ano M;(n) " and oy_1(n) = Zd|n d*=1. Observe

c (@)= Mma =3 3 mq =3 oiln)q"

n>0 n>0 N=mis1 n>1
- 0<s1 -
2 n n
o Ui(qf?= >  mmq"= ( > + 0D + ) >m1m2q .
n>0 n>0 n>0 n>0
n=mys1+mas; n=misi+msy n=mis;+m2s2  n=(my+mo)s;
0<51,0<52 0<s1<8sp 0<sr<s; 0<s1=s»
2z (q)

Hence,

Un()?~2Ua(q) = Y ( > m1m2> oy T ":Z 7o) =) g

n>0 mp+mpy=m n>0
n=ms; n=ms

Observation
Both U1 and U, can be expressed in terms of divisor sums.
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'17)

Theorem (Hoffman—lhara,

>t e (X )

a>0 k>1

—1)kt1 kzz(d+k—1) )

n>1 din

Proof idea.
U, is an element of a quasi-shuffle algebra.

For k > 2, write
® B, := kth Bernoulli number;

° o) 1( ).: Zd| dkfl.
* G(q +Zak 1(n)q";
n>1

° M:=Q[Gy, Gs, G, . . .

Corollary (Andrews—Rose, '11)
For all a> 1 we have U, € M.
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Elements of M are quasimodular forms

Definition (Modular form)
A g-series f € Q[q] is modular of weight k if

® f is holomorphic for |g| < 1;
. £(q) = 7F(d)

for q= e271'l7'

27i

L g=e 7, Im(r) > 0.

For k > 4 even, the series G, is modular.
Also A(q) :== q[[32,(1 — g")** is modular.

Note that Gy(q) = 72Go(G) — 77

4ri

Elements of M are called quasimodular forms.

Artistic impressions of a hyperbolic tiling (Escher)
and a modular form (Lowry-Duda)

The operator D := qdilq acts on M:

Theorem (Kaneko—Zagier, '95)

The algebra M is a graded differential
algebra, freely generated by G, G4 and Gg.

Example (Discriminant modular form)

Ao (240G4)3 — (504 Gg)?
1728
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One can prove various identities using modular forms

1
DGy = —2G2 +5Gy, thatis noy(n) = 203(,7) +2o1(n) 2 3 oa(a)oa(8)
a+b=n

| .

Gs =120G7, thatis o7(n) =o03(n)+120 >  o3(a)os(b).
a+b=n

Example (Lagrange's four-square theorem)

| A\

Z q"”2+b2+‘:2+d2 = 8Gx(q) — 32Gy(g*), thatis r4(n) = 8o1(n) — 3201(n/4),
a,b,c,deZ

where rq(n) denotes the number of ways to write n as a sum of four squares.

.
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Some quasimodular forms detect primes

Consider

fie(q) = (D' + 1)Gy1 — (DX + 1)Grpr = o + 3 [ D (" + 1)d* — (n* + 1)d" | q".
n>1 \ d|n

Note that for d = 1 one gets (n +1) — (n¥+1) = nf—nk
for d = n one gets (n® + 1)nk — (n* 4 1)n* = —n® + nk.

fkj(q) =+ Z( Z (né 4 1)dk _ (nk 4 ]_)d€> qn.

n>1 d|n
0<d<n

Hence,

Lemma (Lelievre, '04)

The coefficients of fy o vanish at primes.

15/19



Overview: why the expression W detects primes

® The expression W(n) = (n? — 3n + 2)My(n) — 8Mo(n) are the coefficients of the
quasimodular form
F =(D?> 3D +2)G, — Gy.

We have (D + 1)F = f; 3, which is prime-detecting.

Hence, for n > 2 we have W(n) = 0 iff n is prime.

For the other four expressions the same strategy works.

Can't there be more prime-detecting expressions in the MacMahon functions?
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Cusp forms cannot detect primes

Let f =), ~0anq" be modular of weight k. Assume ag = 0 (f is a cusp form).

Theorem (Deligne, '74)

For all p prime, |ap| < 2p%|al|.

The space of cusp forms admits a natural basis of
so-called Hecke eigenforms.
Theorem (Eichler—Shimura, Igusa, Deligne, '71)

For each Hecke eigenform f and prime £, there exists an
irreducible continuous group homomorphism

pr = Gal(Q/Q) — GLo(Qy)

such that if p prime with p # ¢
Tr(ps(Froby)) = a, and det(ps(Frob,)) = p*~*.

v

Theorem (Serre, Murthy, '83)

The sequence {ap}p prime has
infinitely many sign changes.

Theorem (Serre, Ribet,
Ono—-Skinner, '98)

For all sufficiently large primes £
and 0 < a < ¢, we have

ap=a mod/

for infinitely many primes p.
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There are no further prime-detecting combinations of MacMahon functions

Can't there be more prime-detecting expressions in the MacMahon functions?

® Cusp forms cannot detect primes.
® Also, ‘quasimodular cusp forms’ cannot detect primes.

® In the five examples, the MacMahon functions were quasimodular not involving cusp
forms.

e ‘Generalically’, linear combinations of MacMahon functions admit a cuspidal part
and hence cannot detect primes.
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(n® = 3n+ 2) My (n) — 8Ma(n)

(3n® — 13n* + 18n — 8)M; (n) + (12n* — 120n + 212)Ma(n) — 960M3(n)

(25n* —171n® + 423n” — 4470 + 170)M; (n) + (300n* — 3554n2 + 12900n — 14990) My (n)+

(2400n2 — G0480n + 214080) My (n) — T25760M,(n)

(126n° — 1303n* + 5073n° — 9323n? + 8097n — 2670) M, (n)+
(3024n" — 48900n® + 288014n% — 7371000 + 695490) My (n)+
(60480n* — 1510080n% + 106444800 — 23496480) Ms (n)+

(7257600 — 362880007 + 218453760) My(n) — 580608000 M5 (n)

(300n®—1542n" —33049n°4-377959n" —1651959n + 3726801 n" —4575760n* +2903750n —T46500) M, (n)+
(1200017 —910081 " —27999001" +50637162n" — 35136630014 1239098170n2— 22104670001 +1585493500) M2 (n)+
n —35 n’ — n”+5 n® — n“+4 N —. 505 Mz(n)+
432000n° —3548160n° —236343840n" 451332198400 — 4237007184002+ 1611014160000 —236 150560800 ) M.
(120960001° —72817920n " — 175996800001 4+ 306192142080 1 — 3123876620001 +8555162112000) M a(n)+
(193536000n " —1056513024000n 2 +21310248960000n— 112944125952000) M ( n) +

(—46495088640000n +604436152320000) Ms(n)—1115882127360000M 7 (n)
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