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Matrices generally dont commute
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But we may extend them to make them commute
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Problem 1: Extend matrices until they commute

Commuting extension



Tensor




A simple tensor is the outer product of three vectors
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Smallest number of simple tensors that sum to T is
the tensor rank
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Problem 2: Random tensors have high rank; find explicit ones

tensor rank

random tensor =Ccn
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explicit tensor dn




Explicit tensors of high rank, in complexity theory:

1. Explicit tensors of high rank imply lower bounds on the size of
[Raz]

2. Tools to prove explicit tensor rank lower bounds may prove non-
trivial lower bounds on the exponent of matrix multiplication

w > 2



Inspiration: Strassen lower bound on ftensor rank

Theorem 1. (Strassen)

Given:
3
n T = 4,
” AlA a I,
Then:

1
rank(T) = n + Erank(AzAg — A3A))



Koiran interpretation: Lower bound on commuting extensions

Theorem 2. (Strassen, Koiran)

Given:
n r
Az A3 AZ A3
r
\\\_’// Commuting extension
Then:

r 2 n + Erank(AzA:g - A3A2)



Proof of the Koiran interpretation

Given: Commuting extension

n r—nm
n A2 BZ A3 B3
r—m CZ DZ C3 D3

1. CommutatiVity: A2A3 - A3A2 == B3Cz - 3263
2. 2(r —n) =2rank(B;C, — B,(C3)
3. r=2n+ %rank(AzAg — A3A,)



Matrix extensions characterize tensor rank

Theorem 3. (Koiran)

Given:
p
n T = .AP
A,
n Ay ’
r
Aq A, Ap

Commuting and diagonalizable extension

Then:
rank(T) + n = r,;, = rank(T)



Some words on commuting and diagonalizable matrices

By, ..., B, nXn matrices

e Simultaneously diagonalizable = Diagonalizable

B, =V 7DV B, = V. DV,

* Simultaneously diagonalizable = Commuting

BkBl == V_leVV_lDlV
= V_leDlV
= V_lDleV

e Simultaneously diagonalizable < Commuting and diagonalizable



Simpler version of the theorem

Theorem 3'. (Koiran)

Given:
p
T _ Ap
A,
n Al =1,
r
Aq A, A,

Commuting and diagonalizable extension

Then:
Tmin = rank(T)



Proof skefch of 1yin < rank(T)

Given: T as a sum of r = rank(T) many simple tensors

)= ﬁA = Z® W,

Ar=1, 1
Then:
] [
S I VG N |
(W)
B, U D %

B;, simultaneously diagonalizable:
Bl = IT‘
B, = BB, = (v ip;luUY(UDV) =V ~iD{iD,V



Problem 1: Extend matrices until they commute

Commuting extension

(or: Commuting and diagonalizable extension)



Example: W-tensor
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Example: matrix multiplication tensor
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Some questions

How can we lower bound commutative extensions?

commutative and diagonalizable extensions?



