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1
.
Tensors and ranks

matrix rank
~

minimal kronecker product

· m= Vi AB

·

easy to compute
· RIAQB) = RIA)R(B)

· R(m) = r iff all (r+1) x (r+ 1)
submatrices have det = 0

.

tensor tensor rank minimal

·E
T=vow :

T S

· nP-hard · RITOS) = R(T)R(S)

-> asymptotic tensor rante :
R(T) : = eim RCTO) In
-
n-



e. Algebraic complexity theory
N

·L :[
↓ matrix mult . exponent 2 W12 . 3

...

O(n) arithmetic operations Conjecture : w = 2.

In
. &(T) = 2
matrix mult tensor e#F #Y

&assen's asymptoticrank conjecture : For any concise tensor
Te** I*

B(T) = m.

What properties does & have ? Computable ? Semicontinuous ? Integer-valued ?



3
. Polynomials V= KK"

,
AEV

,
reR

Theorem1. STEV : &(T) = r] is Zariski-closed.

Ref &[A] : = sup[(T) : TEAy .

#Theoremc. [A] = RIA]

Theorem2 => Theorem ! Let A = STEV : &(T) = r3 .

Then RIA] = r.

By Theorem 2
, RIA] = r . So for all TE . R(T) =r, so TE A

Then &A
.

I



Lef
.

Al = 2+On : TEA].

Lemmas (1)"span)Al) .

Proof. Span (A) = & Sher 2 : 1 linear form on & vanishing on A (413
To prove : for any such 2 , (A) c Kerl . Define f : V-F : T + ((T&)

.

Then f is a polynomial function on V vanishing on A .

Then f vanishes on A.

Thena vanishes on (1) A



#Theoremc. [A] = RIA]

Proof From AIA
,
we have RIA] = RIA] ·

To prove : RIJERTA] .

Let TEA
. By Lemma 3 , T

&ne span All

So there are Si
.
-

. Spini EA and Li
,
-,pin
E such that To Pon

Note that p(n) grows at most polynomially , because

p(n) Edim Span All = dim Sym"(V) = (dim
Let me IN

.

Write

tonm
Then (subadd)

R(+Onm) = pin)m max RIS)
i- imE[p(n)]



Rearranging,

Rs) = Romin) for some mi that sumoa

Then (subm .)

Ramin)min) (ForlageRSS)
= T(R(Si) + a)Min . T Min

i : ii

Then
min large min Small

R( **nmy/me pinY(R[A] + 2) BP(n) · I/nm
Let mo

R(T) = pany (RIA] + a) .

Let 300 and ned. I



4. Consequences and more

R : = [ & (T) : TE #*... #de
, di-de 3

Theorem R is well-ordered
. (Every non-increasing sequence stabilizes .)

Moetherianity of F
%
0...#

*E
and RCT)2 max

,
di for concise T.

Theorem Over K
,
R is complete.

Baire property for affine varieties over K .

-enproblems
screte from below ?

2. Is STEV : &(+ ) = ry anreducible variety?
3. Use lower-semicontinuity of R on concrete Strassen's asymptotic rank

sequence of tensors. conjecture




