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We use
e moment polytopes
e representation theory

e quantum information theory

to study asymptotic properties of tensors

motivated by problems in
e computational complexity theory

e additive combinatorics



1. Tensors

tensor
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“restriction” of tensors
teFMF2Fm™
seFfMmF™gFms
We say t restricts to s and write
t>s
if there are linear maps A; : F™ — F™ such that

(A1®A2®A3)-t28



restriction
s<t if s=(A1® A2® A3z)-t for some linear A;
“diagonal” tensor

ones on the main diagonal, zeros elsewhere

n
(n)=> e®e ®eé cEF"QF"QF"
i=1
rank and sub-rank
R(t)=min{neN:t<(n)}

Q(t) =max{m €N : (m) <t}



2. Asymptotic properties of tensors

property(t®™) n — o



tensor product ® on tensors

(Fnl ® F?‘IQ ® F?’LS) X (le ® sz ® F’mg) N mel ® Fnz'mz ® Fnsmg

(£,8) = t®5= > tiiis- Sirjsjs i ® Cinjp ® i
111213
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asymptotic rank and asymptotic sub-rank

R(t) = lim R(t®V)V/¥
Q(t) = lim Q(t®M)Y/¥

asymptotic restriction

sSt o if Vno @M tEM &0 n oo



3. Illustrations of Q(¢) and R(?)

cap set problem
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fast matrix multiplication
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by hand

4.7.n?8

Strassen
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current best
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mamu tensor € F* @ F* @ F*

R(mamu tensor),



Cap set problem

(Z/3Z)"  « u+2v (Z./37)2
e U+ VU

cap set
subset A C (Z/3Z)"™ without lines, except trivial lines (u, u, u)

trivial upper bound |A| < 3%
Gijswijt—Ellenberg (2016) |A| < C -2.755"

2.755... = Q(cap set tensor), cap set tensor € F3 ® F§ ® F§



4. Asymptotic spectrum of tensors

[Strassen 1986]



The asymptotic spectrum of tensors

T = 3-tensors over F = U, ,, p, F™ @ F™2 @ F™
X(T) = set of maps F': T — R, such that

1. if t > s then F(t) > F(s) monotone
2. F(sot)=F(s)+ F(t) additive
3. F(s®t)= F(s)F(t) multiplicative
4. F((n))=nforn €N normalised
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The asymptotic spectrum of tensors

T = 3-tensors over F = U, ,, p, F™ @ F™2 @ F™
X(T) = set of maps F': T — R, such that

1. if t > s then F(t) > F(s) monotone

2. F(sot)=F(s)+ F(t) additive
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t®n S <R(t®n)>
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F(t) < lim, 00 R(t®")Y™ = R(t)
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Observation
* Q(t) < F(t) <R(?)
e s S timplies VF € X(7) F(s) < F(t)

Theorem Remark
* Q(t) = Fglxi?T)F(t) Q(¢), R(t) & X(T)
* R(t) = Fren)ggcT)F(t)

e s<t iff VFeX(T) F(s)< F(t)

Goal Describe X (7) explicitly



Known: gauge points

Transform tensor into matrix and compute matrix rank

CI:T_)RZO

(tiyigisJizinis + TADK(Li) (4,63) )1 (42,15)



Known: gauge points

Transform tensor into matrix and compute matrix rank
Cl T = RZO
(tilizia)ilizis = rank(th(iz,ia))ﬁ(iz,ia)

Theorem (observation) [Strassen (1986)]
The three gauge points are in the asymptotic spectrum

¢1,¢2, ¢ € X(T)



Known: gauge points

Transform tensor into matrix and compute matrix rank
Cl T = RZO
(tilizia)ilizis = rank(th(iz,ia))ﬁ(iz,ia)

Theorem (observation) [Strassen (1986)]
The three gauge points are in the asymptotic spectrum

€1,¢2,¢3 € X(T)
Example

* mamu tensor =} xcp) €5 ® €k @ exi € F* ® F* @ F*
* (i(mamu tensor) = rank(} e €5 ® ki) = 4
¢ 4 < R(mamu tensor) = 2%



Known: support functionals

Study probability distributions on support of t € C™ ® C™ @ C™
supp t = {(1, 2, %) : tiyipis # 0 C [ma] X [12] X 73]
Oblique tensor: tensor for which supp ¢ is antichain in some basis

(o : {oblique tensors} — R>g

t— max 961H(P1)+62H(P2)+63H(Ps)

Pcprob(supp t)

Theorem [Strassen (1986)]
For every weighting 0

Co € X ({oblique tensors})



Known: support functionals

Study probability distributions on support of t € C™ ® C™ @ C™
supp t = {(1, 2, %) : tiyipis # 0 C [ma] X [12] X 73]
Oblique tensor: tensor for which supp ¢ is antichain in some basis

(o : {oblique tensors} — R>g

t— max 961H(P1)+62H(P2)+63H(Ps)

Pcprob(supp t)

Theorem [Strassen (1986)]
For every weighting 0

Co € X ({oblique tensors})

Example
* ((1/3,1/3,1/3)(cap set tensor) = 2.755...
o Q(cap set tensor) < 2.755 in fact, equality holds



Summary of what was known
e three elements in X (7)

e infinite family in X (S) for certain sub-semirings S C T



5. New: quantum functionals

infinite family of elements in X (7) when F = C
via moment polytopes

tensor — —



Moment polytope
Representation theoretic description

e tcChCleCh



Moment polytope
Representation theoretic description

e teCh@C?@C®
o 187 ¢ ((Cdl)@" ® ((Cdz)@n ® ((Cds)®n o (Cdl RCE ® Cd3)®“



Moment polytope
Representation theoretic description

e teCh@C2gC*k
o 187 ¢ (Cd1)®" ® ((Cdz)@n ® ((Cds)®n o (Cdl RCE ® Cd3)®“
e S, x (GLg, x GLg, x GLg,) C (C%* @ C% @ C%)®"



Moment polytope

Representation theoretic description

teChr@C2®C*

t®n ¢ (Cd1)®n ® ((Cdz)@’n ® ((Cds)®n o (Cdl RCE ® Cd3)®n
Sp x (GLg, x GLg, x GLg,) O (Ch @ C% @ C%)%"

isotypical components are labeled by triples of partitions
)\1; )\27 )‘3 Fn



Moment polytope
Representation theoretic description
teCh®C2QC*
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isotypical components are labeled by triples of partitions
)\1, )\2, )\3 Fn
(CHRC2QC®)®" = (P P (CH®C?2eCH)®"

A1, A2, 3k n



Moment polytope
Representation theoretic description
teCh®C2QC*
t®n ¢ (Cd1)®n ® ((Cdz)@n ® ((Cds)®n o (Cdl RCE ® Cd3)®n
Sp x (GLg, x GLg, x GLg,) O (Ch @ C% @ C%)%"
isotypical components are labeled by triples of partitions
)\1, )\2, )\3 Fn
(CHRC2QC®)®" = (P P (CH®C?2eCH)®"

A1, A2, 3k n

Ay = {(%,\1, L, %Ag) ‘nEN, A, Ao, Mg 7, Py t®" £ o}



Moment polytope
Marginal spectrum description
(natural point of view for quantum information theory)

¢ scCMm@C™=C™, |s||,=1 quantum state
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Moment polytope
Marginal spectrum description
(natural point of view for quantum information theory)

¢ scCMm@C™=C™, |s||,=1 quantum state
e =55 CMQRC™QRC™ -C"RC™ C™ density matrix
o p; =Tryzp® : C™ - C™ reduced density matrix

spec(p;) = (pr > p2> ) ordered spectrum



Moment polytope
Marginal spectrum description
(natural point of view for quantum information theory)

¢ scCMm@C™=C™, |s||,=1 quantum state
e =55 CMC™RC™ - C"C™C™ density matrix
o pf =Trp3p°: C™m - C™ reduced density matrix
e spec(p;)=(p1 >p2>---) ordered spectrum

A = {(spec(p}), spec(p3), spec(p3)) : s I, ||slly = 1}



Moment polytope
Marginal spectrum description
(natural point of view for quantum information theory)

¢ scCMm@C™=C™, |s||,=1 quantum state
e =55 CMC™RC™ - C"C™C™ density matrix
o pf =Trp3p°: C™m - C™ reduced density matrix
e spec(p;)=(p1 >p2>---) ordered spectrum

A = {(spec(p}), spec(p3), spec(p3)) : s I, ||slly = 1}

Theorem
e the two descriptions of A; indeed coincide

e /A; is a convex polytope

[Guillemin—Sternberg, Kempf, Ness, Mumford, Brion, Kirwan,
Walter—Doran—-Gross—Christandl]



Construction of the quantum functional
e tcCm@CmC™



Construction of the quantum functional
e tcCm@CmC™
o A; = {(spec(p}), spec(p3), spec(p3)) : s < 1, ||s]l = 1}



Construction of the quantum functional

e tcCm@CmC™

° Ay = {(SpeC(pi) spec(p3), spec(p3)) : s < ¢, [|s]l = 1}
o z=(z!,2%,23) € Ay



Construction of the quantum functional
e tcCm@Cm?C®
= {(SpeC(Pi) spec(p3), spec(p3)) : s < ¢, [|sll, = 1}
= (z1,22%,2%) € A,
H(z') =3, 2z} log, 1/z} Shannon entropy
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Z 0, H(z") 6-weighted average



Construction of the quantum functional
e tcCm@Cm?C™
= {(SpeC(Pi) spec(p3), spec(p3)) : s < ¢, [|sll, = 1}
= (z1,22%,2%) € A,
H(z') =3, 2z} log, 1/z} Shannon entropy

Z 0, H(z") 6-weighted average

3 i
o Fy(t) = sup{ZZzzleiH(x ).z eA;}  supr. over moment polyt.



Construction of the quantum functional
e tcCm@CmC™

* Ap= {(SPeC(Pf) spec(p3), spec(p3)) : s < ¢, [|sll, = 1}
e z=(z!,2% 2% € A,

o H(z') =3,z log, 1/z} Shannon entropy

. Z 0, H(z") 6-weighted average
3 i
o Fy(t) = sup{22z‘:19"H($ ).z eA;}  supr. over moment polyt.

Theorem [Christandl-Vrana—-Zuiddam 2017]
For every weighting 0

Foe X(T)

Q(t) < Fo(t) <R(%)



cu=eReQ@+te1eQe+e@e ®e € C2RC2EC?



cu=eReQ@+te1eQe+e@e ®e € C2RC2EC?

o Ay = {(spec(p}), spec(p3), spec(p3)) : s < w, |[s|| = 1} C RZ+2+2



cu=eReQ@+te1eQe+e@e ®e € C2RC2EC?
o Ay = {(spec(p}), spec(p3), spec(p3)) : s < w, |[s|| = 1} C RZ+2+2

e spec(p;) = (pi, &) — s



Example

cu=eReQ@+te1eQe+e@e ®e € C2RC2EC?
o Ay = {(spec(p}), spec(p3), spec(p3)) : s < w, |[s|| = 1} C RZ+2+2
e spec(p;) = (pi, @) > pi

(1,1,1)

[Walter—-Doran—Gross—Christandl]



e w=e Qe R®et+e1®e®e +tea®e ®e

3
o Fo(w)= max 22 OH@1-R)
(P1,p2,P3)EAW



o W= Qe;R®eteg®e®e +e®e Ve

3
o Fy(w)=  max 92— O H(pi1=p5)
(p1,p2,p3)EAY

6 = (1,0,0)

0H(2/3,1/3)

(0,0,1) (0,1,0)



o Ww=e1QRe1Qe+e1R@Re®e +ea®er Qe

3
o Fy(w)=  max 92— O H(pi1=p5)
(p1,p2,p3)EAY

6 =(1,0,0)

0H(2/3,1/3)

(0,0,1) (0,1,0)

° g(’w) < 2H(2/3,1/3) and 2 < B’(w)

e In fact these are equalities.



Some remarks about the proof

Fo(t) = sup{ZZ?ﬂelH(mi) tx € A}

To show:
Fp is multiplicative, additive, <-monotone, (n)-normalised

Ae= {(%Al’ 22, %AS) : neN, A, o, Az n, Py-t®" #£ 0}
e sub-multiplicativity
e sub-additivity

A = {(spec(n}), spec(o3), spec(3)) : s It,|sll, = 1}
e super-multiplicativity

e super-additivity



Proof ingredient for sub-multiplicativity

Schur-Weyl duality

Sp x GLg G (CH®" = (P [N ®SA(CY)
AFgn
Kronecker coefficient
Sn C N ® [u] = Do
vkn
Semigroup property
If Dy 7é 0 and Gapy 7é 0, then Dta,u+B,v+y 7& 0

Semigroup property + dimension bounds — entropy inequality
If gaww #0, then H(EX) < H(Lp) + H(Lv)



Relation to gauge points and support functionals

e gauge points [Strassen 86| (1,(2, (3 € X(T)
e support functionals [Strassen 86| (g € X ({oblique tensors})
e quantum functionals (CVZ 17| Fp € X(T)

Relations

1. ¢1 = F(1,00) ¢2 = Flo,1,0, ¢3 = Flo,0,1)
2. (9 = Fy on oblique tensors



6. Conclusion

e Knowing the asymptotic spectrum means knowing Q and R.

e We construct an infinite family of elements in the asymptotic
spectrum X (7) of tensors over C via quantum information ideas
and moment polytopes.

tensor — \ —

e Are these all? We do not know for 3-tensors. For 4-tensors:
there are more.

e We do not improve the bounds on 2 = R(mamu tensor).

Thank you



