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constructions

e.g.
algorithms

obstructions

e.g.
“lower bounds”



Motivated by problems in ( a b ) ( e f
e algebraic complexity theory c d g h

e combinatorics

we study Strassen’s “lower bound” method

asymptotic spectrum of tensors

using

e moment polytopes / entanglement
polytopes

e representation theory

e quantum information theory



3-tensor over F
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restriction preorder

s<t if s=(A1® A;® A3)-t for some linear maps A;
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diagonal tensors
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3-tensor over F

t = (biigisJiviois = ) tiiois & ® € @ e € FM @ F™ @ F™
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restriction preorder
s<t if s=(A1® A2 ® A3z)-t for some linear maps A;

diagonal tensors

n
(n) ::Zei@)ei@ei EF"RF"QF"* forneN
i=1

rank and sub-rank
R(t) =min{neN:t<(n)} cost

Q(t) =max{meN: (m)<t} value



Kronecker product ® on tensors

(]F‘nl ® ]Fnz ® ]Fna) X (]le ® ]sz ® ]F'm,3) N Fnlml ® anmz ® anms

(t) 3) = i®s = Z birigds ° Sjij2js €1 & €izjy & €igjs
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Kronecker product ® on tensors

(]Fnl ® Fnz ® an) X (le ® sz ® ]Fms) N Fnlml ® Fnzmz ® an'mg

(6,8) 2 t®S:= > tiiis - Sjjss €js ® iy ® Eins
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asymptotic rank and asymptotic sub-rank

R(t) = lim R(t®N)V/¥ :i%fR(t®N)1/N
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lim Q(t®N)1/N = sup Q(t®N)1/N
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asymptotic restriction

sStoiff Vn: s®P<g®F & 00 p 0
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Example: Cap set problem

(Z/3Z)"  «u+2v (Z./37)2
e U+ v

cap set
subset A C (Z/37)™ without lines, except trivial lines (u, u, u)

Edel (2004) JA: |A] > 227
Gijswijt-Ellenberg (2016) |A| < 2.755"

2.755... = Q(cap set tensor), cap set tensor € F3 ® F3 ® F3 [Taol



constructions < Q(¢) < obstructions < R(?) < constructions



The asymptotic spectrum of tensors

Definition X (3-tensors over ) := the set of all maps
F : {3-tensors over F} — R>,
such that for all s, ¢
1. if ¢ > s then F(t) > F(s) (A1®A2® A3)-t=s
2. F(sot)=F(s)+ F(t)
3. F(s®t) = F(s)F(t)
4. F({(n))=nforneN (n)y=Yr,e0e® e
Exercise Q(t) < F(t) <R(t) for F' € X(3-tensors over F)



The asymptotic spectrum of tensors

Definition X (3-tensors over ) := the set of all maps
F : {3-tensors over F} — R>,

such that for all s, ¢

1. if ¢ > s then F(t) > F(s) (A1®A2® A3)-t=s

2. F(sot)=F(s)+ F(t)

3. F(s®t) = F(s)F(t)

4. F({(n))=nforneN (n)y=Yr,e0e® e
Exercise Q(t) < F(t) <R(t) for F' € X(3-tensors over F)
Theorem [Strassen (1986)] completeness!

e Q(t) = min{F(¢): F € X(3-tensors over F)}

e R(t) = max{F(t): F € X (3-tensors over [V)}

e s <t iff VF € X(3-tensors over F): F(s) < F(t)
Remark Q, R ¢ X (3-tensors over F)



F € X (3-tensors over F)

constructions < Q(t) < F(t) < R(t) < constructions

e complete set of obstructions!
e but what do they look like?



Known: gauge points

“flatten” tensor into matrix and compute matrix rank

o t= (tilizia)ilizia ceF" F™ F™
o flatten to matrix: t! = (tir(s2,i3))ir (i2)5) € F™ @ (F™ @ F™)
e gauge point: ((10,0) : t > rank (t1)

Easy theorem
C(1,o,o), C(o,l,o), C(o,o,l) € X (3-tensors over )

Example
® 4= ((1,00)(mamu tensor) < R(mamu tensor) = 2
e 2<w



Known: support functionals

{oblique 3-tensor over F} & {3-tensor over F}

Theorem [Strassen (1986 )]
((61,62,05) € X (oblique 3-tensors over IF)
0; €R>0, 601 +02+03=1

Example
o Q(cap set tensor) < ((1/3,1/3,1/3)(cap set tensor) = 2.755...
[Strassen (1991)]

o reproves Gijswijt—Ellenberg result



New result

Known [Strassen|
e three elements ((1,0,0), {(0,1,0) {(0,0,1) € X (3-tensors over )
e infinite family {{p : 8} C X (oblique 3-tensors over [F)

New result

explicit infinite family {Fp : 6} C X (3-tensors over C) using
e moment polytopes
e Shannon entropy

called: quantum functionals

tensor — —




Definition: moment polytope

t— At) =

e Restriction < has topologically closed version: degeneration <
e Let seCMm@C™QC™, sdt, |s||, =1



Definition: moment polytope

t— At) =

e Restriction < has topologically closed version: degeneration <
e Let seCMm@C™QC™, sdt, |s||, =1
o flatten to matrix: s == (5 (i5,i5))ir,(iz,ia) € C™ ® (C™ @ C™)



Definition: moment polytope

t— At) =

Restriction < has topologically closed version: degeneration <
Let scCm@C™@C™,sdt, |s|,=1

flatten to matrix: s' == (8, (i5,i))is,(ia,ia) € C™ ® (C™ @ C™)
take singular values: 01 > 09> ... >0y >0€R



Definition: moment polytope
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2 2
)

probability vector: spec(s!) = (07,03, - ,02



Definition: moment polytope

t— At) =

e Restriction < has topologically closed version: degeneration <
e Let seCMm@C™QC™, sdt, |s||, =1
o flatten to matrix: s == (5 (i5,i5))ir,(iz,ia) € C™ ® (C™ @ C™)
e take singular values: 01 > 09> ... >0y, >0€R
2 2
)

e probability vector: spec(s') = (0,03, -+ ,02

e moment polytope i.e. entanglement polytope:
A(t) = {(spec(sl),spec(sz),spec(s:”)) ts <t ||s]l, = 1}



Quantum functionals

6 = (1,0,0)

t— At) = — Fp(t) =

(0,0,1) (0,1,0)
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Quantum functionals

6 = (1,0,0)

t— At) = — Fp(t) =

(0,0,1) (0,1,0)

e tcCm@Cm?C™
o A(t) == {(spec(s’), spec(s?), spec(s®)) : s I 1, [|s]|, = 1}



Quantum functionals

6 = (1,0,0)

t— At) = — Fp(t) =

(0,0,1) (0,1,0)

e tcCMm@C?C™®
o A(t) = {(spec(s?), spec(s?), spec(s®)) : s I ¢, |||, = 1}
e z = (z!,22,2%) € A(%)



Quantum functionals

6 = (1,0,0)

t— At) = — Fp(t) =

(0,0,1) (0,1,0)

teCm@Cm?eCm®
A(t) = {(spec(s'), spec(s?),spec(s®)) : s D ¢, [|s]|, = 1}
e z = (z!,22,2%) € A(%)
Shannon entropy: H(z') =3,z log, -t
J



Quantum functionals

6 = (1,0,0)

t— At) = — Fp(t) =

(0,0,1) (0,1,0)

teCm@Cm?eCm®

A(t) = {(spec(s'), spec(s?), spec(s®)) : s I ¢, ||s|l, = 1}
z = (z1,2%,2%) € A(¥)

Shannon entropy: H(z') :=3; z}log; -t

6-weighted average: 5, 6; H(z") ’



Quantum functionals

6 = (1,0,0)

t— At) = s Fp(t) =

(0,0,1) (0,1,0)

teCmeC”=?eCm™

A(t) = {(spec(s*), spec(s?), spec(s®)) : s D ¢, ||s|l, = 1}

z = (z1,2%,2%) € A(¥)

Shannon entropy: H(z') =3,z log, -t

6-weighted average: 5, 6; H(z") ’

quantum functional: Fy(t) ;= max {22?:191”(‘”) cz e A(t)}



Quantum functionals

6 = (1,0,0)

t— At) = s Fp(t) =

(0,0,1) (0,1,0)

teCmeC”=?eCm™

A(t) = {(spec(s*), spec(s?), spec(s®)) : s D ¢, ||s|l, = 1}

z = (z1,2%,2%) € A(¥)

Shannon entropy: H(z') =3,z log, -t

6-weighted average: 5, 6; H(z") ’

quantum functional: Fy(t) ;= max {22?:191'H($i) cz e A(t)}

Main theorem
Fy € X (3-tensors over C) 0; €ER>p, 01 +62+63=1




Remark about the proof

Fo(t) = max {221 %8 L 2 ¢ A(2)}

Fy € X (3-tensors over C) 0; €R>0, 01 +62+63=1



Remark about the proof

Fo(t) = max {221 %8 L 2 ¢ A(2)}

Main theorem
Fy € X (3-tensors over C) 0; €R>0, 01 +62+63=1

To show:

Fp is ®-multiplicative, @-additive, <-monotone, (n)-normalised
A(t) = {(spec(sl),spec(sz),spec(33)) cs 4t |s]l, = 1}

e super-multiplicativity

e super-additivity

Equivalent representation-theoretic description:

A(2) ~ {(%,\1, L, %,\3) : A1, A2, A3 F 1, Py, @ Py, @ Py, - tO" o}

e sub-multiplicativity

e sub-additivity



Relation to gauge points and support functionals

Known
e gauge points [Strassen 86|

€(1,0,0)1 (0,1,0)> (0,0,1) € X (3-tensors over IF)
e support functionals [Strassen 86]

(s € X (oblique 3-tensors over F)

6 = (1,0,0)
New
e quantum functionals
Fy € X (3-tensors over C)
(0,0,1) (0,1,0)

Relations

e over C: ((1,00) = F(1,0,0)» €(0,1,0) = F(0,1,0)» €(0,0,1) = F(0,0,1)
e on oblique tensors over C: (y = Fy



Conclusion

e Various problems require computing 9 and R

* Knowing asymptotic spectrum X means knowing Q and R

e Explicit infinite family {Fp : 6} C X (3-tensors over C) using
moment/entanglement polytopes and (quantum) information

ideas
tensor — \ —

e Quantum functionals Fy generalise to all k£ > 3

o Are these all elements of X? We do not know! If all, then in
particular w = 2.

Thank you



