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Oel. (Subronk, | Strassen 987 ) ]
RIT) = mox fr . T Ae Mat(nn), (A 8A,043)-T = Z e;®¢@e,

- Mw\xgr: (r) ¢ -r}

_E{(_ Q(<r>)=r, Q(W)=, ‘ Q((n,n,n>> _ n?.-oC\)

Apphmhon S:
e Wedtix VMMH';P\;CGHO() agothw\s / Boffers

« Upper ‘ODW‘OUVH f‘&pﬂfﬁmph wdgpendece  numbeh
» Quontuw entanglement

Opr probkem What & the computatbional Cowuplf)cffj of subrank.?




Floallenng ronk_

_F’al'Em'fy woatrr x T,

Def ’-F\queninj anle R (T) = ronk T . Siwailaftxj define R, and Rz -
lemne. R(T) & Ri(T)

Dl f Te F o F"e FP gafisfies R (T)=n; for all i hen we
call T concise  (Strassen: “The bensor 1 traveﬂigy in_ economy class.")

Lemmo And tensof 1S egu‘\valenl; under restnchion) to a corcise tensor,
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Other paromelers :

o Sliceconfe. [Vikioria Borovik, last werk
o AnalU*Hc, confe. T UxVxW > ﬁ!

g 12l where Z=flwv) e WxV: T (wv, Y=o
3y luxV|

o Geowetic rank [Pierpaola Santorsiero, next weeféz codwm of Z

o (x-stave runfe

Theow  The above porfamelers are (quasi-) Iinfaﬂd related (Moshlontz -Zhu, LanMpr-,...)

Theorel  Subrank. is b most the obove patawmeters. (Tao, lovelt, Koppart-f ¢tal.,
Decfesen )
Question  Wow 8000! are these upper bounds ¢
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TheoM For almost all tensors: N xnt

Theorem. ( Decksen, Wokam, Z) For odwost ol Te F'o F & F.
we fare Q(T) = B(vh").

Remars « "Amost all” = " candom ” = Jeneﬁ'c_

. Thet & a non-omphy 2aiiski-open L ¢ T ®F  suCh Har for all T U
we hare QLT = plvh)

+ Vusy precise bounds: Van-2'-5 ¢ Q(T) ¢ Van-2




®R(n) = subrank of a aznen'c tensor n FloF & F"
To Pr‘ove.'. @(V\) < Vin-2

Cr ‘= ‘{{,e,nsor& 10 'H:“mxn with Submnk 2 r}

Lemmar 1 @ (n) = lardes{: r Such ok dim C, = dim FloF ®F"

. 3 3
Lemma. 2 dim Cr & n —r(r*~3n+2) n

Lk t=QLn).

Then n'= dim Cp £ n’-t(b*2n+2).
Then t*-3nt2 2o

o t £ V3in-9
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Lemma. 2 dim Cp & N —r(*-3n+2)

« Non-igrective Pa(D.W\-e‘H\'%Dth‘Oﬂ D? Cr
- Cowpute dimension of pacameter space an?, (ng—r3+r>

. Subtrack diwmansion of “over- count” ({iber dimension ) 3(nin-r)+ )

X¢ = ftm&xs D FloF oF” with [rIx[r)x[r] “dubtensor arbi’rmJ dny.}

ru)l": GLV\XGLnXGLnX Xe — FoF ®F
(A,B,C,T) — (A®BOC)T has inafe C.



Appicakion : Submnle is not odditire under diveck duma

Theorm.  There are tensor§ 8, T e FoF o F Such fat R(S), R(T) £ Vin-2"
wile Q(SeT)7n.

v leb T be rondowm”
Leb S =(n)y -T. Then S is “random.”.
cThen R(S), RIT) £ 12n-2° bJ our Hheorom
. On the ofher Fand. Q(SeT)7 R(S+T)= ®(&S) = n. o

Related. : Tensor cank addi‘rivi{J cor&l‘ec+ur‘e,,- counterexampte (Shitov ),
much more complicared..
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[-Sup an I/n
Def R(T)= twm R(T™) Ex Q))=r,
=0 h(/3)
SR (T)= tim SR (T &) @(W)‘ 2" 188,
> c0 @ ({ninnd) = n*.
Theorewt [ Ita Leith eoflier tal(-] lemma. R(TH< R,;(T)

QCT)= mn  F(T)
FE X & asdmp’ro’c'\c spectium

Theoremt ( chnstand|, Veana, 2 )

SNR(ﬂ = mn F(T)

Fe )/ éx/ "gruan-}uwu 1(’unc’riomvls" optiwization over

wmowment pold-}'opfs [ Harold Meuwboer,
Open poblem (3 = SR ? eacher talk’]




Question  Whab con we Sacf about \/={ QIT). TE FloF ©F 2 neN }7

Theorem. (W2) Closed under waps NTx] ‘/?
Theot (C62) V = To,1, 18,2, 263} U S, Sc[248.0)
Theoremt (BCLSZ) V s discrete. for Qinite F .

. oiscrete. = has no  accumulation points
a.wj Coth(('yiﬂj .re_cfuencf wust become conStant

= Vvalues arg “80996’4”'

o Smilar cesuit for other  parameters and ‘“ﬁ"WS (slice ran, tensor mnle_)

I " n ' .
fSQ(T): Tec"oC ®C g M, Nz Ny € N} is diserete
(V]



Theorem (BCLSZ) V is discrete. for Qinite T

n n n :
- Lewwma | C’Bﬁ tensors) I Te FloF o F ° i oncise,

then () 2 min(n.,nz.”a)yg-

o Lemmo 2 ( Thin 4ensors )  For O"J , there 15 an N(c), for all n, 2 N(c),
{Zor all concise Te 'Fn'®1F'n2@'F , (ﬂQl(-r)=

: . i ki i .
Congider infinite sequence. (’éz(-r;} with T; € T T @ | concise )
There are Pini’rd:j W\aﬂj tensors pet choice of Cai,bi,c;), o T(a;,b;,c;)}, S inpimte

o I min(aib;,c;)— oo, then Q(T;)— oo

. \‘@ max, ¢; =c, then a; = o0 so @C’F.) evenrMa/[J constant 0
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0 S Sa S,
Debf (max-rnk) &;(T) = wax {ranﬁ (A): Ae SL} L"Co_mmu+a+ive ronf”
. ‘ [Leonie KaJSff‘, later tafe ]
Remarke (flattening o) Ri(T)= rnk(T;) = dim S
Lewma @, (T R,(T) = R, (T).
RITYR,(T) 2 R,(T).
R, (T)R,(T) » R (T).




lewma @ (TYR,(T) » R, (T).

AWIS frdowm  basis ransformalon fo T. Consioler -Plaﬂﬁﬂ"nj’rn-’

=IO
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vk (1) = R (T)

» Picle R,(T) lin. nd columns in T,

’ M“U assume Hey are the first (1,05, ey [y columng,

l 1 ° Z0=R), and R,(T) 7 mox; r;

/ / / . This slice has ot feast #{; G ¢°} W"J

‘ l Lin. independent alumns | so C,(T) > #{; : r;.—,éo}|
/ / ¢ RUM QAT 2 max g i}y 2 I 0= R(T). o




. Sdmmd:ric Subranf_

D_eP (de\vwaﬁ(‘, ran?c,) For a sdmmdric tensor T e C'e Cﬂ@":?

R.SCT) = min '{r: Hu’.,_)ureaﬂ, T = 2::- Wi®ui®u"?l

Comon's cordedrur& For Sqmmetric. HMORS, R =R Still epen.

Delt (Symmetic suormnfe) @ (T) = wax fr. T4, (AohoA)T <L) ]

EX Thee is a tensor T with ®,(T) < R(T), naw corPeSpondt'r\\j
to the nowual f(x.J,Z)-.- x323 4+ 46 + xJ?,")- Qs({?) i c 22 Q)
(Swiov). “Also over {'in{‘re T (easier),” Open” piddem : |a.32r\ geps.

Theorewe (CFT2) For Sdmme‘l'r(c tenSors (s . (05. ol feeld, char /a&oe>

C@ =
S§=2T 5 SaM= T (%=8/s>
> Sﬁmocn) 7/5 T..En‘
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