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· What is the fastest algorithm to multiply nxn matrices ?

· Strassen (1969): O (n28)

·
Since then

, many new ideas
, upper bounds ,

barriers : Schonhage,

Coppersmith , Winograd, ..., Stothers ,
Le Gall

, DeepMind ,
V

. -Williams
,
Alman

· Currently : = O(n2 . 37)
,
best exponent still open



What is the cost of a task

if we have to perform it many times ?

Direct-sum problems/

Economies of scale/

Savings

tim F(+n)
n->s
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Recent developments : · quantum information
[2018- ... ]

· representation theory



master class

1. Tensors
,
ranks

,
applications

2. Matrix multiplication and asymptotic rank
3. Cap set problem and slice rank

4 . Asymptotic spectrum duality
5. Quantum information and quantum functionals (Maxim)



PhD School

6. Asymptotic spectrum duality
7. Schur-Weyl and moment polytopes (Maxim)
8. Quantum functionals

g
. Convexity

10. Semicontinuity
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We will see many

Tensors Ranks Orders

-El RRR L 4

Q
Special functions

SR GR AR support functionals ,(n)
(a ,

b
,c)

Ri quantum functionals
w

([X]/(x2) -- special classes of tensors

- fight - oblique a free,

generic



LectureI Tensors
,
ranks

, applications

1 Applications in computer science ,
mathematics and physics

2. Matrices

3. Tensors : Rank
,
unit tensor

,
restriction

,

subrank

n
.
Border rank

5. Degeneration
6. Generic rank

, explicit tensors of high rank



1. Applications

· Computer science

algebraic complexity theory
-> matrix multiplication

· Mathematics
↑

additive combinators

-> cap set problem

· Physics
quantum information

-> entanglement
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· x , y . ze(7/3)" form a line if (x, y , z) = (4 ,
u+ V

,
n+zr)

for some nive (13)"
,
VO.

· n+ 2u

·

n+ v

7

W

· How large can a line-free subset A(%/3)" be ?

· 2
.

22024-04) IA) - 2
.7554

+ 0(n)

[Edel
, Tyrell, ↑ a [Ellenberg-Gijswijt , Tao]

DeepMind]
construction #Fensorobstruction ! (subrant)
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1 . 3 Quantum information

· From bits 20,17 to qubits (2 (or quaits (9)

· Alice ,
Bob and Charlie each have a qubit in their lab.

Joint State TE V=22 (2 (Tensor
!)

↑ ↑ ↑
Alice Bob Charlie

· They now manipulate their local system in their lab
,
and discuss by

classical communication
,
to get state SEV (SLOCC)

· What states S can they obtain ?
·
What if they have many copies of T ? (Tensor restriction !)

Savings ?
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I I m=Mijeej vi Mr (u
, r)1 umv·

matrix rang RCM) is smallest rst
.
M = I niQV for vir

restrictionFor M.# M2F*#M2 define

M, M2 : JA ,
eFixMi

,

M
,

= A , M2 As
Theorem

· R(M) = minGr : M = Ir] = max &r : Fr My .
· M, =Mr R(m) = R(M2)



matrix rank :

· smallest r st
.
M = ZiQV for vie F Vie

· min & r : Me Fr ]

· maxEr : Ir My

·
dim Im M

· codim Ker M

· smallest r s.
t

.
all (r+ 1) x (r+ 1) minors are zero

--
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3. Tensors

F , xn2xn3 ### lin
. map # #

#

n3
M3

· TTijke bil
. map
#x-F

ni

tril
. map #X

+x#-
n2

Examples
·

every
matrix in ##* gives a tensor in###'

· Unit tensor : (n) := Zeiee;F
· W := 2

, 0, 02 + e
,002 ,

+ e0e ,
#F2

·

every algebra has a bilinear multiplication map ,
which corresponds to a tensor

e .g. polynomials ([X]/(x2) or matrix algebra
xn
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Acting on tensors : ForTe* Ai #ixmi

i
. e.

(A,A2A) .T: Tij AAzte
(AA2013) · T)ab, c

:=
j Tijt

(A) a
,

i (A2) bij (13)c,
2

Restriction SET : JA;#hixmi
,
S = (A ,A20A3) .T

Example nem<n> <(m>

Equivalence SVT :E) SET and TES.

Isomorphism SET :E JAitGlni ,
S = (A ,A20As) .T

General linear group GLnE#*" invertible matrices
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Rank R(T) : = min Er : T = <r> ]
Lemma R(T) = smallest r s

.

t
.
T= U ViQWi (exercise

Subrank Q(T) : = maxEr : <r = T] "Gaussian elimination for tensors"

Lemma Q(T) = R(T) (exercise)

Example · for matrices
,
Q = R For tensors

,
Q and R

can be different and do
· Q(n)) = R(n)) = n

not fully determine !
· Q(W) = 1

,
R(W) = 3 (exercise)

Dictionary · unit tensor (r) currency
· rank R cost

· subrank Q value

· restriction & transformation/reduction
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all (r+ 1) x (r+ 1) submatrices have determinant zero
.

· Matrix rank is lower-semicontinuous :

if Mickdixda
,
Mi-M

,

Fi
, R(Miler ,

then R(M) Er .

For tensor rank the analogous statement is false !
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Example W : = e
, xe,e + e , 0e20e ,

+ exe , ge ,

Tc := ((e , + 222)*3 - e,3) + W
, R(Tz)<2,

R(W) = 3 (excercise)

Border rank

& (T) : = minhr : JS 1, Se , ....i , R(Si)er and Si - +3

Example &(W) = 2

By construction R is lower-semicontinuous
.

Lemma & = R (clear)

What gaps are there ? There are nonxn tensors in with R(Th)- 3 . &(Th) - o (n)

We will see a reverse inequality next lecture. [z 2017]
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5. Degeneration ,
border subrant

Approximative relaxation of restriction.

Degeneration
SAT : FS

,
S2

, . . .,
Fi

, SiET and Si eS .

Border rank &(T) = minGr : + & (r) 3
Border subrank &(T) := max & r : (r) + 3

Lemma Q Q = = R (exercise

We will see applications of these.
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How about other fields thanK ?

Degeneration
SAT : FS

,
Sz

, ...,

Fi
, SiET and SieS .

Alternative :

·Seet :e Settsame GL := GLn
,
XGLneXGLnz

· Seet : Set+
Z z Zariski closure

~
matrices with coefficients in #[Es] .

· SAT:a)
,

B(s)
, <(5) .

A(s(QB(E)x((c) .T = S + ES
,

+... + adSd

Theorem &E, 1A coincide (over appropriate fields) (Proof not simple.)
We will writeI for this ,

and R ,Q for corresponding border rank and subrant.
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6. Generic rank
, explicit tensors of high rank

Recall : Q = Q= = R

What values do these parameters take on a "random" tensor ?

Theorem Let Te (uxnxn random. Then (whp)
· Q(T) = van [Derksen-Makam-Z 2024

,
Pielasa-Safranek-Shatsila 24]

· Q(T) [Lv)-3 ,
C .V] [Biaggi-Chang-Draisma-Rupniewski 24]

· R(T) =T=(n) 3 (except for n =3) [Lickteig 1985] [strassen]
· R(T) =

/

Open problem Construct explicit tensors of high rank
This would lead to breakthroughs in alg. compl .

th
. [Blaser

, "Explicit tensors"]
[Strassen 1973 ,

Raz 2010]


