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Previous lecture

restriction S T E S = (AQBOC) .T

unit tensors (r) = rxrxr diagonal
rank R(T) = minGr : T = (r) 3
subrante Q(T) = max(r : (r) = + 3

degeneration SET #(A(s) B(s)((E) · T = S + ES
, +... + ESe

border rank R
-

border subrant ⑪

generic rank En Je qhxnxn
, z-open , non-empty ,

FTEU ,

R(T) = Ta
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10)= e , 117 := e2 ( +) := e
, +e2 l-)= e-e2 #2

| xy) = = (x)x(y) E #
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Example (continued(

10)= e , 117 := e2 ( +) := e
, +e2 l-)= e-e2 #2

| xy) = = (x)x(y) E #
2.2

!
(2

,
2

, 2) = - 10710+
/1)shito)

- 11171-0710+)
& bit flip e

,
ze e

+ 1 - 1) (n +7 (00) + 11 +>100)1 - 1) + 1007) - 1)1 +)

+ (100) + 117)
* 3

(invariant) 7. terms in total



2. Tensor product ,
direct sum



2. Tensor product ,
direct sum

Let Se XMaXs
,
Te #Mixmex M

S T = (Sin is Thijzija)
(j), Lisijab :

lis
, jal

#(n ,mi x (n2M2) x (13ms)



2. Tensor product ,
direct sum

Let Se XMaXs
,
Te #Mixmex M

S T = (Sin is Thijzija)
(j), Lisijab :

lis
, jal

#(n ,mi x (n2M2) x (13ms)

Sot + #
M+mi) + (nz + mz)x(nz+ ms)



2. Tensor product ,
direct sum

Let Se XMaXs
,
Te #Mixmex M

S T = (Sin is Thijzija)
(j), Lisijab :

lis
, jal

#(n ,mi x (n2M2) x (13ms)

Sot + #
M+mi) + (nz + mz)x(nz+ ms)

Example (r) g(s) = (r + s)

(a ,
b
, c) & (c ,

d
, e) = <ac ,

b . d
, (e) (exercise)

(n) T = To ... ①T (n copies)
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=> Sol = TQV and SoU-TOV (same for 1)

Corollary · R(SQT) = R(S)R(T)
(same for 1)

· R(SOT) < R(S) + RCT) (exercises)

Example

<2 , 2 ,2) = <2 , 1
,1) (112 , 1)0 (1 , 1 , 27

& (2 ,
2

, 27) = 7 223 = R((2
, 1 17) R((1 ,

2
, 17) R((1 , 2 ,2)

Example

R(k,n) <1, m ,1) Enti 2 En + m for m = (n-1(3-1) [Schnhage]
Example There are tensors S

,
T such that [Shitor 201g ,

BFPSS 2025]
R(SOT) < R(S) + RCT)

disproving rank add . Conj [Strassen 73]
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3. Asymptotic rank ~ Ferete's lemma

Asymptotic rank R (T) = inf R(tonynim RTY [Garte,!
Strassen]

.

Lemma nW = R((n ,
n

, n))

So we can studyw
via & of any single <ninin) !

Basic properties of R :

Lemma

· R(TO) = B(T)) These can be proven directly ,

but

· R(TOS) [B(T)((S) I also follow from a general anality.
· R(TOS) = R(T) + R(S) which we will see on Thursday

.
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,
R(+O ) & poly(n)((+Q)

corollary
(1) &2 does not change if we replace R by I

Pf : R(+On)Yn = R(+ On)m yn) 2+Q)
-> 1

(2) &[1 R

Pf : R(T) = infn &(Tony R(T)

(3) (((nin ,n)) = r = n r

Pf : &((u ,
n

, n)) = nW
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Lemma SET = S*** (poly(n))T
①n

Proof A(s) @ B(3)0((E) . T = S + <S , +... + ESe =: q() .

Think ofg(s) as a polynomial in 2.

Let dos_ ,
de# distinct

.

Lagrange interpolation : q() =zq(j)
Then q(0) = [0q(j) . Bj for Bj=m

Let Bi :=Bjtij)e and Bi :=Aj(
Then : B

,BzBz . (To(ett)=jjjA]
-jqj) = q(o) = S. So Sett . Argue :S



Alternative proof :

poly(n) dim

Lemma ↓

FFJm Fnzm YS
,
Set Es gene span(GL . +

*) & Sym"v
Proof

= z(P1 . _, Pe) for some polynomials Pi .

let m = max deg Pii

setE Set FpeI(GL .T)
, p(S) = o

F) YpEI(GL . T) an , p(S) = o

# Flinear form & vanishing on (GL .+On
f(g*n) = 0 .

D
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4. Asymptotic sum inequality. We saw : &ninink) = r = n r .

Theorem Rabi))>labic
ProofSketch Three ideas :

· Symmetrize : R((a ,
b

,c)) = R((c , a ,b) = R(b , c
, a)) multinomial

coefficient
and Lab ,
c) < C ,

a , b) (b , c ,a) = (abs ,
abc

, abc) ↑

①S
· Uniformize : (r) Laibici) e Cr * (aibi , (i) (

*22 <A ,
B

,C)

= (s)(A ,
B

,C) .

· Recursion :

(r) 1 (s) @ (A .
B

.C) - (157" STE(s)/A", BYC") B.

Example (Schonhage) R(B,n)(1 ,
m

,1) = En + 1 for m = (n-1)(E-1) .

Taking E = 4
,

n = 3 gives We 2
.
55
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Flattening matrix

Tc : = (Tijk) ieInis , (jk)e[n]xIng]
e #x(n2

. nz)

Tcz : = (Tijk) jelne] , (ik)e[n]xIng]
- #2x(nins)

Tcy := (Tijk)Gelns] , (ij)e[n]xIna]
e #3x(n v2)

Flattening rank Rci(T) := R(Tcil)

Lemma Rci(T) = R(T) .
(In fact : Reis (T) = R(T) (exercise)

. )

Proof Suppose T = Z , HigVQWi · Then Ti = Z:(vii) .
So R(Tc) = r

.
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Alternatively
Slices Lemma

-# A -1
An

, Rc(T) dim span A,An
,1

[It B
.- Bru R(2(T)Edim Span Bi .

-

, Bre

# C
~ Cha

RayIT) dim Span C , - , Cnz

Proof hint.
Row rank = column rank 13
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Recall equivalence : SVT :> S &T and TES

Example

⑨ (ii) (i - 18)
· 2

, 0202 ,
+ 2010e,

~ (e ,
+eze ,e ,

+ 22022022

concise not concise

Conciseness : Te #hixnexus is concise if Fi , R(i) = ni

Lem Every tensor is equivalent to a concise tensor (in fact , subtensor) .

(exercise)
.

Conciseness is useful for bookkeeping and keeping only the essential
part of the tensor .
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Almost converse : R(T) In 2013. Universal families [Kaski-Michatek]
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Theorem R(T) In2w/ for every nanan tensor T

.

Proof

· R(T) = n ? why : Sixi Sij
!

· + = [ e0ej)[ Tijker) = [eoejlij = (n ,, n)
i

,je [n] GE[n]
i

,jE[n]
· This argument works in every direction :

Te(nin) Te( , nin)
,

T <nin
, 1)

· Take product :

+ (nil , n] *< ,
n . n)(n ,

n
, 1) = (n2n2

, n

· R(T) = &(+*3) =R((n? n? n2)) = (n2W B


