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Exawple (continuesl )
\o):= ¢, \l7:= e, |+Y= ¢ +¢€, |-Y= &1 —€y A FZ
\X:p = \x)@\j\) c F22

cyclic shif4

7

£2,2,2) = - |-o|o+p|11)



Exawple (continuesl )
5= €, 10=2, |- e+€ |)=e-e, ¢ F
\x:p = \x>®\3> ¢ sz.Z

cyclic shif4

7

bi} 'Pllp 6 e,

£2,2,2) = - l-op|o+> |1y = loe)|1)|-0) —\"7\‘°7|°+> >



Exawple  (cominueol )
\0Y= e, (Y= e, [+Y=¢€e+€; |-)= € -€, £ '-'IFZ

xqy = |xyoly) ¢ 22

cyclic shif4

7

£2,2,2) = - l-op|o+» |1y = loe)| 1)y]-0) - \"7\’°7|°+>

> bi} 'Pllp 6 e,
1=+ 00y + (190 1Y + Jooy(-1)] 1+ )



Exawple  (cominueol )
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2. Tensor prduct, direck suwL
L(,b Se _H:n\xnzxr\3, T e W\\)(le_)(W\3>
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2. Tensor prduct, direck suwL
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2. Tensor prduct, direck suwL
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(nS®T = To - ®T (ncopies)
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Corcllory » R(S®T) 2 RSYR(CT)
J (&wme -PDF B)
» R(S®T) & R(8)+ R(T) (exercises)



lemmo- & 2 and A 2V

= Sel £ TeoV ad Seol < ToV (some For é')

Corcllary » R(S®T) £ RSYR(T)
J (same for R)
» R(S GBT) & R(8) + RCT) (exefcises)
Example
£2/2,2% = £2,0,1) ® {u2)) ® 41,1,2Y
R (€22,29) = F < 2° = R (42,59 RI2,0) R (<1,2%)



Lesmm o 8 T and, Mé\/

= Sel £ TeoV ad Seol < ToV (some For é')

Corcllory » R(S®T) &£ RESIR(T)
] (same for R)
+ R(S®T) & R(8)+ R(T) (exercises)
Exampe
£2/2,2% = £2,0,1) ® {u2)) ® 41,1,2Y

R(€22,29) = F < 2° = R(42,5,9) RI2,0) R (<1,2%)
Example

|
RUEn>®Om1>) = 8n+ 1 < Bn + m for m= (n-1)@-1) [Sché'nhage.]



lemmo- & 2 and I\ 2V

= Soll £ Tol amd Sol ¢ ToV  (swme for 4)

Corouar\uj + R(S®T) & RSIRCT) (sawe Por R)
+ R(S®T) & R(8)+ R(T) (exercises)

Example
£2/2/2% = {2,1,1) ® {u2)) ® 4 1,1,2Y
R(€22,29) = F < 2° = R(42,5,9) RI2,0) R (<1,2%)

Example
I
RUEn>®Om1>) = 8n+ 1 < Bn + m for m= (n-1)@-1) [Sché'nhage.]
Exowmple. There are tesors S,T such that [ShiJrov 2019 BFPSS 2025]
)

R(S®T) < R(S) +RCT dipaing ron add. cong [ Strnssen 727
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3. Asdmpi-oﬂc, canfe. f:FeEe(e_‘s lemmo_

l
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So e can Sh,th L Vi E’ o(:‘ anJ sryle Jn,nln>!
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Holo do B : 8 and R Felah‘f? So .Par: BéR, RzR
Theoremt

Vd, Fre Tt R ¢ poly(n) R(T®)

Corollarﬁ

(1) R does ot ckanae it we reglace R % R

p][7,. B(T®n>'/n < R(Twn)l/n c PdJ[”)l/’, B(‘_rtsn)'/*\
L
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Theorem
Vd, VTE'EFA’”LWE R(T® ¢ poly (n) R(T®"

Corollarﬁ
(1) R does ot ckanae it we reglace R % R
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L
) R£R R — |
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Holo do B : 8 and R Fdah‘f? So .Par: BéR, RzR
Theorem
Vd, VTETFA’MWE Q(Tm) z pola(n) _@(Tm)
Corollarﬁ
(1) R does ot ckanae it we reglace R % R
p][7,. B(T®n>'/n < R(Twn)l/n c de[”)l/’, B(‘_rtsn)'/*\
L
() ReR LR -
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(3) B_((”t”:”W) £ D n® <z
P{?: B((n,n,n§)= nu
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Theoreae Vd, ¥Te FEY R(T®) 2 poyin) R(T®")

Lomma. S5 4T = é®n < (Pd‘:j(”)> o1 2"



Theorem.  ¥d, VTQFMAK"E R(T®) ¢ poly (n) R(T®)

lomma, S 4T = ém é<P°1:j(”)>®T®m
Ae)®B()® C(s)- T = S+ &5+ -+ %8, =: q(¢).



Theorem. Yd, VTé;‘{FM”mE R(T®) ¢ poly (n) R(T®
e, S 4T = S« (Pd:j(n» o1 %"

AMe)®B(s)o Cle)- T = S+ £8 +--+ 58, =2 q(e).
Think of a(€) @ a polyoomial i &.
lek oy, e €T distinct.



Theorem.  ¥d, VT'Q'H:OLXAKOE R(T®™) ¢ poly (n) R(T®)

lomma, S 4T = S < {Pdﬁ(n» T "
Ae)®Bls)o Cle)- T = S+ e85+ -+ 58, =: 9(e).
Thinle oP q_(s) as a pofﬁnomia‘ n &.
let oy, e €T distinct.
. . e ~N. TT
Laﬂmnde nferpolation : qCEB = Z}_o ﬂﬁ”‘&) ' oo

M#d'_

e -t
Then g(0) = Z&“’ g[(rx(-}) : @& Por g{f— TG R




Theorem.  ¥d, VT'Q'H:OLXAKOE R(T®™) ¢ poly (n) R(T®)

lomma, S 4T = S < {Pdﬁ(n» T "
AMe)®B(s)o Cle)- T = S+ £8 +--+ 58, =2 q(e).

Think of qr(e) as a pdﬁnomial in &.

let oy, e €T distinct.

Lagrande interpolahion : qCEB = Z:;o qlx) m ;.:KM

M|
e
Then g(0) = Zc.}za q(d) - e¢ for %
e € "
Let B, n?; p\in[“\j) ®<; and 'B,;-'=f=_; A-L(dp@e& (i=2,3)

wuﬁd&




Theorem. Vd, VT'Q'H:OLXAKOE R(T®™) ¢ poly (n) R(T®
e, S 4T = S« (Pdgfn» oT %"

AMe)®B(s)o Cle)- T = S+ £8 +--+ 58, =2 q(e).
Think of qr(e) as a po‘anomial in &.
let oy, e €T distinct.

e £E-Am
r I . ! = . L ( ' TT—
Lag ange nierpolation : 9 (€ Z:‘_ o 9(%4) i
Then (0) = 2. - . .
e i) ZF" 3t e¢ ter $¢ wtj 4"
€ L 4
let B, —dZ pJA;[ud-)@eé andk 'B;.:f:fa CICRLICENCED

€
Then: B o8, ®B; (Todlety) - Z, B Ao Alde A () T




Theorem. Vd, VT'Q'H:OLXAKOE R(T®™) ¢ poly (n) R(T®
e, S 4T = S« (Pdgfn» oT %"

AMe)®B(s)o Cle)- T = S+ £8 +--+ 58, =2 q(e).
Think of qr(e) as a po‘anomial in &.
let oy, e €T distinct.

e £E-Am
r I . ! = . L ( ' TT—
Lag ange nierpolation : 9 (€ Z:‘_ o 9(%4) i
Then (0) = 2. - . .
e i) ZF" 3t e¢ ter $¢ wtj 4"
€ L 4
let B, —dZ pJA;[ud-)@eé andk 'B;.:f:fa CICRLICENCED

€
Then: B o8, ®B; (Todlety) - Z, B Ao Alde A () T
e
* Z89%) = qlo) =S,




Theorem. Vd, VT'Q'H:OLXAKOE R(T®™) ¢ poly (n) R(T®
e, S 4T = S« (Pdgfn» oT %"

AMe)®B(s)o Cle)- T = S+ £8 +--+ 58, =2 q(e).
Think of qr(e) as a po‘anomial in &.
let oy, e €T distinct.

e £E-Am
r I . ! = . L ( ' TT—
Lag ange nierpolation : 9 (€ Z:‘_ o 9(%4) i
Then (0) = 2. - . .
e i) ZF" 3t e¢ ter $¢ wtj 4"
€ L 4
let B, —dZ pJA;[ud-)@eé andk 'B;.:f:fa CICRLICENCED

€
Then: B oB, 0B (Todleth) = 3_,0 B A,(o(&)bAzfuJ)ﬁAg(o(\‘-).T
e
= g';ed- q(o((oz q(o)=g. So S 2 (et)®T,




Theoreme. ¥d VTeTFMMOE R(T®™ ¢ poly (n) R(T®
lomma. S 4T = S ¢ {Pdﬁ(n» T %"

Me)®B(s)® Cls) T = S+ £8+ -+ 58, =: q(e).
Thinle oP q_(s) as a pofﬁnomia‘ n &.
let oy, e €T distinct.

. . e
Lagrande njerpolahion : gCEB = Z:‘___o
e

Ther g(0) = Z&:o 9[("(&) ' @¢ for @d_

e € "
Let B, n?; p\in[“\j) ®<; and 'B,;-'=f=_; A-L(dp@e& (i=2,3)
€
Then: B oB, 0B (Todleth) = 3—3 B A (#)0 Axlw)o Ay () T

e
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Alternative prof: poy () di

Lewmoc \L )
YT Im Ynzm ‘VIS) s4T & s® e span (GL- T®n)9_ SJWI 4

2
GL-T = Z(Pu,——,P{:) {’or sowme pu\dncmials p;-
LC—‘— m = WIIGX O%?PL

54T & Se¢ CE_T%<=> Vpe I(GL'T), plS)=0
<> YpeT(GLT),, , p(S)= o
=S ¥ Vam'sln(ng on ( &L"T)@,V))
(S‘X’n)co. 0



y. Asijp’rdic SUM inegrua\n'kcl}. We saw: R(lamnd) e r = R



y. Asijpfa\ic SUM ine_qrua\rh;j. We saw: R(lamnd) e r = R

3 fe 9
Theorem E_(@B (a;,b;,ci»é = 2 (b * £r

=l =1



y. As\jmp&a\ic SUM inegruama. We saw: R(lamnd) e r = n"zr
LN e %

—Theorem E_(@B (Q.,bi,C;>>é r = 2 (abc, Z3a

=\

,
=1

Threg deas:

. JW\W\E‘I'ri-Ze: R((d,‘o,c>5= Q(<C—)a)\°>}= R[([o,C,Q>>
and. Lo, © £ 0,0,b7 ®<Lb)c, 8% = {abc,abl, abe™>



y. Asijp&cf\ic SUM ine_qrua\n'i;j. We saw: R(lamnd) e r = R

erem. R (@ i = by
e K @ l,blgci>>é r = Z(qibici 3 < N

,
=1

Three ideas:
. Jmme-l'ri-‘ze: R (La,b,c7 )= R({c,0,0%) = R{{b,c,ad) i nomial
and Lo, > © 0,0,k ®<b)c,a% = Labe,abl,abey fofffffi{m‘

‘ . f
¢ Uniformize: Y & @ Lai i,y = e (& (a;,L;,c;>)®£> ABCSS
=(s) & <ABCY.



y. Asijp&c*\ic SUM inegrua\rh'(\]. We saw: R(lamnd) e r = R

13
Theorem f_{_(‘@_}‘ (G;,b;,ci»é ro= % (a,-bic;wé ..
Three ideas: |
. Jmmeﬂi%e: R({a,b,c7)= R({c,a,0Y) = R{byc,ad) i nomial
and Lo, > © 0,0,k ®<b)c,a% = Labe,abl,abey fofffffi{m‘

‘ . f
+ Uriformize 4 & @ Lai i,y = e (& (a;,L;,c.‘>)®£7 ABCSS
=(s) & <ABCY.

» Recursion:

Py B 48y @ ABCS = ([ sY B isye (AR ") 1.



y. Asijp&c*\ic SUM inegrua\rh'(\]. We saw: R(lamnd) e r = R

13 e I
—Theorem &(@B (Gi,b;,ci>)é r = 2 (abc, 4 & r
Threg ideas:
. Jmmeﬂiae: Q((u,\o,t:>5= Q[(C)Q,\o>> = R[(lo,c,ab) muHtinomal
coetficient
and Lo, @ K0,0,by ®<b)c,a% = Lobc,abc,abe R

o « AN (kK ®f &S
 Uniformize: 0y 2 @ Lo biery 2 D2 (@ aikitiy) 2 <ABCS

= (s> ® <ABC).

 Recursion:
Py B 48y @ ABCS = ([ sY B isye (AR ") 1.

|
E*OL\MP‘e[SJhénL\%@ R(E, > ®@,mi>) = fnr i Por m=(n-iye-).
’r'a(’c:rg £=u, n= 3 aives Lo £ 2.55



. ) NXNyxn
5. ‘Flaﬂml\j r&nﬁ’_g, onCiSevess T = ("T,J',OEF 2X 1y

Tla’d’cni@ matrix

n, x (VIQ'V'
-‘-Cn) = e T 2)
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. ) NXNyxn
5. ‘Flaﬂml\j r&nﬁ’_g, onCiSevess T = ("T,J',OEF 2X 1y

‘-Fla’kcni@ matrix

- N x ("2""3)

Ty *= (—r.\‘,%> W€ [n)], C('ng [y 1x[12] € T
Ny x ("I ""3)

‘T'CZ) = CT:,\‘,%>J£ [n,_']’ U)i»e [nllx[ﬂg’] € T
f3x (0 -¥,)

Tezy = (Tu\i,%>£é£n3'], (g )€ [n]x[ng] €

Flatening @l Rep(T) o= R(TE)



. ) N xXNyxn
5. ‘Fla{lemnj r&nﬁg, onCiSevess T = 0&8,&36-“: 2X 1y

‘-Fla’kcni@ matrix

- N x (”2""3)
Ty 1= (‘T‘l\‘,g) W [n)), (jofe)e [ne]xIn) €
Ny x ("I ""3)
_rCZ) = Cﬂ,\i,%>3£[n{], U)i»e [nllx[ﬂg'] € T
.H:."s x ()

Teay = (—ﬁ,\i,%>£6['\3'], U)oi)'-‘f"l]"["ﬂ €

’-Flaﬂenir\\j mnfe Rey(T) == R(Tey)

lemma Ry (T) £ R(IT) . (I fack: Rep(T) & R(T) (exercise).)



. ) N xXNyxn
5. ‘Flaﬂevlmg r&nﬁg, onCiSevess T = (TL.J,E)EF 2X 1y

‘Flaﬂ—cni@ matrix

- N x (”2""3)
Ty 1= (‘T‘l\‘,g) L)) C&;QE [ Jx[s] €
Ny x ("I ""3)
_T&Z) = Cﬂ,\i,%>3£[n{], U)i»e [nllx[ﬂg'] € T
.Fns x ()

Teay = (—ﬁ,\i,%>£6[ﬂ3], (L)pefn.“_(x["z] €

’-Flaﬂenir\\j mnfe Rey(T) == R(Tey)

lemma Ry (T) £ R(IT) . (I fack: Rep(T) & R(T) (exercise).)
Suppose T = =, ui®V;i®W;.



5. ?laﬂewmj @nfes, conciSeness T - (Td,&>e_ﬂ__n.xnzx Ny

Tla’d’cni@ matrix

- | N, x (”2""3)
T(_.) 1= (—r.,\‘,%> Y- [n,’], C&)G>E [w,]x[ﬂg'] €
Ny X (”I ""3)
_TEZ) 1= Cﬂ,\i,%>3£[n{], U)E»g [nllx[ﬂg’] € T
n3x (0 -1,)

Ty = (—ﬁ,\i,%>féfﬂ3'], U,o()efn.“_(x["z] e *

’-Flaﬂenir\\j mnfe Reiy(MY == ROTey)

lemma Ry (T) £ R(IT) . (I fack: Rep(T) & R(T) (exercise).)

SMPP'DG'E T = Zi‘;, URV;®W;. Then Ty = Z:;. U ®(v; ®W;).
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Al'l'e(naﬁ\f-?_l\\j

\Slices

[_nf—/ s
Mﬂ B, —,Bn,

L emwmma_

)
QU)(T) = dim span Au,_,An,

I
Ry (1) dim span B, B,

R, (T)zdmspan C,,__ C

(3) "3

Rots moink. = column rmanfe 1



Recall eg‘uiva\mce: SvT e S 2T ond T 28

Exoawple
y (: —l¢> ~ (:-‘\ g)

. E,0E,DE + &0E@e, v (8,1+e)PC®e t €008,



Q\-CCQ“ Cquiva\mcel SN—I— = S é T and_ T _4_S
EXQ\MP\'&
(l |> (l \ o>
(3}
¢ | =1 -1 0
. E,0E,DE + &0E@e, v (8,1+e)PC®e t €008,
concise net concis€_

Conciseness: T € T is concise i ¥, Rey=n;.



Recall equiva\mcez SovT e S 2T and T 28
Exawmple
Lo Il v 6
AV
. (I -—I> (l - o>
. E,®E®E + €0E e, v (8+e,)PC®T + €008,
concise net concis-€_

Conciseness: T € T is concise i ¥, Rey=n;.

Lew Eve(:j tensor s equivale 4o o concise tensor Cin fact, subtensor ),

(exercise))

Conciseness s useful 100( bwﬁ:&eepir\\ﬁ and ﬁeepirij onlJ +he essenthal
Parb of 4we bengor.
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. We don't Enoto R for rardom tensocs
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6. /‘rSJvmp\'v’t'\c onle wndecmr&.

{-’o( concise. NxNXnN ‘l:enSorS, n < g = E < R < n2

for random tensors, R v n®
We don't Enoto R Por random tensocs
Tn \Eac+) we don't #nold afw nxnxn 4ensoc  With B >N

[

°

Asdmp+c+'nc ronk C,ondedure, (Strussen)

For any concise- nxnxn tensot T, R(T) = n.

I e
s O = 2
o Several other algor'erhwic consequences

Alwost converse:  R(T) ¢ n293 Universal families [Kasgi-Wichatek]



Theorem T 210/3
R(T) € n for wad nxnxn tensoc T

R(T) ¢ Y\?: bo\nJ:



Theoremt BCT) £ n29A3 -For QMUJ nxnxn tensoc T

. R(T) £ n? oy S

: T=i_ f—;@C-@(Z: Tk efé> £ ) e®e.® €

J

i€ [n] gefn J

i.\ie [n]

:ij=<V1



Theoream, R(T) ¢ n2W/3 -For WUJ nxnxn tensoc T

.
- R(T) ¢ v\% \,o\nJ; SE'S |
" ——~ 1\ ,
P T=2 &g @(Z Tk e ) £ L e®e® €0 = (n,
i,\'\E ] J Ecln] \ ) i'\ie [ J i n>

. This ataumn-l' works in cv@(\j ditecdion

Tz dniny  Tedynny T ¢ dnin, iy



‘T'II\ZDNLWL BCT) < nZW/B .Fof QMUJ nxvixn -tenaor —’—

- R(TY) ¢ v\% \,Q\AJ; 5;‘3 S/I:“
=
. T:i f—;@C-@(Z: -Ti'fe €e < ) e.®e. ® e'.‘. _ n
a1 ) S RS

. This ataumn-l' works in cv@(\j ditecdion :

T £ <'\|I;V\\>, Té(l,ﬂ,n} Té(h,t’l,|>
° Tﬂé{, Pmdu C+'_
T—®3 . iy @ ny @ (n,n, 1S = Kndn? et



Theorem R(T) & n2"/3 -For QMUJ nxnxn tensoc T,

« R(T) ¢ n? th: g[‘&. S;'\i
" ——~ 1\ ,
. T:i e.®C. @(2: 'T;'fe ee < 2:: e.®e. ® e'.’. : 0

. This ataumrﬂ— works in cv@(\j ditecdion :

T2 lanny Tedunny T ey
- Toke Pf'od,U. et
T® ¢ {my@dy iy @ (v, 1% = {n% 0% oty

RITY = R(T®) £ Ry nt, ) = (n*)® 0



