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1 . Cap set problem
· x , y . ze(7/3)" form a line if (x, y , z) = (4 , u+ V, n+zr)

for some nive (13)"
,
VO.

· n+ 2u

·

n+ v
7

W

· How large can a line-free subset A(%/3)" be ?

· 2
.

22024-04) IA) - 2
.7554

+ 0(n)

[Edel
, Tyrell, ↑ a [Ellenberg-Gijswijt]

DeepMind] construction
tensor obstruction

via subrant



Lines in/37 and (137) "

(x , y , z) = (u , n+ V , n+2) , V+0 = &x , y , z} = 51 , 2 , 35

#
. J . Ke(7/3)" are a line #) Fic[n]

,
Fi = J : =

k
, or

(* )
&Fic Ji

, kiz = &1 , 2 , 33
Cap set tensor

C : = e
, 0220ez + permutations

+ 2
, 02 , 02,

+ 220e, 02 + eze #F

con = =(e + 00ek : [
, ] , ke(3)(*) 3

Lemma If A[(/37)" is line-free
,
then C
*

/AxAXA is diagonal .
So

,
IAIQ((* ). How can we upper bound this ?



matching
↑ [d]x[d]x[d] is called a matching if Fx *yel , Fit [3]

, Xi *Yi.

Example E = supp(d)) = &(ii , i) : itId]] is a matching.
Induced matchings
LetE [d]xEd]x[d] .

We call If induced if 7 Al , Az , AzE[d] ,
I= (A , xAyxAz) .

Example [10 , 0 .%) , (1 , 1 , 1)3510, 0 ,0) , (111) , (2 , 2 , 2) , (1 , 2 , 3) + permly is induced

Lemma Let N ? I be an induced matching. Then 141 =Q(T)

for any tensor T
with support I .

Proof.1 = [1(A , xAzXAz) is a matching
· E = Supp(T/A

, xAAg) so < IIk = T .
D



2. Slice rank
, asymptotic analysis

C = 111 + 222 + 333 + 123 + perm.##3

How can we upper bound Q(C
**
) ? (exercise (

Example For # = C
,
C = (3) . Then Q(C

*

) = 3"
,

bad bound !

We take # = #z !

Lemma C = 110 + 101 + 011 + 002 + 020 + 200 (over #3)

Hint : C : [3]x[3]x[3]- #3 : (x1 y , z) to 80(x + y + z)

& (x + y + z) = 1 - (x + y + z)2 + 1 - x2 - y2 - z2+ xy + yz + xz

This will be the right tensor to analyse , but we need a new tool.



Recall : tensor rank one : neve w

Slice rank

· Slice rank one : [QVWi,W ; or ZuQuiow
j

· SR(T) := minGr : T= Tj , Tj has slice rank one
Alt :

· SR(T) = min atbtc :=S,Se +#F* #
+F #*+· SR(T) = min [R((Si) + R((S2) + R((S3) : += S

,
+ Sc + Sz]Lemma

(1) SR((r)) = r [Tao]

(2) SET = SR(S) ESR(T).

corollary Q(T) &SR(T)

Visually:

T
Now we need to upper bound SR((

*U
).



Asymptotic analysis :

C = 110 + 101 + 011 + 002 + 020 + 200

-
ConZIJK : Viein],Fitzi + ki = 2] [F; 12

= z - + 2 - + Im
or 27;

F:Fin Jin Kiki orKin
#

Ras = [[(ab
,

c) : a+b+c = n , b+ 2 = enz] = 0(2 . 7554)

So SR((
* ) = 0(2 .7554)

.

We will later see structured ways to determinetim SRC+Qe



3. Geometric rank
, analytic rank , G-stable rank

We have QSR = Rie) ·
What other upper bounds are there on Q ?

Geometric rank T : (*x("2 ->"3
[Moshkovitz-Kopparty- z]

GR(T) = codim [ (x ,y) : T(x ,y) = 03

Analytic rank T : #p"x #p
*
-> #p [Gowers-Wolf

, Lovett]

T(x ,y , z)ARCT) = -10gpTxy)
=0 lg

X,y , z
G-stable ranke [Derksen]

RE(T) = sup min 1 spectral norm = largest singular valueSET
↑ ith flattening matrix



Theorem SR
,
GR

,
AR

,

RG are related up to a constant

Cover appropriate fields). [Moshkovitz
,
Cohen

, Zhu]

still
, they each have their own applications , e.g.

Theorem &( <ninn)) = T n2T = GR(ninin)) ( < SR(nin ,n)) = n2)

Yet, they can be quite different from subrant :

Theorem For a random nxnxn tensor
T

,

· (T)u

· SRCT) = n
.

Theorem
.
& [Qiyuan Chen-Keye 2025]



4 . Asymptotic subrant
For several applications (including cap sets and matrix mult.)
the following parameter will be interesting

.
Recall : Q(T) := max[r : (r) T]

Asymptotic subrant (T) : = Lim Q(+On) = sup QC+*)
ne n

Lemma (T) Eliminf SR(TonyYn (We don't know if the limiti

always exists.. .
Theorem &(C) = 2

.755...

-hus analyzing slice rank of Con will not give any better bound

on cap sets..

Where does the lower bound come from ?



5. Tight tensors

There is a general lower bound on Q for so-called tight tensors ,
and this lower bound is optimal (Thursday) .

Tightness .

· [[n]x[n]x[n] is tight if there are injective maps
f : [n]e such that Fue

,
[

: fi(mi) = 0.

· TE Fuxxn is fight if JSET, supp(S) is fight .

Example These are fight : fi(i) = i
·

Any matrix Pf : Any matrix is isomorphic to Zeit· fali) = - i
o (r) Pf : (r) = Zeigeei . Filizi , fali)i , fz(i) = -2i
· (a , b , c) (exercise)



Theorem Let Te Fuen have fight support &[n]x[n]xIn].

Then logQ(T) < max min H(Pi)
PEP(E) it [s]

Where P(E) are the prob .
distr . on I

,

P
, the ith marginal , and H

the Shannon entropy.
Given this is usually easy to compute

Examplee. o W = 001 + 010 + 100 is tight . Q(Wh(13) 1 .8
(= )

· C = Oll + 101 + 110 + 002 + 020 + 200 is tight . Q(C), 2 .755...

· La ,b ,c) is fight . Q (a , b ,c) = minhab, bc , acy

In fact, for fight , above can be obtained by induced matchings inon
Proof relies on arithmetic progression- free sets. Also : the theorem is optimal !



6. Laser method

CWtensors CWq= ii + ioi +i#
Lemma R(CWq) = q + 2 cheap ! How to get matrix mult out of this ?

CWq is not tight (for q72) , but it is fight if we squint ... and

consider the block tensor
, grouping 20%, 51- , q} in each coordinate :

M Wan = <1 . 80n
- on)

y = r(n)# bed con disbi
, (i)

CWq
W

Asymptotic sum inequality : w < 2
. 41

... w = 2
. 37


