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1. Cap ser pobent
©%Y,2 € (2/32)" fom o line if Cayi2) = (u, utV, ut2v)
foc some  wyve (Z/22)" v+#o.

* Wt 2V
' WtV

W

¢ How la@e con o Cine-Scee substt A C(Z/27) e ?

n- o(n) nt o(n)

» 2.2202 z |Al & 2.¥s5
[Edel,'ﬁrel\, T\ IEllenbeg'—(ivf'?su\j-l]

Deepmu'\d’l congtsucton



Lines in 227 ard (Z/22)"
(x.td,z) = (u, ntv, u+2v})v;£o = {x.g,%% :—_fl,Z,B}

L1, K€ (24 ae o line & Vieln] T;=J, =K, or )
{Ii:‘]i, I'(i%:f\lzlg%

Cop Set+ fensor

C:== e®e,®e, + permutationg

3

+te @ ®e + €PEC,®E, + €0E6RC SFoF

3 € FfokroF

®n
cm=5" {eI@geJ@eK : I,],KeB]") (*3}

Llomma, 1§ AG[Z/&’Z)" is line-Lree  then C®H‘A><A><A 1S diajonql.
So, 1Al € R(C®").  How can we upper bourd +his ?



Matching
P < [A]x[d]x[AT is caled a vvma’rchinﬂ 14 qutjé VY, Yielsl x, Y-

Example W= 5upp((d>}.—‘f(i,i,]> : LE[D\]?} s o ww&chinj.
Tnduced watchings

let @ e [dx[d]x ['ol:( We call WE & induced iF-}A\,Ag)Ag c[d],
Ww=0nNn (A x Ay Ay,
Exawpke. {(0,0,0), Cou)y e Tlo0,0), (hi1), (22,2),(12,3) + pcrw':B is inoluced,
Lomma, Lep We B be an induced waiching. “Then 10| < R(T)
Lor any fensof T with support B

+ W= DN(AxA <A s a unatching
© W= osupp (T g cpep,)  <IPHET. 0



2. 8lice mnk, asdepfo’rlc omal\lj&s

C= 1+ 222+333 + 123 + pem. e‘ﬂ?eoll-‘opFF

How can We upper bound R(c®") 7 (exercise.)
Example For F=C, C 2<3). Then R(C®") = 2", bad bound |

We take F = !
lemmo. C £ 110 + 101 + oll + 002 + 020 + 200  (over 1{—‘3)

C: BIxIAAWl =»F : (xy2)es 8 cx+3+z)
8(x+31—%)~u—-[x+3+2) = |-X -J 24X3+J%+X—Z

This Will ke the right Jensor 4o amlJ\Sq but we need a new Heol.



Recoll: tensor mné one: weve W
Slice. ronk.
« Slice i one : Zu@vww Zu@x/o‘pw of ZuabV@w

b)

Lemimoa_
(y SR({r))=r [‘T’ao]

Visually: T2 S,
() SeT = SR(S) ¢ SR(T). (7 %ﬁ/
Corol\a(U R(T) & SR(T) S =

Now we need to wpper bound. SQ(CQM). c(/

« SR(T):= min {r: T = Z T _l;l- has slice rank one‘}

Al

« SR(TY)= Wu'n’{mlom . T25 SeFoF BF 2 +F "0 F % FZ

° —_ \ .F ® F’ @F
8R(T) = min {Q(Q(S)i- Q(z)(SL?)‘I'Q[g)[Sg) T=5+S, +Sg}




A{ymp‘foi I analjsis-.
CZ 110+ 101 +o0l1l + 002 + 020 + 200
N
N o Z{IJK . Vieln], 'r;+J;+|(.-=23 T ein
or ;J;e.gén
§-n

2 — v+ T — L7 —
J:ZJiegn KZKege or Z K £

C

1]

z —
Q(n) E"Z f(a,t,c,ﬁ - atbrt =n, b+2(‘,_ezn/33 < 0'[2_75.6.’))

So R(C®") 2 O(2.7s5").
We will later See  Stactured w?js 4o determine.  bm  SR( TM)/”
nao



3. (Geometic romke, analdﬁc e | G-8tabe rnk
We have @ = SR ¢« R“). What other upper bounds are there on Q7
Geometic ranh  T: C"x €= [Moshﬂw{ww(oppadj—zt[

GR(T) = codim f C"’,fj) : ‘T(x.J)= O(B

Aﬂaldﬂc ranfe T - 'Fpm x Tr;nz — —H:an [ Gowers—Lolf, Lovef’r]

AQ(’T’}-.— _lca l{(x:v): ‘I’[x,j):.o%l :_'_ Ty, 2)
P P
Pn‘+ n?_ x'g,%
G Y
R [T') = Sup wmin

ST i I S[i) “26‘ «— speclral notw = largzg.l— §|'r‘lju|a(‘ value
i P Ia#fni()j wiad(1X

G-stable ronfe [_"DerESen]




Theorent &R, GR, AR, % are relted up to o conStont

(over oppropriate [ields)) [MeshEorit 2, Cohen, Zhu |
SHil, ey eath fove Hheir own oplications; e. g

Theoro  R(Inin,nD) = ]_%n{( = GR(Lmin>) (< SRKnmny) = n2>

de+, *‘"ej con ke quite diffecnt Paw subpnk .
Theorev. For o AWM hxnxv Hensor T,
RCT) ~ Vn'

Theorew.. @ 2 N/;/TS’Q—' [@iJuan Chen - KeJ’e 2025]



Y. A&\f wmptoiie gubranfe_

For several opphicationS C.‘ncl,moh'rcy cop &3 anol wednx wnlt)
e !go\\ow;ns poromes Wil e in#ereS’n‘«%j_

Recall: QUT) = wox ’fr : > £ -]—11.
Yo
Aygmpratic bk QUT) = 4w QLT = awp AT

n->co N

L emma @CT) < lim inP SQCTW‘)V"‘ (We don't fenow it 4he limik
nae a\wOJs xXists )

Theorom.  ((C) = 27s5...
Thug aV\QlG‘?,I‘r\J slice rank of C® il not (joive WU, betier ourol
on Cap Sets ...

where does +he @ lower bourd come fromn 7



5 "ﬁah* +ensors

Thee & o 8enera( lower ound on R {or so-called -}5h+ Jensors
and. s lower bound g op—livmal CThuf‘SOlaJ>.

‘\'T'Sthess.

v e [(nIxLnlxln] is +8h+ if there are ivneﬁi'/e, wmaps
?; Inl>2Z suonbat Yued, = [i(w;)=o.

e T e TV 4 dight L I8 2>T, supp(S) is —15h+.

)

Exawpl& These are Jighl-: ]01 ()=

. An\cj wedrix PP - Aszj madnx S i$oworphic 1o Z.':- e;®e. L (i
° 4") P{Z <P> = Z;,{’;@@,&e;, ‘P,[i)';.iJ 1%(':)::“%(;)_—_.-2}
o <O‘>‘°>°> (exercise)

=1



nxnk

Theorewe. Let T ™ have +(ijh+ guppolt & < [nIx[n]xIn].

Then ‘5’3’- RIT) 2 moax  win  R(P)
PeP(®) €l

Where P(D) are +he prob. distr. on & | R the ith maﬁl'nql,and H
4he Shannon en’me'H.

Given @ s is usaqlw eaaj to owpute . )
zh('/z) v 1.8

(=
EXOqu)le.-\/\): ool + OIlO + 100 S +5h+, C{@(W) Z
¢ C 2 Ou+4 IO + IO + OO2 + 020 + 200 is Jﬁrh’r. @[C)?, 2.755..
¢ {0,y is dight. Q(<avb.e?) = minfab, be, ac
In _Facﬁ for -K\BVH— D, alere can e oblained %f/hducﬁd Wm/-c/wys In érg@m_
Proed relies on arthmene ,m'bamssmn—{’ree sets. Also: the theorem (s Phinal!



6. Lager methede

oLL + LOL + Lo £ _“_:q+l®_“__9'+'® FS’H.

M-

CW tensors Cwq_ -

Lewmwm o E(wap € Q+2 Cheap.' How +o 8e+ wmoadrix mult out 0,E Hs 7

CWgq s not sight (for 922, ouk # is fignt if we sguink ... and
consider the block Hensor, amu[amj fo],f(,__,cﬂj in each cocordinate:

[ l,\)®n 2 <.1.88 n-—o[n)> = r(n)

|
| ®n rcn)

CWq 7 @ Lai,bj,c;y

AﬁMp—b‘Hc Sum fnegual«iy LWL 2.yl

. el 3f



