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1 . Asymptotic restriction The right order for studying asymptotic problems (like w).

Asymptotic restriction SET : () SQn2 +@(n+o(n)

Example W =2> < 2 , 2,2) (H)·

Lemma SQnz +Q(n+o(n) => ganz(20(n))0 +Q

ProofE Let r = R(T)
·

Then S
&& +* (n + o(n)) = +00(n)a +

Q

= (ro())a + on = (20))a +
on

-

*

M

Claim feitherexercis-
so Ri(S
*

) = 20(n) so Ri(S) < 1
,
and Sumatrix A

.
Then RIA)"<204 R(B)

"

so R(A) = R(B) so A = B ie . SET sog*On

Otherwise
,
(*) so g*n1 +* 0(n)x +

*
= +x(n +o(n))

.
1



Lemma SET = SETE SET = R(S)[R(T) (exercise)
M

M

I Q(S) Q(T)

R(i(S) = Rci)(T)

Use : S & T = S** (poly(n)) +
&(h)

which we proved before

= is the key to understanding &Q better

m Duality



2. Asymptotic spectrum duality theorem

Asymptotic Spectrum X := the set of functions 0 : tensors& Ryo

such that FS ,T

In other words
,
X is the

· P1SQT) = p(s)q(T)
set of restriction monotone

· q(SoT) = q(S) + p(T)

· Ser = p(s) = q(T) semiring homomorphisms.

· P((k)) = 1

Example RcisEX

Lemma FqEX , SET= q(s)= P(T) and (T) = P(T) = R(T)

Theorem (Strassen igod) SETEX, &(5) $(T) .



Theorem (Strassen igod) SETEX, &(5) $(T) .

Consequences

Theorem & (T) = min OCT) and RCT) = max(T) .

qtX qtX

Theorem (Sub/super add/mult) & is sub mult/add
, Q is super multyadd.

Theorem (Addiff mult . ) ES,T, RCSOT) = &(5)+ (T) (sameforQ)
( R(SQT) = ((S)& (T) .

f l
Theorem (Asymp .Sumineq.)abi) (r) => labic r



Theorem R(T) = max f(T)
qtX

Proof I clear.

= · Suppose FOEX ,
P(T) = r.

· p(T&) = Trn] (make RHS integer)

·On Tr"7 (duality theorem)
· +Ome Trnym + Oncm) (definition of E

· R(T
*
) = Tray'

+ Oncm>/m- Tru7 (moo)

R(T) = Frn7Yn or (nee



Theorem &(T) = max P(T)
qtX

Theorem (Submult
.) R(SOT) = B(S)R(T) .

Proof R(SOT) = q(ST) = g(s)q(T) = &(S)((T) .

1

Theorem
. (Add · iff . mult.) ES

,T, RCSOT) = &(S)+ (T)

( R(SQT) = ((S)& (T) .

Proof E · FPEX
,
P(SOT) = RISOT) ·

· d(s) + q(T) = q(SOT) = R(SOT) = &(S) + (T)
· P(S) = &(S) and p(T) = &(T) ·

· (S)&(T) = q(s)p(T) = q(SQT)= (SOT) = ((S)((T)
E Similar . D

.



Theorem (Asymp . Sum ineq .)
f

am

: (r) =>Miner· [2 , 2 , 24

Proof JqtX
,
$((2, 2,2))= (21,2)) = 20. [0(72 ,

2
,27)M: W .

A

l

·Mihini)(r) ner
Proof Claim:0EX , 0kn .

n
,n)) = 012, 2,2)(loga (exercise) ·

Let o as above : Z?, (212 ,23) loganier 13

·bir abi
Proof 20 = 0((2 ,2 ,2)) = 0((2 , 2 , 1)) $(412 , 1))9(41 , 1 , 27) = 2*. 22 . 2

-l
claim: (ai , bi ,(i) = a

" b,2 c
* 3 (exercise). Then 2i=, a! b.23 0

.

The asymptotic spectrum is Sz-invariant : (123) % , (12330EX so also

~ andZar . Convexity::be



3. Support functionals

What is in the asymptotic spectrum X ? There's the flattening ranks.
What else ? We discuss today the support functionals and tomorrow
the quantum funcionals.

H(q~qr)= -logqi
Support functionals for OEP([3)),

JO(T) = min max [in(Pi) looks familiar ?
SET PEO(SuppS)

Theorem FG
,
Jo is submult

,
add

,
mon.

,
norm. [strassen 1gg1]

Corollary FG
, Q(T) = 30(T) minimal

Theorem If T is fight , then QCT) = ming 58(T) [max min 24Pi]



4. Submultiplicativity

Ho(P) := zfiH(Pi)

log JF(F) : = min max HG(P)
SET PEO(SuppS)

Y

LamaE . FS,T, logj(SOT) = log]
*
(s) + logj(T) .

In 11 ! 11 !

Proof max Ho(P) max Uf(Q) max Ho(R)
PEp/suppSeT) Q R

II VI VI

↳ Holp) EHA(Pass) + Ho(Patiss) D



5. Oblique tensors

Obliqueness
· c[n]x[n]x[n] is oblique if it is an antichain in thepointwise ordering.
· Te Fuen is oblique if JST, Supp(S) is oblique .

Example
· (r) , (a,b,c) are oblique.

· In fact , Eight]e oblique3.
We do not know if these are

Theorem VG
,
JOE X (oblique) all elements in /oblique

Example X(W) : = [ ,(2):EXY = [2h( 100
, 2] = EJB(W) : 03



6. Barriers

What can we do with these functions ? How are matrix multiplication

algorithms constructed ?

·(n ,
n ,n)[r]

· < nin ,n) TE <r)

4
intermediate tensor

Theorem the best upper bound onw that can be obtained

via T is at least2maxoJ(T)

Example CW log min O JO(T)


