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3. Preodf .

3.1 Stmgssen preordten

Preorder
Reflexive and +ronsidive celation A

Stmssen preoroer
Preoider 4  8Such that:

0 ¥STWU, SA4T = SUaTU ad S+U &6 T+U
2y YomeN, ncmiin N & nam (e <y 4 wm))

(3) YS#g An, 145 4n "Archimedean”

Exawple
Restrickion on +ensors!  (also: o\eﬁenemﬁon) astp-lw’ric estricton )



3.2 Closure

Closure.  For oy Strassen pro@er A define the closure bj
SET & §R27VT"

b))

Closed_ We call & closed i f\a}: A
lewmo. & s closed.. (ie. § = A)

Lemma. 1 A is clased, then: ¥S;T,U
(Y St e T+U0 = SAT additive cancellation
@) W#o and SW 2ATU = SAT multiplicative axncellodion
(3" Vn, nSAnT+W = S4T gop Prbpeﬂy
In, nSANnTH 1 & SAT



3.3 ExtensioN
Lemwa COne—erep ex+ensi0n> Let & be closed. Suppose Té‘ S.

Then 3 Staassen preorder & & A’ guch that S A T
Oefine A’ kij WAV & IN W+WT & V+ WS

Check :
s extenson: @ cC é\\l (Picﬁ W:o)
e § A T (P\'c&wﬂ, S+T A T+8 ASQ'T)

+ Slrogsen preorder  (exercise)

eg. do pore NA'"m = nN£wm in N:

AW, n+ WT & m+WS. Suppose n>wm.
Then | +WT A& WS (additive cancellation for closed propder)

So WT 5WS. So TAS (mutiplicadive cancéllotion ——)



Lemwma. (MQX;V\AOll e,x4ens'|ov,3 E_ve{tj Strassen PreOrdef hae & waximal
Shagsen exiension (Wnch i fhen closed and total ).

leb A be o Strogsen preorder.
We wWll wse Zorn's lemma,
Let P be dhe set of all Strassen preorders e)<+end.'r(;j; A ordered
b& inclusion .
Let CS P be ourﬁ chain. Then UC s m P and containg all
preOfders in C.
Then bJ Zorn's lemma P ontaing a maxiwmal elewent.
Maxwmal =, closed (otherwise +he closure s |arder>.

Maximal & closed => +otal (otherwise can do one-step extension))

a.
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letb R b o Stessen  preotter

Fractiona ronfe /O(T) = inf {TZZ’ mT R '5
Fractional gubanle o (T) := gup f;—\,\; A w\T}
lemma . = o £ 0O
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A -
« O is euper-odd, super-wult noam., 4 - mon,

Theorem 1 A is total, +hen CS‘-:/O and is thus a A-mon. hem

Suppose- O(T) < & < O(T)

Then % mT %—) k

So wT A (bdaliy) So /O(T> i f a.




Theoremt S £ T & Vge X, P(S) £ @(T).
15 ea{j
Suppose. S %'T’. (ro pove: TP X, P(S) % ¢[T)_>
BJ +e ao«f) Peref‘U,Rln, nS % nT + |
LI

Exitnd £ 4o o Stassen preorder £ suon that nT+1 £ nS

Extd £ to o (maxiwmal osed ) fotol Btressen preorer £

Then nT+1 £7 nS \

leb  ¢=K =P ke the wfreSPUnd|'s8j> £"—wmen. hew, 5z$é)<_
Then ¢Cﬂfl)é 475[”8) So ¢(T)+J‘n = 95(5) so (1) < (,‘25[5\ .



Y. Compaciness We said ot sowe point +hat R(T) = max g(T).

" " £ X
To WNke an actual ‘wax Hhere 1We ngd to know

"\"opologj +hat X s CDW‘PQC‘J'.
R
X=Td : mon. hom.% c R

Z0

YTeR eve: X R, : ¢ e(T)

We give X 4he coarsest epology that makes all €v- cominvous,

Theorem . X s compact (and I'fausdorﬁ' )
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Conclusion.
 Agpupiotic spetom dwaHU is wore 8enem|
- tensorS, ®,®, (o> 41>, restrichon : ast‘o—!-oHc (sub) rank

- gmp\ns, H, ®, K, ; K, , CO——hmMOMO(‘p\qlsm : Shannon m,mci\{—t/

o« AS mp+;9+fa spectium distance . ol (5T )= max | #/8) - ¢
J BE X

o n,L)(“‘;

_ er. ‘“/Leo{j, E‘_Maﬂ—\’tAW\ ,?.mcﬁomls & >(
- Stucture of X






