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Asymptotic spectrum duality
The more we know about X

,
the more

tools we have to solve our applications

Bounds
,
barriers

,
structure Survey [Wigderson-Zuiddam 2025]



Week 1 master class Week 2 PhD school

1
.

Tensors
,
ranks

,
applications 6. Asymptotic spectrum duality : proof

2. Matrix multiplication and 7. Representation theory : Schur-Weyl
asymptotic rank and moment polytopes

3. Cap set problem and 8. Quantum functionals : properties

asymptotic subrant from representation theory
4. Asymptotic spectrum quality 9. Convexity of asymptotic spectra
and consequences and applications

5. Quantum information 10. Semicontinuity and discreteness of
and quantum functionals asymptotic ranks
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1
. Asymptotic tensor problems and duality
T xnxn

,
Se#mxmxm

(r)e
xrxr

diagonal tensor *
Asymptotic :

S1T :)JAi
,
S = (A ,@Az0Az) .T SET :E)gQkz +

x(k+ o(k)

R(T) : = minErEN : += (r) 3 R(T) : = Lim R(+**)'
2+

Q (T) : = maxGrEN : (r) = + Y . Q(T) : = eim Q(+Q)
2+ c

matrix multiplication

R((2 ,
2

,27) = 2 abich := EasyejesiN

cap set problem

& (C) = 2
. 755, C := 111 + 222 + 333 + 123 + permutations ,

over #3

entanglement (asymptotic SLOCC) SET ?
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Asymptotic Asymptotic Constructing elements of X
behaviour spectrum"

· flattening ranks
R ~

· support functionals
N

L # X
· quantum functionals

Q

N

duahity
↳ moment polytopes

~

us
Structure of X

· connectedness

·Convexity
·Semicontinuity



Algebraic geometry Real geometry

([X
,
-

,Xn]g 3 + xi+ x2x3 I[T1
,
Tz

, . . .,Th] < (3) T*2 TQT
E = (p = 0

, P2 = 0
.... ) eqs . I = (piq , PrEq2 ,

... ) = Eineqs.
· (1) = 2a : p ,

(a) = 0
, pe(a) = 0

...] /(1) = [a = p , (a) = q ,
(a)

, P2(a) = qz(a), ..)
ac" zero locus & Ro nonnegative locus = X

Hilbert : Strassen :

· ICI(I)) = VE · I((I) = E

· q = 0 onE(l) · q192 on (1)

=> 76 ,qI => qqk + ok
in



Algebraic geometry Real geometry

IEVE = 1 H proper
= == 4

"maximal

maximal 1 Strassen
772[

↓ ideals =

=) preorders"

(x ,
- a

,, xz
- 92 ....) peX : Tira,

, TeRaz, ...

evaluation in Ch evaluation in Ro



2. Duality isomorphism classes of
Notation f
· (P ,+, ,

0
, 1) = semiring of tensors with ,

0
,
10)

, (1)

· restriction

· asymptotic restriction : SET : ES SE 2013+E

k k+ o(k)
# S 1T

Asymptotic spectrum
X = 29 : R+ 12 : (10) = 0

, %(1) = 1
,
FS

,T q(ST) = q(S)q(T),

q(s++) = p(s) +q(t) ,
Set = q(S)= q(T)] .

Main Theorem FS
,
T

, SET +EX , p(S) = P(T)
(E) Skz20(k)+k

= P(53)2((2012)+3) = ((5(31203)9(+)= q(5)=p(T)
D

corollary FT, Q(T) = mingex (T) and &(T) =

maxgex P(T).



3. Proof.

3. 1 Strassen preorder
Preorder

Reflexive and transitive relation &

Strassen preorder

Preorder & such that :

(1) FS ,
T

,
U

,
SET E SUGTH and Stud ++H

(2) En ,
meIN

,
nem inN nam (i . e

. (n> G (m)

(3)S*0
,
In

,
14 Sen "Archimedean"

Example

Restriction on tensors ! (also : degeneration, asymptotic restriction)



3
. 2 Closure

Closure For any Strassen preorderG define the closure E by
SAT :E S4420)+h

closed We call a closed ifh =
h
.

Lemma is closed
.

(i . e. =)

Lemma If & is closed
,
then : FS ,T, U

(S + H = T+ U = SGT additive cancellation

(2) U +0 and SUTH S & T multiplicative cancellation

(3) Fn
,
nSInT + U = SGT gap property

In
, nSAnT + 1 ESAT



3.3 Extension

Lemma (One-step extension) Let I be closed. Suppose + &S .
then J Strassen preorder-I' such that S'T

Proof Define4' by U &'V : JW,
U + WT V + WS.

Check :

· extension : ↓ Ed (pickW = 0)
· S'T (pickW = 1

,
S ++T + SASk'T)

· Strassen preorder (exercise (

e
.g. to prove ne'm = &M in N :

7)W
,

n + WT< m + WS. Suppose n > m
.

Then 1 +WTG WS (additive cancellation for closed preorder)
So WTGWS . So TCS (multiplicative cancellation# 13



Lemma (Maximal extension) Every Strassen preorder has a maximal

Strassen extension (which is then closed and total) .

Proof Leta be a Strassen preorder.

We will use Eorn's lemma.

LetP be the set of all Strassen preorders extending & ordered

by inclusion.

Let C & J be any chain. Then UC is in D and contains all

preorders in C.

Then by Zorn's lemma P contains a maximal element.

Maximal => closed (otherwise the closure is larger) .
Maximal & closed => total (otherwise can do one-step extension) D

.



3.4 Totality
Leta be a strassen preorder

Fractional rant OCT) := inf & m : mT <n ]
Fractional subrant OIT) : = sup 3 : n mT]
Lemma .

e o = A
· O is sub-add

,
sub-mult

,
norm

.,
-mon

.

· O is super-add , super-mult , nor
.,
5-mon.

Theorem If G is total
,
then G =0 and is thus a -mon . hom

Proof Suppose O(T) < < P(T)
Then nmid ↑
So mTk n (totality) so P(T) - & B.



Theorem SET => XqeX , p(s) < 0(T).

Proof= is easy
E Suppose S & T . (To prove : 50EX

. ((5)[P(T) .)

By the gap property .
In

, nS nT + 1

ExtendE to a strassen preorder E such that nT+ nS

Extend[to a (maximal
, closed) total Strassen preorder E"

-

Then nT+1"nS ↓
Let & = k = 0 be the corresponding -mon .

hom
, geX.

Then $(nT+ ) = P(nS) so PIT) + in = +(5) so $(t) < P/5) D.



4
. Compactness We said at some point that RCT) = max p(t) .

PtX
To write an actual "max" there we need to know

Topology that X is compact .

R
X = 20 : mon .

hom
.] & Ro

FTER
, ev : X + 1 : &Hp(T)

We give X the coarsest topology that makes all er- continuous.

Theorem
.

X is compact (and Hausdorff)
Proof the conditions for mon

. hom can be written as intersections

of inverse images of closed sets inRo under maps ery
·

13



Conclusion

· Asymptotic spectrum duality is more general
- tensors

,
#

,
0

,
(0)

,
<1)

,
restriction : asymptotic (sub) rank

-graphs ,
W, , Ko ,

K
, co-homomorphism : Shannon capacity

:

· Asymptotic spectrum distance : d(S.T) = max 195) -q(T)
P2X

· Next :

- Rep . theory , quantum functionals eX
- Structure of X




