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ABSTRACT. The Woods Hole trace formula is a kind of Lefschetz
fixed point theorem for coherent cohomology on algebraic vari-
eties. We explain how it leads to a characteristic-p-valued version
of the sheaves-functions dictionary of Deligne, relating F,-valued
functions on the rational points of varieties over F, to coherent
modules equipped with a Frobenius structure. We will discuss
various applications, including some recent and new results on
characteristic p zeta values.
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Introduction

Artin-Scheier theory. Let K be a field of characteristic p. Then
for every a € K the polynomial X?— X —a is separable, and the additive
group F, acts transitively on the set of zeroes in a field extension. By
Artin-Scheier theory, every Galois extension L/K with Gal(L/K) = F,,
arises as the splitting field of such a polynomial. In other words, there
is an exact sequence

0—F, — K =% K — Hom(Gal(K*?/K),F,) — 0,

where o is the p-th power Frobenius map. In the language of étale
cohomology, this can be rewritten without the choice of a separable
closure as an exact sequence

1)  0—F, — K3 K — H((Spec K)et, Fp) — 0.

More generally, if S is a scheme over F),, then we have an exact sequence

0— (Fp)s — Ga,g 1;U> Ga7g — 0

of sheaves on Se. Here (F),)s denotes the constant sheaf with stalk
F,. Since the étale and Zariski cohomology of G, s = Og coincide, we
obtain a long exact sequence

(2) - — H(Se, F,) — HI(S, 0g) =3 HI(S,04) —> - --

relating the mod p étale cohomology of S with the coherent cohomology
of S, generalizing .

Katz and locally constant coefficients. Let S be a noetherian
scheme over F,,. In his paper on p-adic properties of modular forms Nick
Katz [35] showed that there is an equivalence of categories between

(i) pairs (F,7) consisting of a locally free Og-module F and an
isomorphism 7: 0*F — F of Og-modules;
(ii) Fp-modules V on Sg that are locally constant of finite rank.
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2 INTRODUCTION

By adjunction the map 7 defines an Og-linear map 7,: F — 04 F.
Since o is the identity on the underlying topological space of S, we have
a natural identification o, F = F. Under this identification 7, becomes
an additive map 75: F — F satisfying 75(fs) = fP7s(s) for all local
sections f of Og and s of F. (The subscripts a and s to 7 stand for
adjoint and semi-linear, respectively.) Any of the three maps 7, 74, s
determines the other two.

The étale F,-module V' corresponding to (F, 7) is defined by a short
exact sequence

(3) 0—V-—oFEZFr o0
of sheaves on Sgt, and again there is a long exact sequence
e HI(Se, V) — HI(S, F) =% HI(S, F) — - --

relating the étale cohomology of S with coefficients in V' to the Zariski
cohomology of the quasi-coherent Og-module F. This generalizes the
long exact sequence to ‘twisted’ coefficients.

Bo6ckle-Pink and constructible coefficients. A natural prob-
lem is now to extend Katz’s theorem from locally constant to con-
structible Fp-modules on Ser. A strikingly elegant answer was provided
by Gebhard Bockle and Richard Pink, in their monograph [11]. Let
S be a noetherian scheme over F,. Consider the category Coh, S
of pairs (F,7) consisting of a coherent Og-module F (not necessarily
locally free) and an Og-linear map 7: o*F — F (not necessarily an
isomorphism). Such a pair (F,7) defines a constructible Fp-module V/
on Sg¢ by the short exact sequence

0—V-—oFEZF o

The resulting functor from Coh; S to the category of constructible F-
modules is not an equivalence. Indeed, if 75 is nilpotent, then 1 — 7,
will be an isomorphism and hence (F,7) will be mapped to the zero
sheaf. Bockle and Pink prove that the full subcategory consisting of
pairs (F,7) with 75 nilpotent is a thick (or ‘Serre’) subcategory. They
define the category Crys X of Crystals on X as the quotient category,
and show that Crys X is equivalent with the category of constructible
F,-modules on S¢;. They moreover construct functors f*, fi and ® be-
tween categories of crystals, compatible with the corresponding functors
between categories of constructible Fp-modules.
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A different ‘quasi-coherent’ description of the category of constructible
F,-modules is due to Emerton and Kisin [19, [20].

Sheaves and functions. Let X be a scheme of finite type over
F,, and F a constructible (-adic sheaf on X. For every x € X(F,) the
sheaf 2*F on (Spec Fy )t is a Qg-vector space equipped with a Frobenius
endomorphism Frob. Taking traces, we obtain a function

trr: X(Fy) = Qu, © — trq, (Frob | 2*F),

called the trace function of F. The “dictionnaire faisceaux-fonctions”
of Grothendieck and Deligne expresses the effect of various functors
applied to constructible ¢-adic sheaves on their trace functions, see [39]
§1]. We just give two important examples. If F and G are constructible
l-adic sheaves on X then

trrgg e = (trrx) - (trg x)

for all z € X(F,). If f: X — Y is a proper map between schemes of
finite type over F, then we have

S (—D'trrepry= Y trra

n zeX (Fy)
f(@)=y

by the Lefschetz trace formula, and more generally, for a separated
f: X — Y, provided one replaces R™f, by R™f;. The dictionary con-
stitutes a powerful tool for proving combinatorial identities between
characteristic-zero valued functions on Fg-points of varieties over F,
using ¢-adic cohomology.

Deligne has similarly shown that the Lefschetz trace formula also
holds for étale cohomology with mod p coefficients [16], pp. 125-128].
The proof is based on the exact sequence , and on the Woods Hole
trace formula in coherent cohomology |27, I111.6.12|. In fact, the theory
of of Bockle and Pink now gives a full “sheaves-functions dictonary”,
translating between cohomological constructions with coherent sheaves
equipped with a Frobenius endomorphism and combinatorics of F4-
valued functions on Fg-points of varieties over Fy. This formalism no
longer refers to the étale site, and all statements and proofs can be
given in terms of coherent sheaves.



4 INTRODUCTION

The present lecture notes. The present notes constitute a slightly
expanded and more polished version of a series of eight lectures given
at the Morningside Center for Mathematics in Beijing in October 2013.

Starting from scratch, we explain the theory of crystals of Bockle
and Pink, and how it leads to a sheaves-functions dictionary, translat-
ing back and forward between the combinatorics of F-valued functions
on rational points on varieties over F, and the cohomology of coherent
sheaves equipped with a Frobenius endomorphism. We illustrate the
power of this formalism with a series of applications, ranging from clas-
sical results on oscillating sums, and zeta functions modulo p to recent
results on special values of characteristic p-valued L-functions.

In Chapters 1 and 2 we expose part of the theory of crystals of
Bockle and Pink. By restricting to F4-coefficients, by various finiteness
assumptions, and by using the theorem of formal functions to give a
short new proof of proper base change, we are able to keep the necessary
prerequisites to a minimum, and to condense the fundamentals into a
relatively concise account.

Chapter 3 contains the central result of these notes: the trace for-
mula for crystals, and the resulting sheaves-functions dictionary. The
statement reduces quickly to the special case of projective variety over
a finite field. Rather than deducing it from the Woods Hole trace for-
mula of SGA 5, we follow Fulton’s very elegant and elementary proof
[22] to settle this case (filling in a gap in the original argument along
the way). By passing to Grothendieck groups of crystals, we both avoid
the use of derived categories, and streamline the exposition. Chapter /
gives some elementary applications of the trace formula, and Chapter 5
generalizes the trace formula to crystals with coefficients in various F -
algebras. Rather than developing the theory with coefficients right from
the start we have opted to postpone the introduction of coefficients un-
til Chapter 5, and deducing the general results from their special cases
treated in the first three chapters.

We hope our gradual approach in chapters 1-5 will be valued by
those who wish to learn to use the sheaves-functions dictionary, but
may be intimidated by the large edifice of the full theory of Bockle and
Pink.

Chapter 6 computes the cohomology of the “external” symmetric
powers of a coherent sheaf on a curve. These are coherent sheaves on
the symmetric powers of the curve. In principle this is a special case
of a much more general result of Deligne, which expresses the coherent
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cohomology of symmetric powers on higher-dimensional varieties using
simplicial techniques going back to Dold and Puppe. By restricting to
dimension 1, we manage to avoid simplicial machinery and obtain a
completely explicit statement with a relatively elementary proof. Our
proof uses Cech cohomology and Koszul resolutions. The main result
in this chapter does not involve Frobenius and holds in arbitrary char-
acteristic. Since it may be of independent interest, care has taken that
it can be read independently of the preceding chapters.

In Chapter 7 we apply the results of Chapter 6 to prove an L-
function version of the trace formula of Chapter 5. Since we work with
p-torsion coeflicients, the charactersitic polynomial of an endomorphism
is not determined by the traces of its powers, and we cannot rely on
the usual tricks to simply reduce the L-function version to the trace
formula for powers of the Frobenius. Rather, we closely mimic Deligne’s
approach in SGA 4 and SGA 4.5 and use symmetric powers to reduce to
the trace formula. A completely different proof is given in Bockle-Pink,
based on Serre duality and Anderson’s “elementary approach”.

We end in Chapter 8 with an application of the obtained results.
We use the main theorem of Chapter 7 to compute special values of
L-functions, in particular values of Goss zeta functions at negative in-
tegers. The principal result is a generalization of a recent theorem of
V. Lafforgue. Under a certain semi-simplicity hypothesis, it expresses
special values in terms of extension groups of crystals. It is a character-
istic p valued analogue of conjectures and results by K. Kato and Milne
and Ramachandran. We end with a simple example showing that the
semi-simplicity hypothesis is not always verified. This is contrary to
the classical setting of ¢-adic representations coming from smooth pro-
jective varieties over finite fields, where semi-simplicity is conjectured
to hold in general.

The appendix gives a self-contained proof of the Woods Hole trace
formula for a transversal endomorphism of a proper smooth scheme over
a field, using Grothendieck-Serre duality. This is logically independent
of the rest of these notes, as these give an independent proof, due
to Fulton, for the Frobenius endomorphism. However, since the only
published proof of this more general trace formula |27, I11.6] is rather
convoluted, we have decided to include a simpler proof in these notes.

Prerequisites and organization. Although many of the results
are closely related to the formalism of étale constructible sheaves, there
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is no logical dependency, and we do not assume that the reader is fa-
miliar with the étale theory. The only prerequisite is familiarity with
coherent cohomology at the level of Chapter 3 of Hartshorne [31], ex-
cept for the Leray spectral sequence. We do not make use of derived
categories (except for in the appendix, where we need them to state
Grothendieck-Serre duality), although throughout the text we retain
some of their power and flexibility by an extensive use of Grothendieck
groups “Ko(—)".

The Stacks Project of Johan de Jong and his collaborators [45] is
rapidly becoming one the most clear, complete and precise references
for the foundations of modern algebraic geometry, and we refer to it
extensively.

At the end of each chapter are short sections called ‘Notes’ and
‘Exercises’. The former contains historic remarks, comments on some
more advanced topics, and references to the literature. In particular,
rather than attributing every single lemma and proposition locally, we
indicate the origin of the results here. The exercises are of widely
varying level of difficulty. Those that require more background are
marked with a (x).

Acknowledgements. I am grateful to Xu Fei for the invitation to
lecture in Beijing, and to the Morningside Center for their hospitality.
Many thanks to all attendants of these lectures, and in particular to Xu
Fei, Zheng Weizhe and Fang Jiangxue, whose comments and feedback
have been very valuable. I also want to thank Bruno Anglés, Bhargav
Bhatt, Gebhard Bockle, David Goss, and Maxim Mornev, with whom I
discussed parts of the manuscript at various stages, and the anonymous
referees whose numerous suggestions and corrections have helped to
improve the manuscript.

A significant part of these notes was written while the author was
supported by grants of the Netherlands Organisation for Scientific Re-
search (NWO).



CHAPTER 1

T-sheaves, crystals, and their trace functions

We fix a finite field F; with ¢ elements. Let X be a scheme over
F,. Denote by 0: X — X the Frobenius endomorphism which is the
identity on the underlying topological space and is given on functions
by

Ox(U) — Ox(U), r— i

It is a morphism of Fg-schemes.

1. Coherent T-sheaves
Let X be a scheme over F,.
DEFINITION 1.1. A 7-sheaf on X is a pair (F,7) consisting of a
quasi-coherent Ox-module F and a morphism of Ox-modules
7:0"F — F.
A morphism of T-sheaves p: (F1,11) — (Fa2,T2) is a morphism ¢: F; —
Fo of Ox-modules such that the square

ot F —/— F

la*cp l%ﬁ
o Fy —2 T
commutes. The category of 7-sheaves on X is denoted QCoh_ X.

We will often write F for the 7-sheaf (F,7), and 7x for the map 7.

Let F and G be quasi-coherent Ox-modules. Let a: F — G be a
morphism of sheaves of abelian groups. We say that « is g-linear if
a(rs) = ria(s) for all local sections r of Ox and s of F.

PROPOSITION 1.2. Let F and G be quasi-coherent Ox-modules.
Then the following sets are in natural bijection:

(1) {r: 0*F = G | 7 is Ox-linear},

7



8 1. 7-SHEAVES, CRYSTALS, AND THEIR TRACE FUNCTIONS

(2) {7a: F = 0.G | 74 is Ox-linear},
(3) {75: F — G| 75 is q-linear}.

The subscript a stands for adjoint, the s for semi-linear.

PrOOF. By adjunction we have Homp, (6*F,G) = Homp, (F, 0,G).

Since o is the identity on the topological space X we have a canon-
ical isomorphism

a:0,G—> G
as sheaves of abelian groups. As a map of Ox-modules it is g-linear.
The map
Te b Tq 1= QT

gives the bijection between the second and third sets of maps in the
proposition. ]

DEFINITION 1.3. Assume X is noetherian[| A 7-sheaf (F,7) on X
is called coherent if the underlying Ox-module F is coherent. A mor-
phism of coherent 7-sheaves is a morphism of 7-sheaves. The category
of coherent T-sheaves on X is denoted Coh, X. If R is an F,-algebra
then we will often write Coh;, R in stead of Coh, Spec R.

EXAMPLE 1.4. Let X = Spec R for some F,-algebra R. Let F be
the quasi-coherent O x-module corresponding to an R-module M. Then
o*F corresponds to the R-module

R®J,R Ma

with R-module structure coming from the left factor, and where o de-
notes the map R — R,r — r9. To give F the structure of a 7-sheaf is
therefore the same as giving an R-linear map

T: RQyr M — M.
The induced g-linear map 75 becomes on global sections the map
Ts: M — M, m— 7(1@m)

satisfying 75(rm) = ri75(m). Conversely, any such map determines
a map F — o4 F of quasi-coherent Ox-modules, and therefore the
structure of a 7-sheaf on F.

If R is noetherian then the 7-sheaf F is coherent if and only if M
is a finitely generated R-module.

*For simplicity, we will restrict ourselves to noetherian schemes whenever deal-
ing with coherent Ox-modules. With the necessary care many of the results in this
text could be extended to cover T-sheaves over more general schemes.
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Let f: X =Y be a morphism of schemes over F,. Then oy o f =
foox. In particular, for a quasi-coherent Oy-module F we have a
canonical isomorphism

ox [*F — [0} F.
DEFINITION 1.5. Let F = (F,7) be a 7-sheaf on Y. The pullback

or base change f*F of F along f is the 7-sheaf (f*F, 7s+5), where 7p«r
is the composition

O fTF —" o} F

|

f*F.
Pullback defines a functor f*: QCoh,_ Y — QCoh_  X.

EXAMPLE 1.6. Assume Y = Spec R and X = SpecS and f: X —
Y induced by an Fg-algebra homomorphism R — S. Assume that F
corresponds to an S-module M equipped with a g-linear 7,: M — M.
The map
Té: SQrRM — S®@r M, s@m — s ® 75(m)
is well-defined and g¢-linear. The pair (S ®g M, 75) corresponds to the
pull-back f*F.

ProproOSITION 1.7. Let f: X — Y be a morphism of noetherian
schemes over F,. Let F be a coherent T-sheaf on Y. Then f*F is a
coherent T-sheaf.

PROOF. Since X is noetherian, Oy is a coherent Ox-module [28]
1.1.6.1] [45] Tag 01XY], and therefore the pull-back of any coherent Oy -
module is a coherent Ox-module [28] 0.5.3.11] [45] Tag 01BM]. O

PROPOSITION 1.8. Let X be a scheme over Fy. The category QCoh, X
18 abelian. If X is noetherian then also Coh, X is abelian.

ProOF. Clearly the categories are additive. We need to show that
they satisfy

(AB1) Every morphism ¢: F — G has a kernel and cokernel,
(AB2) For every morphism ¢: F — G the natural map

coker(ker p — F) — ker(G — coker ¢)

is an isomorphism.
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Since o is the identity on the underlying topological space of X the
functor o4 on quasi-coherent Ox-modules is exact. In particular, a
morphism ¢: F — G of quasi-coherent 7-sheaves induces a commuta-
tive diagram of Ox-modules with exact rows

0 —— keryp F 4 G coker p — 0
JTU, J{Ta lTa J{Ta
0 —— oy kerp o F 225 5.G o, coker ¢ — 0

One directly verifies that (ker ¢, 7,) and (coker ¢, 7,) determine a kernel
respectively cokernel of the morphism ¢ in QCoh_X. Property AB2
is inherited by the same property for the category of quasi-coherent
Ox-modules, hence QCoh.. X is is abelian.

The coherent Ox-modules form an abelian subcategory of the cat-

egory of quasi-coherent Ox-modules and the same arguments as above
show that Coh, X satisfies AB1 and AB2. O

In the proof we have used the adjoint maps 7, to produce kernels and
cokernels. The main advantage is that o, is an exact functor. In general
the functor o* is not exactfl] and it takes a bit more work to construct
kernels and cokernels directly in terms of the maps o*F — F. Let us, as
an example, describe in detail the kernel of a map ¢: (F,7r) — (G, 7g)
of T-sheaves on X. Let H be the Ox-module which is the kernel of
p: F — G. Consider the commutative diagram of Ox-modules

where the bottom row is exact. The map ¢*H — ¢*G is the pullback
along o of the map H — G, and hence it is the zero map. It follows
that the map o*H — F factors over a unique map 74 : c*H — H. The
pair (H,7y) is the kernel of ¢ in QCoh_X. If F and G are coherent
then so is H and then (H,7y) is also the kernel of ¢ in Coh, X.

fFor example, if X = Spec R for a noetherian local ring R then the functor ¢*
on quasi-coherent Ox-modules is exact if and only if R is regular, see [37]. See also
Proposition
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2. The trace function of a coherent 7-sheaf

Let X be a scheme of finite typﬂ over F, and (F,7) a coherent
7-sheaf on X. For a point € X (F,) the fiber 2*F of F is a finite-

dimensional F,-vector space and 75 induces a linear endomorphism of
* F.
DEFINITION 1.9. The trace function of a coherent 7-sheaf F is the
function
trr: X(Fy) = Fy, v trrpa = trp, (75 | 2*F).

EXAMPLE 1.10. Let X be a scheme of finite type over Fy. The
g-linear map 7,: Ox — Ox that maps a local section r to r? defines a
coherent 7-sheaf 1x = (Ox, 7). We have tr; x =1 for all z € X(F,).

EXAMPLE 1.11. Let X be a scheme of finite type over Fy. Let
f € Ox(X). There is a natural isomorphism

o*Ox 5 Ox
given on an affine Spec R C X by
R®;rR— R, r®@s~— rsi.
Consider the coherent 7-sheaf F = (F, 7) with 7 being the composition
*0x 5 0x 4 ox.

Alternatively, F is given by the ¢-linear map 7,: F — F given on
sections by s — fs?.We have for all z € X(F,) that

trrx = f(z)
holds in F,.

EXAMPLE 1.12. Consider the Serre twisting sheaves O(n) on pro-
jective space P4 = ProjF[zo, ..., x4 over F,. We have a natural
isomorphism of Opas-modules

a*O(n) = O(qn).

Its g-linear counterpart is the map O(n) — O(gn) which on local sec-
tions is given by r — r?. Now let n > 0 and let f € Fylzo,...,zq]

fWhen considering the trace functions of coherent 7-sheaves we will always
restrict to schemes of finite type over Fy.
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be homogeneous of degree (¢ — 1)n. Then f is a global section of
O((¢ — 1)n), so it defines a map
O(—qn) = O(-n)
and hence a map
7: 0*O(—n) = O(—n).
The trace function of the 7-sheaf F = (O(—n), 1) is given by
trr: PYF,) — Fy, (x0: - xq) = f(20,...,7q).

Note that this is well-defined: since the degree of f is divisible by ¢ —1,
the value f(xo,...,xq) is invariant under scaling (zg,...,z4) by an
element of F .

ExXAMPLE 1.13. Let X be a scheme of finite type and let z € X (F,).
Let x(z) be the sky-scraper sheaf at x, with stalk Ox ,/m, = F,. Then
there is a canonical isomorphism 7: 0*k(x) — k(x). The resulting
coherent 7-sheaf k() = (k(x),7) has trace function

; 1 ify=ux,
Te(z)Y = .
()Y 0 ify#ux.

3. Nilpotent coherent 7-sheaves

Let X be a noetherian scheme over F,.

DEFINITION 1.14. A coherent 7-sheaf (F, 7) on X is called nilpotent
if there is an n > 0 so that the composition

(" VF — o — 0)'F 5 00F s F
is the zero map.

Equivalently (F,7) is nilpotent if there is an n such that 7' = 0.

ProprosiTION 1.15. Let f: X — Y be a morphism of noetherian
schemes over Fy. Let N be a nilpotent coherent T-sheaf on'Y. Then

f*N is nilpotent. O

COROLLARY 1.16. If N is a nilpotent coherent T-sheaf on X then
trar = 0. O



4. CRYSTALS 13

PROPOSITION 1.17. Let X be a noetherian scheme over F, and let
0—>f1—>f2—>f3—>0

be a short exact sequence of coherent T-sheaves on X. Then Fo 1is
nilpotent if and only if F1 and F3 are nilpotent.

PrOOF. Clearly if F3 is nilpotent then so are F3 and Fj. So assume
JF1 and F3 are nilpotent. By assumption, there are n; and ns so that
Ty = T35 = 0. We claim that T£§+"3 = 0. Indeed, let U be an open
subset of X. We have an exact sequence
0— fl(U) — .FQ(U) — fg(U)
of abelian groups. Let s € F(U). Then 75%s vanishes in F3(U), so
that 75%s € F1(U) and hence T£é+n38 =0. O

We call a morphism ¢: F — G of coherent 7-sheaves a nil-isomorphism
if both kernel and cokernel of ¢ are nilpotent.

PROPOSITION 1.18. Let X be a noetherian scheme over Fy, and let
p: F =G and : G — H be nil-isomorphisms in Coh, X. Then also
the composition ¥y is a nil-isomorphism.

PROOF. From the exact sequence
0 — ker p — ker ¢ — keryp

we see that ker ¥y is an extension of a subobject of a nilpotent T-sheaf
by a nilpotent 7-sheaf, and hence a nilpotent 7-sheaf. Similarly, we
learn from the exact sequence

coker ¢ — coker 1)y — cokery — 0
that coker 1 is nilpotent and we conclude that 1y is a nil-isomorphism.
O
4. Crystals

Let X be a noetherian scheme over F,. Proposition says the
full subcategory Nil X of nilpotent 7-sheaves in Coh, X is a Serre
subcategory?} This means that one can form the quotient category

SA Serre subcategory is also called a thick or épaisse subcategory.
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We call it the category of crystals on X. This is a purely formal oper-
ation on abelian categories, and we refer to |23, Chap. I1I|, [51} §10.3]
and [45, Tag 02MN] for details and proofs of the statements below.

The objects of Crys X are the same as the objects of Coh, X. The
category Crys X is abelian, and comes equipped with an exact functor
Coh,; X — Crys X, which on the level of objects is just the identity
map. The maps

Homcon, x (F,G) = Homerys x (F, G),

however, are typically not bijective.

ProposiTION 1.19. Let f: F — G be a morphism in Coh, X.
Then f is a nil-isomorphism if and only if its image in Crys X is an
1somorphism. O

Applying this to the unique map 0 — F we find the following
corollary.

COROLLARY 1.20. Let F be a coherent T-sheaf. Then F is nilpotent
if and only if its image in Crys X is isomorphic to 0. O

The functor Coh, X — Crys X can be characterized by two uni-
versal properties, which we give in the two theorems below.

THEOREM 1.21. Let X be a noetherian scheme over Fy. Let C be
a category. Let F': Coh. X — C be a functor that maps every nil-
isomorphism to an isomorphism. Then there exists a unique functor
Crys X — C so that the diagram

Coh, X % C

-
-
-
-
-
-
-
-
-

Crys X

commutes. O

THEOREM 1.22. Let X be a noetherian scheme over Fy. Let A be
an abelian category and let F: Coh; X — A be an exact functor that
maps nilpotent T-sheaves to zero. Then there exists a unique additive
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functor Crys X — A such that the diagram

Coh, X % A

-
-
-
-
-
-
-
-
-

Crys X

commutes. O

Not every map in Crys X comes from a map in Coh, X. The
following proposition gives a way to represent arbitrary maps of crystals.

PROPOSITION 1.23. Let F and G be coherent T-sheaves. Let ¢: F —
G be a morphism of crystals. Then there exist sub-T-sheaves H C F and
N C G, and a diagram of T-sheaves

(4) FEHSgNEG
with F/H and N nilpotent, so that ¢ is the composite morphism

i1 @ p~!
F—H->G/N —G.
i Crys X. O

PROPOSITION 1.24. Let 0 — F — G — 0 be a short exact se-
quence in Crys X. Then there exists a short exact sequence 0 — F' —

G — H' — 0 in Coh, X that becomes isomorphic to the given one in
Crys X.

PRrROOF. By the preceding proposition there are coherent 7-sheaves
G’ and H' nil-isomorphic to G and H respectively, and a map G’ — H’ of
coherent 7-sheaves representing the given G — H in Crys X. Replacing
H' by the image of G’ — H' we may even assume this map to be
surjective. If we put F' := ker(G’ — H’) we find a short exact sequence

0->F ¢ -1 -0
in Coh; X representing the given short exact sequence in Crys X. [

LEMMA 1.25. Assume that X s of finite type over ¥y. Let F and
G be coherent T-sheaves on X that are isomorphic in Crys X. Then
trr = trg. U

In particular, the trace function trx of a crystal F is well-defined.
The implication in the lemma can not be reversed: There are certainly
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many non-isomorphic crystals giving rise to the same trace function
(e.g. X(Fg) could be empty). See Exercise|7.3|for a positive statement.

5. Pointwise criteria

In this section we show that various properties of crystals and maps
between crystals can be checked point by point.

LEMMA 1.26. Let X be a noetherian scheme over Fy, let K be a
field containing Fy and let i: Spec K — X be a map over SpecF,.
Then the functor

Coh, X — Crys K, F — i*F
18 exact.

PRrROOF. Let x € X be the image of ¢. The functor factors as
Coh; X — Coh,; Ox, — Coh,; K — Crys K.

The first and the last of these are exact, and the middle functor is right
exact. So it suffices to show that monomorphisms in Coh, Ox , are
mapped to monomorphisms in Crys K.

Let / C G be an inclusion of coherent 7-sheaves on Spec Ox ,
corresponding to an inclusion N C M of Ox ;-modules equipped with
a g-linear endomorphism 7,. Let m C Ox , be the maximal ideal. Since
M is a finitely generated Ox ,-module we have

m m?"M = 0.
n>0
Since N/mN is finite-dimensional over the residue field k(z) there is an

n > 0 such that
NNm?M C mN.

and hence
T (mM N N) C mN.
It follows that 77" = 0 on the kernel of N/mN — M/mM. After flat

base change from k(z) to K, we see that 77" = 0 on the kernel of
i*F — i*G, so that the latter map is a monomorphism in Crys K, as
we had to show. U

Since the pull-back functor from Coh, X to Crys K is exact and
maps nilpotent objects to the zero crystal we obtain by the universal
property of Theorem [I.22] the following corollary.
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COROLLARY 1.27. The functor Coh, X — Crys K, F — i*F fac-
tors over a unique functor

1*: Crys X — Crys K,
and this functor is exact. O

In the next chapter we will generalize this to pullback along an
arbitrary map of noetherian schemes over F,.
We denote the set of closed points of a scheme X by |X]|.

PROPOSITION 1.28. Let X be a noetherian scheme over F, and let

F be a coherent T-sheaf on X. Then the following are equivalent.

(1) F is nilpotent;

(2) xF is nilpotent for all z € X.
If moreover X is of finite type over a field K with algebraic closure K
then these are also equivalent with

(3) z*F is nilpotent for all ¥ € X (K);

(4) & F is nilpotent for all z € | X]|.

PROOF. By Proposition [I.15] the first statement implies the others.
Let F be a coherent 7-sheaf. Let n be a positive integer and consider
the subset

Zn ={x € X | () F is nilpotent of order < n}

of X. We have Z; C Zy C ---. Since 7": (¢")*F — F is a map of
coherent O x-modules we see that Z,, is closed, and since X is noetherian
the sequence stabilizes: there is an n such that Z,, = 7,41 =---.

If (2) holds then Z,, = X for some n. Similarly, if X if of finite type
over a field K then the closed points (resp. the images of the geometric
points) are dense in X so either (3) or (4) imply that there is an n such
that 7, = X.

So it suffices to show that Z, = X for some n implies that F is
nilpotent. Since X is noetherian it has a finite affine open cover, and
we may reduce to the case X = Spec R. Then the coherent 7-sheaf F
corresponds to a pair (M, 7). By the assumption that Z, = X, for
every prime ideal p C R we have that 77'(M) C pM. In particular,
(M) C JM where J is the nilradical of R. By the g-linearity of 75
we have 74(JM) C J9"7,(M) for all d > 0. Since R is noetherian the
nilradical J is nilpotent, and we conclude that for all d sufficiently large
we have 7°T¢(M) = {0} so that F is nilpotent. O

S
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THEOREM 1.29. Let X be a noetherian scheme over F,. Let Fi —

Fo — F3 be a complex in Crys X. Then the following are equivalent:

(1) F1 — Fa — F3 is exact in Crys X ;

(2) Lt F1 — o Fs — 1 F3 is exact in Crysk(x) for all z € X.
If moreover X is of finite type over a field K with algebraic closure K
then these are also equivalent with

(3) T*F1 — T*Fo — T*F3 is exact in Crys K for all z € X(K);

(4) o F1 — Ui Fa — 15 F3 is exact in Crysk(z) for all x € | X|.

Proor. Consider the crystal

o ker Fo — F3

T imF; — Fo
on X. In other words, H is the cohomology at F» of the complex
F1 — Fo — F3. By Corollary we have for every field L and
every i: Spec. — X that i*H is the cohomology of the complex
*F1 — *F — *F3 in Crys L. Since a complex is exact if and
only if its cohomology vanishes, the theorem follows immediately from

Proposition O

Notes

Let X be a noetherian scheme over F,. Katz [35] §4.1| has shown
that the category of locally constant F,-modules with finite stalks on
Xet (“local systems”) is equivalent with the category of coherent -
sheaves (F, ) for which F is locally free and 7 is an isomorphism.

The notion of crystal and most of the results in this chapter are due
to Bockle and Pink [11I]. They generalize Katz’ theorem, and show that
the category Crys X is equivalent with the category of constructible
F,-modules on X¢;. The functor can be described quite easily. To a
crystal F one associates the sheaf of Fy-modules Fo; on X given by
mapping an étale u: U — X to

Fet(U) := Hom(1,u*F),

where the Hom is in CrysU. Then F +— F¢ defines an equivalence
from Crys X to the category of constructible Fg -modules on X, see
[11 Ch. 10].

The reader familiar with the formalism of constructible étale sheaves
will recognize the flavor of many of the constructions and results in the
following chapters.



EXERCISES 19

Exercises

EXERCISE 1.1. Let m and n be integers and consider the Serre
twisting sheaves O(m) and O(n) on P! = P%q. Write n = aq + b with
0 < b < q. Show that

0.0(n) = O(a)"*' @ O(a — 1)77071

as Opi-modules. Verify, without invoking the adjunction between o*
and o,, that

Homoy,, (O(gm), O(n)) = Homo,, (O(m), O(a)"*' & O(a — 1))
as Fg-vector spaces.

EXERCISE 1.2. Let 0 - F — G — H — 0 be a short exact sequence
of crystals on a scheme X of finite type over F,;. Show that

tl‘g = tl"]-‘ + tI"H
as F,-valued functions on X (Fy).

EXERCISE 1.3. Let X be a noetherian scheme over Fy. Let i: Z »—
X be a closed subscheme, and let Z C Ox be the corresponding ideal
sheaf. Let j: U — X be the open complement of Z. Let F be a
coherent 7-sheaf on X. Show that the submodule ZF of F is a sub-7-
sheaf. Show that j*ZF = j*F, and that ¢*ZF is nilpotent.

EXERCISE 1.4. Let X be a noetherian scheme over F, and let Z be
a closed subscheme defined by a nilpotent ideal sheaf Z C Ox. (One
says that X is a nilpotent thickening of Z). Show that the categories
Crys X and Crys Z are equivalent.

Give an example where Coh, X and Coh, Z are not equivalent.

EXERCISE 1.5. Let X be a noetherian scheme over F,. Let F =
(F,7) be a coherent T-sheaf on X. Show that F and its pullback along
Frobenius o*F are nil-isomorphic.

EXERCISE 1.6. Let K be a field containing F, and let X = Spec K.
Show that every coherent 7-sheaf F on Spec K has a unique decompo-
sition F = Fy @ F,, with 79 an isomorphism and 7,, nilpotent. Show
that the category Crys X is equivalent with the full sub-category of
Coh, X consisting of those (F,7) with 7 an isomorphism.

EXERCISE 1.7. Give an example of a noetherian scheme X over
F,, coherent 7-sheaves F and G on X, and a morphism ¢: F — G in
Crys X which does not come from a morphism in Coh;, X.
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EXERCISE 1.8. Let X be a noetherian scheme over Fy. Let N be
a nilpotent 7-sheaf on X. Show that Hom(1,N) = 0 in the category
Coh, X; Show that every short exact sequence

0->N—->F—=1-0

in Coh; X has a unique splitting 1 — F. Show that for every coherent
7-sheaf F the natural map

HomCOhTX(l, f) — HomCrysX(ler)

is an isomorphism.



CHAPTER 2

Functors between categories of crystals

1. Pullback

Let f: X — Y be a morphism of noetherian schemes over F,.
ProroSITION 2.1. The functor
Coh,Y — Crys X, F — f*F
1s exact and maps nilpotent T-sheaves to the zero crystal.

PRrooOF. By Proposition this functor maps nilpotent 7-sheaves
to the zero crystal, so we only need to prove exactness.

Let x be a point of X and let y = f(x) be its image in Y. Since
k(z) is flat over k(y), the pull-back functor Coh; k(y) — Coh; k(z)
is exact. It maps nilpotent 7-sheaves to nilpotent 7-sheaves, so by
the universal property of Theorem [1.22] it induces an exact functor

f*: Crysk(y) — Crysk(xz). We obtain a commutative diagram of
functors

Coh, X —“ Crysk(z)

f*T f*T
Coh,Y —— Crysk(y)
Let
0—=Fr—Fo—F3—0
be a short exact sequence in Coh;Y. By Lemma [1.26] it induces a

short exact sequence in Crysk(y), which under f* induces a short
exact sequence in Crysk(x). Hence

0= f*"Fi—=uf"Fo—= i f*F3—=0

is exact in Crysk(x) for every z € X. By the pointwise criterion for
exactness (Theorem |1.29) it follows that

0= f*F1— f*Fo— f"F3—=0

21
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is exact in Crys X and we conclude that the functor Coh,; Y — Crys X
is exact. O

By Theorem we obtain a pullback functor on crystals:
COROLLARY 2.2. The functor f*: Coh,;Y — Coh,; X induces a

functor
f*: CrysY — Crys X
which is exact. O
PROPOSITION 2.3. Let f: X =Y be a morphism of F,-schemes of
finite type and F a crystal on'Y. Then
trgr = trr of
as Fg-valued functions on X(Fy).

Proor. If z € X(Fy) and y = f(x) € Y(F,) then o* f*F = y*F.
O

2. Tensor product

Let X be a scheme over F;. Let F and G be quasi-coherent Ox-
modules. Then we have a canonical isomorphism

o (F ®oy G) — 0" F Qo 0°G
of quasi-coherent O x-modules.

DEFINITION 2.4 (Tensor product of 7-sheaves). Let X be a scheme
over Fy. The tensor product of T-sheaves F and G on X is the 7-sheaf
F ® G with underlying O x-module F ®p, G and with 7rgg defined as
the composition

U*(]: ROy G) = o*F Koy o*g Tpgg F®oyx G
EXAMPLE 2.5. Assume X = SpecR. Let F and G be 7-sheaves
on X corresponding to R-modules M and N equipped with g-linear
endomorphisms 7y s and 7y, respectively. Then the 7-sheaf F @ G
corresponds to the R-module M ®pr N equipped with the g-linear map
TMeN,s defined by

TM®N75(m & TL) = TM@(m) ® TN75(m)

forallme M and n € N.
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PROPOSITION 2.6. Let X be a noetherian scheme over F, and let
F and G be coherent T-sheaves on X. Then F @ G is also a coherent
T-sheaf. O

PROPOSITION 2.7. Let X be a scheme of finite type over F,. Let G
be coherent T-sheaf on X. Then the functor

Coh, X - Crys X, F—~ F®§G
1s exact and maps nilpotent T-sheaves to the zero crystal.

If G is not a flat Ox-module then one cannot hope to replace
Crys X by Coh; X in the exactness statement.

PROOF OF PROPOSITION 2. 7] Assume F is a nilpotent coherent
7-sheaf on X. Then there is an n such that the map

TF: (") F - F
is the zero map. But then also 72,5 = 0, s0 F ® G = 0 in Crys X.
This proves the second statement.

For the first statement, assume 0 — F; — Fo — F3 — 0 is an exact
sequence in Coh; X. Let x € X be a point. Note that the functor

—®10,G: Coh; k(z) — Coh, k(z)

is exact (since (xG is flat over k(z)) and maps nilpotent objects to
nilpotent objects, so that it induces an exact functor Crysk(z) —
Crysk(z). By Theorem the sequence

0— 3 F1 — i Fa— 13 F3—0

is exact in Crysk(z). Under the above exact functor it induces an
exact sequence

0= F1®uG = Fo@u,G = 1 Fs®u.G—0

in Crysk(xz). But this sequence is canonically isomorphic with the
sequence

0= (F1®G) = (F2®G) = 1 (Fs®@G) — 0.

Since z was arbitrary, we deduce using the point-wise criterion (Theo-
rem [1.29) that the sequence

0=>Fi®G=>F00Gg—>F3G—=0
is exact in Crys X, which finishes the proof of the proposition. O
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COROLLARY 2.8. The functor ®: Coh, X x Coh, X — Coh, X
induces a functor ®: Crys X x Crys X — Crys X which is exact in
both arguments. O

PROPOSITION 2.9. Let X be a scheme of finite type over Fy and let
F and G be coherent T-sheaves on X. Then

trreg = trr - trg
as Fg-valued functions on X (Fy).
PROOF. Note that
*F ®p, 2°G = 2" (F ®oy G)

for all x € X(F,;). The proposition now is a consequence of the fact
that

tr(a|V)-tr(B|W)=tr(a®p|VeW)

for endomorphisms «, S of finite-dimensional vector spaces V' respec-
tively W. U

3. Direct images

Let f: X — Y be a morphism of schemes over F; and let F be
a quasi-coherent Ox-module. Let ¢ be a non-negative integer. Then
Rif, F is a quasi-coherent Oy-module. Since fox = oy f, and since o,
is exact we have

Rif*(UX,*]:) = UY,*Rif*-F-

In particular, if (F, 7) is a 7-sheaf on X, then the ‘adjoint’ map 74: F —
ox«F (see Proposition induces a map 7,: RIf, F — O'y7*Rif*f .
Hence R'f, defines a functor QCoh, X — QCoh, Y.

If U = Spec R C Y is an affine open then the restriction (R'f,.F)y
is given by the R-module Hi(XU,]-"| x,,) equipped with the induced ¢-
linear 5.

ExaMpPLE 2.10. Let f: X — Y be a morphism of affine schemes
over F corresponding to a map of Fj-algebras R — S. Let F be a 7-
sheaf on X corresponding to an S-module M equipped with a ¢-linear
endomorphism 7,. Then the 7-sheaf Rif,F on Y is zero if i > 0 while
RYf, F = f.F corresponds to the R-module M obtained by restricting
scalars from S to R, equipped with the original 75: M — M.
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Note that if 0 - F — G — H — 0 is a short exact sequence of
7-sheaves on X then the long exact sequence of cohomology

0— fiF = .G — fiH = RYTF — -

is naturally an exact sequence of 7-sheaves on Y.

PROPOSITION 2.11. Let f: X — Y be a proper morphism of noe-
therian schemes over Fy, let F be a coherent T-sheaf on X, and let i be
an integer. Then R'f,F is a coherent T-sheaf on'Y .

ProoOF. This follows from the fundamental fact that the derived
direct images of a coherent Ox-module along a proper map X — Y
of noetherian schemes are coherent Oy-modules, see [29] 3.2.1| or [45]
Tag 0205]. O

PROPOSITION 2.12. Let f: X — Y be a proper morphism of noe-
therian Fgy-schemes and ¢: F — G a map in Coh; X. Let i be an
integer. If ¢ is a nil-isomorphism, then so is Rif.p: R, F — Rf,G.

PROOF. If 7" = 0 then also Rif,7" = 0, so Rf, maps nilpotent
T-sheaves to nilpotent T-sheaves.

Now, let ¢: F — G be a nil-isomorphism in Coh, X. Let H C G
be the image and let N be the kernel of . Consider the short exact
sequence

0N FA3H-0.
The induced long exact sequence of cohomology gives a surjective map

RYf, N — ker (R, F — R H)
and an injective map
coker (R'f, F — RIf\H) — RN,

Since quotients and sub-objects of nilpotent 7-sheaves are nilpotent, we
conclude that R'f, F — R'f,H is a nil-isomorphism.

Let Q be the cokernel of . Then a similar argument for the short
exact sequence 0 - H — G — Q — 0 shows that R'f,H — R'f,G is a
nil-isomorphism.

Now R'fyp is the composition

R'f.F — R'f H — R'.G,
and since the composition of two nil-isomorphisms is a nil-isomorphism

(Proposition [1.18) we conclude that Rf,¢ is a nil-isomorphism, as we
had to show. g
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COROLLARY 2.13. Let f: X — Y be a proper morphism of noether-
ian schemes over Fy. Let i be an integer. Then the functor R'f,: Coh, X —
Coh, Y induces a functor R'f,: Crys X — CrysY. O

PROPOSITION 2.14. Let f: X — Y be a proper map of noetherian
schemes over F. For every short exact sequence

0O=F—=G—>H—=0
there is a long exact sequence
0— fiF = fiG— fiH—RYTF— -
of crystals on'Y , depending functorially on the short exact sequence.

PROOF. By Proposition [[.24] we may assume that 0 - F — G —
H — 0 is actually a short exact sequence in Coh, X, and the proposi-
tion then comes down to the usual long exact sequence of cohomology
for higher direct images. O

THEOREM 2.15 (Leray spectral sequence). Let f: X — Y and
g: Y — Z be proper morphisms of noetherian schemes. Let F be a
crystal on X. There is a spectral sequence
Ey = Rig,RIf. F = R (gf) F
i Crys Z.

PrOOF. This follows immediately from the usual Leray spectral
sequence [45, Tag 01F6]. O

PROPOSITION 2.16. Let f: X — Y be a finite morphism of F4-
schemes of finite type and F a crystal on X. Then for all y € Y (Fy)
we have

(5) trrFy= Y trra
flx)=y
where the sum ranges over the x € X(F,) with f(z) =
Proor. We may pull back along y: SpecF; — Y and reduce to
Y = SpecF,; and X = Spec R for a finite Fj-algebra R. Assume F
is given by an R-module M equipped with a g-linear 7.: M — M.

Write R = Ry x --- x R, for some finite local F,-algebras R;, and
correspondingly M = M; X --- x M,. Then we have

try,Fry = trp (75 | M) Ztrp (7s | M;)
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and we may further reduce to the case where R is a finite local F -
algebra. Let m be the maximal ideal of R. Note that for all n > 0 we
have
To(m" M) C m¥ 7 (M) C m" T M
so that 7, restricts to a nilpotent Fy-linear map mM — mM. We find
trp, (7s | M) = trg, (75 | M/mM )

and therefore we may reduce to the case where R is reduced. Hence
R = Fga for some d. If d =1 then the proposition holds trivially. So
we assume d > 1. The right-hand side of is zero since Spec R has
no F,-points. Let a be an element of F 4 not in Fy and let § € F a be
such that S(a —a?) = 1. Then

Ts = affTs — BTsC
as endomorphisms of the F,-vector space M. In particular
trp, (75 | M) = trp, (a(B7s) | M) — trg, ((B7s)a | M) =0,
and hence also the left-hand-side of vanishes. O

For a proper but not finite morphism X — Y the left-hand side of
must be modified to take in account higher direct images Rif,F.
This is the content of the Woods Hole trace formula, which will be
stated and proven in the next chapter.

We now show that the higher direct images of crystals along a proper
map commute with base change. Given a cartesian square

X -4, x

bl
y' -4 .y

of schemes and a quasi-coherent Ox-module F there is a natural ‘base
change’ map
Vi g RITF — RifLg"F

of Oys-modules, see [45, Tag 02N6|. If F is a 7-sheaf on X then ) is
a map of 7-sheaves on Y’. We will show that if f is proper and F is a
coherent 7-sheaf then v is a nil-isomorphism.

We first show that the fibers of the higher direct images along a
proper map are the higher direct images of the fibers. We will make
essential use of the theorem of formal functions.
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LEMMA 2.17. Let R be a noetherian local ring with mazximal ideal
m and residue field k = R/m. Let

My« My + ---

be a projective system of finitely generated R-modules. Assume that
m" M, =0 for all n. Then the natural map

k@p (lim M;) — lim (k @5 M,)
18 an isomorphism.

PROOF. Since R is noetherian the ideal m is finitely generated, say

by r1,...,7:. These generators define for every R-module M an exact
sequence
(6) M' - M —k@p M —0

of R-modules. In particular, we have exact sequences
0— N; — M! = M; = k®gr M; — 0.

Since the R-modules M; and N; have finite length, the systems (N;),
(M}) and (M;) satisfy the Mittag-Leffler condition. It follows that the
sequence

0 — lm N; — lim M{ — lim M; — lim (k ®g M;) — 0
is exact [45, Tag 0594|. Since @Mf = (l&n M;)" we find an exact
sequence
(Lim M;)" — lim M; — lim (k @ M;) — 0.
At the same time, the exact sequence @ for M = @Ml gives
(Lim M;)" — lim M; — k ®p (1im M;) — 0.
Comparing the last two exact sequences gives the desired result. ]

ProprosITION 2.18. Let f: X — Y be a proper morphism of noe-
therian schemes over Fy. Let F be a coherent T-sheaf on X. Lety € Y
be a point with residue field k = k(y). Consider the cartesian square

X, —Y X

!

Speck —~—Y.
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Then for all i the natural map
URfF = RIfLSF
s a nil-isomorphism of coherent T-sheaves on Speck.

PRrROOF. By flat base change [29] 1.4.15| [45 Tag 02KH| we may
reduce to Y = Spec R and y = Spec k for a complete noetherian ring R
with residue field k. Let m be the maximal ideal of R. For every n > 0
let F,, be the coherent 7-sheaf /'*(F @ g R/m"™!) on X,. The theorem
of formal functions [29], 4.1.5] [45, Tag 020C] gives an isomorphism

H' (X, F) = lim H' (X, )

of coherent 7-sheaves on Spec R. Hence we need to show that the
natural map

(@Hi(){y,fn)) ®rk — H(X,F)

n

is an isomorphism. By Lemma it suffices to show that
(7) lim (H'(Xy, Fy) @g k) — H(X, Fo)

n
of coherent T-sheaves on Spec k is a nil-isomorphism.

The reduction map F,4+1 — F, is a nil-isomorphism in Coh, X,
since the kernel m"F,, 11 satisfies 75(m"Fp+1) C m9"F,41 = {0}. There-
fore each of the maps

H' (X, F) ®r k — H (X, Fo)

is a nil-isomorphism. It follows that the map is a nil-isomorphism,
as we had to show. O

THEOREM 2.19 (Base change). Consider a cartesian square

x -9 x

Il

y -4 .y

of noetherian schemes over F,. Assume that f (and hence also f')
1s proper. Then for every integer i and for every crystal F on X the
natural map A ‘

¥ gRUF = Rif g™ F
is an isomorphism of crystals on Y.
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PROOF. By the point-wise criterion of exactness (Theorem [1.29) it
suffices to check that the pullback of the map to an arbitrary y € Y’
is an isomorphism. Let y € Y be the image of y'. Consider the cube

X' X

’
L /

X/, X,

Y
Lyt V
Speck(y') ——— Speck(y)
whose six faces are cartesian squares. Base change commutes with
higher direct images in the left and right squares by Proposition [2.1§

and in the front square by flat base change (k(y’) is flat over k(y)). To
see that L;,w is an isomorphism, we note that it factors as

L;,g*Rif*f = g;LZRif*]:
=4 g;Rify,*L;jF
o R giir F =R, g™ F
5 i Rfg"F.

It

12

~

Here 2; and 23 are the isomorphisms in Crysk(y’) induced by the
nil-isomorphisms of Proposition [2.18] for the left respectively right face
of the cube, and %5 is flat base change in the front face. O

4. Extension by zero

In this section we fix a diagram
U—1s X+ <2

where X is a noetherian scheme over F,, where 7 is a closed immersion
where j is the open immersion of the complement. We denote the ideal
sheaf of Z by Z C Ox.

We will define a functor

g1 CrysU — Crys X,
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called extension by zero. For every crystal F on U it satisfies j*jiF = F
(so that jiF extends F) and i*j,F = 0 (so that it extends F by zero).

We first collect some facts about extending coherent Op-modules
to coherent Ox-modules. See [45] Tag 01PD| for a more thorough
treatment.

If F is a coherent Op-module then j,F is a quasi-coherent Ox-
module and (j.F);y = F. We call a coherent extension of F to X a
coherent Ox-submodule G C j,F so that Q|U = F.

LEMMA 2.20. Let F be a coherent Oy-module. Then there exists a
coherent extension G of F to X.

PRrROOF. First assume that X = Spec R. Choose f1,...,fs € R so
that U = U;D(f;). Then there is an N > 0 so that for every i the
R[1/fi]-module F|py,) is generated by finitely elements s;;/ Y with
sij € F(U). Let M C F(U) = j.F(X) be the R-module generated by
the s;;. Then G := M satisfies the requirements.

Now let X be an arbitrary noetherian scheme. Let Vi,...,V,, be
affine opens in X so that X = UuU Vi U---UV,. Extending step by
step, from U to U U V; to U U V; U Va, etcetera we reduce to the case
n =1. So we assume X = UNV with V affine open. By the affine case
of the lemma we can extend F|yny to some Fy on V. Glueing this Fy
with the given F on U yields a coherent extension G to all of X. O

LEMMA 2.21. Let F be a coherent Oy-module. If G is a coherent
extension of F to X then so is IG.

PrOOF. We have TG C G C j,.F and (IQ)|U =0rv. 0

LEMMA 2.22. If ¢: F1 — Fo is a map of coherent Opy-modules,
and if G1 and Go are coherent extensions of F1 and Fo respectively,
then there exists an n > 0 so that (j,¢)(Z"G1) C Go in juJFa.

PROOF. Since X is noetherian it has a finite affine open cover and
it suffices to show the existence of n for X = Spec R. Let I =Z(X) C R
be the ideal defining Z and let f1,..., fs € R be generators of I. Then
U = U;D(f;). Without loss of generality we may assume that U is
dense in X and that the f; are not zero-divisors.

Let My = G1(X) and My = Go(X). The R-module M; is finitely
generated, say by mq,...,my. As in the proof of Lemma [2.20] choose
fi,--., fs € Rsothat U = U;D(f;). There is an ng > 0 so that

[ie(mij) € My € Ma[1/ fj]
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for every ¢ and j. Take n = sng. The R-module p(M) is generated by
the elements

fl P fsesmzj
with e; + -+ + e = n. In particular, one of the exponents must be

> np so that each of the elements fi*--- f&m;; € Mo lies in My. We
conclude that j,p maps Z"G; into Gs. O

We now start using these lemmata to construct the functor j.

LEMMA 2.23. Let F be a coherent T-sheaf on U. Let G C j.F be
a coherent Ox-module extending F. Then for all n sufficiently large
I"G C j.JF is a coherent sub-t-sheaf, 7*I"G = F and *I"G is nilpo-
tent.

PROOF. 0,G is a coherent extension of o, F. By Lemma there
is an n and a map of Ox-modules

Ta: I"G — 04§
extending 7,. By adjunction we find a map
T:0°(I"G) = G
extending 7. Take G = 721G, Then 7 induces a map
Fi0*G = T H*(T"G) — TG C g,

where the inclusion comes from the inequality gn + ¢ > 2n + 1. By
construction (G,7) is a coherent 7-sheaf extending F. Moreover, since
we have the strict inequality ¢gn + g > 2n + 1, we have 7 = 0 mod 74, ,
so that i*g is nilpotent. O

LEMMA 2.24. Let G be a coherent T-sheaf on X so that i*G is nilpo-
tent. Then the inclusion TG — G is a nil-isomorphism. O

THEOREM 2.25. Let F be a coherent T-sheaf on U. Then there
exists a pair (F,p) consisting of
(1) a crystal F on X such that i*F is the zero crystal on Z,
(2) an isomorphism p: F = j*F in CrysU.

The pair (.7?, ©) is unique up to unique isomorphism and depends func-
torially on F.
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PROOF. By Lemma and Lemma there is a coherent 7-
sheaf G on X extending F with the desired properties.

Let p: JF1 — F2 be a morphism of coherent 7-sheaves on | U, and let
fl and J» be as above. We show that there is a unique @: .7-"1 — .7-"2 in
Crys X extending ¢.

By Lemma there is an n so that j.e maps I”fl in ]-"2 By
Lemma |2.24{ the 1nclu510n I"]-'l — ]-'1 is a nil-isomorphism, so that the
diagram

fi +— I" .Fl A ./Tz
defines a morphism @: F1 — Fyin Crys X, extending .

Now let ¢ and @y be two extensions in Crys X. Consider their
difference 6. For all x € U we have ;0 = 0 since o1 = 130 = t5pa.
For all z € Z we have ;0 = 0 since it is a morphism between zero
crystals. By the point-wise-criterion of Theorem [1.29 we conclude that
0 = 0 so that ¢; = @2 in Crys X.

A similar pointwise verification shows that ¢ +— ¢ is compatible
with composition. This shows functoriality, and that (F,¢) is unique
up to unique isomorphism. ]

PRrROPOSITION 2.26. The functor
Coh.U — Crys X, F — F
maps nilpotent T-sheaves to the zero crystal, and is exact.

PRrROOF. Let 0 —» F; — Fo — F3 — 0 be an exact sequence of
coherent 7-sheaves on U. We need to show that the induced sequence

(8) 0—FL— Fo— F3—0

of crystals on X is exact. By the pointwise criterion (Theorem |1.29) it
suffices to show that the sequence

0= (5F1 = 5 F = 15 F3 — 0

of crystals on Speck(x) is exact for all z € X. If 2 € U then this
sequence coincides with the pullback of 0 — F; — F5 — F3 — 0 along
Lz, and hence is exact. If € X \ U then by definition of F; we have
2 F; = 0 as crystals on Spec k(z), so also in that case the sequence is
exact.

Similarly, if 7 is a nilpotent coherent 7-sheaf on U then for z € U
the pull-back ¢;F is isomorphic to ¢;F and hence nilpotent, and for
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x € X\ U the pull-back Lg]? is nilpotent by construction. We conclude
using the pointwise criterion of Proposition that F is nilpotent. [

COROLLARY 2.27. The functor F +> F factors over a unique func-
tor

J1: CrysU — Crys X

which 1s exact. O
We call the functor ji extension by zero from U to X.

EXAMPLE 2.28. Let U = A! = SpecF,[z] and j: A! < P! the
standard embedding with complement i: {oo} < PL. Let F be given
by M = F4[z] and

Ts: M — M, s+— fs?
for some f € Fy[z]. Let m be an integer which satisfies (¢—1)m > deg f.
Then f defines a global section of Op1((¢ — 1)moo). Consider the the
7-sheaf F = (Opi(—moo), ) with 7 the composition

0*Op1(—moo) = Op1(—gmoo) ER Op1i(—moo).

By construction we have j*j-: & F. If moreover the strict inequality
(¢ —1)m > deg f holds, then 7 vanishes at the point co and hence i*F
is nilpotent and we have F = jF in CrysP!.

Given a crystal F on some Y one often chooses a compactification
j:Y < X and then considers jiF. In such situations it is useful to be
able to compare different compactifications. The main tool for doing
so is the following lemma.

LEMMA 2.29. Consider a commutative diagram

X/

of noetherian schemes over Fy, with j and h open immersions and p a
proper map. Let F be a crystal on Y. Then R"p,mF = 0 forn > 0
and there is a natural isomorphism p,hF = jiF in Crys X.
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PROOF. Let Y’ be the fibered product of Y and X’ over X. Let
i: Z — X be a closed complement and let i': Z/ — X’ be its base
change to X’. We thus have a diagram

Yl

~

in which the left parallelogram and the right square are cartesian.
Let us first consider the square on the right. The image of 7’ is
disjoint with the image of h, so #”*hJF = 0. By the base change theorem

(Theorem [2.19)) we have
9) "R"p(mF) =0

Xt 7

for all integers n.

Now consider the left part of the diagram. Being the base change
of the open immersion j the map j’ is an open immersion. Since also h
is an open immersion, we see that p’ is an open immersion. But being
the base change of a proper map, p’ is also proper. It follows that p’ is
both a closed and open immersion. In particular, if G is a crystal on

X’ then we have
h*G ifn=0
Rn / I%x — 1)
PG {0 ifn > 0.

Taking G = hJF and applying the base change theorem to the left
parallelogram we deduce

F ifn=0,

10 PR (MF) =
( ) J p*(! ) {0 fn>0.

Combining (9) and we see that R"p,(mF) = 0 for n > 0 and
R, (hF) = 51 F, which finishes the proof. O

The trace function of jF is of course the trace function of F ex-
tended by zero:
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PROPOSITION 2.30. Let X be a scheme of finite type over Fy. Let
j: U — X be an open subscheme. Let F be a crystal on U. Then we
have

0 otherwise

ey r @ = {tr]:a: if v € U(Fy),

for all z € X(Fy). O

5. Pushforward with proper support

THEOREM 2.31 (Nagata [43}, 41]). Let f: X — Y be a morphism
of noetherian schemes. Then there is a commutative diagram

Xl .X

(11) lf/

Y

with j an open immersion and f a proper morphism if and only if f is
separated and of finite type. O

We call a factorization of f into an open immersion X < X and a
proper morphism X — Y a compactification of the map f.

PROPOSITION 2.32. Let f: X — Y be a morphism of noetherian
schemes over Fy and let

X‘]—I>Y1 X‘J—2>YQ

lf/ lf/
f1 f2

Y Y

be compactifications of f. Then the functors R”flj*ju and R”fg’*jﬂ
from Crys X to CrysY are isomorphic.

PROOF. Write X for the fiber proiuct X1 xy Xo. Theg we have
an open immersion j = (ji,j2): X — X and a proper map f: X - Y
giving a compactification

Xl .X

A

Y
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of f: X =Y. For each i € {1,2} we have a commutative diagram

and it suffices to show that
R"fix 0 jiy = R"f o j
as functors from Crys X to CrysY. Let F be a crystal on X. Then by

Lemma and by the Leray spectral sequence (Theorem [2.15)) applied
to the map f = f; o pr; and the crystal jiF we obtain an isomorphism

R"fx 0 jiy = R"f o jy
of crystals on Y, functorial in F. O

For every separated finite type morphism f: X — Y of schemes
over Fy, and for every integer n, we obtain a functor

R"f, := R"f, 0 ji: Crys X — CrysY,

well-defined up to isomorphism. This functor is called the n-th direct
mmage with proper support.

THEOREM 2.33. Let f: X — Y be a separated morphism of finite
type between noetherian schemes over F,. For every short exvact se-
quence

(12) 0—-F1—Fo—>F3—0
i Crys X there is a long exact sequence
0 — R%AFL = R°’MF, —» ROAFs = RUAFL — -
in CrysY, depending functorially on (@
PrOOF. Choose a compactification X <i> X i> Y of f. The desired

exact sequence is the long exact sequence for the REf, (Proposition [2.14)
applied to the short exact sequence

0— nF1— nFa— jFzs — 0.
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in Crys X. O

THEOREM 2.34 (Leray spectral sequence). Let X, Y and Z be noe-
therian schemes over Fy. Let f: X =Y and g: Y — Z be separated
morphisms of finite type. Then for every crystal F on X there is a
spectral sequence in Crys Z with

Ey? = RigRIfF,
and converging to RPT4(gf)WJF, depending functorially on F.

PRrROOF. Choose compactifications X < X =Y andY <Y — Z
of f and g respectively. Let

X=X =Y
be a compactification of the composite map X — Y. We obtain a
commutative diagram

in which the three j’s are open immersions, and f, f’ and g are proper
maps. We will now modify this construction slightly, to obtain the
additional property that the parallelogram is cartesian. Consider the
fibre product Y x5 X'. In the sequence of maps

XYV xg X =X

the second map is an open immersion (as it is the base change of the
open immersion Y — ?), and the composite is an open immersion, so
also the first map is an open immersion. At the same time, the map
Y Xy X' = Y is proper, as it is the base change of the proper map
X" =Y. We conclude that replacing X by the fibre product ¥ x3 X’
we may assume that in the commutative diagram the parallelogram is
cartesian, with jx, j%, jy still being open immersions, and f, f'and g
still being proper maps.
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We claim that for every crystal G on X and for every n we there is
a natural isomorphism

(13) ¥ jyy (R'.G) = R, (ix.9)

of crystals on Y. Indeed, R"f, may be computed locally on the target,
which shows that both sides are isomorphic on Y C Y. By the defining
property of jy, this isomorphism extends to a natural map . Let
i: Z —Y be a closed immersion whose image is the complement of Y.
It suffices to show that i*1) is an isomorphism, or, which is the same,
that #*R™f] (j %.0) is an isomorphism. But the latter follows from the
base change theorem (Theorem .
Now taking G = jxF in the isomorphism (|13} we find

RPg R\ F = RPg,jy RIAF = RPg R, F

where j is the inclusion of X in )7_’ . The theorem now follows from
the Leray spectral sequence for go f’ applied to the the crystal jiF on
X' O

THEOREM 2.35 (Proper base change). Consider a cartesian square

x4, x
b
y -4 sy

of noetherian schemes over Fy. Assume that f is separated and of finite
type. Then f' is separated and of finite type, and for every integer i and
crystal F on X there is a natural isomorphism

g RNF 5 RIf{g"F
of crystals on'Y’.

PROOF. Let

I
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be a compactification of f: X — Y. Then its base change

x' I X

LA

Y/

along Y/ — Y is a compactification of f': X' — Y. L
Now let F be a crystal on X. Denote the base change map X’ — X

by g’. By construction we have an isomorphism §”*jF = jl¢”*F in
Crys X’. Applying R'f’ yields an isomorphism

Rf'g* 3 F = Rf'jig"F
in CrysY’. Applying corollary to the crystal 51 F we find an iso-
morphism . N

IR F = Rfg" ) F
of crystals on Y’. Combining the above two isomorphisms yields

g*RZf'f — g*RZf*]'F o~ R/Zf/jl/g/*]: — Rif!/gl*f’

the desired isomorphism. O

Notes

Most of the material in the chapter is due to Béckle and Pink [11],
in particular the crucial observation that inverting nil-isomorphisms
leads to a well-defined extension-by-zero functor. Because we work with
F;-coefficients, a number of things become significantly easier. In par-
ticular, tensor product is exact. Also, the restriction to F,-coefficients
allows us to give an easier proof of the base-change theorems, based on
the theorem of formal functions.

One can similarly define functors ®, f* and Rfi on the derived
categories D?(Crys X). The functor Rf; is defined as R.f; o j for any
compactification f = f o j.

The extension-by-zero functor of Bockle and Pink that we described
in this chapter is closely related to Deligne’s approach to defining 7
on quasi-coherent sheaves [15]. He defines extension by zero 51 F of a
quasi-coherent Op-module F as the projective system consisting of all
possible extensions F to X. If F is a coherent 7-sheaf, then 7 will
extend to any ‘small enough’ extension, and the projective system will
stabilize in the sense that eventually all maps become nil-isomorphisms.
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Exercises

EXERCISE 2.1. Let X be a noetherian scheme over F,. Let j: U —
X be an open immersion. Show that for all crystals F on U and G on
X we have a natural isomorphism
Hom(F, j*G) = Hom(j.F,G).

In other words, show that the functor j is a left adjoint of j*.

EXERCISE 2.2. Let X be a noetherian scheme over Fy. Let i: Z »—
X be a closed immersion and let j: U < X be the open complement.
Let F be a crystal on X. Show that there is an exact sequence

0= jij*F = F =i, " F =0
of crystals on X.

EXERCISE 2.3 (Projection formula). Let f: X — Y be a compact-
ifiable morphism of noetherian schemes over F,. Let F be a crystal
on X and G a crystal on Y. Let ¢ be an integer. Show that there is a
natural isomorphism

GRR'NF S RA(FGRF)
of crystals on X.

EXERCISE 2.4 (Kiinneth formula (%)). Let fi: X7 — Y and fo: Xo —
Y be morphisms of schemes of finite type over F;. Let f: X;xy Xo =Y
be their fiber product, and let p;: X1 Xy Xo — X; denote the projec-
tions. Let F; and F3 be crystals on X; and X5 respectively. Show that
there is a natural isomorphism

P RifiF @ Rif1Fo 5 RPADIFL @ p5F2)
i+j=n
of crystals on Y.






CHAPTER 3

The Woods Hole trace formula

1. The Grothendieck group of crystals

Let X be a noetherian scheme over Fy,. Denote by Ko(X) the
Grothendieck group of the abelian category Crys X. This is the abelian
group generated by isomorphism classes [F] of crystals, modulo rela-
tions [Fo| = [Fi1]+ [F3] for every short exact sequence 0 — Fp — Fy —
F3 — 0in Crys X.

LEMMA 3.1. Let F = .Z-“O D FLo .. D F* =0 be crystals on X.
Then we have [F| =Y ,[F/FH in Ko(X).

PROOF. For every i the exact sequence 0 — F't! — F' — Fi/Frtl —
0 gives [F] — [F™*Y = [F/F™* in Ko(X) which summing over all
i€{0,...,n— 1} gives the claimed identity. O

LEMMA 3.2. Let F* be a bounded complex of crystals on X. Then
D (CVIF] =Y ()IH(F?)
i i
It follows that if0—F — -+ — F, = 0is exact in Crys X then
we have ) .(—1)'[F;] = 0 in Ko(X).
Proor oF LEMMA [3.21 On the one hand, the complex F* splits
into short exact sequences
0 — ker(F' — F™) = F' —im(F' — F'*) =0

while on the other hand the cohomology crystals sit in short exact
sequences

0= m(F~! = F') = ker(F' = FH) - H(F*) 0.

43
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Taking the alternating sum over i of the resulting identities in Ko(X)
and comparing the terms yields the desired identity ) ,(—1)'[F'] =

> (1) [HY(F)). m

Since the functor — ® — on crystals is exact in both arguments
(Corollary , it induces a bi-additive map

Ko(X) x Ko(X) = Ko(X), ([F],[9]) = [F© 7]

which gives Ko(X) the structure of a commutative ring.

Similarly, for a map f: X — Y of noetherian schemes over F, the
functor f*: CrysY — Crys X is exact (Corollary , so it induces
a map

7 Ko(Y) = Ko(X), [F] = [fF].
This map is a ring homomorphism.
Finally, if f: X — Y is a separated map of finite type between

noetherian schemes over Fy, then the long exact sequence of Theorem
2.33 combined with Lemma @ shows that the map

Rfi: Ko(X) = Ko(Y), [F] = Y _(-1)[RIAF]
>0
is well-defined. It is additive, but in general not a ring homomorphism.

It has the following important transitivity property.

PROPOSITION 3.3. Let f: X — Y and g: Y — Z be separated
morphisms of finite type between noetherian schemes over Fy. Then

R(gf)1 = Rgi o Rfy as maps from Ko(X) to Ko(Z).

PROOF. Let F be a crystal on X. Consider the associated Leray
spectral sequence (Theorem [2.34))

Ey' = R'gR'fiF — R (gf)F
We have in KO(Z ) the identity
RgiRA(F ZZ D HRGRAF) =Y (—1)" B3],
s,t
Consider one of the slanted complexes
N E:—z‘,tﬂ‘—l — ESt — pethiitl
on page i. By the definition of a spectral sequence We have that the

cohomology at E; * of this complex is isomorphic to E; +1 With Lemma
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3.2l we find
S (1 EN =Y (-1 B

st st
in Kog(Z). Applying this successively with i = 2,3, ... we find
RgRAF] = (~1)*HEL].
s,t

On the other hand, applying Lemma [3.1] to the spectral sequence
filtration on R™(gf)1F we obtain

(—D)"R"gMNFl = > (-)*HEY]
s+t=n

and summing over all n gives
R(gfn[F] =D (-1 [EL],
s,t

which completes the proof. O

2. The sheaves-functions dictionary

Let X be a scheme of finite type over F;. Denote by Map(X (F,),Fy)

the algebra of F ,-valued functions on X (F;). We have a homomorphism
tr: Ko(X) — Map(X (F,),Fy), [F] — trr

which is well-defined by Exercise It is a ring homomorphism by

Proposition If f: X — Y is a morphism of schemes of finite type
over F, then the diagram

Ko(Y) —— Map(Y (Fy),F,)

lf* l_of

Ko(X) —— Map(X(F,),F,)

commutes by Proposition [2.3]

THEOREM 3.4 (Woods Hole trace formula). Let f: X — Y be a sep-

arated morphism of schemes of finite type over F, and let K € Ko(X).
Then have

(14) ter!Ky = Z trg ©
z€f~1(y)(Fq)
for every y € Y(Fy).
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Equivalently, the diagram

Ko(X) —— Map(X(Fy),Fy,)

[ |

Ko(Y) —— Map(Y (Fy), Fq)
commutes. Here the right-hand map is “integration along the fibers™:

fi: Map(X (F,),F,) — Map(Y (F,),Fy), g — (y - g(a:)).
zeX (Fy)
fl@)=y
In the coming two sections we will prove Theorem [3.4] following the
elegant approach of Fulton [22].

3. A quotient of the Grothendieck group of crystals

Let X be a noetherian scheme over F,. We denote by G(X) the
quotient of Ko(X) by the relations

(15) [(F, )]+ [(Fr )] = [(F, 71+ 72)]

for all coherent O x-modules F and maps 7;: 0*F — F. We will denote
the class of a coherent 7-sheaf F in Ko(X) and in G(X) both by [F].
When necessary we will specify in which group we are working.

For all A € F, the construction (F,7) — (F, A7) defines an endo-
morphism of the groups Ko(X) and G(X). Thanks to the relations ((15)
the map F; — End G(X) is a ring homomorphism. This makes G(X)
into an F4-vector space.

The tensor product of coherent 7-sheaves is compatible with the
relations and makes G(X) into an Fj-algebra. The quotient map
Ko(X) = G(X) is a ring homomorphism.

For every morphism f: X — Y of noetherian schemes over F,
the ring homomorphism f*: Ko(Y) — Ko(X) induces an Fg-algebra
homomorphism f*: G(Y) - G(X).

PROPOSITION 3.5. Let f: X — Y be a separated morphism of finite
type between noetherian schemes over Fq. Then Rfi: Ko(X) — Ko(Y)
induces an Fy-linear map Rfi: G(X) — G(Y).

Proor. Choose a compactification

x-Lx Ly
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of f: X — Y. Consider coherent 7-sheaves (F,71) and (F,72) on U
with the same underlying coherent Op-module F. Let G C j,F be an
arbitrary coherent Ox-module extending F. By Lemma we have,
for n large enough, that (Z"G, ), (Z"G,12) and (Z"G, T + 72) define
extensions by zero of (F, 1), (F, ) and (F, 71 + 72) respectively. We
find isomorphisms of crystals

R°fi (F,7) = (R*.2"G, T)

for 7 € {7, 7,71 + ™} and for all s, and conclude that the map
Rfi: Ko(X) — Ko(Y) - G(Y) factors over G(X), as we had to show.
O

Now assume that X is a scheme of finite type over Fy. The trace
of an endomorphism 7 of a finite-dimensional F-vector space is linear
in 7, hence the map tr: Ko(X) — Map(X(F,),F,) factors over an
F ;-algebra homomorphism G(X) — Map(X (Fy),F,).

THEOREM 3.6 (Localization Theorem). Let X be a scheme of finite
type over F,. Then the F;-linear maps

tr: G(X) —» Map(X(Fy),F,), K — trg
and
0: Map(X(Fy),Fy) = G(X), f > > f(2) [izslspeck,]
z€X(Fy)
are mutually inverse isomorphisms.

Of course we have trof = id. In the next section we will show
¢otr = id. Theorem almost immediately implies the Woods Hole
trace formula, as we now show.

PROOF OF THEOREM [3.4] ASSUMING THEOREM [3.6] Let f: X —
Y be a separated morphism of schemes of finite type over F,. We need
to show

(16) ter!Ky = Z trgx
z€X(Fq)
f(@)=y

for all K € Ko(X). Both sides depend only on the class of K in G(X),
and depend linearly on this class. By Theorem [3.6) we may restrict to
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K = [igy 1] for g € X(Fy). Let yg € Y(F,) be the image of zg. Then

we have
tyexl fn=0
an 1= Yo,*
Jrizo.s {0 ifn >0

so that RfiK = [iy, «1]. Both the left-hand-side and right-hand-side of
(16) are 1 for y = yo and 0 for y # yo, and the theorem follows. O

4. Proof of the Localization Theorem

The proof of the Localization Theorem (Theorem goes by re-
duction to the case X = P™ which we treat first.

Let R = Fyzo,...,zy] and P" = Py, = ProjR. Let M be a
graded R-module. We call a map 75: M — M graded q-linear if
(1) 75(rm) = ri7s(m) for all r € R and m € M, and,
(2) TS(MZ‘) C Mqi for all 7.
Let M be the quasi-coherent Opr-module associated with the graded R-
module M. A graded g-linear map 7,: M — M induces a g-linear map

Te: M — M making M into a quasi-coherent 7-sheaf. It is coherent if
M is finitely generated.

PRrOPOSITION 3.7. The functor M — varom the category of pairs
(M, 7s) with M a finitely generated R-module and 7s: M — M graded
g-linear to the category Coh, P" is exact and essentially surjective.

See exercise for a refinement of this Proposition.

PROOF OF PROPOSITION 3.7 The exactness follows immediately
from the corresponding statements on finitely generated graded R-
modules and and coherent Opr-modules. For the essential surjectivity,
let (F,7) be a coherent 7-sheaf and set

Mi=@ My My =T(P", F(d)),
d>0

so that M = F as coherent Opn-modules. The map 7: c*F — F
induces maps o*(F(d)) — F(qd), which induce g-linear maps 75: My —
M q, and the functor in the proposition maps the pair (M, 7) to (F, 7).

O

LEMMA 3.8. The group Ko(CrysP") is generated by the classes of
coherent T-sheaves (F,T) with F = @&;0(d;) for some d; < 0.
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PROOF. Let F be a coherent 7-sheaf on P". Let (M, 7s) be a pair
representing F as in Proposition The graded R-module M has a
finite free graded resolution

0—-M,—--—=>My—M—0.

Since My is free, and since a g¢-linear map is determined by the images
of a set of generators, there exists a g-linear 7,0: Mo — My such that
the square

M()H-)M

JTS ,0 lTs

M()H-)M

commutes, and such that 74 maps (My); to (Mp)g; for all i. Repeating
this argument with the kernel of My — M we find a diagram

0 M, e My M 0
J/TS \n JTS ,0 lTS
0 M, - My M 0

and hence a resolution
O—-F,—= - —=Fo—=-F—=0

of F by coherent 7-sheaves of the form (€;0(d;), 7). In particular we
have
P = (Rl — 1] + 7] — -

in Ko(CrysP"), and conclude that Ko(CrysP") is generated by the
classes of coherent 7-sheaves (F,7) with F = &,0(d;) with d; € Z.

Now let F be a coherent 7-sheaf of the form (6;0(d;), 7). Let d be
the maximum of the d; and assume that d > 0. Consider the sub-Opn-
module

g = @ O(d;) C F.
{ildi=d}

We have 0*O(d) = O(gd). Since gd > d; for all i, the map 7 van-
ishes on ¢*G. In particular, G is a nilpotent sub-7-sheaf of F and
[F] = [F/G] in Ko(CrysP™). The coherent 7-sheaf F/G is again of
the form (®;0(d;), ), but with a strictly smaller d = max; d;. We may
repeat this argument until d is less than or equal to 0 and we conclude
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that Ko(CrysP") is indeed generated by the classes of the coherent
T-sheaves (8;0(d;), ) with d; < 0 for all 4. O

LEMMA 3.9. The group G(P™) is generated by the [(O(d), T)], with
d <0 and T arbitrary.

ProOOF. If F = (©;0(d;), ) then 7 is given by a matrix (7;;) with
Tij: 0 O0(d;) = o*O(d;).
Let us denote by 7;; the matrix of which all entries are zero, except for
the (i, j)-th which equals 7;;. We have (7;;) = >_, ; 7i; so that in G(P")
we have
=) [(@xO(d), 7i5)].
1,J
If i # j then 7;; is nilpotent, hence in G(P") we find the identity

[F] =D [(@rO(dy), 7:0)]-

i

Decomposing into rank one 7-sheaves we find

F1 = 1(O(dg), Th)]

k

and we see that G is indeed generated by the classes of T-sheaves of the
desired form. O

LEMMA 3.10. The F4-vector space G(P™) is generated by the classes
[(O(d),T)], where T € T(P™, O((1 — q)d)) is given by a monomial

€0 €n
'/L-O SRR

with Y e; = (1 —q)d and e; < q— 1 for all i.

In particular, the Lemma shows that the dimension of G(P") is
finite.

PROOF OF LEMMA [3.10L By the previous lemma, G(P") is gener-
ated by the classes of the pairs (O(d),7) with d < 0 and 7 given by an
f € Fylzo,...,z,] which is homogenous of degree (1 — ¢)d. Clearly we
can restrict the f to monomials in the x;.

Now let f = x” - - ¢ be a monomial of degree (1—¢)d with e; > ¢
for some i, so that f = a:g_l f' with f’ a monomial that is divisible by
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zi. Let ¢: H — P™ be the hyperplane given by x; = 0. Then we have
a commutative diagram

Ofgd) —2 O(g(d + 1)) —— 1,0p

A

Od) —2— O0@d+1) —— 1,0y

This gives a short exact sequence
0= (O(d), 7) = (O(d +1),7') = (1.01,0) = 0

of coherent 7-sheaves on P™ (with 7/ given by f’), and since (1,0, 0)
is nilpotent we have

[(O(d), 7)] = [(O(d +1),7)]
in G(P™). We can repeat this argument until f is replaced by a mono-

mial with all exponents < ¢ — 1. 0

In fact we can exclude [(O,1)] from the set of generators of the
previous Lemma.

LEMMA 3.11. As an Fj-vector space G(P"™) is generated by the
classes [(O(d), )], where T € T'(P™, O((1—q)d)) is given by a monomial

€n
n

with Y e; = (1 —q)d and e; < q—1 for all i and e; > 0 for some 1.

€0
xU cee

PROOF. Given iy < i3 < -+ < iy, in {0,...,n} we consider the
T-sheaf

Figei = (O(—m — 1),:1:;](;1 . -x?TZl)

on P™. Note that it is one of the generators of Lemma As usual,
we denote by ig-- -1 - - -y, the index where i has been removed. For

every k there is a map Fi,..;,, — .7-"20121 given by multiplication
with z;, . This is a map of 7-sheaves since the square

q

O(—q(m + 1)) —*5 O(—gm)

x?gl-~~x§,:fl lm/,ﬁ
O(—(m+1)) —% 5 O(—m)
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commutes. Now consider the sequence

A7) 0= Forem =+ = || Fioir = [[ Fio = 1pn = 0
10<t1 i0

of coherent 7-sheaves on P", where a section a of Fj,...;,, gets mapped

to
k
Z(_l) (‘T”@a)lol;wn
k
This is the Koszul complex of the surjective map

(20, 2n): O(=1)" = O.

In particular the sequence is exact. The exact sequence gives an ex-
pression of the class of 1pn as linear combination of the other [F;,...;,. ],
and we conclude using Lemma [3.10 O

The identity in Ko(Crys P") established in the proof of the lemma,
induces an identity of trace functions. For example, if n = 1 this is the
identity

g0yt gl gl =
for all (z : y) € PL(F,).

COROLLARY 3.12 (Localization Theorem for P™). The maps

tr: G(P") — Map(P"(Fy),F,)

and
¢: Map(P"(F,),F,) — G(P")
are mutually inverse isomorphisms of Fy-vector spaces.

PRrOOF. We already know that tr of = id, so it suffices to establish
the inequality

dim G(P") < dimMap(P"(F,), F¢) =¢" + -+ ¢+ 1.

By the preceding lemma we have that dim G(P"™) is at most the number
of nonzero tuples (eq,...,e,) with 0 < e; < g —1 and ) e; divisible
by ¢ — 1. Let S be the set of such tuples. For an integer m denote by
Sy the set of tuples (eq,...,e,) € S for which e,, # 0 and e; = 0 for
all i > m. For every choice of eq,...,ep,—1 in {0,...,q — 1} there is a
unique e, such that (ep,...,em,0,...,0) € S,. Therefore #5,, = ¢".
Since S is the disjoint union of the S, we find #S =1+q¢+--- + ¢,
which yields the desired upper bound for dim G(P"). O
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To deduce the full Localization Theorem, we use the following
proposition.

PROPOSITION 3.13. Let X be a scheme of finite type over Fy. Let
i: Z — X be a closed subscheme and j: U — X its open complement.
Then the Localization Theorem holds for X if and only if it holds for Z
and for U.

PrOOF. We claim that the maps
(18) G(X) = GU) & G(2), [F] — (" F|, [*F))
and
(19) G(2) e GU) = G(2), (Al [F2]) = hF1 @ ixF2]

are mutually inverse isomorphisms. Indeed, for crystals F; and F2 on U
and Z respectively we have j*(j1F1 @ ixF2) = F1 and i*(51F1 D ixF2) =
Fo. Conversely, if F is a crystal on X then the short exact sequence

0= jj*"F—>F =i " F—0
shows that maps ([j*F], [i*F]) to [F].

Now for any scheme S of finite type over F, consider the endomor-
phism £ o tr of G(S). Note that S satisfies the Localization Theorem if
and only if fotr = id on G(S). The decomposition G(X) = G(U)®G(Z)
respects the action of £ o tr on G(X), G(U) and G(Z) so that G(X)
satisfies the Localization Theorem if and only if G(U) and G(Z) do. O

We can now finish the proof of the Localization Theorem.

PROOF OF THEOREM [3.6l We first show that the theorem holds
for affine schemes X of finite type over F,. Indeed, choose a closed
immersion X — A" and an open immersion A" < P". By Corollary
the theorem holds for P”, hence by the preceding proposition also
for A™ and X.

Now let X be an arbitrary scheme of finite type over Fy,. Choose
an affine open subset Uy C X := X with closed complement X;. Then
choose an affine open subset U; C X with closed complement X5, and
so on, leading to a finite decomposition

X=0,00,10---1IU,.
Each of the U; satisfies the localization theorem, and repeatedly apply-

ing the preceding proposition shows that Xy, X4_1, and finally Xy = X
satisfy the localization theorem. O
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Notes

There are several closely related theorems that go by the name
Woods Hole trace formula or Woods Hole fixed point theorem.

Let X be a compact complex manifold, 0: X — X an endomor-
phism with simple fixed points, V a vector bundle on X and ¢: c*V —
VY a map of vector bundles. Then one has

i i trc (P$|V)
20) S (~1)it H(X, §j
(20) i( )'ore (¢ | V) 2 detig (1—do, | Tx,)
firea

This was conjectured by Shimura and proven in 1964 at a seminar at
a conference in Woods Hole [49] Introduction|. For a published proof
of this formula, and of a much more general theorem in differential
geometry, see Atiyah and Bott [6, Theorem 2| and [7].

A purely algebraic statement and proof can be found in SGA 5 27
Exp. 111, 6.12], or in Appendix [A| of these notes. It applies to a proper
smooth scheme X over a field K, and an endomorphism o: X — X with
isolated transversal fixed points. Taking K = F, and o the Frobenius
endomorhpism one recovers Theorem @ for Y = SpecF,; and X — Y
proper smooth. Note that in this case do = 0, so that the determinants
in the denominators in disappear. The more general Theorem
could easily be deduced from this special case.

The proof we have given, including the Localization Theorem, is due
to Fulton [22] (except for the addition of Lemma [3.11] which corrects
a mistake in the “simple count” after Lemma 3 in loc. cit.).

In their book Bockle and Pink [11] take an approach following An-
derson [3]. They reduce to the case where X (F,) is empty, so that
the right-hand side of the trace formula vanishes, and then use
Serre duality and a trick similar to the proof of Proposition to
deduce that also the left-hand side vanishes. In [46] the trace formula
is proven for curves using a variation of this trick that avoids the use
of Serre duality. Using the Leray spectral sequence, the full Theorem
could also be deduced from this by factoring the map X — Y as a
composition of relative curves.

Exercises

EXERCISE 3.1. Let X be a scheme and let Z be a closed subscheme
with complement U. Show that the quasi-coherent O x-modules which
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are supported on Z form a Serre subcategory of the category of all quasi-
coherent Ox-modules. Show that the quotient category is equivalent
with the category of quasi-coherent Oy-modules.

EXERCISE 3.2. Under the sheaves-functions dictionary, to which
identities between F,-valued functions on Fg-points do the projection
formula (Exercise and the proper base change theorem (Theorem

2.35|) correspond?

EXERCISE 3.3. This exercise refines Proposition 3.7 Let C be the
category of pairs (M, 7s) with M a finitely generated Fg[xzo,. .., zy]-
module and 75: M — M a graded ¢-linear map. Let Cy be the full
subcategory consisting of those pairs for which there is a dy with My =0
for all d > dy. Show that Cy is a Serre subcategory of C and that the
quotient C/Cy is equivalent with the category Coh, P".






CHAPTER 4

Elementary applications

In this chapter we illustrate the use of the sheaves-functions dictio-
nary by means of a few well-known, classical applications. Several of
these can also be shown by elementary combinatorial arguments.

1. Congruences between number of points

PROPOSITION 4.1. Let f: X — Y be a morphism of proper schemes
over Fy. Assume that for every i the induced map

fr HY(Y,Oy) — H'(X, Ox)
is an isomorphism. Then #X(Fy) = #Y (F;) (mod p).
PROOF. Denote the structure maps by gx : X — SpecFgand gy : Y —
SpecF,. We have f*1y = 1x, inducing morphisms
(21) Rigy.ly — Rlgx1x

of crystals on SpecF,, which by the hypothesis are isomorphisms. By
the trace formula applied to the crystal 1x and the proper map gx we
have

#X(F,) mod p = Z(—l)i trRigy 1y *

i>0
and similarly for #Y (F,) mod p. By the isomorphisms (21)) we find
that #X(F,) = #Y(F;) (mod p). O

EXAMPLE 4.2 (Birational maps). Let f: X — Y be a birational
map between proper smooth schemes over Spec Fy. Then by [12], The-
orem 1] the induced maps

2 (Y, 0y) — HY(X, Ox)
are isomorphisms, and hence #X (Fy) = #Y (F;) (mod p).

57
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If f is the blow-up of a smooth closed subscheme Z, then this is
obvious, since the fiber f~!(z) at any point z € Z(F,) will be a pro-
jective space of some dimension d and #Pd(Fq) =1 (mod p). By the
weak factorization theorem [1l, [52] every birational map between proper
smooth schemes over a field of characteristic zero can be factored as a
sequence of blow-ups and inverses of blow-ups along smooth centers.
However, it is not known if this is the case in characteristic p.

2. Chevalley-Warning

The standard example of an application of coherent cohomology to
the existence of rational points over finite fields is the following.

PROPOSITION 4.3 (Chevalley-Warning). Let f1,..., fr € Fylzo, ..., 25]

be homogeneous polynomials of degree dy, ..., d, respectively. Let X —
P} be the closed subscheme given by the homogeneous ideal (fi,. .., fr).
q

Assume that dy + - -+ d, <n. Then #X(Fy) =1 modulo p.
In particular, X (F,) is non-empty.

PROOF OF PROPOSITION [£.3] We first show that the cohomology
of Ox is as follows

F, i=0

(22) H(X,0x) = {0 <0

For a closed subscheme i: Z — P™ we write Oy for the Oprn-module
i,Oz. Note that H(Z,0z) = H(P",Oz). For a non-empty subset
S C {1,...,r} we denote by Zg the closed subscheme Z({fs: s € S})
of P", so that that Z¢; 3 = X. We denote by Z the closed subscheme
Z(f1-- fs) of X.

We prove by induction on the number of homogeneous poly-
nomials 7. For » = 1 we have a short exact sequence

0— Opn<—d1) & OPn — OZ1 — 0.

Since 1 < d; < n we have H/(P",O(—d;)) = 0 for all i, so that the
long exact sequence gives the claimed cohomology groups for Og, .
For arbitrary r, we use the Koszul resolution

0— Oz, — H Ozg =+ — H Oz = Ox — 0.
#S5=1 #S=r—1
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This is an exact sequence, and the induction hypothesis shows that all
except for possibly the last term has trivial higher cohomology, so that
this is an acyclic resolution of Ox. The cohomology of Ox therefore
agrees with the cohomology of the complex of global sections, which by
the induction hypothesis equals

0—>F;— H Fy—-— H F,.
#5=1 #S=r—1

This is exact except for in degree 0, where the cohomology is F, as we
had to show.
Now consider the number of F;-points on X. Modulo p this number

equals
Z 1= Z tI‘ll'EFq.

zeX(Fq) zeX(Fq)
By the Woods Hole trace formula applied to X — SpecF this equals
> (1) trp, (7| H(X, Ox)) .
Since Frobenius acts as the identity on H(X, Ox) we find that #X (F,) =
1, as we had to show. Alternatively, for the last part of the proof one

may observe that ¢: X — P induces an isomorphism on coherent co-
homology and apply Proposition [4.1] O

3. Polynomial sums

PROPOSITION 4.4. Letn be a positive integer. Let f € Fylxy, -+, xy]
be a polynomial of degree less than (¢ — 1)n. Then

> fl@) =0

J:EF{;

PRrROOF. Consider on A" over F the T-sheaf F = (F,7) with F =
Oan and 7 the composition

O'*OAn :> OAn i) OAn.

Z flx) = Z trrx.

z€F? zEAN(F,)

We have
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(See also example [1.11). Let 7: A™ — SpecF, be the structure map.
Then by the trace formula we have

Z trre = Z(—l)itrRim]:*.

€A™ (Fy) 120

To compute the RmF we work with the standard embedding j: A" <
P". Let H be the (reduced) hyperplane at infinity.

A”<L>P”<—<H

NI

SpecF,

Let m be a positive integer with (¢ — 1)m > deg f. Consider on P the

7-sheaf F with F = Opn(—mH) and 7 the composition
o*Opn(—mH) = Opn(—qmH) L Opn(—mH)

(see also Example . Clearly j*J:’-: =~ F. Now assume that the strict

inequality (¢ — 1)m > deg f holds. Then 7 vanishes along H so that

F = 4/ F as crystals on P". Finally, we have R'mF = R'7,F. But

note that for 0 < m < n the cohomology of Opn(—mH) vanishes. So

we conclude that if deg f < (¢ — 1)n then R‘mF = 0 for all i, and the
proposition follows. O

4. Hasse invariant

PROPOSITION 4.5. Let q be a power of an odd prime p and let
[ € Fylz] be a polynomial of degree 3. Then the number of (z,y) € Fg

such that y*> = f(x) is congruent modulo p to the coefficient of x4~ in
—fle=1/2,

In particular, the coefficient of 297! lies in the subfield F, of F,.

PROOF. Let X = SpecF[z,y]/(y? — f(x)) and let m: X — Al be
the map given by z. The algebra m,Ox is free of rank 2 and can be
written as

W*OX:OAl -1@OA1 <€
with multiplication given by €2 = f - 1. It follows that the g-th power
map on m,Ox maps € to f4/2¢. Let 1x be the unit crystal on X.
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Then the above shows that m,1x = 151 ®F where F = (Op1, f(qfl)/Q).
We have

#X(Fy) modp = Z trix + Z trrx = Z trf:r

z€AL(Fy) z€AL(Fy) zeAL(F

We will compute the right-hand side using the trace formula. Let

j: A' < P! be the usual inclusion. Consider the T-sheaf F = ((O(—200), f(1-1)/2)
on P!, Since degf 9-1/2 < 2(q — 1) we have j F = F in CrysPl. We

have HO(P!, O(—200)) = 0. A Cech computation shows that

FQ[ma x_l}

HY(P!, O(-200)) = et on

It is one-dimensional with basis 7!, and the map induced by 7 sends
27! to the coefficient of 27! in z~9f(4=1)/2 ¢ F [z,27!]. Now the trace
formula tells us that

#X(Fy) modp = Z trr = —trp, (7| HY(P!, JF)) -

z€A1(Fy)
By the preceding calculation the trace in the right-hand side equals the
coefficient of 247! in f(¢=1/2 which proves the proposition. O
Notes

The theorem of Chevalley-Warning was shown by Chevalley [13]
(existence of a solution) and Warning [50] (congruence on the number
of solutions) in 1936. It has since been strengthened and generalized
in several ways. Ax [8] and Katz [34] showed that one can replace the
congruence modulo p by a congruence modulo ¢, and even modulo a
certain power of ¢ depending on the d;. Of course one cannot obtain
such congruences from the Woods Hole trace formula. Berthelot, Bloch
and Esnault [10] have shown that the congruence modulo g can be
obtained using Witt vector cohomology.

Deuring [17] has shown that an elliptic curve E given by a Weier-
strass equation y2 = f(z) over a field of odd characteristic p is supersin-
gular if and only if the coefficient of zP~1 in f®~1)/2 vanishes. A com-
putation similar to the one in the proof of Proposition [4.5] shows that
this is equivalent with the vanishing of the action of 7 on HY(E, O).
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Exercises

EXERCISE 4.1. Assume p is odd. Express the number of points
modulo p on a hyperelliptic curve of the form y?> = f(z) over F, in
terms of the coefficients of f(a=1)/2,

EXERCISE 4.2. Let f € F[xo,...,zy] be nonzero and homogenous
of degree n + 1. Let X = Z(f). Let a € F, be the coefficient of
(zo---xp)?T !t in f771. Show that a € F, and that #X(F;) = 1 +
(—1)"a modulo p.



CHAPTER 5

Crystals with coefficients

1. 7-sheaves and crystals with coefficients

In this chapter C' will always denote the spectrum of a commutative
F,-algebra A (on which we will impose various conditions). The C
stands for coefficients. We will be considering objects on which the
algebra A acts linearly.

Let X be a scheme over Fy. A 7-sheaf on X with coefficients in
A is a pair F = (F, 1) consisting of a quasi-coherent O¢y x-module F
and an Ocy x-linear map

7: (idg x ox)*F — F.

Morphisms are defined in the obvious way. We denote the category of
such objects by QCoh_(X, A). By adjunction, specifying 7 is equiva-
lent to either giving an O¢x x-linear map

To: F — (ide X ox)«F

or an additive map
Ts: F— F

satisfying 75((a®7)s) = (a®7r?)74(s) for all @ € A and all local sections
r and s of Ox and F respectively.

Now assume that C' x X is noetherian. This is the case, for example,
if X is noetherian and A of finite type over F;. We say that a 7-sheaf
on X with coefficients in A is coherent if the underlying O¢« x-module
is coherent. The category of such objects is denoted Coh, (X, A).

An object F = (F, 1) in Coh,(X, A) is said to be nilpotent if

o0 (idx o™ ) 7: (id x 6")*F - F

is the zero map for some n > 0, or equivalently, if 7' = 0 for some
n > 0.

63



64 5. CRYSTALS WITH COEFFICIENTS

PROPOSITION 5.1. Assume that C x X is noetherian. Let
0—=Fr—=Fa—=F3—=0

be a short exact sequence in Coh, (X, A). Then Fy is nilpotent if and
only if both F1 and Fs are nilpotent.

PROOF. The proof is identical to that of Proposition .17} O

In other words, the full subcategory of nilpotent objects of Coh, (X, A)
is a thick subcategory. We define the category of A-crystals on X as the
quotient category of Coh, (X, A) by the thick subcategory of nilpotent
objects. It is denoted Crys(X, A).

The categories QCoh_ (X, A), Coh,(X, A) and Crys(X, A) are A-
linear categories. This means that the Hom-sets in these categories are
naturally A-modules, and that composition is bilinear.

If A = F, then these categories coincide with the categories QCoh, X,
Coh, X and Crys X of Chapter

2. Crystals with finite coefficients

We now assume that X is noetherian and that A is a finite Fg-
algebra (that is, of finite cardinality). We will show that the category
Crys(X, A) of A-crystals can be described as a category of ‘A-modules’
in the category Crys X. This will allow us to inherit constructions
and results obtained for A = F, to the more general setting of finite
coefficients A.

An A-module in Coh, X is a pair (F,«) consisting of a coherent
T-sheaf F and an Fj-algebra homomorphism a: A — End . A mor-
phism of A-modules in Coh, X is a morphism ¢: F — F’ of coherent
7-sheaves such that ¢ o a(a) = o/(a) o ¢ for all a € A. We denote the
category of A-modules in Coh, X by (Coh; X)4. We similarly define
the category (Crys X)4 of A-modules in Crys X. The functor

Coh,(X,A) = (Coh, X)4, F = pry, F

is an equivalence of categories. It is exact, and maps nilpotent T-sheaves
to nilpotent 7-sheaves, so it induces a functor

(23) F: Crys(X,A) —» (Crys X) 4.

We will show that also this induced functor is an equivalence.
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PROPOSITION 5.2. Let X be a noetherian scheme over F, and let
A be a finite Fg-algebra. Then the functor F' is an equivalence of cate-
gories.

PrOOF. We first show that F' is essentially surjective. Consider
an object (F,a) of (CrysX)a. By the equivalence Coh,(X,A) =
(Coh, X) 4, it suffices to construct a coherent T-sheaf F and an action
&: A — End F in the category Coh, X, so that (F,&) in Coh, (X, A)
maps to (F,a) in (Crys X)4.

For every a € A we are given a morphism of crystals a,: F — F.
By Proposition [1.23] we can represent every «, by a diagram

F My 2% FIN, « F
with F/H, and N, nilpotent. Since A is finite, we may replacing the

H, by their intersection H and the N, by their sum N, so that every
Qg is represented by a diagram

FeHIS FIN « F
with F/H and N nilpotent. Replacing F by the nil-isomorphic F/' =
H and N by N/ = N NH we may represent the collection (c,), by
diagrams
F =5 FIN' « F.
Now let N C F' be the 7-sheaf generated by N’ and the inverse
images of the of/(N') for all n > 0 and a € A. Then N is nilpotent
and replacing F’ by the nil-isomorphic 7’ = F'/N" we find a collection
of maps
ag: F'— F"

in Coh, X, representing the «,. Finally, let A" be the sub-7-sheaf
of F” generated by the kernels of o, — @ for all a,b in A. Since

Qap = aq0p in Crys X, the 7-sheaf N is nilpotent. Let N be
generated by the & (N) for all n > 0 and a € A. Replacing F” by the

nil-isomorphic F := F” /N we obtain a genuine action
a: A— EndF

in Coh; X, lifting the given action « in Crys X. This shows that the
functor F of is essentially surjective.

A similar argument shows that every morphism in (Crys X)4 is
represented by a morphism in Coh,(X, A). In particular, F' is full. To
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see that it is faithful, let ¢: F — G be a morphism in Crys(X, A) which
becomes zero in (Crys X) 4. By what we have just seen, we may assume
¢ to be a morphism F — G in Coh,(X,A) = (Coh; X)4. Since ¢
becomes zero in (Crys X)4, the coherent T-sheaves F/ker ¢ and im ¢
are nilpotent, and hence ¢ already becomes zero in Crys(X, A). O

If f: X = Y be a morphism of noetherian schemes over F, then the
functor f*: CrysY — Crys X induces an exact functor (CrysY ), —
(Crys X) 4, and hence by Propositionan exact functor f*: Crys(Y, A) —
Crys(X, A). If moreover f is compactifiable then we also have induced
functors Rf;: Crys(X, A) — Crys(Y, A).

If 71 and Fy are crystals in Crys X equipped with an A-action,
then 71 ® F3 is naturally equipped with an A ®p, A-action. Let I be
the kernel of the map

Aep,A— A a®b— ab.

We denote by F; ®4 F2 the quotient of F; @ Fo by I - (F1 ® F2). In
other words, F1 ® 4 F is the largest quotient of F; ® F2 on which the
actions of a® 1 and 1 ® a agree for all a € A. This construction defines
a functor
—®4 —: Crys(X,A) x Crys(X,A) — Crys(X, A).
This functor will not be exact, unless A is reduced or X is empty.
PROPOSITION 5.3. Let X be a noetherian scheme over Fg and let

A be a finite and reduced Fq-algebra. Then the functor — ®4 — on
Crys(X, A) is exact in both arguments.

PROOF. Under the identification Crys(X,A) = (Crys X)4, the
functor is the composite of

(Crys X)4 x (Crys X)a — (Crys X)agpa, (F1,F2) — F1 @ Fo
and
(Crys X)aga — (Crys X)a, G — G/IG.

The former is exact in both arguments by Corollary 2.8 Since A®F, A
is a product of finite fields, the ideal I is generated by an idempotent
e. Every G € (Crys X) g4 decomposes canonically as

G=eG@(l—-¢e)g
with (1 —e)G = G/IG, so that also the functor G — G/IG is exact. O
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3. Traces of crystals with finite field coefficients

Assume that A is a finite field extension of F;. Let X be a scheme of
finite type over F,. Let F be an A-crystal on X. For every z € X (F,)
the pull-back z*F is a finite-dimensional A-vector space equipped with
an A-linear endomorphism 7. We define

trarx:=tra(r|2'F) € A.
This is independent of the choice of coherent T-sheaf (F, 7) representing
the crystal F. We obtain an additive map
Ko(X,A) = Map(X(F,),A), F—trar.

The following is the main result of this section, it generalizes the trace
formula from the special case A = F, of Chapter .

THEOREM 5.4. Let A be a finite field extension of Fy. Let f: X —
Y be a separated morphism of schemes of finite type over F,. Let F be
a crystal on X with coefficients in A. Then for every y € Y (F,) we

have
Z(—l)n trarefry = Z trarx
n>0 z€X (Fq)
f(z)=y
m A.

We will show this by reducing it to the special case A = F,. The
following lemma is crucial to the reduction.

LEMMA 5.5. Let A be a finite field extension of Fy. Then the F4-
ltnear map

A — Homp, (A, Fy)
given by
a ()\ = trayp, )\a)
18 1njective.
PRrROOF. This is a restatement of the separability of A/F,. U

PROOF OF THEOREM [5.4l Given )\ € A, a scheme S of finite type
over F, and an A-crystal G on S we denote by G(\) the A-crystal

G = (G, A& 1) ).
We have try g(n) = A trag as A-valued functions on S(Fy).
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We now apply this to our F on X. Note that
R°A(F(A)) = RAF)(A).

Let y € Y(F,). Forgetting the A-action we can interpret F(\) as a
crystal with Fg-coefficients, and the trace formula with Fg-coefficients
(Theorem guarantees

Y (D) trp, repF0 Y = Y R, F0) T
n>0 z€X (Fq)
f(@)=y
in Fy, for every A\ € A. By the transitivity of the trace, this can be
rewritten as

tra/p, (Z(—l)n tT A Rnf, (V) y) = tra/p, < Y traFmy e )

n>0 z€X(Fq)
f(z)=y

or equivalently, as

tra/m, (/\ E (=1)" trarnpr y) =try/r, <)\ g trar x)
n20 zG(X)(Fq)
f(z)=y

for all A € A. By Lemma [5.5] we conclude that

Z(—l)n trAanf!]:y = Z tl"AJ—‘!L’
n20 zeX(Fy)
flz)=y

holds in A, as we had to prove. O

Notes

In their monograph Bockle and Pink [11] define functors f*, fy and
® 4 between categories Crys(X, A) in much larger generality: assuming
only that X is noetherian and that C' = Spec A is the localization of
a scheme of finite type over Fy. They also show that the pointwise
criteria of section [b| extend to this more general setting.

There are two obstacles against extending the trace formula to this
more general setting. First, the trace of an endomorphism of a finitely
generated A-module need not be well-defined. Second, if A is not re-
duced then the trace of a nilpotent endomorphism need not vanish, so
that one cannot readily pass to crystals. The first obstacle can be over-
come by working with perfect complexes. The second is more serious.
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In fact, an example due to Deligne [16, p. 127] shows that at least in
the context of étale cohomology the trace formula with non-reduced
coefficients A fails to hold.

For finite A one can use Proposition [5.2to deduce from the equiva-
lence between Crys X and the category of constructible F,-modules on
Xet (see the notes to Chapter (1)) an equivalence between Crys(X, A)
and the category of constructible A-modules on X¢;. Crystals with in-
finite coefficient rings A (such as A = F[t]) play an important role in
the theory of Drinfeld modules, see for example [2] or [11), 3.5]. See
also Chapter [§, where they will be used to study special values of L-
functions.






CHAPTER 6

Cohomology of symmetric powers of curves

In the first three sections of this chapter K denotes an arbitrary
field, possibly of characteristic zero. These sections do not depend on
the previous chapters. In the fourth and last section, we apply the
results to crystals.

In this chapter, all unspecified tensor products and products are
over K and Spec K respectively.

1. Symmetric tensors and exterior tensor powers

This section contains a number of results from multi-linear algebra.

Let K be a field and let V' be a K-vector space. Let n be a non-
negative integer. The space of symmetric tensors of degree n of V is
the vector space

V:=(V® . V)

of elements of V®" that are invariant under the action of the symmetric
group &,. This is also sometimes denoted Sym, V. It should not
be confused with Sym™ V', which is a quotient of V®", in stead of a
subspace (see also exercise [6.1]).

LEMMA 6.1. Let (v;)ier be a basis of V. Let B be the set of &,-
orbits in I™. Then the vectors

Yooy ®- e,
(il,...,in)Eb
with b € B form a basis of IV indexed by B. O

The n-th exterior tensor power of V is the quotient space

Ve -V
(V1 ® -+ ® vy | v; = v; for some @ # j)

A"V =

The image of v1 ® - -+ ® v, in A"V is denoted vy A - -+ A vy,

71
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LEMMA 6.2. Let (v;)ier be a basis of V and < a total ordering on

I. Then the vectors vy, A --- ANv;, with iy < --- < i, form a basis for
A"V O

Note that A’V and '’V are canonically isomorphic with K.

Let V be a subspace of V. For 0 < i <n we define F'IT"™V C I'""V
as

FTW =T"V () Y o(ViF e ver),
o€6,
where the intersection is taken in V®". We put F'I'"™V = 0 for i > n.
These subspaces define a descending filtration
"V =FI"V > F'IT"V >... 5> F"HIIY =0

which we will use extensively. We first describe its intermediate quo-
tients.

LEMMA 6.3. If0 - Vo — V — Vi — 0 is a short exact sequence of
K -vector spaces then we have isomorphisms

gr' IV = FIT"V/FHIY =T, @ IV,
functorial in the short exact sequence. If V= Vy & Vi then
v = @ I'Vp @ TV,
i+j=n
functorially in Vo and V1.
PrOOF. Consider the map

'V @T" 'V = FITV, 2 Y o(x),

where x is seen as an element of V®" and o runs over any set of rep-
resentatives for S,,/(S; x &,,—;). The composition with the quotient
map F'I'"V — gr' IV factors over a map

I'Vp @ TV — gr! TV

Choosing a basis for Vj and extending it to a basis for V one verifies
using Lemma that this map is an isomorphism. The second claim
can be shown along the same lines. O

Similarly, if V4 is a subspace of V' we define
FINYY = im (V' @ VI - \"V)
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fir0 <i < mnand F*A"V = 0fori > n. Again, this defines a descending
filtration

AW = FA"W S FIN"W 5. D F"PIAMY =0
whose intermediate quotients are described in the following lemma.

LEMMA 6.4. If0 — Vo — V — V1 — 0 is a short exact sequence of
K -vector spaces then we have isomorphisms

gr' A"V = F'N"V/FIAW = ANV @ NV,
functorial in the short exact sequence. If V=V, & Vi then
AV = @ A A,
i+j=n
functorially in Vi and V7.

PRrROOF. We omit the proof, which is completely analogous to the
proof of Lemma [6.3 O

Let 6: V — W be a map of K-vector spaces. Then for all 7 and j

we have an induced map
'V e NW — TV @ NHW

defined as the composition
'YV QANW < (TVRV)INW = TVR(WQN W) - TV AN T,
where the middle map is id ® § ® id. For each n we obtain a sequence
24)  0=I"V = . T VOAW—--- = A"W =0
of linear maps which is a complex, with T~V @ AW in degree i.
We call it the degree n Koszul complex of §: V. — W and denote it
by Kosz, §. Note that Koszg d is the complex consisting of the vector
space K placed in degree 0.

The cohomology of this complex is given by the following proposi-
tion. The remainder of this section will be devoted to its proof.

PROPOSITION 6.5. The cohomology of Kosz, § is given by isomor-
phisms

(25) H'(Kosz,, §) = T" " (ker ) ® A’(coker §),
functorial in §: V. — W.
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First of all, observe that Kosz, ¢ is functorial in §, that is, a com-
mutative square

V- W

J/fv wa
Vl & W/
(which we shall denote by f: § — ¢'), induces a morphism
Kosz, f: Kosz, § — Kosz, ¢’

in the obvious way. In particular, f: 6 — ¢’ induces maps H®(Kosz, §) —
H* (Koszy, d').

PROOF OF PROPOSITION [6.5l Observe that V' — W is the direct
limit of all the sub-objects V' — W' with V’ and W’ finite-dimensional.
Since direct limits are exact, and the formation of A™ and I'" commutes
with direct limits, it suffices to prove the proposition for V' and W of
finite dimension.

We proceed by induction on the rank of §. If § has rank 0, then
kerd = V, cokerd = W, and all the maps in Kosz, § vanish, so that
the proposition is immidiate.

Assume we have obtained functorial isomorphisms for all 6 of
rank < N. Let §: V — W be a morphism of rank < N + 1. Choose
decompositions

V=LV, ,6 W=LaoW
with L and L’ one-dimensional, and such that § restricts to an isomor-
phism L — L/, and to a map ¢': V' — W’. Note that ¢’ has rank < N.
One verifies that Kosz, § has a decomposition

Kosz,, § = Kosz, 6’ ® C*

for an exact complex C*®. In particular, using the induction hypothesis
we find isomorphisms

H'(Koszy, 6) = H (Kosz, 0') = T (ker §') ® A\*(coker §).
Moreover, since ¢’ has the same kernel and cokernel as §, we have an
isomorphism

" (ker ') @ A¥(coker &') 5 T (ker §) @ A%(coker §).
To see that the resulting isomorphism H!(Kosz, ) = I' (ker§) ®
A*(coker 9) is independent of the choice of decomposition observe that
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any two decompositions are related by an automorphism s of 6: V —
W. A similar argument, using that the automorphism s can be taken
to induce the identity on ker § and coker d, establishes the functoriality
in 0. ]

2. Some sheaves on the symmetric powers of a scheme

Let K be a field. If R is a commutative K-algebra, then so is ' R.
If M is an R-module, then I'"*M and A" M are naturally I'" R-modules.
Note that the tensor products in the definition of I'™M and A"M are
over K, not R.

If My is a submodule of M then the resulting filtrations on I'" M
and A" M become filtrations by I'"" R-modules. The isomorphisms of
Lemmas and are then isomorphisms of I' R-modules. Similarly,
if 6: M — N is a map of R-modules, then Kosz, J is a complex of
I' R-modules, and Proposition describes the cohomology groups of
this complex as I R-modules.

The construction of '™ M and A" M commutes with localization on
R, in the following sense.

LEMMA 6.6. Let R be a commutative K -algebra. Let S be a multi-
plicative subset of R. Denote by S the multiplicative subset {s®@s®---®
s| s €S} of T"R. Then the localized rings S™'T'v R and I"(S™'R)
are naturally isomorphic. Moreover, if M is an R-module then we have
natural isomorphisms

STHr"M) =TS M
and B

STIA"M = \"STM.
of T"(S™1R)-modules.

ProOF. If M is an R-module then clearly
S7H(M®) = (s7Im)".

Also, if B is a K-algebra, S C B is a multiplicative subset and N an
B-module equipped with an action of a group G then

S~HNY) = (SN,
In particular, taking B =T"% R, N = M®" and S as in the proposition

yields R
ST M =T™(S™'M)
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with S~ R = T"™(S~'R) as the special case M = R.
For the last statement it suffices to observe that the submodules

S™Hmy ® - @m, € M®™ | m; = m; for some i # j)
and
(m1 @ @my € (STTM)®™ | m; = mj for some i # j)
of (ST1M)®" coincide. O

Now let X be a quasi-projective scheme over K and let n be a
positive integer.

LEMMA 6.7. For all x € X™ there is an affine open U C X so that
zelUm.

PROOF. Embed X in some projective scheme X, and embed X
into some projective space Pil(. Let L be the residue field of x and
(x1,...,2y) € X™(L) be the corresponding L-point corresponding to
. In order to prove the lemma, it suffices to find an affine open U C
X so that z1,...,x2, € U. Let f be any homogenous polynomial in
K[Xo,...,X4] so that f(z;) # 0 for all 7 and f(z) = 0 for all = in the
closed subset X \ X of P%. Then D, (f)NX is an affine open contained
in X and containing all the x;. O

This lemma guarantees that the n-th symmetric power of X over
K, defined as
Sym"X := (X x -+ x X) /&,
exists as a scheme. It has a cover by affine open subsets of the form
Sym™ U. In the affine case, we have,

Sym" Spec R = SpecI'"™R.

If n =0 then Sym"™ X = Spec K.
Let F be a quasi-coherent Ox-module. Because of Lemmas [6.6] and
there are uniquely defined quasi-coherent Ogyp» x-modules I' F and
A"F so that for all affine open U C X we have

(C"F)(Sym" U) =" (F(U))
and
(A"F)(Sym" U) = N(F(U))
as I'"(Ox (U))-modules. Again, note that the tensor products are over

K. In particular, A" F does not denote the exterior power of F over
Ox. If F is coherent then so are A" F and I'"F.
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3. Cohomology of exterior symmetric tensor powers

Let K be a field. The main result of this chapter is the following
theorem, which is a special case of a more general result of Deligne. We
will give an independent, elementary proof.

THEOREM 6.8. Let X be a quasi-projective scheme over K. Assume
that X can be covered by two affine opens. Let F be a quasi-coherent
Ox -module. Then for all i there are natural isomorphisms

HY(Sym" X, T"F) = T"'HY(X, F) ® N'H (X, F).
of K-vector spaces.

Of course the typical example of a quasi-projective scheme covered
by two affine opens is a curve, and this is precisely the case that we will
use in the next chapter.

We give a proof using Cech cohomology. We will make use of two
distinct affine open covers of X.

First, we choose an affine open cover 4 = (U;); of X so that X" =
U;U;*. For every partition n = nj + --- + nj we have that

(Sym™ U; x - -+ x Sym" Uj),

is an affine open cover of Sym™* X x --- x Sym™ X. In particular the
Sym" U; cover Sym™ X. As usual, we write U;; for the intersection of
U; and Uj, and similarly for higher intersections.

Second, we choose a two-element affine open cover U = {Vj, V1 } of
X. Since X is quasi-projective the intersection Vo = Vp N Vi is also
affine open.

Let F be a quasi-coherent Ox-module. Denote by jg, j1 and jo1
the inclusions of V{y, V7 and VN V7 into X. The Cech resolution of F
with respect to (Vp, V1) is the short exact sequence of Ox-modules

0= F = JoxJoF ® j1sdiF — jorsinF — 0,
which we abbreviate as
0—=F—=Fo®dF1— For— 0.

We have H(X, F;) = F(V;) and HY(X,F;) = 0 for all i € {0,1,01}
so that the long exact sequence of cohomology associated to the above
short exact sequence is

0—HYX,F) = F(Vo)® FV1) = F(Vo1) — HY(X, F) — 0,

the usual Cech sequence.
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For every s and ¢ consider the K-vector space
st = @ et (.F()(Uio...z‘s) ) ]:1<Uio~~~is)) & /\tf()l(Uz‘O...is).
G0<-<is
We make (C*?) s,t into a double complex, compute the cohomology of
its columns and rows, and compare these to prove Theorem [6.8]
First we make the columns into complexes. We introduce differen-
tials d: C** — C%**! 5o that for every s the row C**® is the sum over

all ig < --- < ig of the degree n Koszul complex (see Proposition [6.5))
of the map

o: ‘FO(Uionis) ® -Fl(Uim-is) — ./?01(Ui0...is).
The cohomology of these column complexes is as follows.

LEMMA 6.9 (Cohomology of the columns). For every s and for every
t we have

Ht(cs,o) — ®i0<"'<is an(Uzozs) t=20
0 t # 0.

PROOF. Fix s and a sequence of indices 79 < - - - < i5. Since Uj,...i,
is affine, the sequence

(26) 0— ]:(Uio---is) — fO(UiO---is) b Fl(Uio---is) E) FOl(Uio---is) —0

is exact. By Proposition the cohomology of the degree n Koszul
complex of the map ¢ in is concentrated in degree 0, with value
" F(Uig.iy)-

Summing over all indices now yields the result. O
Now we treat the rows. By Lemma [6.3] we have
Ot = @ @ Fa}—o(UiO...is) X Fb}—l(Uio...is) &® /\tfm(UZ'O...iS).
at+b+t=nig<---<tis

We introduce differentials d’': C*t — C*t1¢ so that for every ¢ the row
C**! is the sum over all a,b with a +b = n — t of the Cech complex of
the sheaf

I'Fo @K bel KK /\t]:()l

on Sym® Vy x Sym® V; x Sym! Vy1, with respect to the affine open cover

(27) (Sym“(Vo N U;) x Sym®(Vi N U;) x Sym*(Vor N Ui)> .

%
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LEMMA 6.10 (Cohomology of the rows). For every t and for every
s we have

HS(Co,t): {Fn_t(FO(X)@Fl(X))®/\tf01(X) s=0

0 s # 0.

Proor. First fix a, b, and ¢t with a + b+t = n. The complex C{:Z
with
CZ:Z = @ I“Fo(Uig.iy) @ bel(Uiou-is) & /\tf()l(UiO...iS)
10<-<ig

is by construction the Cech complex of I'}, Fo @k Fl[’(}] RK /\tK}"Ol on
Sym® Vp x Sym® V; x Sym? Vj1, with respect to the affine open cover ,
so that the cohomology of C’;’Z coincides with the sheaf cohomology of

F%(}—() R Fl}(]:l Rk /\%]:01. Since Syma Vo % Symbvl X Symt Vo1 is
affine the higher cohomology of C;:z vanishes and we have
H(Cy) = T*F(Vo) @ TP F (Vi) @ A'F (V).

Summing over all a,b with a + b+ ¢ = n, and using Lemma [6.3] we find
that the higher cohomology of C'*! vanishes, and that

HY(C*) =T"H(F (Vo) @ F(W)) @ A'F(Vor),
as claimed. O

So far we have been vague about the signs in the differentials in
the various Cech and Koszul complexes. For a suitable choice of signs
C = (C**,d,d") becomes a double complex. This means that for every
s,t the square

/
Cs,t+1 d Cs+1,t+1

] ]
Cs,t d’ Cs+1,t

is anti-commutative, so that dd’ + d’d = 0. This in turn implies that
the total complexr defined as

(TotC)" = € C*,
s+t=n

with differential d + d’, is indeed a complex.
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For a general double complex, there are spectral sequences relating
the cohomology of the rows or the columns to the cohomology of the
total complex. Since we are dealing with a rather degenerate case, we
will only need the following relatively elementary lemma.

LEMMA 6.11. Let C be a double complex so that C*' =0 if s <0 or
t < 0, and so that the cohomology of the rows is concentrated in degree
0, i.e. H¥3(C*') =0 for allt and all s # 0. Then the cohomology of the
complex
(28) o= HY(C ) - HY(C*0) - HY(C) — - -
is naturally isomorphic with the cohomology of Tot C.

PROOF. (See also [45 Tag 0133].) Let H be the double complex
which has the complex as the 0-th column, and which vanishes
along all other columns. By the assumption that C** = 0 for all s < 0

we have a natural injective map H — C' of double complexes. Let @)
be the quotient. This induces a short exact sequence

0—TotH —» TotC' — Tot@Q — 0

of complexes. By the assumption that the higher cohomology of the
rows of C' vanishes, the rows of () are exact. Since for every n there
are only finitely many s,¢ with s +¢ = n and Q%' # 0 this implies that
also Tot @) is exact. It follows that Tot C' has the same cohomology as
Tot H, which by construction coincides with . O

PROOF OF THEOREM [6.8] By Lemma [6.9] the double complex C
satisfies the conditions of Lemma The complex H(C**) (indexed
by s) is the Cech complex for the sheaf I'"F with respect to the cover
(Sym™U;);, and hence

H'(Tot C) = H(Sym" X, T"F).
By Lemmal6.10] also the “transpose” of the double complex C' satis-

fies the conditions of Lemma The complex H?(C*?) (indexed by
t) is the Koszul complex of the map

J: fo(X) @fl(X) — .7'—01(X).

By the Cech computation of H*(X, F) we have kerd = HO(X, F) and
coker § = HY(X, F), so with Proposition we find

H'(Tot C) = T"'HY(X, F) ® A'H' (X, F).
Comparing both expressions for H(Tot C) yields the theorem. [J
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4. Crystals on symmetric powers

Let K be a field containing F,, and let A be a finite field extension
of F,. For an A®Fq K-module V' we denote by IV the A®FqK—module

Sn
V=V - QV

A®Fq K A®Fq K

Since A ®@p, K = L% for some d and some separable extension K C
L, this space of invariant tensors can be computed coordinate-wise.
Therefore, the constructions and results of the previous sections extend
from a base field K to the base ring A @, K.

Let X be a quasi-projective scheme over K. We denote its symmet-
ric powers (over K) by Sym"X. Let (F,T) be a coherent 7-sheaf on X
with coefficients in A. Then the coherent sheaf I} 7 on C' x Sym"X
carries a natural structure of 7-sheaf with coefficients in A, so that we
obtain a functor I'j from Coh,(X, A) to Coh,(Sym"X, A). Similarly
we have a functor /\"j. These induce functors

I'i: Crys(X,A) — Crys(Sym"X, A).
and
Ay Crys(X,A) — Crys(Sym"X, A)
by the universal property of Theorem [I.21] and the following lemma.

LEMMA 6.12. The functors Iy and /N\i map nil-isomorphisms in
Coh. (X, A) to nil-isomorphisms in Coh,(Sym"X, A).

PROOF. First observe that if A is nilpotent, then so are ;N and
"N. We use this to show that I'j maps nil-isomorphisms to nil-
isomorphisms. The argument for A"} is entirely analogous.
Without loss of generality we may assume that X is affine. Assume
that ¢: F — G is an surjective nil-isomorphism, so that we have a short
exact sequence

0=>N—->F—=>G—-0
in Coh,(X, A), with A nilpotent. Then I} F has a filtration F*T"}F
as in Lemma [6.3] with intermediate quotients
gr' TF =TUN @4 TG
These are all nilpotent, except possibly gr' = "G, so that the natural
map I'}F — I"iG is a nil-isomorphism. Similarly, one shows that
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"\ maps injective nil-isomorphisms to nil-isomorphisms. Since every

nil-isomorphism is the composition of a surjective and an injective nil-
isomorphism, the lemma follows. ]

Theorem [6.8 now has the following immediate consequence.

THEOREM 6.13. Let A be a finite field extension of F,. Let K be a
field containing Fy. Let X be a quasi-projective scheme over K that can
be covered by two affine opens. Let F be a crystal on X with coefficients
i A. Then we have natural isomorphisms

H'(C x Sym"X, I} F) = I"7"HY(C x X, F) @4 AYH (C x X, F)
in Crys(K,A). O

Finally, for later use we record an important property of symmetric
tensor powers of crystals.

PROPOSITION 6.14. Leti: Z ~— X be a closed immersion of quasi-
projective schemes over K. Let F be a coherent T-sheaf on X. Then
there is a natural isomorphism

" F 5 (Sym™i)* T F
of crystals on Sym™Z.

In general the isomorphism is not an isomorphism of coherent 7-
sheaves. Also, the condition that ¢ be a closed immersion cannot be
dropped, see exercise [6.3]

PROOF OF PROPOSITION [6.14] Let Z C Ox be the ideal sheaf of
Z. Consider the short exact sequence

0>ZF - F = i, F =0

of coherent 7-sheaves on X. It induces a filtration on I'"F, as in Lemma
[6-31 We have a natural surjective map

I"F — gt F =TI, F = i,"* F.

So to prove the proposition, it suffices to show that F'T™F, the kernel
of this map, vanishes along Sym"™Z. Consider the quotient maps

i Sym‘ X x Sym’ X — Sym'™/ X.
The filtration F'T'™F on the kernel has intermediate quotients
Ti g (I'IF @ IY4,i* F)
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with i 4+ 7 = n and i > 0. To show that F!I'"F vanishes along Sym” Z
it therefore suffices to show that T*ZF vanishes along Sym’ Z for all
i > 0.

Since ¢*ZF = 0 in Crys Z, we are left with showing the following:
if G is a crystal on X so that i*G = 0 in Crys Z, then (Sym":)*T"F =0
in Crys Sym™ Z for all n > 0. In fact, this holds without the assumption
that ¢ is a closed immersion. Consider the commutative square

Zny " xn

I F
Sym"™Z NN Sym"™ X

(This square is in general not cartesian). Assume that G is a crystal in
X that vanishes along Z. Consider the crystal

G i=priG®---@pryiG
on X™. We have
(in)*ﬂ_*ﬂ_*gﬂn — (ln)* (g&n ® W*lSym"X) — 07

by the assumption that i*G = 0. Because the above square commutes,
we also find

7*(Sym"4)*m, GE" = 0.
As the map 7’ is surjective, we conclude (for example using the point-
wise criterion) that (Sym"i)*m,G*" = 0 in CrysSym"Z. Now by
construction we have an injective map I'"G — 7,G%" in Crys Sym"X.
Since pullback is exact, it induces an injective map

(Sym™i)*T"G < (Sym™i)*7,G%" = 0,

and we conclude that (Sym™i)*I'""G = 0 in CrysSym"Z, as we had to
show. ]

Notes

When n! is invertible in K the functor V. — V®n on K[&,,]-modules
is exact, from which one deduces

(29) H(Sym"X, I"F) = H(X" pr} F® - - - ® pr}, F)n.

The Kiinneth formula computes H (X" pr} F®- - -®pr}, F), and taking
Gy -invariants yields the cohomology groups of Theorem (in taking
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invariants, some care is needed with the signs in the Kiinneth formula).
In small characteristics the above argument breaks down since taking
G,-invariants is no longer exact. In fact the isomorphism does not
hold in small characteristics.

A more conceptual approach to computing the cohomology of ex-
ternal symmetric powers is due to Deligne [5 XVII, §5.5]. The (non-
additive!) functor I': Vec K — Vec K has a total derived functor
LT™ in the sense of Dold and Puppe [14]. These are defined using sim-
plicial methods. Given a map f: X — Y of quasi-projective schemes
over Spec K and a quasi-coherent Ox-module F, Deligne shows that
R(Sym" f), 'k F coincides with LI'""Rf,F. In the special case where
Y = Spec K and H®(X,F) is concentrated in degrees 0 and 1 one
can explicitly compute LI"R f,F and one recovers Theorem from
Deligne’s result. In general, it is hard to explicitly compute the functor
LT%.

Deligne’s theorem induces a similar result for crystals, generalizing
Theorem It has an interesting and entirely explicit corollary on
the level of Grothendieck groups. Let X be a quasi-projective scheme
over a field K containing Fy, let A be a finite reduced Fy-algebra. Let
n be a positive integer. The Koszul complex (Proposition implies
that the function

LT : Ko(X, A) = Ko(Sym" X, A)
given by
[F] = [6] = Y (=)' F @ AyGl
is well-defined (see also exercise . Let f: X — Y be a morphism

between quasi-projective schemes over a field K containing F,. Then
Deligne’s theorem implies that the square

Ko(X, A) 45 Ko(Sym™ X, A)

lRf! JR(Sym"f )
Lro

Ko(Y, A) —2 Ko(Sym" Y, A)

is commutative.
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Exercises

EXERCISE 6.1. Let K be a field of characteristic p > 0, and let n
be an integer > p. Show that the functors V +— IV and V — Sym" V'
on K-vector spaces are not isomorphic.

EXERCISE 6.2. Show that Sym"P! =2 P" and that IT™(Op1(e)) =
OPn (6)
EXERCISE 6.3. Show that the condition that 7 be a closed im-

mersion can not be dropped from Proposition (Hint, consider
Spec K [[ Spec K — Spec K .)

EXERCISE 6.4. Let A be a finite reduced F ;-algebra, and X a quasi-
projective scheme over a field K containing F,. Verify in detail that
the function

LT : Ko(X, A) = Ko(Sym" X, A)
given by . 4 ‘
[F] = [G] = > _(~1)[I%"F © AyG)

is well-defined. (Note that LI"} is not a group homomorphism if n # 1.)

EXERCISE 6.5 (*). Let K be a field and X a quasiprojective scheme
over Spec K. Assume that X admits a cover by two affine opens. Let
F be a quasi-coherent Ox-module. Show that

HY(Sym" X, A"F) =2 A" "HY(X, F) ® Sym' H' (X, F),

where Sym? V' denotes the largest quotient of V®¢ invariant under &,.






CHAPTER 7

Trace formula for L-functions

1. L-functions of 7-sheaves and crystals

Let X be a scheme of finite type over F,. Let A be an Fy-algebra
of finite type, and, as before, denote Spec A by C.

Let F be a coherent 7-sheaf on X with coefficients in A. We will
assume that one of the following two hypotheses hold:

(H1) A is a finite field,
(H2) there is an Ox-module Fy so that F = prk Fo as Ocx x-
modules.

This assumption guarantees that for every closed point x € X the A-
module i3 F is free of finite rank. We then define the L-function of F
by

L(X,F,T) = [] deta(1— 7T |i}F)"" €1+ TA[[T]).
z€|X|

This infinite product converges because by the following lemma the
factor at a point x of degree d is 1 modulo T

LEMMA 7.1. Let k be an extension of F, of degree d, and let F be
an object of Coh,(k, A). Assume that (H1) or (H2) are satisfied. Then

deta(1—7,T | F) = detggn(1 — 72T | F)
in 1+ TA[[T]].
Note that 7¢ is indeed an A ® k-linear endomorphism of F.
PrROOF OF LEMMA [Z.Jl Consider the map

Yk @p,F — FLA® s (A8, \ls, ..., A

d—1

s).

If we give F? the structure of a k-module via

1

A (81, cee ,Sd) = ()\81, ‘e .,/\qd_ Sd),

87
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then the map 1) is an isomorphism of A®k-modules. The endomorphism
id ® 75 of k ®,F corresponds under 1 to the endomorphism

p: FE— Fh (s1,...,84) — (75(sa), (1), - - Ts(Sa-1))-
We deduce that

det agr (1 — (Id @ 75)T | k @p, F ) = detagy(1 — uT | F).
By extension of scalars we have

det gor(1 — ([d®@ 7)T' | k ®@F, F ) = deta(1 — 7T | F),
whereas for ;1 one computes using Lemma [7.2] below
det gor(1 — pT | F4) = det agr(1 — 7277 | F).

Comparing both expressions, we see that the lemma indeed holds. [

LEMMA 7.2. Let K be a field. Let Vi,...,V; be finite-dimensional
K -vector spaces. Consider a sequence of linear maps

ad—1 «
Vi35 n3. Sy y

and let a: Vi — Vi be their composition. Let V = @V, and consider
the endomorphism

w:' V-, (vl, R Ud) — (ad(vd), ai(vy),. .. ,ad_l(vd_l)).

Then
detr(1—Tp|V)=detg(1—T%|V;)

in K[T]. O

Now assume that A is a finite field, so that we are in case (H1). If
N in Coh, (X, A) is nilpotent then L(X,N,T) = 1. Also, if
0—=Fr—=Fa—=F3—=0

is a short exact sequence in Coh, (X, A) then we have
L(X,Fy,T)=L(X,F.,T) - L(X,F3,T)

in 14+ TA[[T]]. These two facts imply that L(X,F,T) is well-defined

for an A-crystal F on X, and that we have a group homomorphism

Ko(X,A) —» 1+ TA[[T]], [F] — L(X,F,T).

The main result of this chapter is the following theorem. It shows that
taking L-functions is compatible with pushforward with proper support.
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THEOREM 7.3 (Trace formula for L-functions). Let A be a finite
field extension of Fy. Let f: X — Y be a separated morphism of
schemes of finite type over Fy. Let F be an A-crystal on X. Then

L(X,F,T) = [[ LV, R"AF, )"
n>0

in 1+ TA[[T)).

Recall from Chapter [2] that we have defined f; only for separated
morphisms f.

Applying the theorem to the structure map X — SpecF, we see
that it implies the rationality of the L-function of a crystal:

COROLLARY 7.4. Let X be a scheme of finite type over Fy, let A
be a finite field extension of Fy, and let F be a crystal on X. Then
L(X,F,T) lies in A(T) N (1 4+ TA[[T]])- O

In case (H2) we have the following variant.

THEOREM 7.5. Let A be a reduced F 4-algebra of finite type. Let X
be a proper scheme over SpecF,. Let F in Coh.(X,A) be such that
there exists a coherent Ox-module Fo such that F = pr3 F as Ocxx-
modules. Then

(30) L(X, F, T) = H det 4 (1 — 7T | Hn(C x X, f))(—l)”‘ﬂ
n>0

in 1+ TA[[T]).

Note that, as an A-module, H"(C x X, F) is isomorphic with A®p,
H"(X, Fy). In particular it is a free A-module of finite rank, so that
the determinants in are defined.

As before we deduce the rationality of L(X,F,T):

COROLLARY 7.6. Let X, A and F be as in Theorem[7.5 Let Q be
the total quotient ring of A. Then L(X,F,T) € Q(T) N (1 + TA[[T]]).
g

PROOF OF THEOREM [7.5, ASSUMING THEOREM [7.3] Let m be a

maximal ideal of A. Since A is of finite type, A/m is a finite field.
Consider the object F/mF of Coh,(X,A/m). Let f: X — SpecF, be
the structure morphism. From the definitions, we see

L(X,F/mF,T) = L(X,F,T) mod m
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and
L(SpecFq, R"f.(F/mF),T) = dety (1 — 7,7 | H*(C x X, F)) mod m,

in 1+ T(A/m)[[T]]. Comparing these with Theorem shows that
holds modulo every maximal ideal m. Since A is reduced, the map
A — T],, A/m is injective and Theorem follows. O

In the following sections we will prove Theorem [7.3] deducing it
from the trace formula (Theorem [3.4]) using the results on symmetric
powers of Chapter [6]

2. Computation of L-functions via symmetric powers

L-functions are related to traces on symmetric powers by the fol-
lowing theorem.

THEOREM 7.7. Let X be a quasi-projective scheme over F,. Let A
be a finite field extension of Fy. Let F be an A-crystal on X. Then

(31) L(X,F,T) = ZZ tramr )T

n=0 x
in 1+ TA[[T]], where x in the inner sum ranges over the Fq-points of
Sym"™ X .

In this section we will prove Theorem [7.7]

LEMMA 7.8. Let K be a field and let V be a finite-dimensional vector
space over K. Let o be an endomorphism of V.. Then we have

(32) detg(1—al | V)= (-1)"trg(a | A"V)T"
n>0
and
(33) detg(1—aT | V)" =) trg(a | T"V)
n>0
in 1+ TK[[T]).

PRrROOF. Clearly the formulas hold if V" has dimension < 1. The left-
hand-sides of and are multiplicative in short exact sequences

0=Vi—=Vo—=Vs =0
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of finite-dimensional vector spaces equipped with endomorphisms «;.
By the filtrations of Lemmas and also the right-hand-sides are
multiplicative.

Now, without loss of generality we may assume that K is alge-
braically closed. Since every (V, «) of positive dimension has a nonzero
eigenvector, we can always find a one-dimensional subspace V; pre-
served by «, and the formulas follow by induction on the dimension of
V. O

LEMMA 7.9. Let X1 and Xs be quasi-projective schemes over K. Let
X = X1 I Xy be their disjoint sum. Let n be a mon-negative integer.
Then we have a natural isomorphism

Sym"X = H (Sym’X;) x (Sym’ X3).
i+j=n
Moreover, let F be an A-crystal on X and denote by Fi and Fo its
restrictions to X1 and Xo. Then the restriction of Iy F to (Sym*Xy) x
(Sym’ Xs) is the A-crystal pri Y Fi @4 pr} I, Fo. O

PROOF OF THEOREM [Z.7] Tt suffices to prove the identity modulo
TN for arbitrary N. Let i: Xg — X be the inclusion of the disjoint
union of all the closed points of degree < N in X. Then

L(X,F,T) = L(Xo,*F,T) (mod TV).
On the other hand, ¢ induces a bijection
Sym"i: (Sym"Xo)(F,) = (Sym"X)(F,)

for all n < N. By Proposition we have for all z € (Sym"Xy)(F)
an isomorphism

T F & ¢*(Sym" i) T F
of A-crystals on SpecF,;. We see that the theorem holds modulo TN
for X if and only if it holds modulo TV for Xy. So we may assume
X =[] Speck; for finitely many finite extensions k;/F.

By Lemmathe right-hand side of is multiplicative in disjoint
decompositions X = X;[] X2. By definition of the L-function the
same holds for the left-hand side, so we may further reduce and assume
X = Speck for a finite extension k/F,.

For X = Speck, we will show that for all n the coefficient of T™ in
both sides of agree. Let d be the degree of k over F,,.
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If n is not divisible by d then the coefficient of T of the left-hand
side vanishes. Since in that case (Sym”"X)(F,) is empty, the same holds
for the corresponding coefficient of the right-hand side.

Assume n is divisible by d. Then Sym"X has a unique F,-point,
say x. We have

T T"F = (F®4--- @4 F)°.
With Lemma (applied to V = F, K = A and o = 75) we see that
the trace of 75 on x*I'"™F is the coefficient of T™ in
L(X,F,7) =deta(1 — 7T | F)~"

which finishes the proof. O

3. Proof of the trace formula for L-functions

Again, A is a finite field extension of F;,. We are now going to prove
Theorem [7.3] We repeat that we need to show the identity

L(X,F,T) = [ LV, R"AF, )"
n>0

for a separated morphism f: X — Y of schemes of finite type over F,
and for an A-crystal F on X. Equivalently, we have to show that the
triangle

Ko(X,4) ———— Ko(Y; 4)
7T)

(34) L(X,N A
1l

Rfi
1+ TA[T

commutes.
We start with the crucial case of a projective curve.

PRrROPOSITION 7.10. If X is a projective curve over Y = SpecF,

then commutes.
PROOF. By Theorem [7.7] we have
L(X,F,T) Z Z (tra,rn 7)™
n>0 ze(Sym" X)(F,)
Applying the trace formula of Theorem [5.4] to the I'"; F this becomes
LIX,F,T)=> Y (~1)tra (1. | H(Sym"X, T4 F)) T"

n>0 >0



3. PROOF OF THE TRACE FORMULA FOR L-FUNCTIONS 93

In Theorem [6.8] we have computed the cohomology of I} F on Sym™ X,
and applying this we find that L(X, F,T') equals

SN (1) tra (r | THOX, F)) - tea (v | AHN (X, F)) T
n>0i>0

Rearranging terms, we can rewrite this as

(D= tratr | THOCE FNT) (32 (1) tralr | AHX, F)TT),

n>0 n>0

and by Lemma [7.8] as

deta (1 — 7T | HO(X,F)) " - deta (1 — 7T | HY(X, F)),

which is precisely L(Y,RAHF,T). O

The proof of the general case proceeds by a series of lemmas that

ultimately reduce the theorem to Proposition [7.10]
We first show that Theorem may be verified fiber by fiber.

LEMMA 7.11. Let f: X — Y be a separated morphism of schemes
of finite type. If commutes for the map i, f: X, — Speck(y) for
every closed point y € Y, then it commutes for the map f: X — Y.

PrROOF. Let F be an A-crystal on X. By the definition of L-
function as a product over the closed points we have

L(X,F.T)= [] L(Xy, i} F,T).
yelY|
and
L(Y,R"F,T) = ] deta (1= =T | i;R"AF) .
yey
Theorem (proper base change) gives isomorphisms

iSRPAF = R"(i% f)xisF

and multiplying the identity of the trace formula for i3 F on X, —
Spec k(y) over all y gives the trace formula for F on f: X — Y. U

LEMMA 7.12. Let f: X — Y and g: Y — Z be separated morphisms
between schemes of finite type over Fy. If commutes for f and g,
then it also commutes for gf: X — Z. Conversely, if it commutes for
gf and for g then it also commutes for f.
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PROOF. By the A-coefficients version of Proposition [3.3] we have
RgRfi = R(gf) as maps Ko(X,A) — Ko(Z,A). Now consider the
diagram

Ko(X, A) — Ko (Y, A) —2 Ko (2, A)

o~

1+ TA[[T]

If the two inner triangles commute, then also the outer diagram com-
mutes, and if the right and outer triangle commutes, then so does the
left one. O

LEMMA 7.13. Let f: X — Y be a separated morphism between
schemes of finite type over Fy. Let i: Z — X be a closed immer-
ston, and let j: U — X be the open complement. If commutes for
fi: Z—=Y and fj: U =Y then it commutes for f: X — Y.

PRrROOF. Let F be an A-crystal on X. We have
L(X,F,T)=L(Z,«F,T)L(U,j*F,T)
in 1+ T'A[[T]] and by the short exact sequence
0= jif*F = F =i " F =0

we have

1" F] + [ixi*F] = [F]
in Ko(X,A). Applying R f; we find

RAF] = R(fIlF] + R(fi)[i" F]

in Kyg(Y,A) and we see that the statement for F along f: X — Y
follows from that for j*F and ¢*F along fj: U — Y and fi: Z — Y
respectively. O

LEMMA 7.14. Assume the fibers of f: X — Y have dimension < 1.
Then commutes.

PROOF. By Lemma[7.11] we may assume Y = Spec k for a finite ex-
tension k of Fy. Considering the composition X — Speck — SpecF,
and the second statement of Lemma [7.12] we see that we may reduce
to the case Y = SpecF,. By Lemma [7.13] we may assume that X is
irreducible. If dim X = 0 then commutes for trivial reasons. If
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dim X = 1 then choose an open immersion j: X — X into a projec-
tive curve. Applying Proposition to j1iF on X shows that
commutes for f: X — SpecF,. O

We now combine these ingredients to finish the proof.

PROOF OF THEOREM [T.3 Let d(f) be the maximum of the dimen-
sions of the irreducible components of the fibers f~1(y) withy € Y. We
prove the statement by induction on d(f). For d(f) = 0 the theorem
follows immediately from Lemma [7.11]

Assume the theorem has been shown for all g with d(g) < d and let
f: X — Y be amap with d(f) = d. By Lemma we may assume
Y = Speck, and by [7.13| we can assume X irreducible. Choose an affine
open dense U C X. Since the dimensions of the irreducible components
of the complement Z are less than d, we only need to show the theorem
for the map U — Speck. Choose a closed immersion U ~— A}. Then
the map U — Spec k factors as

U A} - A"t — - — Speck,

and since each arrow has fibers of dimension < 1 the theorem follows

by [7.14] O

Notes

Theorems and are shown in [11I] (in slightly larger gener-
ality), using a different method. They reduce to the case of an affine
smooth X, and use Serre duality to deduce the result from Anderson’s
‘elementary approach’ [3]. The approach taken here, using symmetric
powers to reduce to the trace formula, is based on Deligne, see [5, Exp.
XVII] and [16], fonctions L].

For more background on L-functions associated to 7-sheaves, see
|25, 47, [11].

Exercises

EXERCISE 7.1. Let X be a proper scheme over Spec Fy. Assume
that HO(X, Ox) = Fy and HY(X,Ox) = 0 fori > 0. Show that #X (F4)
is congruent to 1 modulo 4.

EXERCISE 7.2 (). Let G be a linear algebraic group G over F,
and let V' be a finite-dimensional representation of G(F;). Show that
there is a crystal F on G so that for all ¢ € G(F,) the pair ¢*(F, 1)
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is isomorphic with the pair (V,g) in the category of F,-vector spaces
equipped with an endomorphism.

EXERCISE 7.3 (*). Show that the homomorphism
Ko(X,4) = [ 1+ TA[T]]
z€|X|
defined by
F — (L(Speck(x),i.F,T)),
is injective. (Hints: use Noetherian induction to reduce to locally free

F with 7 an isomorphism, then use the Brauer-Nesbitt theorem and
the Chebotarev density theorem [44, Thm 7]).



CHAPTER 8

Special values of L-functions

We start this chapter with the motivating example of the Goss zeta
function.

1. Example: the Goss zeta function of a scheme over F[t]

In this section A denotes the polynomial ring F[t], and F its frac-
tion field F(t). As in the previous chapters we denote Spec A by C.
If M is a finitd] A-module then there are monic f; € A such that

M= A/
i
We define the characteristic element of the module M to be the monic

element
[M] := H fi

of A. It is independent of the choice of decomposition of M into cyclic
A-modules. In fact:

LEMMA 8.1. [M] =dets(t®1—-1®t | AQp,M ). O

In other words, if P(X) € Fy[X] is the characteristic polynomial of
the endomorphism ¢ of the Fy-vector space M, then [M] = P(t) in A.

Now let X be a scheme of finite type over C'. Then for every closed
point € X the residue field k(x) is both a finite field and an A-algebra,
so that it is in particular a finite A-module. The Goss zeta function of
X — (' at an integer n is the power series

(a(X/Con,T) = ] (1 — T [k(x)]—“)*l € 1+ TF[[T]].
z€| X|

*We use finite in the set-theoretic sense, so M is torsion and finitely generated.
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For example, if X = C, then
-1
e(C/Cn,T) =] (1 _ g,anegg>

g
where g ranges over the monic irreducible polynomials in A. By unique
factorization we also have

CG(C/O, n, T) = Z f—anegf
f

where f ranges over the monic polynomials in F[t].

REMARK 8.2. The Goss zeta function of a scheme over Spec A is
analogous to the Hasse-Weil zeta function of a scheme over SpecZ. In
both cases these are formed as a product over the closed points. In
the Hasse-Weil zeta function, the factor at a point z depends on the
cardinality of k(x), which is the positive generator of the fitting ideal
of the Z-module k(z). In the Goss zeta function, this is replaced by the
characteristic element of the A-module k(x).

We will now express these Goss zeta functions as L-functions of 7-
sheaves with coefficients in A. Consider the 7-sheaf C in Coh,(C, A)
given by C = (Ocxc,d) with

d=(t®1-1®t): Id® o) Ocxc = Ocxc — Ocxc-

We denote by C®" the n-fold tensor product C ®4 -+ ®4 C. We have
Co" = (Ocxc, 0™).

ProproOSITION 8.3. If m: X — C is a map of finite type and n a
positive integer then

L(X,7*C®™,T) = (¢(X/C,—n,T)
in 1+ TA[[T]].

PROOF. By the definition of L and (g as a product over closed
points of X, it suffices to show this for X = Speck with k a finite
extension of Fy. The map m: X — C then corresponds to a map
A — k. Let 0 be the image of ¢t in k. The characteristic polynomial of

t acting (as multiplication by @) on the Fg-vector space k is
d—1

(X =0)(X —07)--- (X =07 ) € Fy[X],
so we have

K= (t—0)t—07)--t—0" "Ye AC A k.
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On the other hand, the action of 7 on the rank one A ® k-module
7*C®" is multiplication by
t®1-12601" ") (t2l-100)"tol—180)"
so that
L(Speck,7*C",T) = (1 — T4[k]") 71,
as we had to show. 0

Let C = P! be the natural compactification of C' = Spec F,[t]. Let
oo be the added point at infinity. Let n be a positive integer. Let d be
an integer with d > n/(g—1). Consider the object F,, 4 of Coh,(C, A)
given by

Fnd = (pr% O5(—doo), 6'”) )

Note that 0" does indeed define a map (id x o)*F,, ¢ — F;, 4 because
d>n/(q—1), and that the strict inequality d > n/(q — 1) guarantees
that 0o*F,, 4 is nilpotent. In fact, the A-crystal F,, 4 does not depend
on the choice of d and could be regarded as the extension by zero of the
A-crystal C®" along C — C.

The previous proposition now implies immediately:

COROLLARY 8.4. Let m: X — C be a proper map. Let 7: X — C
be a proper map extending 7. Let n be a positive integer and let d >
n/(q—1). Then L(X,7*C®",T) = L(X, 7 Fpa,T). O

Applying the trace formula of Theorem [7.5 we obtain a cohomolog-
ical expression for the Goss zeta function at negative integers.

PROPOSITION 8.5. Let m: X — C be a proper map. Let 7: X — C
be a proper map extending w. Let n be a positive integer and let d >

n/(q—1). Then
. — _1)i+1
Ca(X/C,—n, T) = [[ deta (1 — T | H(C x X, (id x 7" Foa))
i>0
in 1+ TA[[T]]. O
The cohomological expression also implies rationality.

COROLLARY 8.6. Let X — C' be a proper map and let n be a positive
integer. Then (o(X/C,—n,T) € F(T). O

In the coming sections we will describe the order of vanishing as
well as the leading coefficient of (¢(X/C,—n,T) at T' = 1, under one
additional hypothesis.
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2. Extensions of 7-sheaves

Let X be a scheme over F, and C the spectrum of an Fy-algebra
A. For a quasi-coherent O« x-module F we define the quasi-coherent
7-sheaf O(F) on C x X as follows:

O(F) := P (id x a")* F
n>0
and
7(S0, 51, 52, ..) == (0, 50, S1,...).

LEMMA 8.7. The functor © is a left adjoint to the forgetful functor
QCoh_ (X, A) - QCoh(C x X) that maps (G, T) to G.

PrOOF. We claim that the map

Homqcon, (x,4) (O(F), (G, 7)) — Homgconcxx) (F; G)
given by

(35) ¢ =[5 o(s0)]
is an isomorphism. We show this by constructing an inverse isomor-
phism. Given a morphism ¥: F — G of O¢x x-modules we denote by
¥, the Oc« x-linear maps

= (id x o™)*: (id x o™)*F — (¢")*G.
Note that 19 = . Now the map

Homqcon(cxx)(F,G) = Homqeon, (x,4)(O(F), (G, 7))
given by
¥ | (s = D T usn) |
n>0
is a two-sided inverse to , which proves the adjunction. O

COROLLARY 8.8. Let X be a scheme over Fy and let A be an F4-
algebra. Then the category QCoh (X, A) has enough injectives.

PRrROOF. By Grothendieck’s theorem [26], 1.10.1] [45, Tag 05AB] it
suffices to verify that QCoh_ (X, A) satisfies:
(1) filtered direct limits exist and are exact;
(2) there is a U in QCoh_(X, A) so that for every nonzero map
p: F — G there is a map U — F so that the composition
U — G is nonzero.
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An abelian category satisfying (1) and (2) is called a Grothendieck cat-
egory, and a U as in (2) is called a generator. By the hypothesis C' x X
is noetherian, and therefore QCoh(C x X)) is a Grothendieck category
[45 Tag 077P|. But then QCoh (X, A) inherits property (1) directly
from QCoh(C x X), while O(U) for a generator U of QCoh(C x X)
will be a generator of QCoh_ (X, A). O

Let X be a scheme over Fy, and let F be a quasi-coherent 7-sheaf
with A-coefficients on X. Let 1x 4 be the unit 7-sheaf

1x .4 = (Ocxx,id).
Since QCoh, (X, A) has enough injectives, we may consider the derived
functors
Ext'(1,—): QCoh, (X, A) - Mod A
of the functor Hom(1, —). To say more about these extension groups,
we will need additional hypotheses on X and A.

PROPOSITION 8.9. If X is smooth over F, then the functor F
o*F on quasi-coherent Ox-modules is exact.

PRrROOF. Let R be a regular local ring containing F, of finite type
over F, with maximal ideal m and residue field k. Note that k is a
finite extension of F,, and hence perfect. By the regularity we can find
a collection of generators aq, . .., ag of m that are k-linearly independent
in m/m?. Let M be the R-module whose underlying additive group is
R, and on which R acts via the map R — R, s — s?. Note that M is
generated by the ¢¢ elements

(ail T azd)0§6i<q

as an R-module. We claim that M is in fact free of rank ¢¢ over R.
Indeed, it suffices to show that the elements a{* - - - aj* are k-linearly in-
dependent in M/mM = R/m?R. This follows at once by the regularity
of R, which implies that the natural k-linear maps

Sym? (m/m?) — m"/m" !
are isomorphisms.
Now let X be a smooth scheme over F,. Then by the above the
Ox-module M := Ox with action via the ¢-th power map is locally

free, and hence flat. Since the functor ¢* coincides with the functor
F = F ®o, M, we conclude that it is exact. ]
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REMARK 8.10. More generally, Kunz [37] has shown that for a
noetherian scheme over Fy the functor o* is exact if and only if X is
regular.

COROLLARY 8.11. Let X be a smooth scheme over F, let A be an
F,-algebra. Then the functor ©: QCoh(C x X) — QCoh_ (X, A) is
exact. g

COROLLARY 8.12. Let X be a smooth scheme over Fg, let A be an
F,-algebra. If (F,T) is injective in QCoh (X, A) then F is injective
in the category of quasi-coherent Ocx x -modules.

PROOF. By the assumptions O is exact, so that the forgetful functor
has an exact left adjoint. This implies that the forgetful functor maps
injectives to injectives, see [45, Tag 015Y]. O

THEOREM 8.13. Assume that X is a smooth scheme over Fy. Let
(F,T) be an object of QCoh (X, A). Then there is a long exact se-
quence of A-modules

0 — Ext(1,(F, 7)) — H(C x X,F) =% H(C x X, F)
— Ext'(1,(F, 7)) — HY(C x X,F) =% H'(C x X, F)
N
functorial in (F,T).

PROOF. Consider the quasi-coherent 7-sheaf ©(Ox). By the ad-
junction of Lemma [8.7] we have

Hom(©(Ox), (F,7)) =T(C x X, F)
and by Corollary we even have
Ext'(©(Ox), (F,7)) = H(C x X, F),

where Ext’ denotes the extension group in the category QCoh_ (X, A).
The map

§: ©(0x) — O(0x), (fo, f1,---) = (fo, fr = fo, fo — f1,--")
is a morphism of 7-sheaves on X and the sequence
(36) 0—0(0x) > 0(0x) 10,

with the map ©(Ox) — 1 given by (fo, f1,...) — fo+ fi+---, is an
exact sequence of quasi-coherent 7-sheaves.
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Applying Hom(—, (F, 7)) to the exact sequence yields the long
exact sequence of the theorem. O

COROLLARY 8.14. Let X be proper smooth over F,. Let A be of
finite type over F. Iff is a coherent T-sheaf with coefficients in A
then the A-modules Ext'(1,F) are finitely generated. O

3. Determinants and Fitting ideals

Let A be a Dedekind domain. If M is a finitely generated torsion
A-module then there exists ideals I; C A so that M = @;A/I;. The
Fitting ideal of M is the ideal [M] = [[,I; C A. It is independent of
the choice of decomposition.

Alternatively, we may write [M] = [] p¢®®) where e(p) is the length
of the Ap-module Ay, ®4 M.

Note that there is a slight conflict of notation. What was denoted
by [M] in section §l| (for A = F,[t]) is the unique monic generator of
the ideal that we are now denoting by the same symbol [M]. Of course,
for a general Dedekind domain, the ideal [M] need not be principal.

LEMMA 8.15. Let 0 — My — --- = My — 0 be an exact sequence
of finitely generated torsion A-modules. Then

[My][Ms][Ms] - - - = [Ma][Ma][Me] - - -
as ideals in A. 0

LEMMA 8.16. Let n be a non-negative integer. Let R be a discrete
valuation ring with fraction field L. Let H be a free R-module of rank
n. Let

0—>HSH—-ST—0

be a short exact sequence of R-modules with T a torsion module. Then
the length of T is the valuation of detp(id @ U | F @r H). O

LEMMA 8.17. Let H be a locally free finitely generated A-module.
Let u be an endomorphism of H such that id ®u is an automorphism of
F ®4 H. Then [cokeru] is a principal ideal, generated by det(id ® u |
F®aH).

ProOF. It suffices to verify that for all primes p the localization
[coker u]p is generated by det4(id®u | F® 4 H ), which is the statement
of the preceding lemma. O
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LEMMA 8.18. Let H be a finitely generated A-module. Let u be
an endomorphism of H. Assume that the eigenvalue 1 of u acting on
F ®4 H is semi-simple. Then we have

detp(1—ul | F®a H) =X1—-T)" + higher order terms

where

r =1k ker(1 — u) = rky coker(1 — u)
and

AA = [coker(1 — u)tors|/[ker(1 — ) tors)
as A-submodules of F.

The semi-simplicity assumption means that we have a decomposi-
tion
FaAH=VoW

of F[u]-modules such that v =1 on V and 1 — u is an automorphism

of W.

PROOF OF LEMMA 8T8l Let V C H be the submodule of u-invariants.
Then we have an induced exact sequence

0= K/V - H/VESH/V = Q/V —0.
with K/V and Q/V torsion, and
detg(1—uT |H)=(1—uT)" deta(1—uT | H/V).

We can therefore replace H by H/V and reduce to the case where r = 0.
We then have that 1 — v is an automorphism of FF ® 4 V' and that K
and @ are torsion modules. We need to show that

detp(l—u|F®aH) =X\

with M = [Q]/[K].
Let Hios be the torsion submodule of H. Let K’ and Q' be the
kernel and cokernel of 1 —u on Hioys, SO that we have an exact sequence

0= K' — Hiops % Hips — Q' — 0

of torsion A-modules. We have K’ = K, and by Lemma we also
have [K'] = [@’], so that [Q'] = [K]. The cokernel @’ sits inside @ and

we have an exact sequence

0 — H/Hyors —3 H/Hyors — Q/Q' — 0.
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By Lemma [8.17] we conclude

detp(1—u| FoaH)A=[Ql/Q] = [Q)/[K]
as A-submodules of F. O

4. Special values of L-functions of r-sheaves

Let C' = Spec A be an integral curve over F,, with function field
F. In particular A is a Dedekind domain. Let X be a proper smooth
scheme over Spec F; and F be a coherent 7-sheaf on X with coefficients
in A. As in the previous chapter, we assume

(H2) there is an Ox-module Foy so that F = pry Fo as Ocxx-

modules.
A triple (A, X, F) of particular interest is the triple (F,[t], X, 7*Fp.q4)
of Proposition [8:5] In this section we will express the order of vanishing
and leading coefficient of L(X, F,T) at T'= 1 in terms of the extension
groups Ext?(1, F).

Under our assumptions the HY(C x X, F) are free A-modules of
finite rank on which 75 acts linearly. We make the following additional
hypothesis

(SS) the eigenvalue 1 of 75 acting on FF @4 H*(C x X, F) is semi-

simple.

The Ext’(1,F) are finitely generated modules over the Dedekind
domain A, so we can talk about their rank rk4 Ext’(1,F) and about
the Fitting ideal of their torsion submodule [Exti(l, F )tors].

THEOREM 8.19. Let C' = Spec A be an integral curve over Fg, with
function field F. Let X be a proper smooth scheme over SpecF, and
F be a coherent T-sheaf on X with coefficients in A. Assume (H2) and
(SS). Then we have

L(X,F,T)=X-(T —1)" + higher order terms

where ' _
r=> (~1)'irka Ext'(1, F),
i>0
and A € F'* satisfies
i =
i>0

as A-modules in F.
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PROOF OF THEOREM [8. 19 We split the long exact sequence of
Theorem [8.13|in exact sequences
0 K 5> H(Cx X, F) =S H(C x X, F) > Q" =0
and
0— Q' = Ext/(1,F) - K' — 0.
indexed by i. By Theorem [7.5] we have

(37) L(X,F,T) =[] detr (1 - 7T | F o4 H(C x X,f))(,l)m

in F(T) and by Lemma we have
detp (I—TST | F®AHi(CX X, f)) = \(1—T)" 4 higher order terms

with 7; = tk K* = 1k Q% and \;A = [Q},.]/[Ki,s]- Multiplying out the
factors in we find

=TI = [ ™ ) ™

=TT (@i i)™
= TI[Exti, Flo] T
for the leading coefficient and Z
r=> (=1t = > (=1 ((i+ 1) rka KF — itk Q)
l = zz:(—l)iirkAKi+irkAQi
= i(—l)%rkAExti(l,f)

for the order of vanishing. d

5. An example failing the semi-simplicity hypothesis

We end with an example of a Goss zeta value where the hypothesis
(SS) is not satisfied, and where the conclusion of Theorem does
not hold. It is based on the observation that the Fs-linear map F4 —
F,, x — 2 has two eigenvalues 1, but is not semi-simple.
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Let A = Fy[t], and C' = Spec A and denote the quadratic cover
Spec Fy[t] by X. We will consider the Goss zeta function (¢ (X/C, —1,T)
and its behavior at T'= 1.

Consider the sheaf 7*F) 2 on X = Ph. By Corollary H we have

(c(X/C,-1,T) = L(Py,, 7* F12,T).
By construction we have an isomorphism
T Fio = F4 Qp, Fi 2.

An easy computation shows that HO (P%‘Q[t} , F12) = 0 and that H! (P:]Fg[t] ,F1.2)
is free of rank 1 over Fs[t], on which 75 acts as the identity. It fol-

lows that the action of 75 on the rank 2 module Hl(Ph[t],w*fLQ) —
F, ®p, H! (P%‘ﬂt],}],g) is given by a matrix

11

01
and hence 7*F) 2 does not satisfy (SS). It follows from this computation
that

(G(X/C,-1,T) =1+T"

in 1+ TA[[T]], so that the order of vanishing at 7' =1 is 2. On the
other hand, using the long exact sequence of Theorem [8.13| we see that
Ext'(15 4,7 Fi12) has rank 0, 1, 1 for i = 0, 1,2 respectively, so that

D (=1)lirka Exti(1g 4, 7 F10) =1
i
and the conclusion of Theorem [819 fails to hold.
I do not know what to conjecture or expect for the order of vanishing

and leading coefficient of the L-function of a 7-sheaf that does not
satisfy (SS).

Notes

The main result of this chapter, Theorem [8.19] is essentially due to
V. Lafforgue |38, §2|. Compared to [38|, we have provided more de-
tailed arguments, and have generalized the result to higher-dimensional
X.

It is a positive-characteristic analogue of results of Kato [33] and
Milne and Ramachandran [42]. In fact, by analogy with Lichtenbaum’s
conjectures [40], one could compare the groups Extl(ly, 7 Fn,d) and
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ExtQ(l)?, 7 Fp,q) for a finite X — C with the Quillen K-groups Ko, —1
and Ko, _o of a number field, respectively.

The hypothesis that X be smooth and our hypothesis (H2) simplify
the arguments and statement, but are not essential. The semi-simplicity
hypothesis however, is crucial. It is trivially satisfied if the order of
vanishing of the L-fuction is at most one, which covers (¢(C/C,—n,T)
for C' = SpecF[t] and many other basic cases, see [48 §3].

At positive integers, the Goss zeta function is no longer a rational
function. Yet, if v is a place of the function field F', then seen as a power
series over the completion F;,, it has an analytic continuation, and its
value at T = 1 is well-defined. These values are typically transcenden-
tal [53]. They are related to periods of (generalizations of) Drinfeld
modules and shtukas, see [4, 38),[46], 21]. The most powerful results in
this direction are again applications of the Woods Hole trace formula.

Exercises

EXERCISE 8.1. Let X be a scheme of finite type over F,;. Let F
be a coherent 7-sheaf on X, let n be an integer. Show that there is a
natural isomorhpism

EXt%ohT X(17 ]:) = EXt%rysXCl? ’F)
of Yoneda extension groups.

EXERCISE 8.2 (“Beilinson’s basic lemma”). Let X be of finite type

over Fy. Let F be a crystal on X. Show that there is a non-empty
affine subscheme j: U — X such that Ext™(1, jij*F) = 0 for all n # 1.

EXERCISE 8.3. Let C' = SpecFy[t]. Let n be a positive integer.
Show that (¢(C/C,—n,T) vanishes at T' = 1 if and only if n is divis-
ible by ¢ — 1. (Compare with the Riemann zeta function at negative
integers.)



APPENDIX A

The trace formula for a transversal
endomorphism

In this appendix we give a proof of the Woods Hole trace formula
for a transversal endomorphism f of a proper smooth scheme X over a
field, see Theorem The only published proof of this theorem is by
lusie in SGA5 [27) Exp. III, 6.12|, using Grothendieck-Serre duality.
However, the proof is rather convoluted. We also use Grothendieck-
Serre duality, but deduce the formula in a more direct way.

It should be noted that special cases of the trace formula admit
simpler proofs. This is the case if the endomorphism is the Frobenius
endomorphism (see these notes, or [22], or [3]), or if it is an automor-
phism of finite order co-prime to the characteristic (see [9] or [18]). In
these cases the Grothendieck group of pairs (F, ) of a coherent Ox-
module with a map f*F — F becomes a manageable object, which
allows a reduction to trivial instances of the formula.

1. Extensions

1.1. Extension groups and cup product. Let X be a noether-
ian scheme. Let F and G be quasi-coherent O x-modules. Then we have
higher extension groups Ext% (F,G), which can be defined either as
the derived functors of either Homp, (F,—) or Homp, (—,G). Equiv-
alently, they can be defined as Yoneda extension groups in either the
category of O x-modules or the category of quasi-coherent O x-modules.
The groups Ext% (F,G) are modules over the ring I'(X, Ox).

If 7, G and H are quasi-coherent Ox-modules then we have cup
product pairings

Exth (F,G) x Ext% (G, H) — Ext} I(F, H)

which are bilinear over I'(X, Ox).

109
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1.2. Base-change of extensions. Let X be a noetherian scheme.
Let F, G and H be coherent Ox-modules. Assume that F is acyclic
for — ® H. For example, this is the case if H is locally free. Then we
have for every p a natural map

(38) Exth (F, G) — Exti (FQH, GQH).

Similarly, let f: X — Y be a morphism of noetherian schemes, let F
and G be coherent Oy-modules and assume that F is acyclic for f*.
Then for every p there is a natural map

(39) Ext} (F, G) — Exti.(f*F, *G).
In the special case F = Ox we obtain a map
HP(Y, G) — HP(X, f*G)

which is simply the pull-back map on cohomology.

Pull-back of extensions is compatible with product of extensions: if
F, G and H are coherent Oy-modules and if F and G are f*-acyclic,
then for every p and ¢ the diagram

Ext} (F,G) @ ExtL (G, H) ———— Ext} (F, H)

J |

Exth (f*F, f*G) @ Ext (f*G, f*H) —— Ext} U f*F, f*H)
commutes.

1.3. Kiinneth formula. Let k£ be a field and let X and Y be
noetherian schemes over Speck. Consider the product X x Y over
k. Let Fi and F5 be coherent Ox-modules and G; and Gs coherent
Oy-modules. Then for each ¢ the Ox«y-module

Fi®G; = 1xFi @y G
is coherent. Combining the natural maps of and we obtain
maps
EXtI;((fl,.FQ) — Extg(xy(}—l X Gy, Fo Ql)
and
EthY(gl, Go) — Eth(Xy(.FQ X G, Fa X Gs).
The images can be cupped together into a map

Exth (F1, F2) @k Exty(Gr, Ga) — Exth %, (F1 K Gy, Fo K Gs).



2. GROTHENDIECK-SERRE DUALITY 111

The Kiinneth formula is a theorem stating that for every n the map
(40)
P Exti (F1, o) @ Extl(Gr, G2) — Bxth o (F1 K G, F2 K Gy)
pt+g=n

is an isomorphism.

2. Grothendieck-Serre duality

Grothendieck-Serre duality is a generalization of Serre duality to
arbitrary proper maps of noetherian schemes. Serre duality covers the
case of a proper smooth morphism to the spectrum of a field. The state-
ment is most natural (and certainly most economical) in the language
of derived categories. We give the statement below, in section In
the subsequent sections we explicitly spell out a few consequences of
Grothendieck-Serre duality that will be used in the proof of the Woods
Hole trace formula. These consequences are given in the language of
extension groups and do not refer to the derived category.

We refer to [30] for more details.

2.1. Duality in the derived category. For a scheme X we de-
note by DY(X) the bounded derived category of complexes of Ox-
modules with quasi-coherent cohomology. Let X and Y be noetherian
schemes. Let f: X — Y be a proper morphism. Then we have a total
derived push-forward functor

Rf,.: D°(X) — DU(Y).

It maps complexes with coherent cohomology to complexes with co-
herent cohomology. Grothendieck-Serre duality states that there is a
functor

£ DY) - DP(X)
and for every F* € D?(X) and G* € D?(Y) an isomorphism
(41) Homp( ) (RAF®, G°) — Hompe(yy (F*, f'G*)

functorial in F® and G®. If f: X — Y and ¢g: Y — Z are proper
morphisms of noetherian schemes then we have natural isomorphisms
Rg.Rf. 2 R(gf)« and (gf) = f'¢g', compatible with .

For some classes of f the functor f' can be explicitly computed. In
particular, if f: X — Y is proper smooth of relative dimension n then
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the functor f'is given by
F'G° = (%)y @ LF*G)[n]

and if i: X — Y is a regular closed immersion of codimension d then
i'g* = W)y ® Li*G)[~d

where N j‘g Iy = NNy /vy is the determinant of the normal bundle, see
2.5 below for more details.

2.2. Duality for proper smooth variety. Let X be proper and
smooth of dimension n over Speck. Then Serre duality provides a
canonical map

try s H*(X, Q% ) — k.

For every coherent Ox-module F and for every p the resulting map
HP(X, F) @ Exty P(F, Q% ) — H'(X, Q% ) =5 k

is a perfect pairing. This follows from Grothendieck-Serre duality, to-
gether with the explicit computation of f'Oy for the map f: X - Y =
Speck.

2.3. Duality for proper smooth map. Let X and Y be noe-
therian schemes and let f: X — Y be proper and smooth of relative
dimension n. Let F be a coherent Ox-module which is acyclic for
fx, and let G be a locally free Oy-module. Then Grothendieck-Serre
duality provides for every p a canonical isomorphism

(42) ExtP(F, [*G @ Q% y) — ExtL.(f.F, ).
If Y = Speck then these groups vanish unless p = 0. For p = 0 and
G = Oy we find an isomorphism

Ext’ (F, ¥ /,) — Hom(H’(X, F), k)

which coincides with the isomorphism of Serre duality for X/k.

2.4. Kiinneth and duality for a coordinate projection. Let
k be a field. Let X and Y be proper smooth of relative dimension n
and m respectively. Let F be a coherent Oy-module and G a coherent
Ox-module. We have

TG @Yy x = 9ROy,
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Duality for mx gives, as a special case, an isomorphism
Ext¥,y(Ox B F, GRQY) — &, Exth. (Ox @, HP(Y, F), G).

This isomorphism is compatible with duality for Y in a sense that we
now make precise. Let p be an integer and consider the square
(43)

Ext®,y(Ox B F, GRQP) +—— Ext5 (Ox,G) ® Exty P(F, Q)

| |

Exth (Ox & HP (Y, F), G) +—— Homy(HP(Y, F), HP(X, G)).

Here the top map is the Kiinneth map, the left map is duality for wx
and the right map is duality for Y. Then this square commutes for p
even and anticommutes for p odd.

2.5. Duality for regular closed immersion. Let X be a noe-
therian scheme. A closed immersion i: Z — X is said to be reqular
of codimension d if the ideal sheaf 7 is locally generated by a regular
sequence of length d. For example, if X and Z are smooth of rela-
tive dimension n resp. n — d over a field k£ then any closed immersion
i: Z — X is regular of codimension d.

Let ¢: Z — X be a regular closed immersion of codimension d.
Let T C Ox be the ideal sheaf of Z. Then the conormal sheaf Cz,x 1=

i*Z/Z? and the normal sheaf Nz/x = C;/X are locally free O z-modules

of rank d. We denote their determinants by C% /X and N g /X" These are
mutually inverse invertible Oz-modules.

We have i'G = Li*GQN" g /X [—d], so Grothendieck-Serre duality pro-
vides for every coherent Oz-module F and every coherent Ox-module
G which is acyclic for ¢* a canonical isomorphism

(44) azyx: Exth(F,i*G @ N, ) = ExtiH (i, F, G),

functorial in F and G.

2.6. Compatibility. Now assume f: X — Speck and ¢g: 7 —
Spec k be proper smooth of relative dimension n and n — d respectively.
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Let 7: Z — X be a closed immersion.

Z -t X

N b
Speck.

We have ¢' = 4'f', and a related compatibility between Serre duality on
X and Z, and Grothendieck-Serre duality for ¢. An explicit instance of
this compatibility is as follows. The short exact sequence

0= Czyx — " Qxpp = Q= 0,
induces an isomorphism

e 1) d ~ On—d
T O N x = Qs

and the square

aXz/x

Extly Oz, i* Wy ) @ N ) —— Ext (1,07, Uy ;)

(45) l l

k Ext% (Ox, 0% ;)

trx

commutes.

2.7. Transversal base change. Let f: X’ — X be a morphism
of noetherian schemes over Speck. Let i: Z — X be a regular closed
immersion of codimension d. Let ¢: Z' — X’ be the base change of i
along f, so that we have a cartesian square

Z/ i’ Xl

[l

7t 4 X

Then 7': Z' — X' is a closed immersion, but it need not be regular of
codimension d.

Assume now that f: X’ — X is a regular closed immersion which
is transversal to Z. Then ¢': Z' — X' is a regular closed immersion of
codimension d and the canonical map

f/*CZ/X — CZ’/X/
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is an isomorphism of locally free Oz-modules of rank d.

Let F be a locally free Oz-module of finite rank, and let G be a
coherent Ox-module. Then F is acyclic for f* and i, F is acyclic for
f*. We obtain a square

Extl) (F,i.G ® N§, ) ———— Exti (i, F, G)

“ |

Exth, (f*F,i"f*G @ N\ /) —>— Ext{ (i, f*F, £*G).

where the vertical maps are the base change maps as in (39)). This
square commutes.

3. A local computation

Let X be separated and smooth of relative dimension d over a field
k. Let f: X — X be a morphism over k.

Let ' = (id, f): X — X x X be the graph of f and A: X —
X x X be the diagonal. These are closed immersions. Assume I' and
A intersect transversally in X x X. Let C be their intersection, so that
we have a cartesian square

X o xxXx
I
C—t X

In particular if =4 and I'i = Aq.
We have Q%{xx = Qﬁ( XOx ®Ox X Qﬁ( Taking exterior powers
gives

d—
Q% x =@ O KOSP.
Consider the composition of natural maps
¢t 40l - T* (OX b le() =l
Pulling back along 7 we obtain a map

mo: i*CE — i f*Q% = i*0%
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of invertible O¢c-modules. (The 7 is to indicate the map originates in
the projection le(xx - Ox K Qg( on the component for p = 0.) On
the other hand, transversal base change gives a map

A*: et — Cf
Finally, the map f induces a map df: i*Q% — *Q% and hence a
map df : i*ng — i*93l<-

PROPOSITION A.1. The following diagram of invertible Oc-modules

*
pred A o

0 d

7 1

commutes.
Note that the four arrows are isomorphisms.

PRrOOF. This is a local computation. Let z € C be a point. Let
t1,...,tq be a system of local parameters of X near . Put z; ==, ®1
and y; := 1 ®t;. Then

(xlr <y Tdy Y1, - - 7yd)
is a system of local parameters of X x X near (z,x). Near this point the
closed subscheme I' is cut out by the regular sequence (y1—f(z1), ..., yqa—

f(x4)), so that i*C¢ is generated (near x) by
s:=(y1 = f(@)) Ao A (ya — flza)-

The image of s under mg is d¢1 A - - - A dty. The image of s under A* is

(tr = f(t)) A= A (ta = f(ta))
which is mapped to the section det(1 —df)-dt; A--- Adtg of i*le(. O

4. Duality for the graph of a morphism

Let X and Y be proper smooth of dimension n (resp. m) over k.
Let f: X — Y be a morphism over k. Consider the graph of f, that is
the map

Fr=_Gd,f): X - X xY.
Note that I' is a regular closed immersion of codimension m and that

Cr = F*Qy.
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Let F be a an Oy-module and G an Ox-module. Assume F and G
are locally free of finite rank.
Since mxI' = idx we have

T*GROP) © NI = G

so duality for I' provides an isomorphism

(47) Homyx (f*F,G) — Ext¥ (T f*F, GRQP).

Composing with the canonical map Ox XF — I', f*F we obtain a map

0: Homx (f*F,G)— Ext{, y(Ox X F, G KQV).

The Kiinneth formula and Serre duality for Y give a decomposition
Ext¥ .y (Ox X F, G RKQY) — @, Homy(H(Y, F), HP(X, G)).
PROPOSITION A.2. Let p: f*F — G be a morphism of Ox-modules.

Let p be a positive integer. Then the image of 6(p) in the component

Homy, (HP(Y, F), H’ (X, G))
of Ext} v (Ox X F, GRQY) is (—1)P times the map

HP(Y, F) L5 0P(X, f*F) -5 HP(X,G)
coming from functoriality of cohomology.

PRrROOF. Let mx: X XY — X be the projection. Note that 7xI' =
idx. In particular, I'y f*F is mx s-acyclic, and we have mx I\ f*F =
f*F. Therefore duality for the projection X x Y — X gives an isomor-
phism

Ext®, (T f*F, GROY) — Homy (f*F, G).
This is the inverse of the isomorphism . It therefore suffices to show
that the square

Bty (T f*F, GROY) —— Fxtf .y (Ox B F, GRO)

| |

Homy (f*F, G) ———— Hom(HP(Y, F),HP(X, G))

commutes for even p and anticommutes for odd p. Here the top and
bottom maps are the canonical ones. The left map is duality for wx
and the right map is Kiinneth combined with duality for Y/k. This
then follows from functoriality of duality for mx (applied to the map
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Ox XF — T, f*F), and the commutativity resp. anticommutativity of
the square (43]). O

COROLLARY A.3. Assume moreover that X =Y and F = G. Let
o: f*F — F be a morphism of Ox-modules. Then 6(p) is mapped
under the composition

Ext? (Ox B F, FRQL) 25 Ext (F, F @ Q%) 25 &
to the alternating sum Ep(—l)p try (o, HP(X, F)). O

5. Woods Hole trace formula

THEOREM A.4. Let X be proper smooth over Speck and let f be
an endomorphism of X over k. Let F be a locally free Ox-module of
finite rank. Let ¢: f*F — F be a map of Ox-modules. Assume that
the graph of f intersects the diagonal in X x X transversally. Then

tI'k(SD, x*]:)

—1)Ptry(p, HP(X, F)) =
Ep:( 1P trg (o, H'(X, F)) f%::x det (1 —df, 2*Q% ;)

m k.

PROOF. As before, we denote by I' = (id, f): X — X x X the
graph of f and by A: X — X x X the diagonal. We have a cartesian
square

X o xxx
R
C—t X

Consider the locally free Oy x-module H := F X FV.
Step 1. The natural map d: Cpr — F*Q}(X y induces a map

(48) Cg - AdF*Q%(XX = F*Qc)i(xX
and hence a section of I‘*Qg(x X ®N1£l . Using Grothendieck-Serre duality
for I' this induces a map

HO(X,T*H) — Ext%, x (DWOx, Q% x ® H)

and composing with the canonical map Ox«x — ['.Ox we obtain a
map
y1: HO(X, T*H) — HYX x X, Q% x @ H).
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~

By transversal base change we have a natural isomorphism C¢ =
A*Cg, and hence pulling back the map in along A we obtain a
map

Cd — 0% =AY
This gives a section of i*Md ® A*QSI(X y and hence, just as above,
Grothendieck-Serre duality for ¢ yields a map
vo: HY(C,#*T*H) — HY (X, A*Q% @ A*H).
By transversal base change the square

HO(X, IT*H) A HO(C, i* A*H)

(49) bl bz

HYX x X, 04 ©H) —2 HYX, A* QL @ A*H)
commutes.
Step 2. We have A*H = F @ FV, so there is a canonical trace map
trr: A"H — Ox

which locally sends a section of H to the trace of the corresponding
endomorphism of F. We have a natural commutative square

HO(C,#*A*H) —F 5 HO(C, Oc)

(50) bz bg

HY(X, A ® A*H) —25 HY(X, A*Qd )

where 73 is the analogue of the map 2 (for F = Ox).
Step 8. The natural map d: C; — i*QY induces a section of i*Qg( ®
/\/Z-d and therefore, with Grothendieck-Serre duality for i, a map

v4: HY(C,00) — HY(X, Q%).
Now by the local computation in Proposition also the diagram

et(1—df)—1
HO(Cv OC) (M) HO(Ca OC)

(51) b’, l’m

HY(X, A% Q% ) —— HY(X, Q).
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comimutes.

Step 4. Joining the commutative squares , and and
using the compatibility of we find a commutative diagram

HY(X,T*H) —— H°(C, O¢)

tro

trx

HYX x X, 04, v @ H) —— HY(X, Q%)

We have T*H = F ® f*FY, so that ¢ induces a section ¢ €
HO(X,T*H). We will compute its image T(¢) in k under the commuta-
tive diagram in two ways, obtaining the left-hand and right-hand
sides of the trace formula.

Tracing the diagrams along the top maps and through trgo we find

trk(gp, $*]:)
T(p) xez;, dety(1— df, 2L )’
which is the right-hand-side of the Woods Hole trace formula.

We now compute the image of ¢ via the bottom path. The bottom

map factors over

HYX x X, (Ox KQ%) @ H)
which using Kiinneth and Serre duality for X can be identified with
@®p Homy, (HP (X, F),HP (X, F)).
By Proposition and Corollary we find

T(p) =Y (~1)" trp(p, H'(X, F))

and equating the two obtained expressions for T'(¢) finishes the proof
of the Woods Hole trace formula. O
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