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Abstract

In this thesis, we explore the connection between Galois representations and
the Sato-Tate group. We give an explicit formulation of the Sato-Tate con-
jecture for smooth and projective varieties over Q and we see what it con-
cretely implies. We present an approach to this subject following Serre’s
notes Lectures on Nx(p).

We then discuss an example to give the reader a taste of how the proof
of the Sato-Tate conjecture works in the case of elliptic curve with complex
multiplication.
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Introduction

Equidistribution questions arise naturally in number theory, and the Sato-
Tate conjecture is one of them. Our goal in this thesis is to present a general
framework of the conjecture and its generalizations.

We will introduce the quantity Nx(p) which has a fundamental role in
our work. Roughly speaking, one can think about Nx(p) in this way: let X
be a family of polynomial equations in finitely many unknowns with integer
coeflicients, so that it makes sense to reduce them modulo a prime integer p.
The function Nx(p) counts the number of solutions modulo p of the given
family of equations. For a fixed X, we want to investigate how Nx (p) varies
with p; what is its size? Can it be computed by closed formulae? What can
we say about its distribution?

To (partially) answer these questions we will review some techniques
both in algebraic and analytic number theory, étale cohomology and group
representations. After reviewing this background we will be able to state the
Sato-Tate conjecture in general.

The Sato-Tate conjecture, in its first formulation, concerns elliptic curves.
Let E be an elliptic curve over Q. In this setting Ng(p) denotes the number
of F,-points of the reduction of E at p. Define

14+p— Ng(p)
— %

Recall that the Hasse-Weil theorem asserts that @, € [—2,2] when E has
a good reduction at p. Thus it is natural to investigate their distribution.
Furthermore, according to some numerical data this distribution does not
seem to be random. The following figures give us examples of this fact.
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Figure 1: Distribution of @, for the elliptic curve defined by Y? = X3 — X for
prime p < 10°
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Figure 2: Distribution of @, for the elliptic curve defined by Y2 = X3 + X 41 for
prime p < 10°

We will deduce the analogous of the Hasse-Weil theorem for a generic
family of equations X. In particular we will find a formula

N
Nx(p) = Z(_l)lai,p
1=0
where a; ;, are integers and |a; | < nip'/? for all prime integers except finitely
many.
Assuming the Sato-Tate conjecture, we will prove the existence of a mea-

sure on the interval [—n;, n;] such that the values Z}f; are equidistributed in

the interval with respect to that measure.

The thesis is organized as follows.

Chapter 1 introduces in a formal way the function Nx(p) where X is a
scheme of finite type over Z.

Chapter 2 gives us a background in the study of ¢-adic chomology that
will be used later. In particular our main interest is the study of Galois
representations induced by the cohomology.

In Chapter 3 we will see the connection between the representations of
the absolute Galois group Gal(Q|Q) defined in the previous chapters and the
function Nx(p). Indeed Nx(p) can be expressed as a virtual character of
the Galois group.

Chapter 4 continues the investigation of f-adic representations of the
Galois group. This chapter is focused on the size of the eigenvalues of these
representations: in particular we will find the formula

N

Nx(p) = Z(_l)iai,p

1=0



we present above as the generalization of the Hasse-Weil theorem for elliptic
curves.

Chapter 5 describes the Sato-Tate conjecture. In particular we show
(in a conjectural way) how the values a;, that can be defined by ¢-adic
cohomology are related to the distribution of their normalized values in the

real interval
Qi,p
e

€ [-n;,n;] for every i.

This connection is given by the Sato-Tate group.

In chapter 6 we compute the Sato-Tate group for the elliptic curve Y? =
X3 — X. Moreover we find a density function describing the distribution in
Figure 1.



Chapter 1

What is Nx(p)

In this chapter we introduce Nx(p) in a scheme setting. This quantity will
be studied in the whole thesis.

1.1 Preliminary definitions

Let R be a commutative ring with unit, we denote with Schp the category
of R-scheme with R-morphisms.

Definition 1.1 (K-variety). Let K be a field. A K-variety or variety over
K is a K-scheme which is separated and of finite type. Denote with Var
the full subcategory of Schj whose objects are K-varieties.

Definition 1.2 (Base change). Let o : R — S be a morphism of commuta-
tive rings with unit. Then « induces the base-change functor:

Recall that if « : R — S is a ring homomorphism and X a R-scheme,
then the base changed S-scheme a*(X) is isomorphic to the fiber product
X xp SpecS. When the morphism « we are considering is clear, we denote
the base changed scheme with Xg instead of a*(X).

Proposition 1.1. Let a«: R — S and B : S — T be ring homomorphisms.
Then the base change is transitive i.e. if X is a R-scheme then there is a
canonical isomorphism Xp = (Xg)r.

Proposition 1.2. Let P denote one of the properties between being sepa-
rated, of finite type, proper and smooth. Let o : R — S be a morphisms of
commutative rings with unit and X o R-scheme. If X has the property P
then Xg has the property P too.

Definition 1.3 (K-points). Let X be a variety over K. Define the set of
K-points X (K) as the set of K-scheme morphism from Spec K — X.



Theorem 1.1 (Spreading out). Let X be a scheme over Q and let P denote
the properties of being separated, smooth, or proper.

(i) Suppose X is of finite type over Q. There exist N € Zsg and Y a
scheme of finite type over Z[1/N] such that X = Yg.

(i1) Let'Y be a scheme of finite type over Z such that Yo has the property
P as a Q-scheme. Then there exist N € Zxo such that Yzj1/n) has the
same property P as a Z[1/N]-scheme.

Example 1.1. Consider P to be the property of being smooth.

Let E be a smooth curve over Q defined by the equation Y" = f(X)
where f(X) € Z[X]. Let A be the discriminant of the polynomial f. The
smoothness of E is equivalent to the fact that f(X) has no multiple roots
and thus A # 0. If we consider the reduction modulo a prime p € Z the curve
is still smooth when A # 0 in F, and p does not divide n. Hence we have
smooth reduction for every prime in SpecZ[1/nA]. So we have a smooth
Z[1/nAl-scheme & defined by the above equation Y™ = f(X). Moreover
o= F.

1.2 Definition of Nx(p)

Consider a scheme X of finite type over Z. For every prime integer p we
have the canonical projection 7 : Z — Fj. Denote with X, the [F,-variety
obtained by base change along the map 7 as in Definition 1.2.

Definition 1.4 (Nx(p)). Let X be a scheme of finite type over Z. For every
prime p, we define Ny (p) as the cardinality of X, (IF,).

The definition of Ny (p) makes sense because X, is of finite type over
IFp. Indeed, the following proposition assures that X, (IF,) is finite.

Proposition 1.3. Let Y be a scheme of finite type over a finite field K.
Then Y (K) is a finite set.

Proof. Since Y is a finite type scheme over K then it can be covered by a
finite number of open affine sub-schemes U = Spec A where A is a finitely
generated K-algebra. Consider f a K-point. Since Spec K topologically is
a point there exists a open affine U such that the image of f is in U. So it
suffices to prove the proposition in the case Y is affine.

Assume Y = Spec A. In this case Y (K) is in bijection with the set of ring
morphisms Hom (A, K) and it is clearly finite since A is a finitely generated
K-algebra and K is a finite field. O



1.2.1 An example: the affine case

In order to have a better understanding of what Nx (p) means, we study the
affine case.

Consider X to be an affine scheme of finite type over Z. Thus X = Spec A
with A a finitely generated Z-algebra: namely A = Z[T1, ..., T,]/I where I
is the ideal generated by a family of polynomials f, € Z[T1,...,T,].

Via base change we get Xy, = Spec(A®z[F,). Since we are dealing with
the affine case we have:

Xr, (Fp) = Homgen (Spec Fp, Spec(A @z Fp,)) = Hompging (A @z Fp, Fp).

There is a correspondence between Hompging(A ®z I, Fp) and the maxi-
mal ideals of A ®z IF, with residue field F,, hence the solutions in F, of the
polynomials f,. We conclude that:

Nx(p) =#{(z1, ..., zn) € F," | Voo fo(z1, ..., 2,) =0 1in F,}.



Chapter 2

Some cohomological facts

In this chapter we recall some facts and data about étale cohomology which
will be the background for the next chapters. This facts will be presented
as in [Se 12| without proving the results. The proofs can be find in [SGA 4],
[SGA 41] and [De 80].

2.1 Etale cohomology and Galois action

Etale cohomology

Fix ¢ a prime integer. There is a functor from the category of schemes to
the one of Qp-Mod for every non-negative integer i:

H' (=, Qg) : Sch — Qp-Mod .

The functor associates to a scheme X the Qp-module H'(X ¢, Q) called the
i-th étale cohomology group of X.

Proposition 2.1. Let K be an algebraically closed field. If X is a variety
over K as in Definition 1.1 and ¢ distinct from char K then H*(Xet, Qp) is
a finite dimensional Qp-module. Moreover H'(Xe,Qp) is the zero module
when i > 2dim X .

In Proposition 2.1 we consider X as a scheme forgetting about the mor-

phism that gives X the structure of a K-variety.

Base-change

Consider K and L algebraically closed fields and o : K — L a field homo-
morphism. As in Definition 1.2 the morphism « define a functor:

o : Var, — Var; .

We are interested in the relation between the cohomology of a K-variety
and the one induced by base change.
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Proposition 2.2. Let a : K — L a morphism of algebraically closed fields
and let £ be a prime distinct from the characteristic of the fields. There is a
natural isomorphism between the functors H'(—4, Qp) and H(—4, Q) o af
i.e. for every X wvariety over K there is an isomorphism

Hi(Xét, Q[) = Hi(XL,éta Qf)

and it is functorial in X.

(Galois action

Let F : C — D be a functor and let X be an object of the category C. Then
F induces a group homomorphism Aute(X) — Autp(FX).

Definition 2.1. Let K a field. Define Field, the category whose objects
are field extension of K, and the morphisms are field homomorphisms that

induce the identity map on K. In particular if £ is a Galois extension of K,
then Autpie, (E£) = Gal(E|K).

Definition 2.2 (Galois action). Assume K is a perfect field. For every
scheme X over K, and for every prime ¢ # char K, we have the following

functor:
Fieldr — Qy-Mod

L— HY(X7 o, Q)

Let us consider K an algebraic closure of K; the functor above induces
a group homomorphism:

Gal(f|K) =~ Auth (F) — AUth-MOd(Hi(XF,étv @5))

Hence the functor defines an action of Gal(K|K) on the cohomology module
H' (X% 4, Qy) for every non-negative i.

Proposition 2.3. Let K be a perfect field and let X be a K-variety. Then
for every prime £ # char K the action

Gal(K|K) — Autg, (H' (X% 4, Q)

defined in Definition 2.2 is continuous.

2.2 Finite field

Let F, be a finite field with ¢ elements and let X be a Fg-variety. We
will denote with F, an algebraic closure of F,, and with XE the F,-variety
obtained via base change.

11



Arithmetic Frobenius

Definition 2.3 (Arithmetic Frobenius). We call arithmetic Frobenius the
element o, € Gal(IF4|F,;) that sends an element 2 € F, in its ¢g-th power.
Notice that o, generates the group Gal(IF,|F,) as a topological group.

We are interested in the action of the element aq_l on the cohomology

group Hi(XE ¢«» Q) for every non-negative i.

Definition 2.4 (Lefschetz number). Let X be a F4-variety. We define the
Lefschetz number of the arithmetic Frobenius to be:

Tr(o, ' H* (Xg o Q) = 3 (~1)' Tr(oy ' [H (X o, Q)

)

By Proposition 2.1, the Lefschetz number is well defined.
The following theorem describes completely the Lefschetz number of the
arithmetic Frobenius.

Theorem 2.1 (Grothendieck). Let X be a proper Fq-variety. Then the
Lefschetz number of the arithmetic Frobenius is equal to the number of -
points of X.

Te(oy " [H* (X5 4, Q1) = #X(F,)

The full proof can be found in [SGA 43].
In particular the Lefschetz number, that a priori is in Qy, lies in Z, and
moreover it does not depends on /.

Corollary 2.1. Let X be a proper Fy-variety, and let o4 be the arithmetic
Frobenius. Then for each positive integer r

Tr(oq " H* (X5, ¢, Qo) = #X (Fyr).

Deligne’s theorem

Definition 2.5 (p-Weil integer of weight w). Let p,w € N. We say that an
algebraic integer « is a p-Weil integer of weight w if for every embedding
¢ : Q(a) = C the absolute value |¢(a)] is equal to p®/2.

Theorem 2.2 (Deligne). Let X be a proper and smooth Fq-variety. Then
the characteristic polynomial of the inverse of the arithmetic Frobenius aq_l

acting on Hi(XE o» Qe) lies in Z[T]. Moreover it is independent of £ and

its roots are q-Weil integers of weight 1.
The proof is given in [De 80].

Corollary 2.2. Tr(aq*1|Hi(XF—q eot» Qo) lies in Z for every non-negative i.

12



2.3 Comparison theorems

Specialization map

Proposition 2.4. Let Ok be a discrete valuation ring with fraction field K
and residue field k. Denote an algebraic closure of K with K. The valuation
extends uniquely to K, let Oz be the valuation ring and k the residue field.
Note that k is an algebraic closure of k. We have the following maps:

k=2 Ox/m« O — K.

Let X be a separated and of finite type Ogp-scheme and £ be a prime
distinct from char K. There exists a linear morphism which is functorial in
X: . . .

T Hl(XE’ét,Qg) — HZ(XKét,Qg)

such that if X is proper and smooth the map r_iX s an isomorphism for every
non-negative integer 1.

Schemes over Z

We consider now X a separated scheme of finite type over Z. We denote with
Zp) the localization of Z at the prime p. Notice that Z,) is a valuation ring
with fraction field Q and residue field F;,. Using the inclusion of Z — Z,,
we base change X to a separated and finite type scheme Y = XZ(p) over
the localization. Since the base change is transitive we have the following
isomorphisms: Y = X and Y]F = Xg

Applying Prop081t10n 2.4 to the scherne Y over Z, we get a family of
linear morphisms 7, C HY(X Ty et Qp) — H¥( Xg.av Qo).

Proposition 2.5. Let X be a separated scheme of finite type over Z and r;;
the maps described above. Let £ be a prime integer. Then there exists a finite
set of primes S such that for every primes p ¢ S the maps r;f) are isomor-
phisms. Hence for almost all the primes HZ(XE,ét,Qg) and HZ(X@,ét,@g)
are isomorphic.

The set S can depend on /.

2.4 Galois compatibility

Let X be a separated scheme of finite type over Z, denote with Xf and
with Xf the variety respectively over Q and F,, obtained via base change
by Proposmon 2.5 for all but finitely many primes we have an isomorphism
Hi( ]Fp,éﬁQﬁ) ~ (X 0.6t Qg). Deligne’s Theorem describes the action of
the group Gal(F,|F,).

What can we say about the action of Gal(Q|Q)?

13



Unramified action

Let p be a prime integer and consider the p-adic integer Z, C Q,. We extend
the valuation to an algebraic closure @, and we denote with Z,, the valuation
ring and with k the residue field. Hence we have the following diagram:

Fy Zy© Qp
N N N
k ZyS Q@

Definition 2.6 (Unramified action). Let Q an algebraic closure of Q. Choose
1:Q — @p an embedding of algebraically closed field, and choose k, the
residue field with respect to the p-adic valuation on @Q,, as an algebraic
closure of IF,,. These choices induce the following homomorphisms:

Gal(k[F,) « Cal(@,|Q,) — Cal(QIQ).

We have also the exact sequence
1 — I, = Gal(Q,|Q,) — Gal(k|F,) — 1

where I is the inertia subgroup at p.
If Gal(Q|Q) acts on some space Y, we say that the action is unramified
at the prime p if the subgroup I, C Gal(Q,|Q,) — Gal(Q|Q) acts trivially.

Compatibility of the Galois action

Proposition 2.6 (Compatibility of the Galois action). Let X be a separated
scheme of finite type over Z and let £ be a prime. There exists a finite set of
primes S such that for every prime p ¢ S:

(i) the specialization map 7’;’, : H"(Xﬂﬂ,(@g) — Hi(X@ét, Q¢) as in Defi-
nition 2.4 is an isomorphism,

i) the action of Gal(Q|Q) on H (X5 .., Q) is unramified at p (i.e. the
Q,ét

inertia group I, acts trivially).

Moreover for such p the following actions of group are equivariant:

Hi(X@7étaQZ) — Hi(X@jét,Qg) ;)Hi(XFméta@ﬁ)

G G G
Gal(QIQ) «——— Gal(Q)|Qy)) ——— Gal(F,|Fy)

Notice that the set S depends on /.

14



Chapter 3

Nx(p) as an (-adic character

From now on we will use the following notations: I'p = Gal(Q|Q) and
I'p, = Gal(F,|F,) for every finite field. Moreover if S is a finite set of
primes we will denote Qg the maximal extension Q C Qg C Q such that it
is unramified outside S, and with I's the Galois group Gal(Qg|Q).

The purpose of this chapter is the introduction of a virtual character
hx.:Tg — Qg through the f-adic cohomology. This character will contain
all the information about Nx(p) for all the prime but a finite number of
exceptions.

For further details about representations of compact group we suggest to
see [Vi 89].

3.1 Some facts from representation theory

Definition 3.1 (K-representation). Let G be a topological group and K
a topological field such that char(K) = 0. We call K-representation of G
a continuous group homomorphism p : G — GL(V) where V is a finite
dimensional K-vector space.

Definition 3.2 (Reducible representation). Let p : G — GL(V) be a K-
representation. We say that p is a reducible representation if there exists a
non trivial linear subspace W C V invariant under the action of G. Hence p
induces a map p : G — GL(W). Otherwise we say that p is irreducible.

Definition 3.3 (K-character). A map f: G — K is called a K-character
if there exists p : G — GL(V) a K-representation of G' such that for every
g € G, we have f(g) = Tr(p(g)).

We say that f is irreducible if p can be chosen to be irreducible. Moreover
in this case p is unique.

Proposition 3.1 (Decomposition of character). Let f : G — K be a K-
character, then f can be written in a unique way as a finite sum of irreducible

15



characters of G:

f:anX
X

where the x’s are irreducible K-characters of G and each n, is a strictly
positive integer.

Proof (Sketch). Let p : G — GL(V) be a representation whose character is
f. We see V as a K[G|-module and hence we find a composition series

{0} =VWhcWViCc---CV,=V

such that V; is a K[G]-submodule (and in particular a K vector subspace)
and the quotient S; = Vj41/V; is simple. The S; are unique up to isomor-
phism by the Jordan-Holder’s theorem. Hence we have irreducible represen-
tations p; : G — GL(S;) fori = 0,...,n and the relative characters y;. Since
V =@, S; as vector spaces we can prove the claim by the following fact. If
A € GL(V) is a map such that W C V is invariant under the action of A we
can find a subspace W; = V/W such that

{0} W 14 Wi {0}
Wl
{0} W 1% Wi {0}

is a commutative diagram and Tr(\) = Tr(Apy) +Tr(A). So we can write the
character f as a sum of the y;’s, and the summands are uniquely determined
by the .S; hence they are unique. ]

Definition 3.4 (Virtual character). We say that a map f : G — K is
a K-virtual character if f can be written as a finite linear combination of
irreducible K-characters with coefficient in Z.

In the case that the base field K = Q; we use the expression f-adic
representation or character.

3.2 The cohomology /-adic characters

3.2.1 Definition of hx,

The Galois action on the cohomology group gives us a first example of a
f-adic character.

Definition 3.5. Let X be a scheme of finite type over Z. As in Definition 2.2
we have a map I'g — Aut(Hi(X@ ¢« Q¢)) and it is continuous. Denote with

th , the character associated to this representation.

16



Recall that if X is of finite type, then H i(X@ ¢» Q¢) is finite dimensional.

Definition 3.6. Let X be a scheme separated and of finite type over Z.
Define the virtual character

hxe=Y (=1)'hx,

i
where hg(?g are the characters in Definition 3.5.

The fact that X is separated and of finite type over Z implies that X@
is a variety over an algebraically closed field and by Proposition 2.1 assures
us that hx ¢ is well defined.

3.2.2 Main property of hx,

Definition 3.7 (Geometric Frobenius). Let S be a finite set of primes and
Qg the maximal algebraic extension of Q unramified outside S. Denote
with I'g its Galois group. for every prime p ¢ S choose an embedding
Qs CcQ— @ and take k the residue field of the p-adic valuation on @p.
We get the following homomorphism:

L FQp — FQ — FS
and the exact sequence
1 — I, = I'g, = Gal(k,F,) — 1.

Consider o, € Gal(k,F)) the arithmetic Frobenius; we can lift it to an
element o, € I'g, and define the geometric Frobenius as g, = L((fp_l).

Note that the definition of g, does not depend on the choice of the lifting
op: since Qg is unramified at p the map ¢ : I'g, — I's factors modulo I,.
Then g, is well define up to conjugation in I's.

Proposition 3.2. Let X be a separated scheme of finite type over Z. For
every prime £ there exists a finite set of primes S such that the action of I'g
on H'(Xg ¢» Qe)) factors to an action I's — Aut(H'(Xg 4, Qo))

Proof. By Proposition 2.6 there exists a finite set of primes S such that the
action of I'g is unramified outside S. Hence the action I'g — Aut(H i(X@,ét’ Q)
factors through I, for every prime p ¢ S. Hence it factors to a group homo-
morphism I'g — Aut(Hi(X@ét, Qp)). O

Theorem 3.1. Let X be a separated scheme of finite type over Z such that
Xq 1s proper. For a fized prime { there exists a finite set of primes S such
that

Nx(p) = hx,e(gp)-

17



Proof. Choose S such that satisfies both Proposition 2.6 and Proposition 3.2.
Hence for every non-negative 7 the action of I'g factors to an action I'g —
Aut(H"(Xg 4 Qr)). Moreover H*(Xg ,, Qr)) = HZ(XFT,,ét’ Q¢)) and the ac-
tions of respectively I's and I'p, are compatible. In particular, if p ¢ S, the
geometric Frobenius g, acts on H i(X@ «» Qr)) as the inverse of the arithmetic

Frobenius 0,71 acts on Hi(XEﬁ,Qg)). Hence

I o(9p) = Tr(gp| H' (X 0 Q0))) = Tr(0p | H' (X, 1 Qo))

Recall that Xgq is proper, thus we can find a N € N such that XZ[ 1 is

proper. Hence if p does not divide IV, then X]F is a proper [F,-variety since
the property of being proper is stable under base change. So we can apply
Theorem 2.1 to deduce that:

Te(o, ! [H*(Xg- 1 Qi) = #Xe, (F))
Now combining the two relations we get:
Nx(p )Z#XF,,(F) Tr(og ' |H* (X5 0 Qo) =
= 21 Tl (X Q) =

= Z(—l)’ %.o(9p) = hx,o(gp)

i
O
Notice that g, € I's is defined up to conjugation, hence h&é(gp) is
uniquely determined for every non-negative 1.

Moreover we have that the value of hx ¢(g,) does not depend on the
choice of /.
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Chapter 4

Weight decomposition

In this chapter we are mostly interested in how “big” the value h; ,(g,) can
be. For this reason we introduce the notion of weight of a character.

We know that for an elliptic curve E and for all the prime of good re-
duction we can write Ng(p) = p+ 1 — a,p, where |a,| < 2,/p; introducing the
notion of weight we will be able to “generalize” the idea of weight decompo-
sition for Nx(p).

4.1 The weight of a /-adic character

4.1.1 Weight of effective characters

Definition 4.1. Let p be an f-adic representation of I'p. We say that p is
unramified outside a finite set of primes S if p factors through the group I'g.
Hence there exists an ¢-adic representation p of I'g such that:

Tg —2— GL,(Qy)
|
I's

Definition 4.2 (Representation of weight w). Let p be an f-adic represen-
tation of I'p and let w € N>g. We say that p has weight w if:

(i) p is unramified outside a finite set of primes S,

(ii) for every p ¢ S, the eigenvalues of p(gp) are p-Weil integers of weight
w as in Definition 2.5.

Definition 4.3. Let f : I'g — Qg the character of an ¢-adic representation
of I'p and let w be a non-negative integer. Then f has weight w if the
associated f-adic representation p has weight w.
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Remark 4.1. The definition above does not depend on the choice of the
representation whose character is f. Indeed proceeding as in the proof of
Proposition 3.1, we notice that it depends only on the eigenvalues of the
irreducible summands and they are uniquely determined.

4.1.2 Weight of virtual characters

We have a definition of weight for an f-adic character; we want to extend
this property to virtual characters in order to study the weight of hx .

Definition 4.4 (Character of weight w). Let f : I'g — Qg be a virtual
character. Hence f can be written as a sum of finitely many irreducible

characters:
f=2 mx
X

where all the n, are non-zero integers. We say that f has weight w if each
irreducible summand has weight w in the sense of Definition 4.3.

Remark 4.2. Let f : ' — Qg be a f-adic character, then by the unicity
of the decomposition of f as sum of irreducible characters it follows that f
has weight w if and only if every irreducible summand has weight w. In this
sense Definition 4.4 extends Definition 4.3 to virtual characters.

4.2 The character hy, has a weight decomposition

Let X be a separated scheme of finite type over Z; we want to show that if
Xq is smooth and proper, then hx ¢ has a weight decomposition in the sense
that it can be written as a sum of distinct characters each with a weight w.

Definition 4.5 (Weight decomposition). Let f : I'g — Q¢ be a f-adic virtual
character. If there exists a finite number of distinct weights w; € Z>¢ and
f-adic characters f; such that:

(i) every f; has weight w;,
(i) f=22fi
then we say that f has a weight decomposition.

Lemma 4.1. Let f : I'qg — Qq be a {-adic virtual character. A weight
decomposition of f, if it exists, is unique.

Proof. Let f =), fi with f; characters of distinct weight w;. By Propo-
sition 3.1 every f; can be written uniquely as a Z-linear combination of
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irreducible characters, and since f; has weight w; all these irreducible char-
acters have weight w;. Hence f = Zx nyx where x is irreducible with weight
w; for some 7, and they are uniquely determined by f. Define

W; = {x | x irreducible character with weight w; and n, # 0}.

Then it follows that f; = erWi nyx and it is uniquely determined by the
decomposition in irreducible characters of f. O

Theorem 4.1 (Weight decomposition of hx ¢). Let X be a separated scheme
of finite type over Z. Suppose that Xg is proper and smooth over Q. Then
hé(,e has weight i, in particular hxg = ,(—1)" 3(75 1s the weight decompo-
sition of hx g.

Proof. The character th,é arises from the Galois action on the cohomology
group. Denote with p : I'g — Aut(Hi(X@yét, Q¢)) the f-adic representa-
tion that describes this action. Take S7 as in Proposition 2.6. It follows
that for every prime p ¢ S; the group action is unramified hence as in
Proposition 3.2 p is unramified outside S;. Moreover if p ¢ S; we have an
isomorphism Hi(X@,ét, Q) = lL.Ti(XE7e,t7 Qy) and the action of the inverse of
the arithmetic Frobenius op_1 € I'r, is compatible with the action of the
geometric Frobenius g, € I'g, .

Since Xq is smooth and proper, by Theorem 1.1 we have N € Z~q such
that X7 /n) is smooth and proper. Consider Sy the set of primes that divide
N, if p ¢ So we have the canonical projection 7 : Z[1/N] — F,. Since being
smooth and proper is stable under base change, then Xp, = (Xz1/n)F, is
smooth and proper. Hence we can apply Deligne’s theorem (Theorem 2.2)
to deduce that the eigenvalues of Up_l are p-Weil integer of weight .

Finally considering S = S1 U Sy we get that hg(’g has weight ¢ outside
S. O

Remark 4.3. In [Se 12| a more general result is shown. Using the étale
cohomology with proper support, the existence of a weight decomposition is
proved in the case X is only a scheme of finite over Z. Anyway, through this
decomposition, we can reduce to the case that the variety Xgq is smooth and
projective.

Example 4.1. Let F be an elliptic curve over Q and p a prime of good

reduction i.e. the curve obtained by base change Ef, is an elliptic curve too.
Consider £ # p be a prime. We have an action of End(Er,) on the

Tate-module Ty Ey,. Define I’ to be the element of End(Ef,) such that

F((z:y:2)=(aP:y?:2P)

Then F' is a root of its characteristic polynomial which, as shown in [Si 86], is
in the form 72 —a,T+b, where b, = det(F) = deg(F) = pand a, = Tr(F) =
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14 deg(F) — deg(1l — F). In particular we get that Ng(p) = #Ker(1 — F) =
deg(1— F) = 14 p—a, where a, = Tr(F) = F + F and in the same way we
have Ng(p™) =1 — Tr(F*) +p"* =1+ p" — (F" + F™).

We have found a weight decomposition for Ng(p) which is not the one
arising from Galois representation.

Proposition 4.1. The weight decomposition Ng(p) = 1+p—ay is the same
as the one given by (-adic representations.

This fact is trivial if someone is familiar with the étale cohomology oth-
erwise it can be shown in the following way.
First of all we need a numerical Lemma.

Lemma 4.2. Let {a;}!_, and {b;};_, be two finite sequences of complex
numbers of norm 1 such that

t s
. n n| _
i (-2 ) o
=0 =0
then t = s and a; = b; for every i up to re-ordering.

Proof (Sketch). Without loss of generality we can assume ag = 1. If we show
that there exists an element b; such that b; = 1 we can conclude by inductive
arguments. From the hypothesis we can deduce that if we fix N € N we have

that N et ) )
n S
lim >t (Cimoai — 2o b)) _ 0
n—-+00 N -
+N _j +N
i (ST ST
n—-+oo ; N . N o
=0 =0
N
Now we recall that if z € C is such that |z| =1 and z # 1 then # —0

when N is large enough. Hence if ag = 1 and all the b; are different from 1
we get an absurd in the computation of the last limit. O

Proof (Proposition). We prove a more general statement from which this
proposition follows: if we have two different weight decompositions

k g
Ne(p) =Y > ayp'? ayl =1
i=0 j=0
k. m;
Ne(p) =YY bip? byl =1
i=0 j=0
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such that for every n € Ny

k n;
Ne@") =YY aip™? oyl =1

i=0 j=0

k my

Np(p™) =>_> blip™? b =1

i=0 j=0

then n; = m;, and a;; = b;;. Indeed by the last equality we deduce that

ng my,
lim E ay; — g b, | =0.
n—-+oo kj - kj
j=0 j=0

Now we can apply Lemma 4.2 inductively and conclude the proof of the
proposition.

O
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Chapter 5

Sato-Tate conjecture

In this chapter we want to state the Sato-Tate conjecture and see what it
concretely implies for the function Nx(p).

In this chapter X will be a separated scheme of finite type over Z such
that Xq is a projective and smooth variety. In this case the f-adic character
hx ¢ has a weight decomposition

hxe =Y (=1)hiy,
i

Fix a weight i: we denote with S the finite set of prime such that th ¢ has
weight ¢ outside S. Namely:

(i) the chgracter hg(,é is afforded by a f-adic representation p : I's —

Aut(H'(Xg 4 Qr)) unramified outside S.

(i) If p ¢ S the eigenvalues of p(g,) are p-Weil integers of weight 1.

Let n; = dileHi(X@vét, Qy), for every prime p ¢ S we have:

Wi e(9p)] = | Tr(p(gp))| < nip?.

We normalize these values by defining f§(7£(p) € R as:

Fxo(p) = W o(9p) /P2
so that f% ,(p) lies in the intervall I = [—n;,n;] when p ¢ S varies.
A question that naturally rises is: what is the distribution of the fi ,(p)

in the interval I1? The Sato-Tate conjecture gives a (conjectural) answer to
this question.

5.1 Equidistribution statements

Before precisely stating the Sato-Tate conjecture, we start by giving an
overview of the consequences of it. The propositions in this section will
be proved in Theorem 5.1 assuming that the conjecture holds.
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5.1.1 Equidistribution

Definition 5.1. A positive measure p on a closed interval I C R is a linear
form on the space of continuous complex valued functions on I with the
following property: if ¢ is a real non-negative valued function then u(yp) is
real and p(p) > 0.

It is customary to denote u(p) as fI pdpu.

Definition 5.2. The mass of a measure p on a real closed interval I is the
integral of the constant function 1: p(1) = [;du (i.e. the measure of the
interval I).

Conjecture 5.1. Let X be a separated scheme of finite type over Z such
that Xq is a projective and smooth variety. Fix a weight i € Z>q, and let
I = [-ni,ng], S and f;u be as above. There exists a unique measure fi
of mass 1 on the interval I, such that the sequence j}( o(p) with p a prime
outside the finite set S is equidistributed. 7

Proof. refer to Theorem 5.1. 0

The equidistribution statement means that for every continuous function
@ : I — C we have:

p(e) = lm —— > o(fk,(p))

Pz,
PES
where 7(x) is the function that counts the number of primes p < x.

This means that picking a random prime p and computing f}( ¢+(p) is the
same thing that picking a number in I which is random according to . Hence
the probability that j‘} ¢(p) lies in an open interval J C I is proportional to
the measure of the interval w(J).

5.1.2 Structure of p

Definition 5.3. A measure p on a real closed interval I is said to have
a density function with respect to the Lebesgue measure, if there exists a
continuous function

F:I— RZO

such that:
(i) F is integrable and C* except for a finite number of point in I,
(ii) For every continuous ¢ : I — C we have that u(p) = [; ¢(2)F(2)dz.

Definition 5.4. Let u be a measure on a closed real interval I. The measure
w is discrete if it is a linear combination of Dirac measures d,, associated to
points n € D, with D a finite subset of I.
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If the measure p is both positive and discrete, it has to be a linear
combination of finite §, with positive coefficients.

Definition 5.5. Let i be a measure on a closed real interval I. Let k € Z>o,

a k-th moment for p is the value u(pg), where ¢y : I — R is defined by
k

z 2"

The k-th moments characterize uniquely the measure p since the poly-
nomials are dense in the space of continuous functions.

Conjecture 5.2. Let X be a proper and separated scheme of finite type over
Z such that Xq s a projective and smooth variety. Fiz a weight i € Z>q, and
let v be the measure on I = [—n;, n;] defined in Conjecture 5.1. Then p can be
uniquely decomposed in a continuous and in a discrete part; p = p™ 4 pdse
such that:

(i) p™ has a density function with respect to the Lebesgue measure,

(i) p% has a finite support contained in Z N 1. If i is odd the support of
pise is {0} or @.

Moreover the moments of v lie in Z
Proof. refer to Theorem 5.1. O

Let us recall that in this case the moment can be expressed as:
p(er) = /Z’“du — lim 3 Fed)
I o0 (1) B
p<e,
pEs
5.1.3 Density properties
Definition 5.6. Let ) be a set of primes. Consider the functions
m, g R — Z>o

defined by m(x) is the number of primes p < x and 7g(z) is the number of
prime p € @ and p < x. We define:

(i) the lower density of @ as lower-dens(Q) = lim inf mQ (x)’
T—+00 W(x)

(ii) the upper density of @ as upper-dens(Q) = lim sup WQ(;U),
z—+00 W(«T)

(iii) the density of @, if the limit exists, as dens(Q) = lim FQ(x),
r——+00 W(.T)
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Conjecture 5.3. Let X be a proper and separated scheme of finite type over
Z such that Xq 1s a projective and smooth variety. Fiz a weight i € Z>q, and
let v be the measure on I = [—n;,n;| defined in Conjecture 5.1. Let z € I
and J C I an open interval. Consider the set of primes

P.={plp¢S [fx.p)=2}

Pr={plp¢s fx.p) e}
The densities of the sets P, and Py in the sense of Definition 5.6 are respec-
twely pu({z}) and u(J).

Proof. refer to Theorem 5.1. O

The statement of this conjecture is compatible with the measure structure
described in Conjecture 5.2. The measure u({z}) # 0 if and only if z lies in
the support of u45¢ which is contained in Z. As far as P, is concerned, the
facts that f)i(vz(p) = hgw(gp)/p% and h&,é(gp) € Z imply that P, contains at
most one point if z ¢ Z. Hence when z is not an integer both u({z}) and P,
are zero.

5.2 The Sato-Tate conjecture

Let X be a separated proper scheme of finite type over Z such that Xg is
smooth and projective. The Sato-Tate conjecture claims the equidistribution
of the Nx(p) when p varies outside a finite set S in term of real measure
and real interval. The values of the Nx(p)’s are determined by the ¢-adic
cohomology. The crux of the conjecture is to construct a real measure out
of f-adic data. The "missing link" between f-adic and real is Lie theory.

5.2.1 Cohomological data

The cohomological data have to contain all the information about Nx(p).

Definition 5.7 (Good reduction). Let Y be a smooth variety over Q and
let S = {p1, p2, ... pr-} a finite set of primes. We say that Y has a good
reduction if exists a projective and smooth scheme ) over Z[ 1 L] such
that the base change )g is isomorphic as a Q-scheme to Y.

i’ pr

Definition 5.8 (Cohomological data). A set of cohomological data is:
(D1) asmooth and projective variety Y over Q,

(D2> a weight ¢ € ZZO'
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Remark 5.1. In this setting, using the spreading out theorem we can find
a smooth and projective scheme ) over Z[1/N] for some N € N such that
Yo = Y. Then proceeding as in the proof of Theorem 4.1, we can find a
set of prime S (including the prime divisor of N) such that the character
h’kz has weight ¢ outside S and such that for every prime p ¢ S we have
Hi(y@ét, Q) = Hi()}E’ét, Q) and the actions of I'g and I'r, are compatible.
Remark 5.2. Let S be the set described in the Remark above. Let g, and
op be respectively the geometric and the arithmetic Frobenius. If p ¢ S,
then g, acts on Hi(y@yét,(@g) as 0,1 acts on Hi(yﬁﬁ,(@g). By Deligne’s
theorem the characteristic polynomial of g, lies in Z[T], and its roots are
p-Weil integers of weight i. Denote this polynomial with

P(p.T) =T" —ay T a2

where n; = dileHi(Y@ e Q) and a; = Tr(gp|Hi(Y@ ¢« Qr)). Since g is
defined up to conjugation the polynomial P;(p,T) is well defined.

We know that all the roots of P;(p,T") have absolute value p%; SO we
define

f)inorm(p,T) — pniépi(p,p%T) — T _ %T”i_l + aiiTm—Q -
p p

Denote with f;(p) the normalized trace:

_ar Tr(gp‘Hi(Y@7ét7QZ))
fi(p) = W = e .

Since the roots of P (p,T') have absolute value 1, we get that fi(p) lies
in the real interval [—n;, n;] for all the p ¢ S.

In particular if we start with X a separated scheme of finite type over
Z such that Xgq is projective and smooth, then for every non-negative i we
have the set of cohomological data (Xq,%). As the Remark 5.1 and 5.2 show,
we can recover the set S and the value of f;(p) = f}u (p).

5.2.2 The conjecture

First of all we introduce the counterpart of cohomological data:
Definition 5.9 (Lie group data). A set of Lie group data is:

(ST1) a compact real Lie group K, the Sato-Tate group,

(STz) a smooth linear representation p : K — GL,(C) of degree n,

(ST3) a conjugacy class s, € CI(K) for every prime outside a finite set S.

Then we have to see how the cohomological and lie group data are related.

28



Definition 5.10 (Sato-Tate conjecture). We say that a set of cohomological
data (Y1) satisfies the Sato-Tate conjecture if there exists a set of Lie group
data (K, p, {sp}p¢s) such that the following axioms hold.

(A1) The set S in the Lie group data has the following properties. Out-
side S, the Q-variety Y has a good reduction, the Galois action on
H Z’(Y@ ¢» Q¢) is unramified and for every p ¢ S the action of g, is com-
patible with the action of ap_l
Remark 5.1),

(i.e. S has the properties stated in

(Ag) For every p ¢ S the characteristic polynomial of p(s,) is equal to the
normalized polynomial P"°™ (p,T') defined in Remark 5.2. In partic-
ular the degree of p is n; and Tr(p(sp)) = fi(p).

(A3) p: K — GL,,(C) is injective.
(A4) The s, are equidistributed in CI(K) with respect to the Haar measure.

Notice that in (Az) the element p(sp) lies in Cl(GLy, (C)) hence its char-
acteristic polynomial is well defined. By the “Haar measure” on Cl(K) we
mean the pushforward of the the Haar measure px on the compact group
K. If we consider the natural projection 7w : K — CI(K), then

peik)(p) = Tk () = pr (p o)

for every continuous complex function ¢ on Cl(K).

5.3 The main theorem

We have introduced the Sato-Tate conjecture, now we want to see what it
implies.

Theorem 5.1 (Main Theorem). Let Y be a projective and smooth variety
over Q. Fizx a prime £ and a weight i. Consider the set of cohomological
data (Y,1) and assume that it satisfies the Sato-Tate conjecture i.e. there
exists a set of Lie group data (K, p, {sp}pgs) as in Definition 5.10. Hence
for every p ¢ S the value fi(p) = fy,(p) lies in the interval I = [—n;, ni]
where n; = dimg, Hi(Y@,éﬁ Qo).

Then the following statements hold.

(i) There exists a unique measure p of mass 1 on the interval I, such that
the sequence of the f;(p)’s is equidistributed,

(ii) p can be uniquely decomposed in a continuous and in a discrete part;
o= o™ 4 p4se such that: p™ has a density function with respect
to the Lebesque measure, and p%s¢ has support contained in I N7, the
support is contained in {0} when the weight i is odd. Moreover the
moments of u lie in Z,
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(iii) The densities of the set P, = f; 1({z}) and Py = f;~1(J) are respec-
tively equals to p({z}) and p(J) when z € I and J C I is an open
interval,

Remark 5.3. Let X be a separated scheme of finite type over Z such that
X is a projective and smooth variety. If we assume that the Sato-Tate con-
jecture holds for the set of cohomological data (Xq,%) then Conjecture 5.1,
Conjecture 5.2 and Conjecture 5.3 hold.

5.3.1 Proof of the main theorem
Definition of ;1 and equidistribution

Let ¢ = Tr(p) be the character of the representation p of K. Since¢p: K — C
is a smooth character it factors to a smooth map v : C1(K) — C. Applying
the axiom (Ag) we get that for every p ¢ S

U(sp) = Tr(p(sp)) = filp) € 1.

Since the s;, are equidistributed in CI(K') with respect to the Haar measure,
they form a dense subset of C1(K). We conclude that ¢ : C1(K) — I. So we

can lift the Haar measure of CI(K) to the interval I or equivalently lift the
Haar measure of K via ¢ : K — I. Define

= i = Yupioi(K) = PrlIK -

By the equality 9 (s,) = f;(p) and the equidistribution of s, in C1(K) we get
that f;(p) are equidistributed in I according to pu.
Compute the mass of this measure p:

u([):/ldu:/ 1owduK:/ ldpug = 1.
I K K

Hence we have a measure g on I of mass 1 and such that the sequence of
fi(p) is equidistributed. The uniqueness follows from the fact that by the
equidistribution we can write

pp) = lim —— > o(fi(p)

T——+00 W(x) p<z
pgfs’

for every ¢ : I — C continuous function.

k-th moments

Proposition 5.1. Let K be a topological compact group with u its Haar
measure. Consider a complex character 6 : K — C; it can be decompose as
a sum of irreducible complex characters x’s

HZZnXX
X

30



such that all the n., are positive integer. Consider x an irreducible character
and denote with X the complex conjugate character then

nX:/ Oxdu.
K

Proof. The proof can be found in [Vi 89| in the case of finite groups. To
deduce the compact case, the integration replaces the average summation
over the elements of the group. A crucial feature of the Haar measure is the
invariance by left multiplication. O

The k-th moment () is defined as [, 2*dp = [;¢*duk. Consider
the complex irreducible character xo given by the trivial representation
K — C* = GL;(C) that send all the elements of K to 1. Recall that
since 1 is a complex character of K also ¥* is a character. Let Ny, be
the coefficient of yo in the expansion of the character ¥ as a Z>o-linear
combination of irreducible characters. Then by Proposition 5.1

Txo =/ M Xodpx =/ rdu = plpr)
K K
in particular the k-th moment is an integer.

Structure of

Consider Ky the identity connected component of K. It is a normal open
and closed subgroup. Moreover since K is compact the quotient group K /Ky
is finite; let N be its cardinality. For every o in the quotient group we have
K, = oKy the corresponding Ky-coset. The subspace K, is a connected
compact submanifold of K. Let pg, be the restriction of the Haar measure
of K on K,. Since the Haar measure is invariant by left multiplication
by elements of the group K, we get that g, has total mass % Denote

o = VYulik, ; we have the following relation:
p= i = e ) K, = ) VehK, = ) Ho
g e g

Let D be the subset of K/Kj defined by:

D={oce€K/Ky | 1 is constant on K,}

Define 4 and o™ as follow:
Mdisc _ Z Lo Hcont _ Z Lo
c€D o¢D

cont

and clearly p = pdise 4 4
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Properties of pdise

If 0 € D, let n, be the constant value of ¥ on K,; then the measure u, is
clearly a Dirac measure of the form %(5%. This suffices to show that 9 is
a discrete measure.

Lemma 5.1. If 0 € D, and let n, be the constant value of ¥ on K, then
ne lies in 7. Moreover if the weight i is odd, n, = 0.

Proof. Let m : K — CI(K) the canonical projection, and let C, = m(K,).
Note that C, is open and closed in C1(K) since the same properties hold for
K, C K. The classes s, are equidistributed in CI(KX') and in particular they
are dense in CI(K). Hence there exists two distinct prime ¢; and g2 outside
S such that the respective classes sq, and sg4, lie in C,, so we have

- Pyola) hy o(a2)
Ne =1P(sq,) = W =1(5g,) = W
In particular we get the equation
/2

hé{,e((h)%i/? = hg{,@(@)%i

Assume that 7 is even: since hf'Xﬁ and héﬂé lie in Z the equation above
implies that ¢1%/2 divides hgw(ql) hence n, € Z.

Otherwise if ¢ is odd and n, # 0, by the equation above we get that
(g)l/ 2 € Q which leads to an absurd. Hence if i is odd the only possibility
is ng = 0. O]

Properties of ot

First of all we recall an important result of Lie groups. For further informa-
tion about the following fact we suggest to see the proof in [Kn 02].

Proposition 5.2. Each Lie group admits the structure of a real analytic
manifold in one and only one way such that both multiplication and inverse
are analytic maps.

Lemma 5.2. Let g : Y — R be a C*®-function on a compact differential
oriented real manifold of dimension N. Let C' be the set of critical points of
g i.e. they €'Y such that dg = 0, and let V = g(C) be the set of critical
value of g. Let o be a C*°-differential form of degree N overY. Assume that
a induces a positive measure such that the measure of C is zero and assume
that the set 'V is finite. Then the measure on R induced by o through g has
a density.

The hypotheses of the Lemma are fulfilled by ¢ : K, — I when o ¢ D.
Indeed, the Lie group K has a natural real analytic structure. Since % is not
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constant on K, then the set of critical point C has empty interior; since C' is
closed, analytic (i.e. it can be defined as the zeros of an analytic function),
with empty interior, then its Haar measure is zero. Moreover since ) is
constant on every connected component of C, and C' is compact with empty
interior then the image 1(C') consists of a finite number of points.

Proof (Sketch). For the proof we outline the main steps done in [De 09].
Let Yo = Y \ g7 '(V) and let go : Yo — R\ V the restriction of g

to Yy. go is a C*°-function. We can apply the “integration over the fiber

process”. Let z be a point of R\ V, denote with Y, the preimage go~'(2).

If y € Y, we can choose a local system of coordinates (t1,...,tx) such that
the last coordinate is given by g — z. In a neighborhood of y, we write « as
a(ty,...,tn)dty A--- Adty where a is a a smooth function. Consider on Y,

the (N — 1)-differential form «, = a(t1,...,tny—-1,0)dt; A--- Adty—1. The
orientation of Y induces a orientation on Y, hence «, define a measure on
Y, such that for every ¢ continuous function with compact support on Yy

e / et = [ . ( / . ooy ) d

(The proof of this fact is based on local computation, based on the Lebesgue-
Fubini theorem). Define the function F(z) = sz a,. It is C*° function on
R\ V and if we denote with g the measure induced by « on Yy we get that
for every continuous real valued map ¢ on R\ V

gean(p) = aplp o g) = / og()aly) =

y€Yo

- /ZGR\V < /yeyz %0(9(y))az(y)> dz =

/Z Ly FOF Nz = / (o) F(2)d

z€R

The function F' is C*° on R outside a finite set of points, is positive and
integrable since its integral is equal to the mass of ag. In conclusion the
measure g.ag on R has a density.

Consider § = g.a — gsag. It is a measure on a compact subset of R.
We know that (8 is the null measure on R \ V| moreover V' has measure 0
with respect to g.« by hypothesis and it is clearly 0 for g.caq. Hence S is the
null measure. We conclude that g,a and g.cq coincide as measures and in
particular g.« has a density. O

Density properties

Lemma 5.3. If A is any subset of I, let P4 be the set of primes p ¢ S such
that fi(p) € A. Then
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(i) if A is open then lower-dens(Py) > u(A),
(ii) if A is closed then upper-dens(P4) < u(A).

Proof. Let A be an open subset of I. By definition p(A) is the upper bound
of u(p) for every positive continuous function ¢ < 1 that vanish outside A.
Consider one of this ¢, since supp(¢) C A we get that for every positive real

number z:
D o(filp) < D1 =ma(x)

p<z p=z,
pEA
Applyng the fact that the f;(p) are equidistributed, we conclude that for
every ¢ with the properties above

p(p) = lim 1x) Z ©(fi(p)) < lower-dens(Py) .

Tr—+00 7('(

Since p(A) is the upper bound of p(yp) we get the thesis.
When A is closed the proof is similar. O

Lemma 5.4. Let A be a finite subset of I and let Py be the set of primes
p & S such that fi(p) € A. Then dens(Pa) = pu(A).

Applying the Lemma to A = {z} it follows that dens(P,) = u({z}).

Proof. We define D and K, as in the previous paragraphs.

Let K4 C K be the inverse image via 1 of the finite set A; we have that
p € P4 if and only if 5, C K 4.

We split K as K = K'UK"; where K' =| |,cp K, and K" = | |, Ko.
Then intersecting with K4 we have the decomposition K4 = K, U K’} and
similarly P4 = P/, LI P}.

The set K’y is the union of Ky-coset on which v is constant and this
constant value lies in A. Notice that K’ is open and closed hence measurable.
By Lemma 5.3 it follows that dens(P) = ux (K’)) = p45¢(A). On the other
hand K} is closed, analytic with empty interior since K has a real analytic
structure. So it follows that dens(P}) = ug(K'l) = 0. Thus we have
dens(Py) = dens(P)y) = pd¢(A) = u(A).

O

Lemma 5.5. Let A C I be an open interval. Then P4 has density equal to
(A).

Proof. Denote with A the topological closure of A in I and with A the
boundary of A. From the previous lemmas we know that

lower-dens(P4) > u(A),
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upper-dens(P7) < p(A),
dens(Py4) = u(0A).

Since upper-dens(P4) = upper-dens(Py) — dens(Pp4) we can conclude that
upper-dens(Pa) < () — ju(0A) = u(A).
Using the following relation
p(A) < lower-dens(P4) < upper-dens(Py4) < p(A);

we get that P4 has a density and dens(P4) = p(A). O
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Chapter 6

Example of a chosen elliptic
curve with CM

The Sato-Tate conjecture holds in the case we are considering elliptic curves
with complex multiplication. In order to understand how this has been
proved, we investigate an example.

In this chapter we will consider the elliptic curve E defined by the poly-
nomial Y2 = X% — X and we want to find the Sato-Tate group for this
curve.

The general proof proceed in two main steps.

(i) Construction of a Hecke character 1 defined on the ideals of the C'M-
field such that for every prime p € Z we have that

ap = p(p) +(p)

where p is a prime ideal in the CM-field over p. Hence we can write
the L-function of the elliptic curve as an L-function of a number field.

ap

(ii) Deduce the equidistribution of the values e studying the analytic

properties of the L-function.

6.1 Multiplicative characters

In this section we want to give a framework of multiplicative characters of a
finite field, and see some applications of them in order to count solutions of
equations modulo prime integers. We will mainly follow [IR 82| as reference.

Finally we introduce the quartic residue character for a prime ideal p C
Z[i).
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6.1.1 Basic properties of multiplicative characters

Definition 6.1. A multiplicative character on F), is a group homomorphism

X : F, = C*. We denote with Fp the group of multiplicative characters on
Fp.

Clearly Fp is a group by means of the following definitions:

(i) if x and X are two characters, then x A is the map that takes a € [y, to
x(a)A(a),

(ii) if x is a character, then y !

is the map that takes a € F}; to x(a)™,

(iii) let e the unitary character defined by e(a) =1 for every a € F;.

Proposition 6.1. The group Fp is cyclic of order p — 1.

Proof. We know that ) is a cyclic group, let denote with g a generator. A
character y is uniquely determined by the value x(g); since this value is a
(p — 1)-th root of unity, there are at most p — 1 multiplicative characters.

271
Define the character A by A(g) = er—t. We conclude the proof noticing
that e, \, A2, ..., \?~2 are all distinct since they differ on the element g. [

Characters are useful in counting solutions of equations as explained in
the following propositions. For our purpose we extend the character over F),
setting x(0) = 0 if x # € and €(0) = 1.

Lemma 6.1. Let a be an element of ¥y and n be a divisor of p—1. Assume

X" = a is not solvable in Fy,, then there exists a character x € Fp such that:
(1) X" =¢,
(ii) x(a) # 1.
27i

Proof. Let g be a generator of . Define x setting x(g) = e'» . Then it is
2mim

clear that x™ = e and x(a) # 1. Indeed if we write a = ¢ then x(a) = e n ;
this value is equal to 1 if and only if n|m but this is not possible, otherwise
¢™'™ would be a solution of X" = a. O

Proposition 6.2. Let N(X"™ = a) be the number of solutions in F, of the
equation X™ = a. If nlp — 1 then
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Proof. First of all we study the case a = 0. The equation X" = 0 has only
one solution for X = 0. It is clear that > ._. x(0) = 1 since €(0) = 1 and

x(0) =0 for x # e.
If X™ = a is solvable and a # 0, then X" = a has exactly n solution.

Indeed if b is a solution and g is a generator of I, then all the elements
k(p
bg

whose order divides n, are exactly n; they are generated as a cyclic group by

for k=0,1,...,n—1 are distinct solutions. Moreover the characters,

the character p such that p(g) = e Notice that for all the X appearing in

the sum x(a) = x(b") = €(b) = Land so 3 ._, x(a) =
If X™ = a is not solvable, we denote "=} ..__ x(a) and denote with p
the character described in Lemma 6.1. Then

p(a)T = pla)x(a) = > px(a) =

since the group of characters of order dividing n form a group. Since p(a) # 1
we get T'= 0. O

6.1.2 Gauss and Jacobi sums

Definition 6.2 (Gauss sum). Let x be a character on F, and let a be an
element of Fj. A Gauss sum belonging to x is

p—1
Gal(x) =Y x(t)¢™
t=0
27
where ( = e ? .
Lemma 6.2. If x # ¢, then |G1(x)| = /p-

Proof. First we notice that
x(a)Ga Zx ()¢ = Zx (at)¢™ = G1(x).
It follows that

Ga(X)Ga(x) = x(a™x(a 1)G1(x)G1(x) = |1G1 ().
On the other hand,

ZZX gat as

We recall that Z?:_o ¢, by simple computation, is equal to p if @ = 0 and
0 otherwise. Thus we get

(p—DIGI)I =~ Galx ZZZX X(s)C" 7 =p(p - 1).

acFy

O
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Definition 6.3 (Jacobi sum). Let x and A be characters of F), define the
Jacobi sum as

TJO6A) = Y x(a)A®).
e,

Proposition 6.3. Let x and X\ be non triwial characters of ), then:
(i) J(e,€) =p,
(i) J(e x) =0,

(i) J(x; x ") = —x(=1),

(iv) if X\ # €, then J(x,\) = %

Proof. Part (i) is trivial.
To prove (ii) we notice that ZGGFP x(a) = 0. Indeed, if T' = ZaeFP x(a)
and b € F), such that x(b) # 1, then

BT =3 x(ba) =T
aclkF,

and hence T' = 0. By this fact it follows immediately (7).
Part (iii) follows by a simple computation:

Joox ) = > xax ') = Y x(a™) =) x(a(l-a)™h)
a+b=1 a+b=1 a
b£0
The map a — a(l — a)~! gives a bijection between F,, \ {1} and F,, \ {—1}.

Thus
Joox ) = x(a) = —x(-1)
a#t—1

due to the fact used in part (7).
To prove part (iv) notice that

G1()G1(N) =) _x(@A®)¢ T =) ( > x(a)x(b)> ¢
a,b t a-+b=t

If t =0, since xA # € we have

Y X(@A®) =Y x(@)A(=a) = A(=1) Y xA(a) = 0= xA(0)J (x; N).

a+b=0 a

If t # 0, we get

D X(@ADB) = Y x(ta)A(th) = xA[1) (x; N)-

a+b=t a+b=1
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In the end by a simple substitution we get
GL(0)G1(N) = D XM (6, M)¢E = G1XN) T (. A).
t

O]

Corollary 6.1. If x, A and their product x\ are non trivial characters, then
706G )] = VD

Proof. Combine part (iv) of Proposition 6.3 and Lemma 6.2. O

6.1.3 The quartic residue symbol

In this section we will denote with K the field Q(7), where i is a solution of
the equation X2 4+ 1 = 0 and with Ok the ring of integer Z[i]. We recall
that Z[i] is a principal ideal domain.

Remark 6.1. Let p € Z be a prime integer: according to how the polynomial
X? + 1 decomposes in I, we deduce that:

(i) if p =1 (mod 4) the the ideal pOg = pp where p = () and p = (7)
and the residue fields have cardinality p,

(i) if p = 3 (mod 4) the ideal pOf is still a prime ideal and the residue
field has cardinality p?,

(iii) if p = 2 the ideal 20 decomposes as p? where p = (i + 1)Of.

Moreover we will denote with A/ the norm function: where the norm of
an ideal is the cardinality of the residue field. It is a well known fact that the
norm is a multiplicative function (as a consequence of the Chinese remainder
theorem). Furthermore N (aOk) = aa.

Irreducible and primary elements

Definition 6.4 (Irreducible element). An element m € Ok is irreducible if
the ideal 1O is prime.

We already know the irreducible elements by Remark 6.1.

Definition 6.5 (Primary element). A non-unit o € Ok is primary if a = 1
(mod ¢?), where q = (i + 1)Ok.

Lemma 6.3. Let a« € Ok be a non unit and let q = (i + 1)Ok. If a ¢ q,
then there exists a unique unit u such that ua is primary.
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First of all we recall that the units in Ok are in {1,—1,7, —}.
Since v ¢ q it follows that if & = a + ib, then a and b have different
parity.
Notice that q = (2 4 2¢)Ok. The condition « primary is equivalent to
a—1 a+b-1 b—-a+1

— i
2+ 2 ;T €7l

and hence equivalent to a + b = 1 (mod 4) and a — b = 1 (mod 4). This
happens when a = 1 (mod 4) and b = 0 (mod 4) or a = 3 (mod 4) and b = 2
(mod 4). Since a and b have different parity we can find a unit u such that
ua is primary. The uniqueness of this unit follows from the fact that all the
units in O are still distinct modulo g3.

The quartic symbol

Definition 6.6. Let p be a prime ideal in O such that N'(p) # 2 we define
the quartic residue character x, : Ox/p* — C* as follow: xp(a) = i/ such
that oW ®) =D/ =i (mod p).

This character is well defined since aV®)=1/4 i5 a solution of the equa-
tion X% — 1 = 0 modulo p. Since N(p) # 2 and hence p # (i + 1)Of it
implies that 1,4, —1, —i are distinct in the residue field and so they are the
only solutions of the equation X% — 1 = 0.

Proposition 6.4. Let p be a prime p = 1 (mod 4). Let p a prime ideal
in Ok such that N(p) = p. Consider the quartic residue character xy :
Ok /p* = Iy, — C*, then the value —xp(—1)J(Xp, Xp) s the only primary
generator of p.

Proof. First we notice that —x,(—1)J(xp, xp) is primary. Indeed,

p—1

N 2
p+1
IOt xp) = 2> xp(0)xp(1— ) + xp <2> :
t=2
Any unit in Ok is congruent to 1 modulo (1+¢)Og. Thus, modulo (2427)Ox
we get
2
p—3 p+1
JOxp) =2 —5— | txo | —5— | -
2 2
Since p = 1 (mod 4), then p =1 (mod 2 + 2i). Furthermore we have that

2
X” (T) = (27 = x(2)° = (=1 + )’ = xp(-1)

It follows that:
J(XP7 Xp) =-2+ Xp(_l)'
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Thus
_XP<_1)J<XP7XP) = 2Xp(—1) —1=1
where the last congruence holds since x, = +1.

Secondly we prove that —x,(—1)J(xp, Xp) = 0 modulo p. Let g be a
generator for F;. Then modulo p we get

¥
L

p—1

T ) = S0 (1 -0 = 3 (o5 g5

t=1 0

e
Il

Denote x = ngfl and y = gp%l; notice both x and y are not 1. Thus

p—1 p—1
Z zF + Z yk =0
k=0 k=0

since this value is already congruent to zero modulo p.
Now we deduce the thesis by Corollary 6.1. Indeed —xu(—1)J (xp, Xp)
has absolute value p. O

6.1.4 Local computation on the elliptic curve

In this section we want to compute the number of points of the elliptic curve
E defined by Y2 = X3 — X over the residue field Fp. The discriminant of F
is 26 and so we will avoid the prime p = 2.

The number of points of the curve over F), is Ng(p) = 1 + N, where
1 stands for the infinity point, and N, for the number of “affine” solutions
hence the solution in I, of Y2 = X3 — X. First of all, in order to make the
character’s theory applicable, we transform our curve into the one defined
by U? = V* 4+ 4. The following maps

T(U,V) = @(U +V?), %V(U + V2)>
S(X,Y) = <2X v Y)

X2’ X
give a bijection between
_5.,
{solutions of Y2 = X3~ X}\{(0,0)} {solutions of U?=V* -4}
T

Hence we have Ng(p) = 2 + M, where M, are the number of solutions of
the equation U? = V4 — 4.
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Case p =3 (mod 4)

We notice that every element in I}, is in the form +w?. Indeed, consider the

map ¢ : F) — F) that sends a — a?, since Fp = o —Zl)Z we have the following

diagram:

©
By ———TF,

% %

A ma A
(r—-1)Z (r—-1)Z

where the map my is the multiplication by 2. Since p = 3 (mod 4), we have

that p — 1 = 2k with k£ odd and hence (p_Zl)Z = % X %. The multiplication
by 2 induces an automorphism of %, thus we conclude that Fy/o(F;) =
Z ~ {+1}.

From this fact it follows that every square in Fy is a fourth power. Thus
M, is equals to the number of solution of the equations U 2=V2 4.

We use Proposition 6.2 to count the number of solutions.

My= ) NU*=a)N(V?=-b)= ) (e(a) + x(a))(e(=b) + x(~D))

a+b=4 a+b=4

where x is the non trivial character on [, of order 2. Since }_,cp x(a) =0,
we get that

M,=p+ > x(@)x(=b) =p+x(—1)x*4)J(x. x)-
a+b=4

Since y = X_l, Proposition 6.3 tells us that J(x,x) = —x(—1) and hence
M, = p—1. We conclude that Ng(p) =2+p—1=p+1.

Remark 6.2. Knowing the relation Ng(p) = 1+ p — a, we get that ap, = 0
for every prime p = 3 (mod 4).
Case p =1 (mod 4)

Let x be a character of order 4 of IF,, and set A = x? the non trivial character
of order 2. In this case we compute M,, as follow:

M,= Y NU*=a)N(V*=-b)=
a+b=4

= D (ela) + A@)(e(=b) + x(=b) + A(=b) + X~ (D))

a+b=4

Via simple manipulation, we find out

My = p+ x(=HA4)J (x, A) + A=HA4) T (A A) + x 7 (=HAH)I(N)
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Now notice that since 4 and —4 are both square in F), then A\(4) = \(—4) = 1.
Moreover by Proposition 6.3 we have that J(A\,A) = —A(—1) = —1. Thus

My=p—14x(=9)J0A) +x (=9I (x N

Lemma 6.4. Let p be an odd prime, let X a character of order 2 and n any
non trivial character of ¥,,. Then

J(A,n) =n(4)J(n,n).

Proof. First of all we recall that by Proposition 6.3 we have that J(e,n) = 0.
Thus

T(Am) = J(e,n) + T\ n) = Y (e(a) + Aa)n(b) =
a+b=1

= 3 NE=an) =Y 01 -1) =
t

a+b=1

w03 (5 )0 (5) =

O]

From the lemma it follows that y(—4)J(x,A) = x(=1)x(2Y)J(x, x) =
x(=1)J(x, x) and since x ! coincides with the character obtained from y by
conjugation, we get

My =p—1+4x(=1DJ(x, x) + x(=1)J(x; x)

and hence

Np(p) =1+ p+x(=1)J(x; x) + x(=1)J(x x)-
Remark 6.3. When p = 1 (mod 4) we have found that a, = —x(—1)J(x, x)—
x(—1)J(x, x), where x is a character of order 4.
We conclude this section with the following theorem.

Theorem 6.1. Suppose p a prime integer and p # 2. Consider the elliptic
curve E over Q then

(1) if p=3 (mod 4) then ap =0,
(it) if p=1 (mod 4) then a, = © + T where 7 is the primary generator of
the prime ideal p C Ok lying over p.
Proof. The case p = 3 (mod 4) follows by Remark 6.2. For the case p =1
(mod 4), it suffices to choose the quartic residue character x, of Defini-

tion 6.6 as character of order 4 over F,, , then by Remark 6.3 combined with
Proposition 6.4 we deduce that

ap=1+p— Ng(p) = —xp(=1)J(Xp, Xp) = Xp(=1)J (Xps Xp) =7+ 7T
]
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6.2 The L-function attached to an elliptic curve

Definition 6.7. Let E be an elliptic curve over Q and A its discriminant.
Then we define the L-function of E as the Euler product

L(E,s) = [[(1 = app™* +p" %)\,
N

6.2.1 A Hecke charcter

Definition 6.8 (Hecke character). Let Q C L be a number field. Let Or, C L
be the ring of integer and M C Oy, an ideal. A Hecke character modulo M
is a map y from the ideals of Oy, to the complex number with the following
properties:

(i) x(Or) =1,

(ii) x(I) # 0 iff there are no common prime ideal dividing I and M,

(i) x (1) = x(I)x(J)

Since we know that every ideal of O, can be uniquely written as a product
of prime ideals it suffices to define x only on prime ideals coprime with M.

Definition 6.9. Define xz;) to be the Hecke character modulo 4Z[i] on the
field K = Q(i) as the multiplicative map determined by xzj;(p) = 7 where
7 is the only primary generator of the prime ideal p.

Remark 6.4. By the definition we have that: if p = 3 (mod 4) and hence
pOr is a prime ideal we have xzj;(pOk) = —p.

Moreover we have that for every ideal A C Opg the absolute value
Ixz (A)] = N(A)/2. Indeed, if A is a prime ideal, this fact is trivial,
then the general statement follows since both the norm and the character
are multiplicative functions.

Remark 6.5. If o € Ok is such that a =1 (mod 4), then xz};(aOk) = a.

Proposition 6.5. Let E be the elliptic curve over Q defined by the equation
Y2=X3—X and y = Xz[i] the character defined as in Definition 6.9. Then
L(E,s) = L(x.s).

Proof. First of all recall that

Lix,s) = [ @=xmN@) )"

pdO0 K

Then applying Theorem 6.1 we have that: if p =1 (mod 4), we decompose
pOr = pp, and we get

L—app™ +p' 7 = (L= x(P)N(P)~*) (1 — x(P)IN(P) 7).
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On the other hand, when p = 3 (mod 4) and hence pOf is a prime ideal we
have
L—app™® +p' 72 =14+ p""% =1 - x(pOr)N (pOx)~*

So the factors of the Euler products that define both L(E, s) and L(x, s) are
the same. Furthermore, they coincide as holomorphic functions where they
converge. [

6.3 The equidistribution statement

In this section we give an idea of how the analytic properties of L functions
associated to a character are related to statements about equisdistribution.
We will state the an important theorem without giving a proof, followed
by the main steps that lead to it.
First of all we need to recall some definitions and properties of Ideles.
They can be found in |La 86].

Definition 6.10. Let {v} be a set of indexes, and for each v, let G, be a
locally compact topological group. For all but a finite number of v let H,
be a compact open subgroup of G,. Then the restricted product of the G,
with respect to H,, is the subgroup G of the direct product consisting of
elements all but a finite number of whose components lie in H,.

Definition 6.11. Let K be a number field. Let {v} be the set of finite and
infinite places of K. Denote with k, the completion of K at the place v and
O, the valuation ring when v is finite. Then the restricted product of K
with respect to the units O} is called the Ideles group of K, by convention
we set Oy = K, when v is real or complex. We will denote it with Jg.

Remark 6.6. On the Idele group of K we define a norm. For each finite place
v, corresponding to a prime ideal p in the ring of integer, we have the p-adic
norm. While for the infinite places we consider the usual absolute value if v
is a real place, or the square of the absolute value if v is complex.

Now if a = (ay), € Jx we define the norm in this way:

llall = T lavl
v

This definition makes sense since |a,|, = 1 for all but finitely many v.

Remark 6.7. The norm induces a continuous group homomorphism
|- Ik — RT

We denote with Jy the kernel of this map. Furthermore if we embed K* in
Jk via the diagonal immersion we have that K* C Jy. Indeed it follows from
the product formula.
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Definition 6.12. A cycle ¢ for K is a formal product of places of K with
respective multiplicity m(v)

¢ = T

such that: if v is finite m(v) is a positive integer, if v is an infinite place then
m(v) € {0,1}. Moreover m(v) = 0 for all but finitely many places.

In the case m(v) # 0 only for finite places, we can identify the cycle ¢

with the ideal [[, ,ite pvm(v) C Og where p,, is the prime ideal corresponding
to the place v.
We want to extend the notion of being congruent to 1 modulo a cycle.

Definition 6.13. Let ¢ be a cycle of K. We say that an idele a = (ay), is
congruent to 1 modulo ¢ when:

(i) for every finite places v such that v|c (i.e. m(v) > 0) then a, =1

modulo p:,n(v),

(ii) if v|c and v is real then a, > 0.
We denote with J. C Jx the subgroup of ideles congruent to 1 modulo c.
Remark 6.8. Letting [[' denote the restricted product, then

Je= [ We(o) x [ K;
ule oke

where W (v) is defined as:

(i) If v finite, corresponding to the prime p, then W;(v) = 1 4 p"™¥),

(i) If v is real W(v) = RT,

(iii) If v is complex W,(v) = C*.

Proposition 6.6. For each cycle ¢ we define K. = J. N K* where K* is
embedded in Jx via the diagonal immersion. Then

J /K. =2 J/K*
Proof. We have the following diagram.

Jo—— JKk
U U
K.— K*
It easily follow the injectivity. While the surjectivity is a consequence of

approximation theorem. L]
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6.3.1 Equidistributed sequences

We recall the definition of equidistribution.

Definition 6.14 (Equidistribution). Let F' = |, F;- be a set which is the
union of finite set F,, with r = 1,2,3,... such that F,, C F,4+1. Let G a
compact group with a measure p defined on it. Let A : F¥ — G a map.
We shall say that F' is A-equidistributed if for every continuous function
¢ : G — C we have

1
lim ) = [
r—too #F, f;r G
Theorem 6.2. Let P be the set of prime ideals of a number field K. Let
T : P — Jig be the map defined as: for each prime p, select an element
™ € Ky with p-adic norm 1, and let 7(p) having component 1 at all v
except vy at which it has component m,. We view P as filtered by the sets P,
consisting of those p such that N'(p) < r. Let G be an abelian compact group,
and let o : Jx — G be a continuous homomorphism such that o(Jy) = G,
and whose kernel contains K*. Let A = o o1, then P is A-equidistributed in
G with respect to its Haar measure.

For the proof of this theorem we suggest to see [La 86].

Anyway, we want to illustrate the main reasons that lead to the theorem.
First of all, we have that instead of considering all the continuous function
@ : G = C we can reduce to the case where ¢ is an irreducible character of
G. Indeed the irreducible characters of G generates a dense subgroup of the
complex valued continuous function.

Then we know the value of fg x with respect to the Haar measure. We
have that fg x = 0 for every irreducible character but the trivial one; in this
case [ x = 1. The proof of this fact uses the invariance of the Haar measure
by multiplication by element of G.

The crux of this theorem is the relation between the A\ equidistribution
of P and the fact that for every non trivial character x of the group G we
have that

1
TEIJPOO %P, Z X(A(p)) = 0.
peEP:

This link lies in the L function of the Hecke character xy o A. Indeed, the
statement above is implied by the fact that L(x o A, s) is holomorphic on
R(s) > 1 except for s = 1 where it can have a pole, and it has no zero on the
line 1 + 4t. This analytic property of this L function was proved by Hecke.

6.3.2 Application of the equidistribution statement

Let x be the Hecke character defined in Definition 6.8. We want to apply

Theorem 6.2 to deduce the equidistribution of the sequence {&} in
p

N(p)t/2
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the circle S* when p varies in the set of primes P of Z[i].

Proposition 6.7. Let x be the Hecke character defined in Definition 6.8.

Then the sequence {N)((;gf)2)} when p varies in the set of primes P of Z][i],
p

is equidistributed in circle S with respect to the filtration given by norm.

Proof. Consider the cycle of Q(i) defined by ¢ = q* x v, where q is the
ideal over the prime 2 and v, is the only complex place of Q(i). Notice that
q* = 40, and this exactly the modulus of the Hecke character. Let 7 be
the map described in the hypotesis of Theorem 6.2; we want to define a map
o : J. — S! such that if p # q we have

X
or(p) = N(p) 2

Moreover we require that o(JyNJ;) = G. Let J¢ be the ideles subgroup

JO=[] 05 x {1} x - x {1},

vfe

we require that both K. and J° are contained in the kernel of o.
Indeed, if such o exists, we can define a map o’ : Jg — S' in this way

Ik J.

/. ~ ¢ 1
U.JK%K*—T(C%S.

Notice that, when p # g, we have o' o 7(p) = N>(<P(§Jl)/ 7 Then applying

Theorem 6.2 we prove the equidistribution.
It remains to prove the existence of such o. The request that o is trivial
on J¢ define uniquely o at the place v t ¢. Indeed we have

Jo o 117 K
JJC = H O: X We(q) X We(voo).

vfe K
Let v be the place corresponding to a prime p. Recall that every element of
K, can be written as umy, for some u € O and r € Z. Then o is uniquely
determined at the place v by the value that it assumes in 7(p), hence by the

condition o o 7(p) = ./\/'>(<p(;)1)/2'

Furthermore we define ¢ trivially on the component q. We have to define
o for element in W, (vs) & C*. If a € C* we define oo(ar) = |a|a™!. Thus
for every idelic element a = (ay), we have o(a) = [[op(ay).

The fact that o(Jo N J:) = G is a consequence of the definition of o at

the place vo. Furthermore, if o € K. we have that




where in this case we are extending the Hecke character multiplicatively to
fractional ideal. Combining the fact that o € K. and Remark 6.5 we get
that x(a) = a and hence K, is contained in the kernel. This conclude the
proof. O

Let j be the complex conjugation restricted to element in S*. Let p be
a prime such that p = 1 (mod 4). By the definition of the character x it is
clear that if pOg = pp, then j(x(p)) = x(p).

Corollary 6.2. Let Py be the set of prime integers with the property p =1
(mod 4). Let j be the restriction of the complex conjugation on S' and let
A P — SY{ldgi,j} be the map defined by \(p) = N(p()l)/Q where p is
a prime in Z[i] lying over p. Then Py is A-equidistributed with respect to
filtered set Q, = {p € P1|p <r}.

Proof. Keep the notation of Proposition 6.7. Let Ps be the subset of P such
that the element are those prime ideal lying over the integer prime p = 3
(mod 4). Then the density of P3 in P is 0. Indeed let Q, be filtration in P
given by the norm Q, = {p € P|N(p) < r} then

T #(P3 N Qr) T TF(\/F)
denS(P3) N TEI—POO W - TEI—?—/lOO 271'(7“)

=0

where 7(r) is the function that counts the prime integers lesser equal than
r. So by Proposition 6.7 we have that the set P \ Ps is equidistributed in
St

Let 7: S — S1/{Idg1, j} the quotient map and let ¢ : S*/{Idg1,5} — C
a continuous function. Then

= = X (p) )_
/Sl/{ldsl,j}(p/sfpw TETOO#QT 2 WT(N pz) =

pEP\P3
peQ,
r%+oo27r 22(700)\ :TEIEOOW ZSOO)\
pEP
Thus we get the equidistribution. O

6.4 The Sato-Tate group

Finally we are able to determine the Sato-Tate group related to the elliptic
curve E over Q defined by the equation Y? = X3 — X. In this case by
Sato-Tate group we mean the tern (K, p, {sp},¢s) defined in Definition 5.10
related to the set of cohomological data (E,1).
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Compact group Define U to be the subgroup of SUz(C) whose ele-
eia
0
the normalizer of U inside SU3(C). Thus

(o4 )

Notice that K as topological group, has two connected component: U and
the element of the form yU. Both of them are compact real Lie group of
dimension 1 hence isomorphic to S*.

. 0
ments are in the form z, = m) for o € 5. Then define K to be
e

Remark 6.9. We are looking at SUs(C) as a compact real Lie group. Hence
K has a natural induced real Lie group structure.

Linear representation As linear representation we consider the nat-
ural embedding

p K — SUQ(C) C GLQ(C)

Conjugacy classes We notice that the space CI(K) consists of the
following elements:

(i) K\ U make up a unique class with mass 3 with respect to the Haar

measure. A representative of this class is the element ~,

(ii) the conjugacy classes of U in K can be represent by diagonal matrices
zo With a € [0, 7] since z, and z_, are conjugate. The Haar measure

on such classes is %da; its mass is %

To define the s, we distinguish two cases: when p =3 (mod 4) (i.e. when p
is inhert in Z[i]) we put s, = [y]. On the other hand, when p = 1 (mod 4)
(i.e. when p completely splits in Z[i]) we use the character x defined in
Definition 6.8, setting

x(p) 0
o _ | [morm
p= 0 @

N(p)'/?

where p is a prime ideal of Z[i] lying over p. Notice that if we choose the
other prime over p we get the same conjugacy class.

Axioms We recall some notation: let g, be the geometric Frobenius of
Definition 3.7, let h}g ; be the f-adic character given by the first cohomology
group of E. For all the prime integers but finitely many, we have that
h}gyg(gp) = ap. Thus by Theorem 6.1, we get that :c% = Tr(p(sp)). Indeed,

when p = 3 (mod 4) we have that

]% =0=Tr(y) = Tr(p(sp)),
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while when p = 1 (mod 4), if we denote with p a prime ideal in Z[i] lying
over p, we get

ap  x(p) +x(p)
p/2 N(p)/?

= Tr(zp) = Tr(p(sp)).

To show that K is exactly the Sato-Tate group of E we need to show the
equidistribution of the classes s,,.

Proposition 6.8. The conjugacy classes {sp}, are equidistribuited in C1(K)
with respect to tha Haar measure.

Proof. We denote with P the set of prime integers, with P3 the set of prime
integers p = 3 (mod 4) and with P; the ones such that p =1 (mod 4). Since
dens(Ps3) = % and for each element of P; the conjugacy class s, is the class
of [y] whose Haar measure has mass exactly %, it suffices to show that the
classes [zp] for p € P; are equidistributed in Clg (U). It follows from the
Corollary 6.2.

Indeed we have a diffeomorphism S! — U; if we see S' as the subgroup
of C* made up of elements of norm 1 the diffeomorphism sends an element

a € S in the matrix <g a)' Since the action by conjugation by v € U is

defined by
_1(a 0 o a 0
v 0 a)” " \0 a

then the equidistribution of the s, for p € Clg (U) is equivalent to the equidis-

/\f)((p(;Jl)/Q in S'/{Idg1,j} with respect to the Haar mea-

sure induced by S' where with j we denote the restriction of the complex
conjugation to S*. O

tribution of the element

Corollary 6.3. Let E be the elliptic curve defined over Q by the equation
Y2 = X3 — X. Then the sequence {ap/pl/Z}p when p varies in the primes of
good reduction for E, is equidistributed in [—2, 2] with respect to the measure
"= %50 + %,u,cont where pc™t is defined by

cont _ 1
() = /[2’2] fla) sy

Proof. We know that K is the Sato-Tate group of E. Then it suffices to
show that p is the pushforward of the Haar measure on Cl(K') via the map
given by the trace. Then using the equidistribution of the classes {s,}, in
Cl(K) we get our claim. O
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