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Basics of CGA

» Basic geometric entities in conformal geometry represented by
Grassmannians/blades:

» Point:

2
peER"—»p:=ey+p+ %eoo e N(R™HY),

called the standard nullification of p € (eg A exo )’ wrt €g, eso:
P -ex=—1.
For all A # 0, Ap represents the same point p € R".
» 0-d circle (a pair of points, one can be at infinity): a A b.

» 1-d circle (including line): aAbAc. ...
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Basics of CGA

» Basic geometric entities in conformal geometry represented by
Grassmannians/blades:

» Point:

2
PER"—pPp:=ey+p+ p—eoo € N(R™THD),

2
called the standard nullification of p € (eg A exo )’ wrt €g, eso:
Presx =—1.
For all A # 0, Ap represents the same point p € R".

» 0-d circle (a pair of points, one can be at infinity): a A b.

» 1-d circle (including line): aAbAc. ...
» Conformal transformation group represented by pin group:
pin(n +1,1) — (onto homomorphism) conf(R").

Quadruple covering with kernel {£1,£L,,411}.
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Conformal transformations induced by geometric entities

For versor V.= ujus - - - u; where the u; are invertible,

Adiy(x) = (=1)*VxV L for all x € R*T1L,
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Conformal transformations induced by geometric entities

For versor V.= ujus - - - u; where the u; are invertible,

Adiy(x) = (=1)*VxV L for all x € R*T1L,

» Inversion wrt a hypersphere/Reflection wrt a hyperplane:
V = a (positive vector):
2
eithera = ¢ — %eoo, ora=n-+desx.

=": equal up to scale.
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Conformal transformations induced by geometric entities

For versor V.= ujus - - - u; where the u; are invertible,

Adiy(x) = (=1)*VxV L for all x € R*T1L,

» Inversion wrt a hypersphere/Reflection wrt a hyperplane:
V = a (positive vector):
2
eithera = ¢ — %eoo, ora=n-+desx.

=": equal up to scale.

. . . pd 2
» Negative inversion wrt a hypersphere: V = ¢ + Z-ex
(negative vector).

x ER" 5 x' €R", st. (x —c)(x' —¢) = —p*
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Conformal transformations induced by geometric entities

For versor V.= ujus - - - u; where the u; are invertible,

Adiy(x) = (=1)*VxV L for all x € R*T1L,

» Inversion wrt a hypersphere/Reflection wrt a hyperplane:
V = a (positive vector):
2
eithera = ¢ — %eoo, ora=n-+desx.

=": equal up to scale.

> Negative inversion wrt a hypersphere: V = ¢ + %eoo
(negative vector).
x €R" = x' €R", st. (x—c)(x' —c)=—p°
» Inversion wrt a circle (c, p) N II in high dimensions
(composition of inversion wrt hypersphere (c, p) and reflection
wrt supporting plane II): V.=aAb Ac.
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» Translation by a vector t € R™:

t
V:1+eoo§:

(

t

t2

€

2

)t.
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» Translation by a vector t € R™:

t €xo

t

2

» Dilation about center ¢ € R™ with ratio A:

V=exb+ A e =—-(1+A"H+(1-

)t.

A e A €.
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» Translation by a vector t € R™:

t €xo

t
V:1+eoof:(t—2+ 5

t.
5 )
> Dilation about center ¢ € R™ with ratio A:

V =exbé+ A e =—1+AH+(1-AYexné
» 2-d rotation of angle 6 about a center ¢ € R™ in a plane

spanned by two directions a,b € R": let Z(a,b) = 60/2.

V = (¢-(exxcADb)) (¢ (exc Na))

(Ceaob — excbé)(Ceca — exad)

= C¢eybéega+ e béegac

ceyba + baey¢.

Note: (¢-(ex Ab)) =b + (¢ b)es represents the
hyperplane normal to b and passing through point c.
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» Conformal transformation in the connected component of the
identity: either

V = exp(MBi)exp(MiBa)---exp(NBy)

= (111112)(113114) T (1121—11120,

where the 2-blades B; are completely orthogonal to each
other [M. Riesz, 1958].
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» Conformal transformation in the connected component of the
identity: either

V = exp(MBi)exp(MiBa)---exp(NBy)
= (111112)(113114) s (1121—11120,

where the 2-blades B; are completely orthogonal to each
other [M. Riesz, 1958].

» Versor compression: for any versor V in CI(R"T11), if k is the
maximal grade such that (V)i # 0, then V = vyvy - - - vy for
some v; € (V).

If V=vivy---vi where vi A --- A vy, the invertible
monomial form is said to be tight.
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Null polynomials

Null monomial: geometric product of a finite sequence of null
vectors and a scalar, where no two adjacent vectors are =.

Degree: length of the senquence. Note:
aba = 2(a-b)a,
left side: degree 3, right side: degree 1.

Null polynomial: linear combination of null monomials.
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vectors and a scalar, where no two adjacent vectors are =.

Degree: length of the senquence. Note:
aba = 2(a-b)a,
left side: degree 3, right side: degree 1.
Null polynomial: linear combination of null monomials.

» Grassmannians by null polynomials: e.g., 1 = ab + ba, and

1
aAbAc= i(abc — cba).
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Null polynomials

Null monomial: geometric product of a finite sequence of null
vectors and a scalar, where no two adjacent vectors are =.

Degree: length of the senquence. Note:
aba = 2(a-b)a,
left side: degree 3, right side: degree 1.
Null polynomial: linear combination of null monomials.

» Grassmannians by null polynomials: e.g., 1 = ab + ba, and
1
aAbAc= i(abc — cba).
> Invertible vectors by null binomials: e.g., for any invertible
vector u, any null vector q s.t. q-u # 0,
u=q-Ady(q) = q+p,
where p represents the point of 0-d circle u A q other than q.
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Versors by null binomials
If versor V equals a null binomial
ajaz - a; + by by-- by,
— ~— =~ —

where k,1 > 1, then (map every tail to the other’s head)

Ady (ag) = by, Ady (b)) = a;.
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Versors by null binomials

If versor V equals a null binomial
ajaz - a; + by by-- by,
— ~— =~ —

where k,1 > 1, then (map every tail to the other’s head)

Ady (ag) = by, Ady (b)) = a;.

Proof.

VbVl = a; a;_jagbjaga; 1 ap
= Z(ak bl)al "'ak—lﬁak—l"'al

= 2k(a1 . ag)(ag . a3) s (ak,1 . ak)(ak . bl)al.
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Nullification of invertible vectors

» Let q be a null vector. For any invertible vector u s.t.

. 0,
u-q# .
~ — k
gimu—gd= Ady(q)

is the nullification wrt base point q.

Geometrically, u is mapped to the point of 0-d circle g A u
other than q.
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Nullification of invertible vectors

» Let q be a null vector. For any invertible vector u s.t.

u-q#0, )

d u J—
g == g 4= Ady(a)

is the nullification wrt base point q.

Geometrically, u is mapped to the point of 0-d circle g A u
other than q.

> Let a # b be two null vectors. For any invertible vector
u¢aAb,
u? +2\u-a
2b - (u+ Aa)’

is the nullification wrt base points a, b and parameter

Uy p :=u+ Aa+ pb, where y =

u-b

A # ———. Geometrically, u is mapped to a point other
a .

than a,b on 1-d circle a A b A u.
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Unstructured null binomials for versors

For any versor V. = ujuy - --ug, if £k =1, recall: for any null
vector q s.t. q - ug # 0,

u;, =q— Adg, (q) =:q+p.
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Unstructured null binomials for versors

For any versor V. = ujuy - --ug, if £k =1, recall: for any null
vector q s.t. q - ug # 0,

u;, =q— Adg, (q) =:q+p.
If k=2, thenifuy 1-q#0and uy_1-p=—Ady, (up-1)-q#0,

Up_ U, = WP + Up—1q = (G—1)pP + (0-1)qq.
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Unstructured null binomials for versors

For any versor V. = ujuy - --ug, if £k =1, recall: for any null
vector q s.t. q - ug # 0,

u;, =q— Adg, (q) =:q+p.
If k=2, thenifuy 1-q#0and uy_1-p=—Ady, (up-1)-q#0,
Wy 1Ug = Ugp—1P + W19 = (Og—1)pP + (U-1)qq-
If £ > 2, then under a set of linear inequality constraints on q,

U2 (0p_1)pp + ur - up_2(0y-1)qq
e 3(k-2) (g, ), (Uk—1)pP
g e 3 (U 2) (6, ) (0k-1)qd

uj - Ug—1Ug

|
g

10/31



Structured null binomials for versors

For any versor V. =ujus---ug, if k =1, let a #Z b be null vectors

such that a-ug # 0,

Uy

then

= ug(ab+ ba)

= (ura)b + uybu; ' (uza)
= uab — Ady, (b) Gza.
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Structured null binomials for versors

For any versor V. =ujus---ug, if k =1, let a #Z b be null vectors
such that a - uy # 0, then

u;, = ug(ab+ ba)
= (ura)b + uybu; ' (uza)
= ﬁkab — Adﬁk (b) ﬁka.

If k=2, then
Urp—1u = uk_l(ﬁkab — Ad:;k (b)ﬁka)
= —Ady,  (4p)up_jab— Ady . (b)Ady,  (G)up_1a

1)
= —Ady,  (Gg) (ﬁk—l)Adﬁkil(ﬁk),aa b

—Ady, o, (b) Ay, (k) (k1) aa;, (6,2
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Structured null binomials for versors

For any versor V. =ujus---ug, if k =1, let a #Z b be null vectors
such that a - uy # 0, then

u;, = ug(ab+ ba)
= (ura)b + uybu; ' (uza)
= ﬁkab — Adﬁk (b) ﬁka.

If k=2, then
w,u = wg(dgab — Ady, (b)uga)
= —Ady, ,(Gp)ugqab — Ady, ,, (b)Ady, | (Gx)ug_1a
= —Ady, (G) (Wk-1)aa; (a)aab

—Ady, o, (b) Ay, (k) (k1) aa;, (6,2

Similarly, for all k£ > 2,

ug---ugp—1u = Adzl---uk,l(ﬁk)ﬁk—l s ﬁlab
+(—1)*Ady (b) Ady, .y, (Gk) 051 -+ 1.

11/31



Null versors
For versor V.= ujus - - - u; where k > 0, if

V =p(cica---¢) + (c1ca- - ¢)q,

where [ > 0, the representation is called a centered null binomial
with center cics - --¢; and ends p, q.

Henceforth, a null versor refers to a centered null binomial form of
a versor.
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V =p(cica---¢) + (c1ca- - ¢)q,

where [ > 0, the representation is called a centered null binomial
with center cics - --¢; and ends p, q.

Henceforth, a null versor refers to a centered null binomial form of
a versor.

Let V =ujus---ug be tight, i.e., uy A--- Aug # 0. Its null
binomial representation is

» Tight: if =k —1. Almost tight: if | =k + 1.
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Null versors
For versor V.= ujus - - - u; where k > 0, if

V =p(cica---¢) + (c1ca- - ¢)q,

where [ > 0, the representation is called a centered null binomial
with center cics - --¢; and ends p, q.

Henceforth, a null versor refers to a centered null binomial form of
a versor.

Let V =ujus---ug be tight, i.e., uy A--- Aug # 0. Its null
binomial representation is

» Tight: if =k —1. Almost tight: if | =k + 1.

> In the tight case, if k£ > 2, then
(Vg =c1 A Acg1 A(q+ (—=1)*"1p) is Minkowski; if
k = 2, then (V) is either Minkowski or degenerate.

Not every versor has tight centered null binomial form!

12/31



Main results

» Null monomials: geometric interpretation, DOF in the
factorization.

» Null versors: geometric interpretation, DOF in the center and
ends.
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binomial form of versors.

» Writing geometric product of two null versors as a null versor.

» Null versor compression.

13/31



Main results

» Null monomials: geometric interpretation, DOF in the
factorization.

» Null versors: geometric interpretation, DOF in the center and
ends.

» Rewriting between invertible monomial form and centered null
binomial form of versors.

» Writing geometric product of two null versors as a null versor.

» Null versor compression.

» Applications to symbolic geometric computation.
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» Basics of CGA
» Null Monomials in CGA

» Null Versors in CGA
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Null monomials

» Anisotropic: ajas---ay where a; Z ay.

> Isotropic: ajas - --agaj.
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Null monomials

» Anisotropic: ajas---ay where a; Z ay.

> Isotropic: ajas - --agaj.

In the anisotropic case, if a; #Z a; for all ¢ > 2, then

ajay---a; = (agagaz)(ajazay) - - - (ajag_1a)a ay,

where the underlined part is isotropic; else for some [ < k,

ajay - -a, = (ajahal)(ajalal) - - (aja)_jag)ajag.
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Null monomials

» Anisotropic: ajas---ay where a; Z ay.

> Isotropic: ajas - --agaj.

In the anisotropic case, if a; #Z a; for all ¢ > 2, then

ajag---ag = (313233)(313334) ce (alakflak)alak;

where the underlined part is isotropic; else for some [ < k,

ajay - -a, = (ajahal)(ajalal) - - (aja)_jag)ajag.

Consider isotropic ajasasay: for any scalars A1, Ag,
ajasaza; = ajaz(asz + Aja; + Aag)ay.

Choose n = a3 + A1a; + Asasy to be invertible, and n-a; = 0.
Then

ajagna; = —ajasain = —2(aj-ag)ajn = ajn. (pseudo-versor form)

15/31



Positive rejection (inverse procedure of nullification)

Let a, b, d be null vectors and a # b, d. For any null vector
c # a, b, any scalars A\, i, let n = ¢ + Aa + ub be positive.

» For any ), there is a unique p such that n-a =0. The
corresponding n, namely,

a-C

——Db
a-b’

Cp:=c+ la—

is called the rejection of ¢ from a wrt b and parameter .

16
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Positive rejection (inverse procedure of nullification)

Let a, b, d be null vectors and a # b, d. For any null vector
c # a, b, any scalars A\, i, let n = ¢ + Aa + ub be positive.

» For any ), there is a unique p such that n-a =0. The
corresponding n, namely,

a-C

——Db
a-b’

Cp:=c+ la—

is called the rejection of ¢ from a wrt b and parameter .

» There are unique parameters A, 4 such that n-a =0 and
n-d = 0. The corresponding n, namely,
cad (a-b)(c-d)—(a-c)(b-d) a-c

=c— Ay,
b TC (a-b)(a-d) AT a b

is called the rejection of ¢ from a,d wrt b.

.ad
Note: & # P 4(c).

16
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Pseudo-versor form of null monomials
Isotropic monomial: by
bajash = 2(b - a;)(a2)2 b = —2(b - as)(a1)2 b,
where (21)2 € bt is invertible, we get

(balag)(ba3a4) s (bagl_lagl)b = (51)22 (2\13)24 cee (égl_l)gmb.
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Pseudo-versor form of null monomials

Isotropic monomial: by
bajash = 2(b - a;)(a2)2 b = —2(b - as)(a1)2 b,
where (21)2 € bt is invertible, we get
(bajag)(basay) -+~ (bagi—1ax)b = (&1)3, (23)2, -+ (Azr-1), b

as az;
So .
bajay - --azb = VPb = (—=1)V IbVvP,

where VP is a versor in Cl(b*) with length [VP|.
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Pseudo-versor form of null monomials

Isotropic monomial: by
bajash = 2(b - a;)(a2)2 b = —2(b - as)(a1)2 b,
where (21)2 € bt is invertible, we get
(bajaz)(bagay) - - - (bag,_ja9)b = (51)22(513)24 e (521_1)§2lb.

So
bajay - agb = VPb = (=1)V’IbVP,

where VP is a versor in Cl(b*) with length [VP|.
Anisotropic monomial:
bajay - --agc = VPbe = beVe,

where V¢ is a versor in Cl(ct).
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Pseudo-versor form of null monomials

Isotropic monomial: by
bajash = 2(b - a;)(a2)2 b = —2(b - as)(a1)2 b,
where (21)2 € bt is invertible, we get
(bajag)(basay) -+~ (bagi—1ax)b = (&1)3, (23)2, -+ (Azr-1), b

a2 az;
So .
bajay - --azb = VPb = (—=1)V IbVvP,

where VP is a versor in Cl(b*) with length [VP|.
Anisotropic monomial:

bajay - --agc = VPbe = beVe,
where V¢ is a versor in Cl(ct).

Corollary. Any null monomial is nonzero, no matter how the

variables are specified.
17 /31



Geometric interpretation of null monomials

Isotropic:  €4o€1€y - -+ €ress = C1CH C2C3 - - - Cx_1Ch €00,

where c;cj = ¢; — c¢;. In general,

(€006162)(€006364) - - - (€0Car_1€2))€00 = CIC C3C4 - - - C1_1C2) oo

Anisotropic:

€50C1C2 - Cp = C1C2 C2C3 - CL_1CL €50CL.
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Isotropic:  €4o€1€y - -+ €ress = C1CH C2C3 - - - Cx_1Ch €00,

where c;cj = ¢; — c¢;. In general,

(€006162)(€006364) - - - (€0Car_1€2))€00 = CIC C3C4 - - - C1_1C2) oo

Anisotropic:

€50C1C2 - Cp = C1C2 C2C3 - CL_1CL €50CL.

DOF in a null monomial = DOF of the versor factors. Examples:

> In ex€1éoey, vectors €1, Co can be replaced by any null
vectors di,ds s.t. (dl — d2) VAN (Cl — Cg) =0.

The isotropic null monomial represents a displacement vector!
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Geometric interpretation of null monomials

Isotropic:  €4o€1€y - -+ €ress = C1CH C2C3 - - - Cx_1Ch €00,

where c;cj = ¢; — c¢;. In general,

(€006162)(€006364) - - - (€0Car_1€2))€00 = CIC C3C4 - - - C1_1C2) oo

Anisotropic:

€50C1C2 - Cp = C1C2 C2C3 - CL_1CL €50CL.

DOF in a null monomial = DOF of the versor factors. Examples:
> In eooélg':gego, vectors ¢1, o can be replaced by any null
vectors di,dg s.t. (d; —d2) A (c; —c2) =0.
The isotropic null monomial represents a displacement vector!
» In ¢1¢5¢3, factors ¢1 and ¢3 have 0 DOF, factor é; has 1
DOF (any point on circle/line ¢; A é2 A €3 other than ¢y, c3).

A ordered pair of points and the two open arcs between the

two points on a circle!
18/31
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Hybrid-versor form of null versors
Theorem 1. Any centered null binomial is a versor. Conversely,

any versor V can be written as a centered null binomial of the form

V =pci---Ch_1+C1---Ct_1q, where p= (—l)kAd{;(q).

20 /31



Hybrid-versor form of null versors

Theorem 1. Any centered null binomial is a versor. Conversely,
any versor V can be written as a centered null binomial of the form

V =pci---cg1+C1--Ck_1q, where p= (—1)kAd§/(Q)~
Hybrid-versor form of null versors:
Anisotropic: by pseudo-versor form of the center,
ci---Cp_1 = VPPcicr_1 = cicp_ V19,

So
V = VeP((-1)Fpcicr 1 +cicr_1q)

= (pcick_1 + (=1)*leje,_1q)Ver-19,
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Hybrid-versor form of null versors

Theorem 1. Any centered null binomial is a versor. Conversely,
any versor V can be written as a centered null binomial of the form

V =pci---Ch_1+C1---Ct_1q, where p= (—l)kAdﬁf(q).

Hybrid-versor form of null versors:
Anisotropic: by pseudo-versor form of the center,

— \/C1, _ Ci_1,
Cl1 " "Cr_1 = ve pclck_l = Clck_lv k-1

So
V = VeP((-1)Fpcicr 1 +cicr_1q)

_ k—1 _

= (pcicg—1 + (—1)""“cicp_1q) V-9,
Isotropic: for cx_1 = c1,

ci---Cpgc; = VP = ¢, VL

So
V = V'P((-1)*pc; + c1q)

= (per + (e Ve,

20 /31



DOF in a null versor

Let V=pci---cx_1+c1---cr_1q, where k > 1. A null vector r
is called an alternate of the center’s right end ci_1, if there exist
null vectors cb, ..., c)_,, s.t.

V = p(Ady (r)cy - ¢} _or) + (Ady (r)ch - - ¢ _o1)q.
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DOF in a null versor

Let V=pci---cx_1+c1---cr_1q, where k > 1. A null vector r
is called an alternate of the center’s right end ci_1, if there exist
null vectors cb, ..., c)_,, s.t.

V = p(Ady (r)cy - ¢} _or) + (Ady (r)ch - - ¢ _o1)q.

Theorem 2. [Freedom in versor ends| For any null vector
r # Cp_1,

V = Ady/(r)cy - Cg—1 + €1 Cp_1T.
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DOF in a null versor

Let V=pci---cx_1+c1---cr_1q, where k > 1. A null vector r
is called an alternate of the center’s right end ci_1, if there exist
null vectors cb, ..., c)_,, s.t.

V = p(Ady (r)cy - ¢} _or) + (Ady (r)ch - - ¢ _o1)q.
Theorem 2. [Freedom in versor ends| For any null vector
r % Cp1,
V= Adi,(r)cl +++Ckg—1+C1""Cp_1r.
Theorem 3. [Freedom in center ends]

» If (V)i # 0, then r is an alternate of the center’s left/right
end iff r € (V) and r # Ady, (r).
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DOF in a null versor

Let V=pci---cx_1+c1---cr_1q, where k > 1. A null vector r
is called an alternate of the center’s right end ci_1, if there exist
null vectors cb, ..., c)_,, s.t.

V = p(Ady (r)cy - ¢} _or) + (Ady (r)ch - - ¢ _o1)q.

Theorem 2. [Freedom in versor ends| For any null vector
r # Cp_1,

V= Adi,(r)cl +++Ckg—1+C1""Cp_1r.

Theorem 3. [Freedom in center ends]

» If (V)i # 0, then r is an alternate of the center’s left/right
end iff r € (V) and r # Ady, (r).

> If (V)i =0 but (V)g_2 # 0, then r is an alternate of the
center’s left/right end iff either r- (V),_o # 0, or (V)i_o is
degenerate and r € (V);_o.

21/31



DOF in a null versor continued

> If (V) = (V)_2 =0, then any null vector of R**11 is an
alternate of the center’s left/right end.

Remark: If the degree of the center is not restricted, then the
center can always be trivially elongated to pc; ---cx_1q:

V=(q-cp1)ci(pci---cx_1q) + (P-c1) (pPC1---Cr_19) Cp1.



DOF in a null versor continued
> If (V) = (V)_2 = 0, then any null vector of R**1 s an
alternate of the center’s left/right end.

Remark: If the degree of the center is not restricted, then the
center can always be trivially elongated to pc; ---cx_1q:

V=(q-cp1)ci(pci---cx_1q) + (P-c1) (pPC1---Cr_19) Cp1.

Theorem 4. [Freedom in center interior| For fixed p,q,c1,cr_1,
center ¢y - - - ci_1 is fixed, or equivalently, DOF of null vectors
Co,...,Ci_o = DOF of null monomial cico---cp_.



DOF in a null versor continued
> If (V) = (V)_2 = 0, then any null vector of R**1 s an
alternate of the center’s left/right end.

Remark: If the degree of the center is not restricted, then the
center can always be trivially elongated to pc; ---cx_1q:

V=(q-cp1)ci(pci---cx_1q) + (P-c1) (pPC1---Cr_19) Cp1.

Theorem 4. [Freedom in center interior| For fixed p,q,c1,cr_1,
center ¢y - - - ci_1 is fixed, or equivalently, DOF of null vectors
Co,...,Ci_o = DOF of null monomial cico---cp_.

Theorem 5. [Tightness] Any versor has either tight or almost
tight null versor form. Let V = uy -- - u; be a tight versor. Then
V has tight null versor form iff k > 2, and

» when k = 2, then (V) is Minkowski or degenerate;
» when k > 2, then (V) is Minkowski and V # (V).



Multiplication of two null versors
pCi - - Cg—1 +C1---Ck_1q,

To compute VV’/, where /. / / I
= pcy -, +C1"‘Cl_1qa
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Multiplication of two null versors
pCi - - Cg—1 +C1---Ck_1q,

To compute VV’/, where /. / / I
= pcy -, +C1"‘Cl_1qa

/
(1) When c_1 # ¢, choose new ends:

P =cp1, d = (=1)'Ady, 1 (ck1);
a=cj,  p=(-1)FAdy(c).
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Multiplication of two null versors

C"‘C,+C"'C, ,
To compute VV', where _ p, 1, k, ! } f lq,
= pcl...cl_l_{_cl...cl_lq’
1) When cj_ ¢/, choose new ends:
( ) k—1 11
P =cp1, d = (=1)'Ady, 1 (ck1);
q=cj, p=(-1)FAd}(c)).
Denote C :=c;---cp_1€}j---¢;_4. Then
c)-cr_1
VV' =pCq +2(c| -¢c,-1)C = (pC)q + ﬁcl(pC)
Cp - Cg—1
= p(Cq/) + 1/ . ( /)Cg—l
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Multiplication of two null versors

C--~C,+C---C, ,
To compute VV', where _ p, 1, k, ! } ]f lq,
= pcl...cl_l_{_cl...cl_lq’
(1) When c_1 # ¢, choose new ends:
P =cp1, d = (=1)'Ady, 1 (ck1);
a=c},  p=(-1)FAdy(c)).
Denote C :=c;---cp_1€}j---¢;_4. Then
" Ck—1
VV' =pCq +2(c} -cx_1)C = (pC)q + 2 : (pC)

(2) When c_1 = ¢, choose new ends:

P'=aq, d =(-1)Ady,i(a).
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Multiplication of two null versors

pC1---Cp1+C1-°-Ck1Q,
= plc-c)_ +¢)c_ i,
(1) When c_1 # ¢, choose new ends:

To compute VV', where _

P =cp1, d = (=1)'Ady, 1 (ck1);
a=cj,  p=(-1)FAdy(c).

Denote C :=c;---cp_1€}j---¢;_4. Then

/ .
VV' =pCq +2(c| -¢c,-1)C = (pC)q + %cl(pC)

(2) When c_1 = ¢, choose new ends:

p/:q’ q/_( )AdV/ 1( )
Denote C' :=c¢; - - cp_oc) ---c;_;. Then

VV' =2(q-ct_1)(pC + C'q).

23 /31



Example 1: inversion, negative inversion and reflection

Recall: for any invertible vector u, any null vector g s.t. u-q # 0,

u=q- Ady(q) :=q+p.
Despite the DOF of q, this null binomial has no center!
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Example 1: inversion, negative inversion and reflection

Recall: for any invertible vector u, any null vector g s.t. u-q # 0,
u=q- Ad;y(q) :=q+p.

Despite the DOF of q, this null binomial has no center!

Centered null binomial form:

a+p = (a+p)(pa+ ap) = apq + pap.
Center: pq or qp.
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Example 1: inversion, negative inversion and reflection

Recall: for any invertible vector u, any null vector g s.t. u-q # 0,

u=q- Ady(q) :=q+p.
Despite the DOF of q, this null binomial has no center!

Centered null binomial form:

q+p = (q+p)(pq+9p) = apq + Pqp-
Center: pq or qp.
» Inversion induced by é — (p?/2)es:
q=¢, p=—(p"/2)ew.
» Negative inversion induced by ¢ + (p?/2)ex:

a=¢ p=(p"/2)ex.
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Example 1: inversion, negative inversion and reflection

Recall: for any invertible vector u, any null vector g s.t. u-q # 0,

u=q- Ady(q) :=q+p.
Despite the DOF of q, this null binomial has no center!

Centered null binomial form:

q+p = (q+p)(pq+9p) = apq + Pqp-
Center: pq or qp.
» Inversion induced by é — (p?/2)es:
a=¢, p=—(p"/2)ex.
» Negative inversion induced by ¢ + (p?/2)ex:
a=¢ p=(p"/2ex.

> Reflection induced by n + de.: for any point ¢ € R™ not on
the hyperplane (n, d),

q= éa pP= _Adrl—i-deoo (é)

24 /31



Example 2: dilation and translation

(1) Dilation about center ¢ € R™ with ratio A:
V = et + Ceqo.

Dilation center c is fixed, infinity ey, is dilated to Aey.
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Example 2: dilation and translation

(1) Dilation about center ¢ € R™ with ratio A:
V = et + Ceqo.

Dilation center c is fixed, infinity ey, is dilated to Aey.

(2) Translation from point ¢ € R™ to point d € R" is induced by
V=1+ex(d~-c)/2

cieoo+eooé:—2+eooA(é—d):—2V.

Center of the null versor: e.
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Example 3: 2-d rotation

€1

2-d rotation ba, where a,b € e,,— are invertible.
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Example 3: 2-d rotation

2-d rotation ba, where a,b € e,

L are invertible. For any null

vector ¢ such that c-a# 0 and c-b # 0,

ba

b(ces + exc)a
b(—cae + exca)
b(—c Ad}(c) ex + exoc Ad%(c))

—bc Ad}(c) exx — excbc Ad}(c)
Ady (c) c Adj(c)es + e Ady (c) ¢ Adj(c).

26
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Example 3: 2-d rotation

2-d rotation ba, where a,b € e,

L are invertible. For any null

vector ¢ such that c-a# 0 and c-b # 0,

ba =

b(ces + exc)a
b(—cae + exca)
b(—c Ad}(c) ex + exoc Ad%(c))

—bc Ad}(c) exx — excbc Ad}(c)
Ady (c) c Adj(c)es + e Ady (c) ¢ Adj(c).

Let d = Ad}(c), then the center is

Ad;,(d) AdZ(d) d.

In the null monomial, Ad}(d) can be replaced by any null vector in
Ady ,(d) N Adi(d) Ad that # d, Ad; ,(d).

26
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Geometric meaning of the center
Let d” = Ad}(d), d' = Ad;,(d). Center: d’d"d.

The center gives the full trajectory of a generic point d under the
2-d rotation induced by ba:
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Geometric meaning of the center
Let d” = Adz(d), d’ = Ad;,(d). Center: d'd"d.

The center gives the full trajectory of a generic point d under the
2-d rotation induced by ba:
» d is the starting point; d” is the image of d under reflection
a; ending point d’ is the image of d” under reflection b.

» d” can be replaced by any point on the circular trajectory
formed by point d, except for the starting and_ending points.
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Example 4: Inversion wrt circle in high dimensions
Inversion induced by a A b A ¢ (null vectors a, b, c):
2aAb A c=abc—cba

is not in centered form. The 3-blade can only be represented as a
centered null binomial of degree at least 5.
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Example 4: Inversion wrt circle in high dimensions
Inversion induced by a A b A ¢ (null vectors a, b, c):
2aAb A c=abc—cba

is not in centered form. The 3-blade can only be represented as a
centered null binomial of degree at least 5.

Let a A b A c = ejeze3 where the e; are mutually orthogonal. For
any null vectord s.t. d-e; #0 fori=1,2,3,
A\ ejezez(cd + dc)
= ejex(—Adg,(c)esd + ezdc)
= erex(—Adg, (c)Adg, (d)d + Adg,(d)dc)
= o1(~ Adl,q, () Ad},e, () Adg, (d)d — Ad,,
= A e (€)AY 0y (A)AdZ, , () Ad, (d)
FAd o6, (d)AdS o, (d) Adg, (d)dc)

ejes
= cD + Dec, where D = Ad (d)Adg o, (d)Adg, (d).

ejezes erjen

(d)Adg,(d)dc)
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From null versors to invertible monomials

By the hybrid-versor form, only need to consider tight degree-2 and
degree-3 cases.

Tight degree-2: 'V = qc + cp.
» If (V)2 is non-degenerate, then V is dilation-like.
» If (V)2 is degenerate, then V is translation-like.
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From null versors to invertible monomials

By the hybrid-versor form, only need to consider tight degree-2 and
degree-3 cases.

Tight degree-2: 'V = qc + cp.
» If (V)2 is non-degenerate, then V is dilation-like.
» If (V)2 is degenerate, then V is translation-like.

Tight degree-3: In V = qcica + cic2p, choose p = ¢;.

» For any A # 0, u = q + Ac; is invertible: inversion-like or
negative inversion-like.
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From null versors to invertible monomials

By the hybrid-versor form, only need to consider tight degree-2 and
degree-3 cases.
Tight degree-2: 'V = qc + cp.

» If (V)2 is non-degenerate, then V is dilation-like.

> If (V)2 is degenerate, then V is translation-like.

Tight degree-3: In V = qcica + cic2p, choose p = ¢;.

» For any A # 0, u = q + Ac; is invertible: inversion-like or
negative inversion-like.

» Let V. =uV. Then V =uV’, and
V' = (q+ Ac1)(geics + cicacy) = (c1 - e2)qer + (e1 - q)cice

is a degree-2 null versor: dilation-like or translation-like.
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Null versor compression algorithm

Input: V=pcy---¢_1+c1---¢c_1q, where [ > 4.
Output: V =pc)---cj_; +c}---c;_,q, where k is minimal.
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Null versor compression algorithm
Input: V=pcy---¢_1+c1---¢c_1q, where [ > 4.

Output: V =pc)---cj_; +c}---c;_,q, where k is minimal.

Step 1: Judge whether or not V has tight null versor form.
Depending on the judgement, decide the value of k.

Step 2: Find a pair of new center ends ¢/, c)_, by Theorem
3 [Freedom of center ends]. If ¢| # cq, elongate the
center of V to cfci---¢_1c),_,, update [ to [ + 2.
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Null versor compression algorithm

Input:
Output:

Step 1:

Step 2:

Step 3:

V=pci---ci_1+ci---¢c_1q, where [ > 4.

V =pc}---c,_, +c}--c,_,q, where k is minimal.

Judge whether or not V has tight null versor form.
Depending on the judgement, decide the value of k.

Find a pair of new center ends c},cj,_, by Theorem
3 [Freedom of center ends]. If ¢| # cq, elongate the
center of V to cfci---¢_1c),_,, update [ to [ + 2.

Compute the hybrid-versor form of V. If ¢} # ¢,
then V = VP ((—1)-pcic,_ | + cjch_,q), else
V = VP((=1)'pe] + ¢fa).
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Null versor compression algorithm

Input:
Output:

Step 1:

Step 2:

Step 3:

Step 4:

V=pci---ci_1+ci---¢c_1q, where [ > 4.

V =pc}---c,_, +c}--c,_,q, where k is minimal.

Judge whether or not V has tight null versor form.
Depending on the judgement, decide the value of k.

Find a pair of new center ends c},cj,_, by Theorem
3 [Freedom of center ends]. If ¢| # cq, elongate the
center of V to cfci---¢_1c),_,, update [ to [ + 2.

Compute the hybrid-versor form of V. If ¢} # ¢,
then V = VP ((—1)-pcic,_ | + cjch_,q), else
V = VP((=1)'pe] + ¢fa).

In Cl((p A c;)1), compress VEI'P (or V/I'P) to
WP (or WP,
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Null versor compression algorithm

Input:
Output:

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

V=pci---ci_1+ci---¢c_1q, where [ > 4.

V =pc}---c,_, +c}--c,_,q, where k is minimal.

Judge whether or not V has tight null versor form.
Depending on the judgement, decide the value of k.

Find a pair of new center ends c},cj,_, by Theorem
3 [Freedom of center ends]. If ¢| # cq, elongate the
center of V to cfci---¢_1c),_,, update [ to [ + 2.
Compute the hybrid-versor form of V. If ¢} # ¢,
then V = Ve1:P((—1)!"!pc)c)_, +c|c,_,q), else
V = V'IP((-1)'pc + cfq).

In Cl((p A c;)1), compress VEI'P (or V/I'P) to
WELP (or W’C/l’p).

Rewrite W P((—1)"'pcic, | + cjc)_,q) (or
WP ((—1)pc) + ¢/q) to null versor form.
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Summary

1. In CGA, versors can be constructed from points in centered null
binomial form, whose center is a null monomial.

2. Clear geometric meaning of null monomials and null versors.
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Summary

1. In CGA, versors can be constructed from points in centered null
binomial form, whose center is a null monomial.

2. Clear geometric meaning of null monomials and null versors.

3. Nice properties of null versors:
DOF of the center and ends
Multiplication

v

v

v

Rewriting between null binomials and invertible monomials

v

Compression to tight/almost null versor tight form

v

Symbolic geometric computation applications

Thanks!
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