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Basics of CGA

I Basic geometric entities in conformal geometry represented by
Grassmannians/blades:

I Point:

p ∈ Rn 7→ ṕ := e0 + p +
p2

2
e∞ ∈ N (Rn+1,1),

called the standard nullification of p ∈ (e0 ∧ e∞)⊥ wrt e0, e∞:

ṕ · e∞ = −1.

For all λ 6= 0, λṕ represents the same point p ∈ Rn.

I 0-d circle (a pair of points, one can be at infinity): a ∧ b.

I 1-d circle (including line): a ∧ b ∧ c. ......

I Conformal transformation group represented by pin group:

pin(n+ 1, 1) −→ (onto homomorphism) conf(Rn).

Quadruple covering with kernel {±1,±In+1,1}.
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Conformal transformations induced by geometric entities

For versor V = u1u2 · · ·uk where the ui are invertible,

Ad∗V(x) = (−1)kVxV−1, for all x ∈ Rn+1,1.

I Inversion wrt a hypersphere/Reflection wrt a hyperplane:
V = a (positive vector):

either a ≡ ć− ρ2

2
e∞, or a ≡ n + δe∞.

“≡”: equal up to scale.

I Negative inversion wrt a hypersphere: V = ć + ρ2

2 e∞
(negative vector).

x ∈ Rn 7→ x′ ∈ Rn, s.t. (x− c)(x′ − c) = −ρ2.

I Inversion wrt a circle (c, ρ) ∩Π in high dimensions
(composition of inversion wrt hypersphere (c, ρ) and reflection
wrt supporting plane Π): V = a ∧ b ∧ c.
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2 e∞
(negative vector).

x ∈ Rn 7→ x′ ∈ Rn, s.t. (x− c)(x′ − c) = −ρ2.

I Inversion wrt a circle (c, ρ) ∩Π in high dimensions
(composition of inversion wrt hypersphere (c, ρ) and reflection
wrt supporting plane Π): V = a ∧ b ∧ c.

4 / 31



Conformal transformations induced by geometric entities

For versor V = u1u2 · · ·uk where the ui are invertible,

Ad∗V(x) = (−1)kVxV−1, for all x ∈ Rn+1,1.

I Inversion wrt a hypersphere/Reflection wrt a hyperplane:
V = a (positive vector):

either a ≡ ć− ρ2
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I Translation by a vector t ∈ Rn:

V = 1 + e∞
t

2
= (

t

t2
+

e∞
2

)t.

I Dilation about center c ∈ Rn with ratio λ:

V = e∞ć + λ−1će∞ = −(1 + λ−1) + (1− λ−1)e∞ ∧ ć.

I 2-d rotation of angle θ about a center c ∈ Rn in a plane
spanned by two directions a,b ∈ Rn: let ∠(a,b) = θ/2.

V =
(
ć · (e∞ ∧ b)

)(
ć · (e∞ ∧ a)

)
≡ (će∞b− e∞bć)(će∞a− e∞ać)

= će∞bće∞a + e∞bće∞ać

≡ će∞ba + bae∞ć.

Note:
(
ć · (e∞ ∧ b)

)
≡ b + (ć · b)e∞ represents the

hyperplane normal to b and passing through point c.
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I Conformal transformation in the connected component of the
identity: either

V = exp(λ1B1) exp(λ1B2) · · · exp(λlBl)

= (u1u2)(u3u4) · · · (u2l−1u2l),

where the 2-blades Bi are completely orthogonal to each
other [M. Riesz, 1958].

I Versor compression: for any versor V in Cl(Rn+1,1), if k is the
maximal grade such that 〈V〉k 6= 0, then V ≡ v1v2 · · ·vk for
some vi ∈ 〈V〉k.

If V = v1v2 · · ·vk where v1 ∧ · · · ∧ vk, the invertible
monomial form is said to be tight.
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Null polynomials

Null monomial: geometric product of a finite sequence of null
vectors and a scalar, where no two adjacent vectors are ≡.

Degree: length of the senquence. Note:

aba = 2(a · b)a,

left side: degree 3, right side: degree 1.

Null polynomial: linear combination of null monomials.

I Grassmannians by null polynomials: e.g., 1 ≡ ab + ba, and

a ∧ b ∧ c =
1

2
(abc− cba).

I Invertible vectors by null binomials: e.g., for any invertible
vector u, any null vector q s.t. q · u 6= 0,

u ≡ q−Ad∗u(q) =: q + p,

where p represents the point of 0-d circle u ∧ q other than q.
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Versors by null binomials

If versor V equals a null binomial

a1a2 · · · ak︸︷︷︸+ b1︸︷︷︸b2 · · ·bl,

where k, l ≥ 1, then (map every tail to the other’s head)

Ad∗V(ak) ≡ b1, Ad∗V(bl) ≡ a1.

Proof.

VblV
† = a1 · · ·ak−1akblakak−1 · · ·a1

= 2(ak · bl)a1 · · ·ak−1akak−1 · · ·a1

= ......

= 2k(a1 · a2)(a2 · a3) · · · (ak−1 · ak)(ak · bl)a1.
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Nullification of invertible vectors

I Let q be a null vector. For any invertible vector u s.t.
u · q 6= 0,

úq := u− u2

2u · q
q ≡ Ad∗u(q)

is the nullification wrt base point q.

Geometrically, u is mapped to the point of 0-d circle q ∧ u
other than q.

I Let a 6≡ b be two null vectors. For any invertible vector
u /∈ a ∧ b,

úa,b := u + λa + µb, where µ = − u2 + 2λu · a
2b · (u + λa)

,

is the nullification wrt base points a,b and parameter

λ 6= −u · b
a · b

. Geometrically, u is mapped to a point other

than a,b on 1-d circle a ∧ b ∧ u.
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Unstructured null binomials for versors

For any versor V = u1u2 · · ·uk, if k = 1, recall: for any null
vector q s.t. q · uk 6= 0,

uk ≡ q−Ad∗uk
(q) =: q + p.

If k = 2, then if uk−1 ·q 6= 0 and uk−1 ·p = −Ad∗uk
(uk−1) ·q 6= 0,

uk−1uk ≡ uk−1p + uk−1q = (úk−1)pp + (úk−1)qq.

If k > 2, then under a set of linear inequality constraints on q,

u1 · · ·uk−1uk ≡ u1 · · ·uk−2(úk−1)pp + u1 · · ·uk−2(úk−1)qq

= u1 · · ·uk−3(úk−2)(úk−1)p(úk−1)pp

+u1 · · ·uk−3(úk−2)(úk−1)q(úk−1)qq

= ......

= ú1ú2 · · · úk−1p + ú′1ú
′
2 · · · ú′k−1q.
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If k > 2, then under a set of linear inequality constraints on q,

u1 · · ·uk−1uk ≡ u1 · · ·uk−2(úk−1)pp + u1 · · ·uk−2(úk−1)qq
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Structured null binomials for versors

For any versor V = u1u2 · · ·uk, if k = 1, let a 6≡ b be null vectors
such that a · uk 6= 0, then

uk ≡ uk(ab + ba)

= (uka)b + ukbu
−1
k (uka)

= úkab−Ad∗uk
(b) úka.

If k = 2, then

uk−1uk ≡ uk−1(úkab−Ad∗uk
(b)úka)

= −Ad∗uk−1
(úk)uk−1ab−Ad∗uk−1uk

(b)Ad∗uk−1
(úk)uk−1a

= −Ad∗uk−1
(úk) (úk−1)Ad∗uk−1

(úk),a a b

−Ad∗uk−1uk
(b) Ad∗uk−1

(úk) (úk−1)Ad∗uk−1
(úk),a a.

Similarly, for all k ≥ 2,

u1 · · ·uk−1uk ≡ Ad∗u1···uk−1
(úk)úk−1 · · · ú1ab

+(−1)kAd∗V(b)Ad∗u1···uk−1
(úk)úk−1 · · · ú1a.
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(úk)úk−1 · · · ú1ab
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Null versors

For versor V = u1u2 · · ·uk where k ≥ 0, if

V ≡ p(c1c2 · · · cl) + (c1c2 · · · cl)q,

where l > 0, the representation is called a centered null binomial
with center c1c2 · · · cl and ends p,q.

Henceforth, a null versor refers to a centered null binomial form of
a versor.

Let V = u1u2 · · ·uk be tight, i.e., u1 ∧ · · · ∧ uk 6= 0. Its null
binomial representation is

I Tight: if l = k − 1. Almost tight: if l = k + 1.

I In the tight case, if k > 2, then
〈V〉k = c1 ∧ · · · ∧ ck−1 ∧ (q + (−1)k−1p) is Minkowski; if
k = 2, then 〈V〉k is either Minkowski or degenerate.

Not every versor has tight centered null binomial form!

12 / 31



Null versors

For versor V = u1u2 · · ·uk where k ≥ 0, if

V ≡ p(c1c2 · · · cl) + (c1c2 · · · cl)q,

where l > 0, the representation is called a centered null binomial
with center c1c2 · · · cl and ends p,q.

Henceforth, a null versor refers to a centered null binomial form of
a versor.

Let V = u1u2 · · ·uk be tight, i.e., u1 ∧ · · · ∧ uk 6= 0. Its null
binomial representation is

I Tight: if l = k − 1. Almost tight: if l = k + 1.

I In the tight case, if k > 2, then
〈V〉k = c1 ∧ · · · ∧ ck−1 ∧ (q + (−1)k−1p) is Minkowski; if
k = 2, then 〈V〉k is either Minkowski or degenerate.

Not every versor has tight centered null binomial form!

12 / 31



Null versors

For versor V = u1u2 · · ·uk where k ≥ 0, if

V ≡ p(c1c2 · · · cl) + (c1c2 · · · cl)q,

where l > 0, the representation is called a centered null binomial
with center c1c2 · · · cl and ends p,q.

Henceforth, a null versor refers to a centered null binomial form of
a versor.

Let V = u1u2 · · ·uk be tight, i.e., u1 ∧ · · · ∧ uk 6= 0. Its null
binomial representation is

I Tight: if l = k − 1. Almost tight: if l = k + 1.

I In the tight case, if k > 2, then
〈V〉k = c1 ∧ · · · ∧ ck−1 ∧ (q + (−1)k−1p) is Minkowski; if
k = 2, then 〈V〉k is either Minkowski or degenerate.

Not every versor has tight centered null binomial form!
12 / 31



Main results

I Null monomials: geometric interpretation, DOF in the
factorization.

I Null versors: geometric interpretation, DOF in the center and
ends.

I Rewriting between invertible monomial form and centered null
binomial form of versors.

I Writing geometric product of two null versors as a null versor.

I Null versor compression.

I Applications to symbolic geometric computation.
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Null monomials

I Anisotropic: a1a2 · · ·ak where a1 6≡ ak.

I Isotropic: a1a2 · · ·aka1.

In the anisotropic case, if ai 6≡ a1 for all i > 2, then

a1a2 · · ·ak ≡ (a1a2a3)(a1a3a4) · · · (a1ak−1ak)a1ak,

where the underlined part is isotropic; else for some l ≤ k,

a1a2 · · ·ak ≡ (a1a
′
2a
′
3)(a1a

′
3a
′
4) · · · (a1a

′
l−1ak)a1ak.

Consider isotropic a1a2a3a1: for any scalars λ1, λ2,

a1a2a3a1 = a1a2(a3 + λ1a1 + λ2a2)a1.

Choose n = a3 + λ1a1 + λ2a2 to be invertible, and n · a1 = 0.
Then

a1a2na1 = −a1a2a1n = −2(a1·a2)a1n ≡ a1n. (pseudo-versor form)
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Then

a1a2na1 = −a1a2a1n = −2(a1·a2)a1n ≡ a1n. (pseudo-versor form)

15 / 31



Null monomials
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Positive rejection (inverse procedure of nullification)

Let a,b,d be null vectors and a 6≡ b,d. For any null vector
c 6≡ a,b, any scalars λ, µ, let n = c + λa + µb be positive.

I For any λ, there is a unique µ such that n · a = 0. The
corresponding n, namely,

c̀ab := c + λa− a · c
a · b

b,

is called the rejection of c from a wrt b and parameter λ.

I There are unique parameters λ, µ such that n · a = 0 and
n · d = 0. The corresponding n, namely,

c̀a,db := c− (a · b)(c · d)− (a · c)(b · d)

(a · b)(a · d)
a− a · c

a · b
b,

is called the rejection of c from a,d wrt b.

Note: c̀a,db 6= P⊥a∧d(c).
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Pseudo-versor form of null monomials

Isotropic monomial: by

ba1a2b = 2(b · a1)(à2)ba1
b = −2(b · a2)(à1)ba2

b,

where (à1)ba2
∈ b⊥ is invertible, we get

(ba1a2)(ba3a4) · · · (ba2l−1a2l)b ≡ (à1)ba2
(à3)ba4

· · · (à2l−1)ba2l
b.

So
ba1a2 · · ·akb = Vbb = (−1)|V

b|bVb,

where Vb is a versor in Cl(b⊥) with length |Vb|.

Anisotropic monomial:

ba1a2 · · ·akc = Vbbc = bcVc,

where Vc is a versor in Cl(c⊥).

Corollary. Any null monomial is nonzero, no matter how the
variables are specified.
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Geometric interpretation of null monomials

Isotropic: e∞ć1ć2 · · · ćke∞ ≡ −−→c1c2
−−→c2c3 · · · −−−−→ck−1ck e∞,

where −−→cicj = cj − ci. In general,

(e∞ć1ć2)(e∞ć3ć4) · · · (e∞ć2l−1ć2l)e∞ ≡ −−→c1c2
−−→c3c4 · · · −−−−−→c2l−1c2l e∞.

Anisotropic:

e∞ć1ć2 · · · ćk ≡ −−→c1c2
−−→c2c3 · · · −−−−→ck−1ck e∞ćk.

DOF in a null monomial = DOF of the versor factors. Examples:

I In e∞ć1ć2e∞, vectors ć1, ć2 can be replaced by any null
vectors d́1, d́2 s.t. (d1 − d2) ∧ (c1 − c2) = 0.

The isotropic null monomial represents a displacement vector!

I In ć1ć2ć3, factors ć1 and ć3 have 0 DOF, factor ć2 has 1
DOF (any point on circle/line ć1 ∧ ć2 ∧ ć3 other than c1, c3).

A ordered pair of points and the two open arcs between the
two points on a circle!
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−−→c2c3 · · · −−−−→ck−1ck e∞,

where −−→cicj = cj − ci. In general,
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DOF (any point on circle/line ć1 ∧ ć2 ∧ ć3 other than c1, c3).
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Outline

I Basics of CGA

I Null Monomials in CGA

I Null Versors in CGA
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Hybrid-versor form of null versors

Theorem 1. Any centered null binomial is a versor. Conversely,
any versor V can be written as a centered null binomial of the form

V = pc1 · · · ck−1 + c1 · · · ck−1q, where p = (−1)kAd∗V(q).

Hybrid-versor form of null versors:
Anisotropic: by pseudo-versor form of the center,

c1 · · · ck−1 ≡ Vc1,pc1ck−1 = c1ck−1V
ck−1,q.

So
V ≡ Vc1,p((−1)k−1pc1ck−1 + c1ck−1q)

= (pc1ck−1 + (−1)k−1c1ck−1q)Vck−1,q.

Isotropic: for ck−1 = c1,

c1 · · · ck−2c1 ≡ V′
c1,pc1 = c1V

′c1,q.

So
V ≡ V′c1,p((−1)kpc1 + c1q)

= (pc1 + (−1)kc1q)V′c1,q.
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DOF in a null versor

Let V = pc1 · · · ck−1 + c1 · · · ck−1q, where k > 1. A null vector r
is called an alternate of the center’s right end ck−1, if there exist
null vectors c′2, . . . , c

′
k−2, s.t.

V = p(Ad∗V(r)c′2 · · · c′k−2r) + (Ad∗V(r)c′2 · · · c′k−2r)q.

Theorem 2. [Freedom in versor ends] For any null vector
r 6≡ ck−1,

V ≡ Ad∗V(r)c1 · · · ck−1 + c1 · · · ck−1r.

Theorem 3. [Freedom in center ends]

I If 〈V〉k 6= 0, then r is an alternate of the center’s left/right
end iff r ∈ 〈V〉k and r 6≡ Ad∗V(r).

I If 〈V〉k = 0 but 〈V〉k−2 6= 0, then r is an alternate of the
center’s left/right end iff either r · 〈V〉k−2 6= 0, or 〈V〉k−2 is
degenerate and r ∈ 〈V〉k−2.
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DOF in a null versor continued
I If 〈V〉k = 〈V〉k−2 = 0, then any null vector of Rn+1,1 is an

alternate of the center’s left/right end.

Remark: If the degree of the center is not restricted, then the
center can always be trivially elongated to pc1 · · · ck−1q:

V ≡ (q · ck−1) c1 (pc1 · · · ck−1q) + (p · c1) (pc1 · · · ck−1q) ck−1.

Theorem 4. [Freedom in center interior] For fixed p,q, c1, ck−1,
center c1 · · · ck−1 is fixed, or equivalently, DOF of null vectors
c2, . . . , ck−2 = DOF of null monomial c1c2 · · · ck−1.

Theorem 5. [Tightness] Any versor has either tight or almost
tight null versor form. Let V = u1 · · ·uk be a tight versor. Then
V has tight null versor form iff k ≥ 2, and

I when k = 2, then 〈V〉k is Minkowski or degenerate;
I when k > 2, then 〈V〉k is Minkowski and V 6= 〈V〉k.
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Multiplication of two null versors

To compute VV′, where
V = pc1 · · · ck−1 + c1 · · · ck−1q,

V′ = p′c′1 · · · c′l−1 + c′1 · · · c′l−1q
′,

(1) When ck−1 6≡ c′1, choose new ends:

p′ = ck−1, q′ = (−1)lAd∗
V′−1(ck−1);

q = c′1, p = (−1)kAd∗V(c′1).

Denote C := c1 · · · ck−1c
′
1 · · · c′l−1. Then

VV′ = pCq′ + 2(c′1 · ck−1)C = (pC)q′ +
c′1 · ck−1

p · c1
c1(pC)

= p(Cq′) +
c′1 · ck−1

q′ · c′l−1

(Cq′)c′l−1.

(2) When ck−1 = c′1, choose new ends:

p′ = q, q′ = (−1)lAd∗
V′−1(q).

Denote C′ := c1 · · · ck−2c
′
1 · · · c′l−1. Then

VV′ = 2(q · ck−1)(pC′ + C′q′).
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c′1 · ck−1

q′ · c′l−1

(Cq′)c′l−1.

(2) When ck−1 = c′1, choose new ends:

p′ = q, q′ = (−1)lAd∗
V′−1(q).

Denote C′ := c1 · · · ck−2c
′
1 · · · c′l−1. Then

VV′ = 2(q · ck−1)(pC′ + C′q′).
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Multiplication of two null versors

To compute VV′, where
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Example 1: inversion, negative inversion and reflection

Recall: for any invertible vector u, any null vector q s.t. u · q 6= 0,

u ≡ q−Ad∗u(q) := q + p.

Despite the DOF of q, this null binomial has no center!

Centered null binomial form:

q + p ≡ (q + p)(pq + qp) = qpq + pqp.

Center: pq or qp.

I Inversion induced by ć− (ρ2/2)e∞:

q = ć, p = −(ρ2/2)e∞.

I Negative inversion induced by ć + (ρ2/2)e∞:

q = ć, p = (ρ2/2)e∞.

I Reflection induced by n + δe∞: for any point c ∈ Rn not on
the hyperplane (n, δ),

q = ć, p = −Ad∗n+δe∞(ć).
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q = ć, p = −(ρ2/2)e∞.

I Negative inversion induced by ć + (ρ2/2)e∞:
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Example 2: dilation and translation

(1) Dilation about center c ∈ Rn with ratio λ:

V = λe∞ć + će∞.

Dilation center c is fixed, infinity e∞ is dilated to λe∞.

(2) Translation from point c ∈ Rn to point d ∈ Rn is induced by
V = 1 + e∞(d− c)/2:

d́e∞ + e∞ć = −2 + e∞ ∧ (ć− d́) = −2V.

Center of the null versor: e∞.
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Example 3: 2-d rotation

2-d rotation ba, where a,b ∈ e∞
⊥ are invertible.

For any null
vector c such that c · a 6= 0 and c · b 6= 0,

ba ≡ b(ce∞ + e∞c)a

= b(−cae∞ + e∞ca)

≡ b(−cAd∗a(c) e∞ + e∞cAd∗a(c))

= −bcAd∗a(c) e∞ − e∞bcAd∗a(c)

≡ Ad∗b(c) cAd∗a(c)e∞ + e∞Ad
∗
b(c) cAd∗a(c).

Let d = Ad∗a(c), then the center is

Ad∗ba(d)Ad∗a(d)d.

In the null monomial, Ad∗a(d) can be replaced by any null vector in
Ad∗ba(d) ∧Ad∗a(d) ∧ d that 6≡ d, Ad∗ba(d).
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Geometric meaning of the center

Let d′′ = Ad∗a(d), d′ = Ad∗ba(d). Center: d′d′′d.

o
a

b

d

d’’ d’

The center gives the full trajectory of a generic point d under the
2-d rotation induced by ba:

I d is the starting point; d′′ is the image of d under reflection
a; ending point d′ is the image of d′′ under reflection b.

I d′′ can be replaced by any point on the circular trajectory
formed by point d, except for the starting and ending points.
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Example 4: Inversion wrt circle in high dimensions

Inversion induced by a ∧ b ∧ c (null vectors a,b, c):

2a ∧ b ∧ c = abc− cba

is not in centered form. The 3-blade can only be represented as a
centered null binomial of degree at least 5.

Let a ∧ b ∧ c = e1e2e3 where the ei are mutually orthogonal. For
any null vector d s.t. d · ei 6= 0 for i = 1, 2, 3,

V ≡ e1e2e3(cd + dc)

= e1e2(−Ad∗e3(c)e3d + e3dc)

≡ e1e2(−Ad∗e3(c)Ad∗e3(d)d +Ad∗e3(d)dc)

≡ e1(−Ad∗e2e3(c)Ad∗e2e3(d)Ad∗e2(d)d−Ad∗e2e3(d)Ad∗e2(d)dc)

≡ −Ad∗e1e2e3(c)Ad∗e1e2e3(d)Ad∗e1e2(d)Ad∗e1(d)

+Ad∗e1e2e3(d)Ad∗e1e2(d)Ad∗e1(d)dc)

= cD + Dc, where D = Ad∗e1e2e3(d)Ad∗e1e2(d)Ad∗e1(d).
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From null versors to invertible monomials

By the hybrid-versor form, only need to consider tight degree-2 and
degree-3 cases.

Tight degree-2: V = qc + cp.

I If 〈V〉2 is non-degenerate, then V is dilation-like.

I If 〈V〉2 is degenerate, then V is translation-like.

Tight degree-3: In V = qc1c2 + c1c2p, choose p = c1.

I For any λ 6= 0, u = q + λc1 is invertible: inversion-like or
negative inversion-like.

I Let V′ = uV. Then V ≡ uV′, and

V′ = (q+ λc1)(qc1c2 + c1c2c1) ≡ (c1 · c2)qc1 + (c1 · q)c1c2

is a degree-2 null versor: dilation-like or translation-like.
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Null versor compression algorithm
Input: V = pc1 · · · cl−1 + c1 · · · cl−1q, where l ≥ 4.

Output: V = pc′1 · · · c′k−1 + c′1 · · · c′k−1q, where k is minimal.

Step 1: Judge whether or not V has tight null versor form.
Depending on the judgement, decide the value of k.

Step 2: Find a pair of new center ends c′1, c
′
k−1 by Theorem

3 [Freedom of center ends]. If c′1 6≡ c1, elongate the
center of V to c′1c1 · · · cl−1c

′
k−1, update l to l + 2.

Step 3: Compute the hybrid-versor form of V. If c′1 6≡ c′k−1,

then V = Vc′1,p((−1)l−1pc′1c
′
k−1 + c′1c

′
k−1q), else

V = V′c
′
1,p((−1)lpc′1 + c′1q).

Step 4: In Cl((p ∧ c′1)⊥), compress Vc′1,p (or V′c
′
1,p) to

Wc′1,p (or W′c′1,p).

Step 5: Rewrite Wc′1,p((−1)l−1pc′1c
′
k−1 + c′1c

′
k−1q) (or

W′c′1,p((−1)lpc′1 + c′1q) to null versor form.

30 / 31



Null versor compression algorithm
Input: V = pc1 · · · cl−1 + c1 · · · cl−1q, where l ≥ 4.

Output: V = pc′1 · · · c′k−1 + c′1 · · · c′k−1q, where k is minimal.

Step 1: Judge whether or not V has tight null versor form.
Depending on the judgement, decide the value of k.

Step 2: Find a pair of new center ends c′1, c
′
k−1 by Theorem

3 [Freedom of center ends]. If c′1 6≡ c1, elongate the
center of V to c′1c1 · · · cl−1c

′
k−1, update l to l + 2.

Step 3: Compute the hybrid-versor form of V. If c′1 6≡ c′k−1,

then V = Vc′1,p((−1)l−1pc′1c
′
k−1 + c′1c

′
k−1q), else

V = V′c
′
1,p((−1)lpc′1 + c′1q).

Step 4: In Cl((p ∧ c′1)⊥), compress Vc′1,p (or V′c
′
1,p) to

Wc′1,p (or W′c′1,p).

Step 5: Rewrite Wc′1,p((−1)l−1pc′1c
′
k−1 + c′1c

′
k−1q) (or

W′c′1,p((−1)lpc′1 + c′1q) to null versor form.

30 / 31



Null versor compression algorithm
Input: V = pc1 · · · cl−1 + c1 · · · cl−1q, where l ≥ 4.

Output: V = pc′1 · · · c′k−1 + c′1 · · · c′k−1q, where k is minimal.

Step 1: Judge whether or not V has tight null versor form.
Depending on the judgement, decide the value of k.

Step 2: Find a pair of new center ends c′1, c
′
k−1 by Theorem

3 [Freedom of center ends]. If c′1 6≡ c1, elongate the
center of V to c′1c1 · · · cl−1c

′
k−1, update l to l + 2.

Step 3: Compute the hybrid-versor form of V. If c′1 6≡ c′k−1,

then V = Vc′1,p((−1)l−1pc′1c
′
k−1 + c′1c

′
k−1q), else

V = V′c
′
1,p((−1)lpc′1 + c′1q).

Step 4: In Cl((p ∧ c′1)⊥), compress Vc′1,p (or V′c
′
1,p) to

Wc′1,p (or W′c′1,p).

Step 5: Rewrite Wc′1,p((−1)l−1pc′1c
′
k−1 + c′1c

′
k−1q) (or

W′c′1,p((−1)lpc′1 + c′1q) to null versor form.

30 / 31



Null versor compression algorithm
Input: V = pc1 · · · cl−1 + c1 · · · cl−1q, where l ≥ 4.

Output: V = pc′1 · · · c′k−1 + c′1 · · · c′k−1q, where k is minimal.

Step 1: Judge whether or not V has tight null versor form.
Depending on the judgement, decide the value of k.

Step 2: Find a pair of new center ends c′1, c
′
k−1 by Theorem

3 [Freedom of center ends]. If c′1 6≡ c1, elongate the
center of V to c′1c1 · · · cl−1c

′
k−1, update l to l + 2.

Step 3: Compute the hybrid-versor form of V. If c′1 6≡ c′k−1,

then V = Vc′1,p((−1)l−1pc′1c
′
k−1 + c′1c

′
k−1q), else

V = V′c
′
1,p((−1)lpc′1 + c′1q).

Step 4: In Cl((p ∧ c′1)⊥), compress Vc′1,p (or V′c
′
1,p) to

Wc′1,p (or W′c′1,p).

Step 5: Rewrite Wc′1,p((−1)l−1pc′1c
′
k−1 + c′1c

′
k−1q) (or

W′c′1,p((−1)lpc′1 + c′1q) to null versor form.

30 / 31



Null versor compression algorithm
Input: V = pc1 · · · cl−1 + c1 · · · cl−1q, where l ≥ 4.

Output: V = pc′1 · · · c′k−1 + c′1 · · · c′k−1q, where k is minimal.

Step 1: Judge whether or not V has tight null versor form.
Depending on the judgement, decide the value of k.

Step 2: Find a pair of new center ends c′1, c
′
k−1 by Theorem

3 [Freedom of center ends]. If c′1 6≡ c1, elongate the
center of V to c′1c1 · · · cl−1c

′
k−1, update l to l + 2.

Step 3: Compute the hybrid-versor form of V. If c′1 6≡ c′k−1,

then V = Vc′1,p((−1)l−1pc′1c
′
k−1 + c′1c

′
k−1q), else

V = V′c
′
1,p((−1)lpc′1 + c′1q).

Step 4: In Cl((p ∧ c′1)⊥), compress Vc′1,p (or V′c
′
1,p) to

Wc′1,p (or W′c′1,p).

Step 5: Rewrite Wc′1,p((−1)l−1pc′1c
′
k−1 + c′1c

′
k−1q) (or

W′c′1,p((−1)lpc′1 + c′1q) to null versor form.
30 / 31



Summary

1. In CGA, versors can be constructed from points in centered null
binomial form, whose center is a null monomial.

2. Clear geometric meaning of null monomials and null versors.

3. Nice properties of null versors:

I DOF of the center and ends

I Multiplication

I Rewriting between null binomials and invertible monomials

I Compression to tight/almost null versor tight form

I Symbolic geometric computation applications

Thanks!
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