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Summary of the Abstract

In this talk, we introduce and study generalized Lipschitz and spin groups in degenerate geo-
metric (Clifford) algebras of arbitrary dimension and signature. The generalized degenerate
Lipschitz and spin groups contain the corresponding ordinary Lipschitz and spin groups as
subgroups and coincide with them in the low-dimensional cases. We prove that an element of
the generalized degenerate Lipschitz group can be represented as a product of an element of
fized parity and an element of the Grassmann subalgebra. It is shown that the values of norm
functions of elements of the generalized degenerate Lipschitz groups belong to the kernel of
the twisted adjoint representation. The introduced groups can be interesting for applications
i physics, engineering, and computer science.

Abstract
In this talk, we consider degenerate and non-degenerate real and complex geometric (Clifford)
algebras G, .., p+ ¢+ = n > 1, of arbitrary dimension and signature (in the case of
complex geometric algebra, we can take ¢ = 0). We concentrate on the degenerate G, .,
r # 0, however all the statements are true in the case r = 0. In particular, we consider the
Grassmann (exterior) algebra Gy, which is denoted by A,.

One of the most significant notions in the theory of spin groups is the twisted adjoint
representation ad. It is used to describe two-sheeted coverings of orthogonal groups by spin
groups. For the first time, ad has been introduced by Atiyah, Bott, and Shapiro in [2] in the
case r = (. This definition can be straightforwardly generalized to the case of arbitrary G, , ,
in the following way. The twisted adjoint representation ad acts on the Lipschitz group F;'fcﬁr
(3) in the way ad : T2 — Aut(G} ) as T — adr, where ady : G}, — G! . is defined for
elements of the grade-1 subspace G, , . as

adr(U)=TUT™, UegGl, ,,  Tel (1)
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where ~ is the grade involution. The kernel of the twisted adjoint representation ad coincides
with the set of all invertible elements of the Grassmann subalgebra A,

ker(ad) = {T € TE2 . TUT™'=U, VU€G! ,}=A), (2)

where x denotes the subset of all invertible elements of a set.
In the non-degenerate geometric algebras G, o, the Lipschitz group is defined as the
group of all invertible elements preserving the grade-1 subspace under the twisted adjoint

representation ad. Generalizing this definition to the case of the degenerate Gp.q,r» We similarly

+A
quT

define the Lipschitz group as

£A _ 1 1
L =1Tegy,, Tgpqr 1C Gpar ) (3)

The definition (3) of the degenerate Lipschitz group is used, for example, in the works
3, 4, 6]. The upper index ** in the notation of the Lipschitz group is due to the equivalent
definition (4), which we prove using Theorems 2 and 3:

A 1 ) 1 1
In the talk, we also discuss other approaches to define the degenerate Lipschitz group F;tg,,

considered in the literature. In the particular case of the Grassmann algebra A,,, the Lipschitz

group Fo 0. coincides with the kernel (2) of the twisted adjoint representation ad:
Lo, =Ar = ker(ad). (5)

The structure of the Lipschitz groups in the case of other degenerate geometric algebras G, 4,
r # n, is more complicated. We discuss the details in the talk.

We also consider the subgroup T'f, . of the Lipschitz group T, (4):

Piq,r
+ (© 1 1
qur‘_{Tegp)Xngqr‘ Tgpqu Cgpqr}crpqr (6)

The subgroup I'F, . is discussed, for example, in [11]. Let us note Corollary E.27 of this work

p,q,r

regarding the form of an arbitrary element of the group 'S, (this statement can be found,

D,q;T (
for example, in [6] as well). It is of interest to generalize this statement to more general cases.

In the case of the non-degenerate geometric algebra G, , ¢, the groups Fp 40 (6) and F;tf;o

(3) coincide:

;t,q,o = F;E f;\o (7)
Theorem 1 The Lipschitz group I‘;fé\r (4) can be represented as a product of the groups:
+A _ et
Dar = Togr A (8)
We consider the Lie group Qp ar
pq, ={T gy : Tg;qu Cg;q,} (9)



where G!

v.qr 18 the subspace determined by the grade involution ™ and the reversion ~

gg,qm =A{U € Gpgr: U= (-, U= (-1 k(k - U} = @ gzjaqw =0,1,2,3.

j=k mod 4

We call the group Qp o (9) the generalized degenerate Lipschitz group because of Theorem 2.

+A
qur

Theorem 2 The group QL contains the Lipschitz group as a subgroup and coincides

p,q,T
with 1t in the case of the low-dimensional Gy 4, :

= Q! vn, I =QF n<4. (10)

p,q,r — “¥p,q,r? p.q,r p,q,T?

We also consider the following Lie group introduced and studied in [8, 9]:
A 1)x
qur'_ (gpqr gz(vqr) (11)
where g,ﬁ?q),r and gp ¢ are the even and odd subspaces respectively.
Theorem 3 We have the following inclusion:

T P:I:A (12)

p,qr— p,q,r*

Consider the following two norm functions, which are widely used in the theory of spin

groups:
WT) =TT,  (T):=TT, VT €Gyy, (13)
Theorem 4 The generalized Lipschitz group qur has the following equivalent definition:
Q;qw ={T'eg;,.: TT € ker(ad), %T € ker(ad)}. (14)

Therefore, the values of the norm functions (13) of the degenerate Lipschitz groups’ elements
are in the kernel of ad (2):

TT € ker(ad),  TT € ker(ad), VI e} (15)

p,q,T*

The degenerate spin groups are discussed in many papers [1, 3, 4, 5, 6, 7, 11, 10, 12]. In
the talk, we discuss several approaches how to define these groups and the relation between
them. We define the ordinary degenerate spin groups (17)—(20) as normalized subgroups of

the Lipschitz group I'T2  (4) and its even subgroup

P.gr
0)x . 1 1
rh.={Teg®. TG T'Cqg Yy (16)
in the following way:
Piny(p,q,r) :={T € qur . TT = +e}, Piny(p,q,7) :={T € qur . TT = +e}, (17

Pinyy(p,q,r) :={T €TE} : TT =+e}, Ping(p,qr) :={T €T}
Spin(p, q,r) :={T €T}, : TT = +e} = {T eI}

qu :

TT = *e},

J2Ua

Spin, (p,q,7) :=={T €T}, TT = ‘e ={Tel,,, : TT = +e¢}.
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In the particular case of the non-degenerate geometric algebras G, , o, the groups Piny(p, ¢, 0)
and Pin, (p, ¢, 0) coincide. However in the general case of arbitrary G, , ., the six groups (17)-
(20) are different.

In this talk, we introduce and study the generalized degenerate spin groups. We define
them as normalized subgroups of the generalized degenerate Lipschitz group Qzl;qn“ (9) and
its even subgroup QI(,?q),f:

Ping(p, q.r) = {T¢€ (gz(,?;f U g},}g;)/\f . TT = +e}, (21)
Pin(p,a,r) = {T€(G7 UGN TT = e}, (22)
PinG,(p,q.r) = {Te€(GOIUGIN: TT = +e}, (23)
Pingx(p, q,r) = {T¢€ (Q[(,?q); U g](,}q);)/\rx : %T = +e}, (24)
Spin®(p,q,7) = {T € gz()?c;; . TT=+e}={Te€ g;?q)j : %T = +e}, (25)
Spin¥(p,q,r) = {T e 91(252; . TT =+e} ={T € ng?(;; : %T = +e}. (26)

The generalized degenerate spin groups (21)—(26) contain the corresponding ordinary degen-
erate spin groups (17)—(20) as subgroups.

The ordinary degenerate Lipschitz groups and spin groups [1, 3, 4, 6] have applications in
construction of Clifford group equivariant neural networks [11] and geometric Clifford algebra
networks [12], representation theory of Galilei group in quantum mechanics [4], etc. The
generalized degenerate spin groups can be interesting for applications of geometric algebras,
for example, in physics, computer vision, and neural networks.
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