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Abstract

We propose DPGNN, a differentiable physics- and geometry-aided pipeline for the solu-
tion of 2D partial differential equations describing the turbulent flow of a fluid around
obstacles. We build upon the work of [1], that proposes a hybrid framework through a dif-
ferentiable solver-in-the-loop strategy called differentiable physics-assisted neural network
(DPNN). While the DPNN outperforms other supervised learning approaches by keep-
ing the network solutions sound from a physical perspective, it lacks explicit geometrical
information about the problem. We include such geometrical information by working in
two-dimensional (2D) Geometric Algebra, G(2, 0, 0), replacing the ResNet of the DPNN
with a Clifford ResNet and by recasting the inputs in multivector form, with scalar part
encoding information about the obstacles and vector part encoding information about the
fluid velocity. DPGNN, which modifies DPNN minimally, achieves lower minima dur-
ing training, it shows comparable performances to its geometry agnostic counterpart at a
fraction of the number of its trainable parameters and it is more robust when estimating
the fluid flow for large ∆t.

1 Introduction

Computational Fluid Dynamics (CFD) is a branch of engineering focusing on the nu-
merical simulation of phenomena such as fluid flow and heat transfer. Recently, there
has been a growing interest in combining CFD with machine learning (ML) techniques
to enhance simulation capabilities [6]. ML architectures can help accelerate CFD simu-
lations drastically by reducing the computational resources, they can adapt to changes
in the geometry of the problem or in the boundary conditions of the fluid flow.
ML approaches, however, are only as good as the quality of the datasets they are trained
on, and results stemming from such approaches might not just be approximate, but also
unphysical, as ML architectures do not solve fluid dynamics equations explicitly, but
rather learn from patterns in the data. For this reason, several physics-aided pipelines
have been proposed, in order to keep prediction via ML grounded in physical principles
[12, 4, 11, 5]. An example of this is given in [1], in which a differentiable CFD solver
is included in the training loop to keep the networks prediction sound from a physical
perspective as much as possible.
We believe that information about the geometry of the problem to be solved, however, is



just as crucial as the physical laws governing it. We embed such geometrical information
through Clifford Algebra, which has been gaining increasing recognition in the design of
geometry-aware pipelines in several fields, including physics [2, 8], computer vision [9,
10] and computational biology [7].

2 Problem Formulation

The 2D Navier-Stokes partial differential equations (PDEs) describe the flow of an in-
compressible fluid. They read as follows:

∂u

∂t
+ (u · ∇)u = −1

ρ
∇p+ ν∇2u (1)

∇ · u = 0, (2)

in which u = (u, v) is the velocity vector, p is pressure, ρ is density, and ν is the kinematic
viscosity. Eq. 1 represents the momentum equation, expressing the conservation of
momentum in the (x, y) directions, accounting for advection, pressure, and viscosity,
while Eq. 2 represents the continuity equation.
We look at the fluid flow past multiple obstacles in a rectangular domain at moderate
Reynolds number (i.e. laminar flow) to estimate the 2D velocity field profile and wakes
formations. We follow the same approach of [1] and mantain the dataset identical, with
the same obstacle configuration design.
We recast the problem into a multivector-to-multivector regression problem. The in-
put of our DPGNN pipeline takes as input a multivector x in 2D Geeometric Algebra
G(2, 0, 0) with one scalar component and two vector components along e1, e2 of the form

x = mf · 1 + ue1 + ve2, (3)

as opposed to DPNN that takes three real-valued channels (mf , u, v). In Eq. 3, u and v
are the components of u along the e1 and e2 direction, respectively, and mf is a binary
mask indicating the shape and the position of the obstacles.
The problem is formulated as a supervised learning problem with rollout m = 4 time in-
stants, with time step ∆t = 0.1s and loss measured between ground truth and predicted
multivectors x, x̂ as

L =
1

m

m∑
i=0

∥⟨x⟩i1 − ⟨x̂⟩i1∥2 =
1

m

m∑
i=0

∥ui − ûi∥2, (4)

in which ⟨x⟩i1 = ui indicates the velocity field at time i.
‘

3 DPGNN

The overal DPGNN pipeline is shown in Fig. 1. The reference solver, FoamExtends,
provides the 2D vector field of the fluid velocity. Each fluid velocity snapshot, or frame,
is downsampled by a factor of 3 for agile processing and fed into the base solver, PhiFlow
[3], to provide the next frame after ∆t = 0.1s. No learning is involved in this step. We
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Figure 1: The DPGNN pipeline. We borrow from the DPNN the solver-in-the-loop
strategy through PhiFlow. We add the geometric information by embedding data in
multivector form and employing an architecture in Clifford Algebra.

recast the output of the base solver (i.e. the velocity field at the next time instant)
plus the obstacle mask in multivector form according to Eq. 3. A ResNet architecture
working in Clifford Algebra f , modelled after [2] is trained to give an estimate of the
velocity field at the next time step according to:

ui+1 = f(ui) + ui = ∆ui + ui, (5)

meaning that the Clifford ResNet predicts the incremental difference between two con-
secutive time steps. The vector field ui+1 is fed again into the base solver. This loop is
repeated for m = 4 rollout steps, with loss function evaluated for each frame.
The ResNet architecture is composed by 20 blocks of 2D convolutional layers paired with
ReLU activation function and a skip connection every two blocks, for a total of 600,000
trainable parameters. Weights and biases are full multivectors in G(2, 0, 0), inputs are
multivectors with only scalar and vector component and outputs are multivectors only
with vector component.
We train the network for 50 epochs. Data are divided into 50 batches and each batch
goes through 96 iterations for a total of three nested loops. We employed the Adam
optimizer and constant learning rate of 10−4. The training set includes 3000 frames
obtained through computational fluid dynamics simulations via FoamExtend run for
300s. The first 1500 frames are discarded to ensure steady state flow. The test set
includes 100 frames. The obstacles are arranged in a total of 100 different configurations.

4 Results

We report results obtained with our physics- and geometry-aided pipeline trained for 50
epochs and compare them with those presented in [1]. In Fig. 2 we report the training
loss for the DPNN and the DPGNN for two different number of convolutional channels.
Note how the training profile of the DPGNN at 16 channels is almost overlapping to
the one of the DPNN with 520,000 trainable parameters. This shows that the geometric
embedding of data allows to reach similar performances of real-valued networks with
roughly 25% fewer trainable parameters.
Similarly, when the number of parameters is comparable, with 20 channels for the
DPGNN and 32 channels for the DPNN pipelines respectively, the training curve starts



at almost half a decade lower loss value for our DPGNN compared to the geometry-
agnostic approach, and it reaches lower minima. Note that the number of channels of
our DPGNN has been picked so to yield the smallest difference in number of parameters
with respect to the original DPNN.

(a) DPGNN with 16 channels, 387714 param-
eters.

(b) DPGNN with 20 channels, 604642 pa-
rameters.

Figure 2: Training losses for DPNN and DPGNN.

In Fig. 3 we report the mean absolute error (MAE) between ground truth (GT) and
estimated velocity field evaluated at different time instants ∆t for a sample test case.
The MAE is defined as

µ =
1

MN

M∑
m

N∑
n

(|umn − ûmn|) + (|vmn − v̂mn|), (6)

in which M,N are width and length of the 2D grid, respectively and xmn is the field
x = u, v evaluated at grid indices (m,n).
Our pipeline is comparable to DPNN for the first samples of the velocity fields and tends
to plateau for large values of ∆t, meaning it is more effective at capturing the long-term
evolution of the fluid flow profile.

(a) DPGNN with 16 channels, 387714
parameters.

(b) DPGNN with 20 channels, 604642
parameters.

Figure 3: Mean absolute error losses for test case 39 with DPNN and DPGNN.

In Fig. 4 we compare the GT vorticity flowfield at 5 different time instants t =
{60∆t, 100∆t, 180∆t, 240∆t, 300∆t} with respect to GT obtained with the DPNN and



DPGNN approaches for a sample test case. Note how the wakes formation is estimated
correctly for both approaches with minimally noticeable differences, despite the DPGNN
having a smaller number of convolutional channels. For large ∆t, on the other hand, a
more significant deviation with respect to GT can be noticed in both pipelines.

Figure 4: Vorticity flowfield for 5 different time instants.

In Fig. 5 we show the vector components u, v of u as a function of ∆t in three different
locations on the 2D grid, in correspondence of the the wakes of the downstream cylinders
along the centerline axis. In agreement with Fig. 3, our DPGNN does a better job at
estimating the velocity vector field for high ∆t. When ∆t ≥ 250, in fact, the DPGNN
closely follows the GT pattern, especially when x ≤ 64.

Figure 5: u, v components of the velocity field as a function of time in 3 probes locations
(xn, yn).

In Fig. 6, cross sections of the u, v components of the velocity field u are shown for a
selected test case. Both DPNN and DPGNN yields satisfactory estimation of the flow
profiles, but our DPGNN slightly outperforms the geometry-agnostic approach in certain
locations and at ∆t = 300 for a smaller number of channels.



(a) Cross-section of the u component. (b) Cross-section of the v component.

Figure 6: Sections of the velocity fields in different position for different ∆t

5 Conclusions & Limitations

We have introduced DPGNN, a pipeline that combines a differentiable physics-aided
approach through a solver-in-the-loop strategy (introduced with DPNN) with a ResNet
in Geometric Algebra for the solution of 2D Navier-Stokes PDEs in laminar flow con-
dition. To the best of our knowledge, it represents the first example of a physics-aided
GA network.
DPGNN modifies DPNN minimally. The two main differences are: (1) input data are
recast in G(2, 0, 0) multivector form, with the obstacles’ mask as scalar component and
u, v as vector components; (ii) the ResNet architecture, the best performing within the
DPNN pipeline, is replaced by a Clifford ResNet as described in [2] also in G(2, 0, 0).
The DPGNN allows to achieve two things: (i) similar performances to DPNN at a
fraction of trainable parameters and convolutional channels; (2) better resilience as time
increases and the flow estimation becomes more challenging.
The DPGNN, on the other hand, also presents some limitations: firstly, as it minimally
changes DPNN, offers a smaller improvement compared to the one offered by NNs over
CFD methods, as shown in [1]. Second, the GA embedding increases the tensors’ dimen-
sionality, meaning that a GA approach might not scale well, especially if data require
an embedding in 3D space rather than 2D.
Future work might include the comparison of other architectures in GA, a study on the
effects of the weights and biases embedding (whether multivector, vector or scalar only)
and alternative input data embeddings.
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