The Modal Logic of Inequality

Author(s): Maarten de Rijke

Reviewed work(s):

Source: The Journal of Symbolic Logic, Vol. 37, No. 2 (Tun., 1992), pp. 566-584
Published by: Association for Symbolic Logic

Stable URL: http://www.]stor.org/stable/2275293

Accessed: 26/12/2011 09:27

Y our use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is anot-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in atrusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Association for Symbolic Logic is collaborating with JSTOR to digitize, preserve and extend accessto The
Journal of Symbolic Logic.

http://www.jstor.org


http://www.jstor.org/action/showPublisher?publisherCode=asl
http://www.jstor.org/stable/2275293?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp

THE JOURNAL OF SYMBOLIC LoGiC
Volume 57, Number 2, June 1992

THE MODAL LOGIC OF INEQUALITY
MAARTEN DE RUKE

Abstract. We consider some modal languages with a modal operator D whose semantics is based on the
relation of inequality. Basic logical properties such as definability, expressive power and completeness are
studied. Also, some connections with a number of other recent proposals to extend the standard modal
language are pointed at.

§1. Introduction. As is well known, standard (propositional) modal and temporal
logic cannot define all the natural assumptions one would like to make on the
accessibility relation. One obvious move to try and overcome this lack of expressive
power is to extend the languages of modal and temporal logic with new operators.
One particular such extension consists in adding an operator D whose semantics is
based on the relation of inequality. The proposal to consider the D-operator is due
to several people independently, including Koymans [15] and Gargov, Passy and
Tinchev [10]. This particular extension of the standard modal language is of
interest for a number of reasons. First of all, it shows that some of the most striking
deficiencies in expressive power may be removed with relatively simple means.
Secondly, several recent proposals to enhance the expressive power of the standard
language naturally give rise to considering the D-operator; thus the language with
the operators < and D appears as a kind of fixed point amongst the wide range of
recently introduced extensions of the standard language. And thirdly, many of the
interesting logical phenomena that one encounters in the study of enriched modal
languages are illustrated by this particular extension.

Applications of the D-operator can be found in [9], where it has been used in the
study of various enriched modal languages, and in [15], where it is applied in the
specification of message passing and time-critical systems.

The main subject of this paper is the modal language #(<, D) whose operators
are ¢ and D. The remainder of §1 introduces the basic notions, and examines which
of the (anti-) preservation results known from standard modal logic remain valid
in the extended formalism. Next, §2 compares the expressive powers of modal lan-
guages that contain the D-operator with a number of other modal languages. In
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§3 we present the basic logics in some languages with the D-operator, and we give
complete axiomatizations for several special structures; in it we prove that, given the
right basic logic in #(D), all finite extensions thereof are complete; we also discuss
analogues of the Sahlqvist theorem for (<, D) and Z(F, P, D). §4 then deals with
definability, both of classes of frames and of classes of models.

1.1. Basics. The (multi-) modal languages we consider have an infinite supply of
proposition letters (p, g,r,...), propositional constants 1, T and the usual Boolean
connectives. Furthermore, they contain one or more unary modal operators. The
standard language #(<) has operators <& and [J, with & being regarded as
primitive, and [ being defined as <1, (In general, £(04,...,0,) denotes the
(multi-) modal language with operators 0,,...,0,.) We use ¢,¥,y,... to denote
(multi-) modal formulas. The semantic structures are frames, i.e. ordered pairs
(W, R) consisting of a nonempty set W with a binary relation R on W. To save
words, we assume that & denotes the frame (W, R). In addition to these frames,
structures called models will be used, consisting of a frame & together with a
valuation V on & assigning subsets of W to proposition letters. We assume that .#
denotes the model (%, V).

M = @[w] is defined as usual, the important case being: .# = Oop[w] iff, for
some v € W, Rwv and A/ = ¢[v]. For temporal logic the clause for < is replaced by
two clauses for F and P: ./ = Fo[w] iff, for some ve W, Rwv and A4 & ¢[v];
M = Pp[w] iff, for some v e W, Row and 4 = ¢[w]. The semantics of the D-
operator is given by .# = Do[w] iff, for some v # w, # = @[v]. From this, notions
like 4 = ¢, F = ¢[w], and ¥ k& ¢ are defined as usual.

G and H are short for = F—1 and —1 P, respectively. The dual 7 D— of D is
denoted by D. Using the D-operator, some useful abbreviations can be defined:
E@ = ¢ v Do (there exists a point at which ¢ holds); A¢ := ¢ A D¢ (¢ holds at
all points); Ug := E(p A T1D¢@) (¢ holds at a unique point).

The fact that some notions are sensitive to the language we are working with is
reflected in our notation: e.g. we write # = ;, ¢4 to mean that # and ¥ validate
the same ¢ € £(<, D), and Th,, p(#) for the set of formulas in £(<, D) that are
valid on .

We will sometimes refer to the first-order languages %, and %, : %, has one binary
predicate symbol R as well identity; %, extends %, with unary predicate symbols
P,P,,...,P, Q, ... corresponding to the proposition letters of the (multi-) modal
language. First-order formulas will be denoted by «, f,7,.... a is called locally
definable in #(0,,...,0,) if for some ¢ € £(0,,...,0,), for all #, and all we W,
F Ea[w]iff F & @[w];itis called (globally) definable in (04, ..., 0,)if for some
peX00,,...,0,),forall # F = aiff F E ¢.

1.2. (Anti-) preservation and filtrations. It is well known that standard modal
formulas are preserved under surjective p-morphisms, disjoint unions and generated
subframes:

DEFINITION 1.1. 1. A surjective function f from a frame % to a frame %, is called
a p-morphism if (i) for all w,v € Wy, if R;wv then R, f(w)f(v); and (ii) for all w e W,
and v € W,, if R, f(w)v then there is a u € W, such that Rywu and f(u) = v.

2. %, is called a generated subframe of a frame %, if (i) Wy c W,; (i) R, =
R, n (W, x W,); and (iii) for all we W, and v € W,, if R,wv then v e W;.
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3. Let % (i € I) be a collection of disjoint frames. Then the disjoint union \+);_, %
is the frame (| J{W;:ie I}, (J{Ri:ieI}).

Here are some examples showing that adding the D-operator to £(<) gives an
increase in expressive power:

1. ©p — Dp defines Vx—1Rxx;

2. p v Dp — Op defines R = W?2;

3. OT v DOT defines R # .

Using the above preservation results, it is easily verified that none of these three
conditions is definable in Z(<). And conversely, the fact that they are definable in
#(<, D) implies that we no longer have these preservation results in £(<, D).
Moreover, they can be restored only at the cost of trivializing the constructions
concerned.

A fourth important construction in standard modal logic is the following:

DEFINITION 1.2. Let & be a frame, and X = W. Then Lg(X) = {we W:Yoe W
(Rwv — v € X)}. The ultrafilter extension ue(¥) is the frame {(Wgz, Rz ), where
Wy is the set of ultrafilters on W, and Rz U, U, holds if, for all X € W, Lg(X) e U,
implies X € U,.

Standard modal formulas are anti-preserved under ultrafilter extension, i.e. if
ue(#) = ¢ then # = ¢. (Cf. [4, Lemma 2.25].) Perhaps surprisingly, for formulas
@ € £(<C, D) this result still holds good, as one easily deduces from the follow-
ing result.

PROPOSITION 1.3. Let V be a valuation on %. Define the valuation Vg on ue(¥) by
putting Vz(p) = {U: V(p) € U}. Then, for all ultrafilters U on W and all formulas
@ € L(<, D), we have (ue(F), Vz) = o[U] iff V(p) e U.

PrOOF. We argue by induction on ¢. Thecases ¢ = p, 1y, ¥ A y, Oy are proved
in [4, Lemma 2.25]. The only new case is ¢ = Dy. Suppose V(DY) = {w: Jv #w
(ve V(y)} € U. We must find an ultrafilter U; # U such that (ue(¥), Vz) =
Y[U,]. First assume that U contains a singleton, say, U = {X < W: X 2 {w,}}.
Then wy € V(Dy), so there exists a v # w, with v e V(). Since v # w,y, we must
have {v} ¢ U. Let U; be the ultrafilter generated by {v}; then U # U,. Further-
more, v € V() implies V() € U;, and hence {ue(F), Vz) k= Y[ U, ], by the induc-
tion hypothesis. It follows that ue(¥), Vz)> = Dy [U]. Next, suppose that U does
not contain a singleton. Since V(DY) € U, we find some w, € V(Dy). Let v be a
point such that v # w, and v € V(). Then {v} ¢ U, and we can proceed as in the
previous case.

Conversely, assume that V(Dy)¢ U. We have to show that (ue(#), Vz)
# DY[U]. Since V(Dy)¢ U, we have that X = {w: Vo(v #w—o0vé¢ V()} €U,
and hence X # . Let w, € X. Clearly, if wy ¢ V(), then X = W and V(y) =
Consequently, for all ultrafilters U; # U we have V(y) ¢ U,. So, by the induc-
tion hypothesis, ue(%), Vz> ¥ W[ U,], and hence <ue(J) V;) B DY[U], as re-
quired. If, on the other hand, w, € V(y), then X = {w,} = ), and U is generated
by X. It follows that, for any ultrafilter U, # U, X = V(lp) ¢_ U;. So by the in-
duction hypothesis we have (ue(¥), Vz) B Y[U,] for such U;. This implies

(ue(F), Vg ¥ DY[U]. QED.
COROLLARY 1.4. For any frame % and all ¢ € L(<,D), if ue(#)E= ¢ then
F = o

COROLLARY 1.5. 3x Rxx is not definable in £(<, D).



THE MODAL LOGIC OF INEQUALITY 569

Proor. Evidently, # = (N, <) ¥ 3x Rxx. Elementary reasoning shows that,
for any nonprincipal ultrafilter U on N, R;zUU. Hence, ue(#) = 3x Rxx. Now
apply 1.4. QED.

Another important notion from standard modal logic is that of a filtration. It has
a straightforward adaptation to Z(<, D):

DEFINITION 1.6. Let .#, and .#, be models, and let X2 be a set of formulas
¢ € (<O, D) closed under subformulas. A surjective function g: 4, — ., is an
extended filtration with respect to X if

1. for all w,v € Wy, if Rywov then R,g(w)g(v),

2. for all w e W, and all proposition letters p in X, w € V;(p) iff g(w) € V,(p), and

3. forallwe W, and all Agp € 2, if 4, = Ap[g(w)] then A, = NA¢p[w], where
A€ {O,D}.

PROPOSITION 1.7. If g is an extended filtration with respect to X from M, to M, ,
then, for allwe Wy and all o € X, M, = o[w] iff #, = o[g(W)].

Recall that the standard example of a filtration in ordinary modal logic is the
modal collapse: given a model .# and a set 2 that is closed under subformulas, it is
defined as the model .#’, where, for g(w) = {p € Z: M &= ¢[w]} and W' = g[W],
R'g(w)g(v) holds iff, for all O € 2, O € g(w) implies ¢ € g(v), and V'(p) = {g(w):
p € g(w)}. To obtain an analogue of the modal collapse for #(<, D), take the ordi-
nary modal collapse, and double the points that correspond to more than one point
in the original model. A simple inductive proof then shows that corresponding
(doubled) points verify the same formulas.

Using the extended collapse one may show in a standard way that formulas
¢ € £(O, D) satisfy the finite model property (and, hence, that the validities in
Z(<O, D) form a recursive set): such a ¢ € £(<, D) has a model iff it has a model with
at most 2 - 2" worlds, where n is the length of ¢. De Smit and van Emde Boas [19]
show that for ¢ € #(D) one can do considerably better: such a formula has a model
iff it has a model with at most 4n worlds, where n is the length of ¢. Thus, the
satisfiability problem for pure D-formulas is NP-complete. The satisfiability for
(<©, D)-formulas is certainly PSPACE-hard; it is unknown, however, whether this
problem is in PSPACE.

§2. Some comparisons. In this section we compare modal languages with the D-
operator to some languages without it. It is not our aim to give a complete
description of all the aspects in which languages of the former kind differ from, or
are the same as, languages of the latter kind, but merely to highlight some of the
features of the former languages.

2.1. The language (D).

PROPOSITION 2.1. All formulas ¢ € ¥ (D) define first-order conditions.

Proor. Using the ST-translation as defined in §4.2, such formulas can be
translated into equivalent second-order formulas containing only monadic predi-
cate variables. By a resultin [ 1, Chapter I'V] these formulas are in turn equivalent to
first-order ones. QED.

Proposition 2.1 marks a considerable difference with £(<): as is well known, not
all Z(<)-formulas correspond to first-order conditions. In the opposite direction,
there are also some natural conditions undefinable in .#(<) that are definable in
Z(D). For example, using the preservation of standard modal formulas under
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generated subframes and disjoint unions, it is easily verified that no finite cardinality
is definable in £(<); on the other hand, although 2.1 implies that “infinity” is not
definable in .Z(D), we do have
PrROPOSITION 2.2 (KOYMANS). All finite cardinalities are definable in ¥ (D).
ProOF. For ne N, |W| < nis defined by

Up; - \/ E(p; A Pj),

1<i<n+1 1<i<j<n+1
while |[W| > n is defined by
A< Pi> —-E (p: A Dp)). QED.
1<i<n 1<i<n

THEOREM 2.3 (Functional Completeness). On frames #(D) is equivalent with the
language of first-order logic over =.

PrOOF. All first-order formulas over identity can be defined as a Boolean
combination of formulas expressing the existence of at least a certain number of
elements. By 2.2 these formulas are definable in .#(D). The converse follows from 2.1.

QED.

2.2. The languages Z(<,D) and £(<). One way to compare the expressive
powers of two languages is to examine their ability to discriminate between special
(read: well-known) structures. For example, in contrast to Z(<), Z(<, D) is able to
distinguish Z from N: (N, <) # , (Z, <). This follows from the fact that the
existence of a (different) predecessor is expressible in .#(<{, D) by means of the
formula p A D—1p - Dp.

So Vx3y(x # y A Ryx) is an %-condition on frames which is definable in
Z(<, D) but not in Z(<). Other well-known %,-conditions undefinable in Z(<)
are irreflexivity and anti-symmetry. By the next result, these conditions do have an
ZL(<©, D)-equivalent:

PROPOSITION 2.4. All I1}i-sentences in R, = of the purely universal form

VP, ---VP,Vx,---Vx,BOOL(P.x;, Rx;x;, x; = X;)

120 B4
are definable in £(<, D).

Proor. Let py,...,p, and q,...,q, be proposition letters such that each of
Pis--->Pm is different from each of ¢q,,...,q,. Now take Ug, A --- A Ug, >
BOOL(E(g; A p) E(q: A ©q)), E(q; A ) QED.

It is well known that two finite rooted frames that validate the same formulas
¢ € £(<) are isomorphic. This is improved upon in £(<, D):

COROLLARY 2.5. If # and &%, are finite frames, then #, =, , %, iff F = .

PrOOF. Finite frames are isomorphic iff they have the same universal first-order
theory. So from 2.4 the result follows. Alternatively, one may give, for each finite
frame &, a “characteristic formula” x4 such that, for all 4, ¥ b~ 1y iff G = F#
(cf. §4.1). QED.

Let us call a set T of (multi-) modal formulas ( frame) categorical if, up to
isomorphism, there is only one frame validating T'; T is called A-categorical if, up to
isomorphism, T has only one frame of power A validating it. (1-) categoricity is an
important notion in first-order logic that is meaningless in standard modal
languages: by some elementary manipulations one easily establishes that if & = T
for some %, where T is a theory in either (<) or Z(F, P), and if I is a set of indices,
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then for each i€ I there is a frame % = T such that & % F; if i # j. In contrast,
for any finite frame & the complete (<, D)-theory Th,, p(#) is easily seen to be
categorical by 2.4.

The classical example of an w-categorical theory in first-order logic is the
complete theory of the rationals. By standard techniques one can show that Th(Q)
is not w-categorical; but Th,, ,(Q) is w-categorical:

PROPOSITION 2.6. The complete (<, D)-theory of Q is w-categorical.

Proor. It suffices to give formulas ¢ € £ (<, D) which are equivalent to the
axioms for the theory of dense linear order without endpoints:

Vxyz(x <y Ay<z—-x<z), OOp - Op,

Vxp(x <y Ay<x—x=y), p A D—p—- [(COp - p),

Vx—1(x < x), <p — Dp,

Vxpx =y vx<yvy<Xx), p— <Oq v D(g— <p),

Vxydzx <y—-ox <z Az<Yy), Op - OOp,

Ixy(x # y), DT,

Vx3y(x < y), OT,

Vx3y(y < x), pAD—p— Opv DO QED.

The special form of the antecedents of the second and last (<, D)-formula in the
above list is worth noting. When such an antecedent is true it forces p to act as a so-
called nominal, i.e., to hold at precisely one point; this then enables us to describe the
behavior of < locally, at the unique point at which p holds. (See §2.4 for more on
nominals.)

Recall that a modal sequent is a pair ¢ = (I, @, where I, and ©, are finite sets
of (multi-) modal formulas; # & o if, for every V, if (%, V) k= I, then there is a
0 € O, with {(#, V) = 0. A class K of frames is sequentially definable if there is a
set L of modal sequents such that K = {#: Yo € L(# k& 0)}. Kapron [14] shows
that in .Z(<) sequential definability is strictly stronger than ordinary definability.
By our remarks in §1.2 and the fact that validity of sequents is preserved under
p-morphisms (cf. [14]), it follows that definability in £(<,D) is still stronger.
Furthermore, in £(<,D) the notions of ordinary and sequential definability
coincide; as is pointed out in [13] this is due to the fact that we can define the
“universal modality” A in £ (<, D):

PROPOSITION 2.7. Let K be a class of frames. K is sequentially definable in
L(O, D) iff it is definable in £ (<, D).

PrOOF. One direction is clear. To prove the other one, assume that K is defined
by a set L of sequents. For each o = {{@q,...,9,}, {Vo,..-,¥m}> € L put o* :=
No<icnAP: =\ o<icmAW;- Then K is defined by {c*: 5 € L}. QED.

It should be clear by now that adding the D-operator to #(<) greatly increases
the expressive power. Limitations are easily found, however. As we have seen, 3x
Rxx is still not definable in #(<, D). And just as with the standard modal language
we find that on well-orders a sort of “stabilization of discriminatory power” occurs
at a relatively early stage (cf. [5] for a proof of this result for the standard modal
language). To prove this we recall that the clusters of a transitive frame & are the
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equivalence classes of W under the relation x ~ yiff (Rxy A Ryx) v x = y. Clusters
are divided into three kinds: proper, with at least two elements, all reflexive; simple,
with one reflexive element; and degenerate, with one irreflexive element.

THEOREM 2.8. If ¢ € Z(O, D), and F is a well-ordered frame with F ¥ @, then
there is a well-ordered frame 9 such that 4 < w® and 4 ¥ .

PROOF. Suppose that for some V and we W we have # = (Z, V) = —p[w].
Let Z~ be the set of subformulas of —1¢, and define 2 := X~ U {Oy: Dy € Z7}. Let
M, be the (extended) collapse of .# with respect to Z. Then .4, is transitive and
linear. Consequently, .#; may be viewed as a finite linear sequence of clusters.

Next, .#, will be blown up into a well-ordered model .#, by replacing each cluster
with an appropriate well-order. If C = {w} is a degenerate cluster, then C is itself a
well-order, and we do nothing. Nondegenerate clusters {w, ..., w,} are replaced by
acopy of w; the valuation is adapted by verifying p in a newly added niff n = imod k
and w; € V;(p). The resulting model is a well-order, and since ./ is finite it will have
order type <w?. '

If w e W,, we write w for a point or points corresponding to w in .4, . Then, for all
Yyel and we W, A = y[w] iff A, = y[w]. This equivalence is proved by
induction on ¥. The only nontrivial case is when = Dy and .4, = Dy[w]. In that
case one uses the fact that Dy € X implies Oy € X. QED.

From 2.8 and [5, Theorem 5.2] it follows that the well-orders of type <w -k
+ n (k < w, n < w) all have distinct (<, D)-theories, while for k > w we have w - k
+n=,p0w-0+n

2.3. The languages #(<, D) and £ (F, P). On strict linear orders the D-operator
becomes definable in Z(F, P): on such frames we have & = (P¢ v Fo)w«s Do. In
fact, this may be generalized somewhat; call a frame & n-connected (n > 0)if, for any
w,v e W with w # v, there exists a sequence wy,...,w, such that w, =w, w, =0
and for each j (1 <j < k) either Rw;w;, ; or Rw;,;w;. Then, using a suitable transla-
tion, one may show that on irreflexive n-connected frames every (<, D)-formula is
equivalent to one in Z(F, P). This shows that new results about standard modal
languages may be obtained by studying extended ones: for it follows from 2.4 that on
the class of irreflexive n-connected frames every purely universal IT!-sentence in R,
= is definable in Z(F, P).

By the next result there is no converse to our previous remarks: P is not definable
in Z(<, D), not even on strict linear orders.

THEOREM 2.9. 1. {Q, <) #p <R, <),

2. <Qs <> EO,D<R, <>

ProOF. The first part is well known. To prove the second part, assume first that,
for some ¢ € £(<, D) and valuation V, <R, <, V) i ¢. Using the ST-translation as
defined in §4.2, we find that (R, <, V) = 3x ST(—1¢). Hence, by the Lowenheim-
Skolem theorem, <Q, <, V') &= 3x ST(T¢), where V'(p) = V(p) | Q, for all prop-
osition letters p. It follows that {Q, <) ¥ .

Conversely, assume that, for some ¢ € £(<, D) and a valuation V, {Q, <, V)
¥ ¢. Define X and .#, as in the proof of 2.8. Then .#, is transitive, linear and
successive (both to the right and to the left). A model .#, may then be constructed
by replacing each cluster by an ordering of type A if it is the leftmost cluster, and
otherwise, if it is degenerate it and its nondegenerate successor (by [18, Lemma 1.1]
#, does not contain adjacent degenerate clusters) are replaced in one go by an
ordering of type 1 + A; after that, the remaining nondegenerate clusters are also
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replaced by 1 + A. The valuation may then be extended to newly added points in
such a way that an induction similar to the one in the proof of 2.8 yields .#, k .
QED.

2.4. The language #(<, D) and some other enriched languages. In [6] a simple
method of incorporating reference into modal logic is presented by introducing
a new sort of atomic symbols—nominals—into the modal language. These new
symbols combine with other symbols of the language in the usual way to form
formulas. Their only nonstandard feature is that they are true at exactly one point in
amodel. Let Z,(<)denote the language (<) with nominals added to it. From [6]
we know that %,(<) is much more expressive than £(<): important classes of
frames undefinable in £(<{) become definable in %,(<¢). But it turns out that
ZL(<©, D)is even more expressive than Z,(<). To see this, let ny,n,,n,,...range over
nominals, let py,p;,p,,... denote the proposition letters in %,(<) and Z(<, D),
and define 1: %,(O) - £(<O, D) by putting t(p;) = p,; and 1(n;) = p,;i+ 1, and by
letting T commute with the connectives and operators. Given a formula ¢ € Z,(<),
let n,,...,n, be the nominals occurring in ¢, and define (¢p)* € £(<,D) to be
Uz(ny) A -+ A Ut(ng) - ().

PrOPOSITION 2.10. Every class of frames that is definable in £,(<) is definable in
L(<, D), but not conversely.

ProoF. The first part follows from the observation that, for any formula
¢ € Z,(<¢) and any model (W, R, V), (W, R, V) = o[w] iff (W, R, V*) = o*[w],
where V*(p) = V(z~!(p)). The second part follows from 2.2 and the fact that 1 is
the only cardinality definable in .%,(<) (cf. [6]). QED.

In[6] and [9] the extension .Z,(<, A) of %,(<)is studied—here A is the operator
defined in§1.1, whose semanticsis given by # = Ap[w]iff,forallv e W, # &= ¢[v];
it is sometimes called the shifter (in [6]), or the universal modality (in [9]). By the
above observations .%,(<, 4) is no more expressive than Z(<, D). Moreover, by a
nice result in [9] the converse holds as well:

THEOREM 2.11 (Gargov and Goranko). A class of frames is definable in £,(<, A)
iff it is definable in £(<, D).

Combining results from this section and earlier ones together with results from
[9] and [13], we arrive at the following picture:

g(o)seq
L(0, A)
/ AN
£(0,D)
Z(C) Z(0,A)
T4 Z,(0)
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(Here, Z(<)*9 is £(<) with sequential definability; each box contains languages
that are equivalent with respect to definability of frames, and arrows point to
more expressive languages.)

§3. Axiomatics. We first study logics in the language £(D); we show that, given
the right basic logic in #(D), all its finite extensions are complete. After that we
consider the basic logics in #(<, D) and Z(F, P,D), as well as some logics axi-
omatizing familiar classes of frames, or special structures. Finally, we will discuss
Sahlqvist theorems for .#(<, D) and Z(F, P, D).

3.1. The logics in #(D).

DEFINITION 3.1. DL~ is propositional logic plus the following schemata:

(A1) D(p - q) - (Dp — Dg),
(A2) p — DDp (symmetry),
(A3) DDp — (p v Dp) (pseudotransitivity).

As rules of inference it has modus ponens, substitution, and a “necessitation rule”
for D:

Fo = l—]j(p.

THEOREM 3.2 (Koymans). Let Z U {¢} = L(D). Then Ztp,- @ iff Z = o.

PrROOF. Soundness is immediate. To prove completeness, assume Xy, - @,
and let 42XuU{1¢} be a maximal DL™-consistent set. Consider W, :=
{I': 3n(Rp)"AT'}, where I' ranges over maximal DL -consistent sets and Ry, is
the canonical relation defined as follows: R, I\ I, iff, for all Dy € I'y, y € I,. Then

Vxy(Rpxy = Rpyx) and Vxyz(Rpzy A Rpyz = Rpxz v x = 2).

If there are any R)-reflexive points, let ¢ be such a point; replace it with two points
¢1,¢,, and adapt Rp, by putting Rpcic,, and conversely, and by putting Ryc;w
(Rpwe;) if Rpew (Rpwe) (i = 1,2). In the resulting structure R, is real inequality, and
¢ is refuted somewhere. QED.

Hence, one may be inclined to think that DL™ is the basic logic in Z(D), just
as K is the basic logic in #(<). However, DL~ is, so to speak, not as stable as K:
in Z(<) incompleteness phenomena occur only with more exotic extensions of K
(cf. [2]); in contrast, here is a very simple incomplete extension of DL™:

ExampLE 3.3. Consider the system DL~ + (¢ — D). Then DL~ + (¢ — Do)
= L, since no frame validates DL~ + (¢ — Dg). On the other hand, DL~ +
(¢ = Do)+ L. To see this, recall that a general frame is a triple § = (W, R, %),
where #~ = P(W) contains &, and is closed under the Boolean operations as well
as the operator Ly (cf. 1.2); valuations on a general frame should take their values
inside #. Now let § = <W,R,# ), where & = {{0,1},F) and # = {J, {0,1}}
(so D is interpreted using the relation R = ). Then & = DL~ + (¢ — Dg). There-
fore, DL™ + (¢ — Dg) is incomplete.

To avoid incompleteness phenomena such as those sketched above, we follow
some suggestions by Yde Venema and Valentin Goranko, and add the following rule
of inference to DL™:

(IR) If, for all proposition letters p not occurring in ¢, =p A D—1p — ¢, then ¢.
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The idea of using special kinds of derivation rules to obtain completeness results
originates with Dov Gabbay, who used an irreflexivity rule to axiomatize the set of
O-formulas valid on irreflexive frames (cf. [8]). A rule analogous to (IR) has been
used to obtain completeness results for axiom systems in languages with nominals
(cf. [6], [8], and [10]).

Let DL denote DL~ plus the rule (IR). Note that, given the substitution rule, (IR)
is in fact equivalent to a finitary rule: if, for some proposition letter p not occurring
in @, =p A D—1p — @, then . Our next aim is to prove that, in terms of general
consequence, DL has no effects over DL™. To this end it suffices to show that DL
precisely axiomatizes the basic logic in Z(D).

Let L = DL be a logic. A set of formulas I' is called L-nice if I" is maximal L-
consistent, and if, for some proposition letter p, p A D—pe .

PROPOSITION 3.4. Let L 2 DL. Every L-consistent set can be extended to an
L-nice set.

PrROOF. This is a combination of the usual Lindenbaum construction plus ap-
plications of the rule (/R). Note that we may have to add new proposition letters
to our language. (Cf. [10] or [21] for details.) QED.

An i-canonical general frame for a logic L extending DL in #(D) is a tuple
&L = {W,Rp,# ), such that W is a set of L-nice sets Rj,-generated by a single
L-nice set, i.e., W = {I': 3n > 0 (Rp)"2T'} for some L-nice Z; R, = {{Z,I'): for all
DopeX,pel};and W ={X < W:3pe D) VA e W(p € 4 & A € X)}. Finally,
1. is an i-canonical frame if it is the full frame underlying some i-canonical general
frame.

PROPOSITION 3.5. Let &, be an i-canonical general frame for some logic L
extending DL in ¥(D). Then Ry, is real inequality.

PRrROOF. By definition Rj, holds between any two different elements of W. To see
that it holds only between different elements of W, let 4 € W. Since 4 is L-nice, we
p A D—p € 4, for some proposition letter p. Hence, 1R, 4 A. QED.

THEOREM 3.6. Let 2 U {9} = (D). Then Ztp, @ iff Z = .

PROOF. Soundness is immediate. To, prove completeness, assume that X t,; o.
By 3.4, 2 U {—1¢} can be extended to a nice set Z’. Consider an i-canonical frame
F = (W,Rp) such that X' € W. Let V be the canonical valuation, ie., V(p) =
{rewW:perl}. Then {W,Rp, V) E T1¢[2']. QED.

It follows from 3.2 and 3.6 that the rule (/R) is superfluous in the basic logic.
However, it does yield new consequences in extensions of DL: DL + (¢ — D¢) is
inconsistent, and thus complete. (To see that it is inconsistent, note first that, for any
proposition letter p, DL + (¢ — Dp)(p A D—1p - L); hence, by the rule (IR),
DL + (¢ —» Do) L) Better still, if a simple extension of a logic L is an extension
of L with only finitely many axiom schemas, then, with the rule (/R) added to our
basic logic in #(D), we can prove the completeness of every simple extension of the
basic logic in Z(D). To do so we need a number of lemmas and definitions, the
first of which will be given next.

DerINITION 3.7. Let &, = (W, R, # ), be an i-canonical general frame for a
logic L = DL. A set X = W is definable in &, if X € #. A valuation V is definable in
&, if, for every ¢ € Z(D), V(¢) is definable.

PROPOSITION 3.8. Let &, = KW, Ry, # >, be an i-canonical general frame for a
logic L2 DL. Let X < W be finite or cofinite. Then X is definable in §;, .
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PROPOSITION 3.9. Let &, = {W, Ry, # >, be an i-canonical general frame for a
logic L 2 DL. Let V be avaluation. If, for all proposition letters p, V(p) is either finite
or cofinite, then V is definable in §; .

Proor. This follows from 3.8 and the fact that, for any ¢, V(Do) is either J, W,
or the complement of a singleton. QED.

Our strategy for proving the completeness of every simple extension of DL is as
follows. Instead of trying to push validities on an i-canonical general frame down to
its underlying full frame (as is done in e.g. the original proof of Sahlqvist’s theorem;
cf. [17]), we will try and lift refutations on an i-canonical frame up to the i-canonical
general frame it is derived from. Our main tool in doing so is a version of the
Ehrenfeucht-Fraissé theorem for monadic first order logic over identity. (For full
details and a proof of this result we refer the reader to [22, §1.7].)

For the time being we will work in a fixed finite language having p,, ..., p, -1 asits
only proposition letters. The monadic first order language into which this restricted
modal language translates via the ST-translation is denoted F*; s0 £* only has k
unary predicate letters P,,...,P,_;. Let #4 = (W, P,,...,P_{) be an Z*-model.
If X = W, then X° = X and X! = W\ X. For s € 2* the s-slot is

WH = P§O A A PREY,

An s-slot is P-positive (P-negative) if s(i) = 0 (s(i) = 1).

Let M ={(W,P,y,...,P,_,> and M' = W', Py,...,P;_;) be two F*-models.
We write A =, 4’ if # and A’ satisfy the same #*-sentences of quantifier rank
at most n. For two sets X, Y we write X =, Y iff |X| =|Y| <nor|X|,|Y| = n; by
extension we put ./ ~, /' iff, for all s € 2%, W ~, W.

THEOREM 3.10. For any two %*-models M and M' we have M =, M’ iff
M, M.

LEMMA 3.11. Let ¢ € #(D). Let W be any nonempty set. If, for some valuation V,
(W, V> ¥ @, then there is a valuation V' with (W, V') i @ and such that V'(p) is
either finite or cofinite for all proposition letters p.

PrOOF. Let # = (W, V). Let n be the quantifier rank of Vx ST(¢p). Assume
Pos---»Dk_1 are the proposition letters occurring in ¢. For proposition letters
g not occurring in ¢, we may assume that V(g) = J. Write F,....B_, for
V(po),---» V(pk—1)- We will give a procedure for turning an infinite and coinfinite
extension of one of the proposition letters py, ..., p,_; into a finite or cofinite one.
If needed, we can repeat this procedure for the remaining proposition letters to
establish the lemma.

Assume that P, is infinite and coinfinite. Now, P, is the union of all Py-positive
s-slots, and P§ is the union of all P,-negative s-slots (s € 2¥). Thus, there must
be t,re 2% with ¢ P,-positive and r P,-negative such that both W;* and W;*
are infinite. Choose n elements wy,...,w,_; € W;*. We define a valuation V' as
follows. Informally, the idea is to put all elements of W:*\{w,,...,w,_,} into W%
Formally,

® V'(po) = (V(po\W) U {wo, ..., Wa—1};
while for p; with i > 0,

e if r and r are both P-positive or both P-negative, then V'(p;) = V(py),
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e if t is P-positive and r is P-negative, then V'(p;) = (V(p)\W*)u
{wo,...,w,_1}, and

eif t is Prnegative and r is P-positive, then V'(p;)= V(p,)u
(W:”\{WO""awn—l})'

Note that if V(p;) (i # 0) was already finite or cofinite, then so is V'(p;). Let
M =W, V">. Then M =, M, as is easily checked. Thus, by 3.10, # =, #', and
so ' H o.

If V'(p,) is (still) neither finite nor cofinite, we repeat the above procedure until all
Py-positive slots are finite. An upper bound for the number of times we may have to
do this is 2¢ 71, QED.

THEOREM 3.12. Let ¢ € £(D). Then DL + ¢ is complete.

PrOOF. Let L denote DL + ¢. Assume t#, ¢. Then for some i-canonical general
frame &, = <W,Rp, % >, we have &, ¥ . To prove the theorem we show that
F. = {W,Rp) = L,and %, ¥ y. The latter is immediate from &, & . To prove the
former, assume that %, & ¢. So, for some valuation V, (%, V) ¥ ¢. By 3.11 there
is a valuation V' such that (&, V') B ¢, and such that V’(p) is finite or cofinite for
all proposition letters p. But then, by 3.9, V' is definable in &;. Hence &, ¥ o, a
contradiction. QED.

3.2. Logics in £(<C,D) and #(F,P,D). The basic logic DL,, in £(<,D) is
DL + K + (Op — p v Dp); its rules of inference are those of DL plus those of K.
The basic logic DL, in #(F, P,D)is DL + K, + (Fp — p v Dp); its rules of inference
are those of DL plus those of K,.

An i-canonical general frame for a logic L extending DL,, in £ (<, D) is a tuple
&L =<W,Rp,R,, % >, where W and R, are as in §3.1, while #" = {X = W:
dpe L(O,D)VAeW(ped e AdeX)},andR, = {(Z,I):forall Oy e X,y e I'}.
As before, an i-canonical frame is a full frame underlying an i-canonical general
frame. Analogous definitions may be given for extensions of DL,, where the ca-
nonical relations are denoted Ry, Rp, and Rj,.

THEOREM 3.13. 1. Let 2 U {@} = L(O,D). Then Z ;@ iff Z = @.

2. Let Zu {@} = L(F,P,D). Then Zt, @ iff Z = o.

PRrROOF. Similar to the proof of 3.6. Note that by the additional axiom <p —
p v Dp, any set W of maximal DL,-consistent sets that is closed under R, is also
closed under R,,. Analogous remarks hold for DL, and the canonical relations Ry
and Rp. QED.

Next we present axioms in £(<, D) for some special structures and familiar
classes of frames. Here is a list of axioms together with the corresponding conditions
on frames:

(A4) OOp - Op transitivity,
(AS) p—<p reflexivity,
(A6) pADIp-O(Cp—p) anti-symmetry,
(A7) Op— Dp irreflexivity,

(A8) p— <q v D(g— <p) linearity,
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(A9) OT successiveness to the right,
(A10) pADTp->COpv DO successiveness to the left,
(A11) O(@p - p) » (<SOp - p) discreteness,

(A12) Op - OOp denseness.

THEOREM 3.14. 1. DL,, + (A4)—(A6) is complete with respect to partial orders.

2. DL,, + (A4) + (A7) is complete with respect to strict partial orders.

3. DL,, + (A4) + (A8) is complete with respect to linear orders.

4. DL,, + (A4) + (A7) + (A8) is complete with respect to strict linear orders.

PROOF. Assume that 2 I+ ¢ in DL,, + (A4)—(A6). As in the proof of 3.6 we can
construct an i-canonical frame containing an element that extends Z U {—1¢}. Using
the characteristic axioms, it is routine to check that & is a partial order. (Note that
to be able to apply (A6) we need to know that every point (i.e. maximal consistent
set) in the i-canonical frame contains a “unique” proposition letter.) Also, one easily
verifies that ¢ is refuted under the canonical valuation. Cases 2, 3, and 4 of the
theorem may be proved in a similar way. QED.

THEOREM 3.15. 1. DL, + (A4) + (A7)—(A9) + (A11) axiomatizes Th,, p(N).

2. DL,, + (A4) + (A7)—-(A11) axiomatizes Th,, ,(Z).

3. DL,, + (A4) + (A7)—(A9) + (A12) axiomatizes Th, p(Q) (=Th, p(R) by 2.9).

ProoOF. To prove 1, 2 and 3, start by constructing an i-canonical frame as in the
proof of 3.6. In the case of 3 the resulting structure will be isomorphic to {Q, <).In
the case of 1 or 2 one may apply an appropriate version of the techniques of [18] to
turn the frame into a frame based on N or Z. QED.

What about decidability of the above logics? Using extended filtrations (cf. 1.7),
one easily establishes that both DL,, + (A4)—(A6) and DL, + (A4) + (A8) have the
finite frame property (f£p.); from this their decidability follows in a standard way.

Asfor DL,, + (A4) + (A7), note that it does not have the ff.p.: any frame & with
¥ &= DL, + (Ad4) + (A7)and ¥ ¥ 10O T must be infinite. However, DL, + (A4)
+ (A7) does have the finite model property (f.m.p.)—thus showing that Segerberg’s
theorem (which says that the ff.p. and the fm.p. are equivalent in £(<)) fails in
ZL(<C, D). In fact, DL,, + (A4) + (A7) may be shown to be complete with respect to
the class of finite models .# = (&, V) which satisfy & = DL,, + (A4), and, for any
@ € L(O,D), if {w: Rww} n V(p) # &, then |V(¢)| > 2. Soundness is immediate.
The easy proof of the completeness is too lengthy to be included here, so we only
mention some steps in it. By 3.14 there is a model &4 = (%, V) with & = DL,
+ (Ad) + (A7) and A - @[w], for some w € . Let £ 5 —1¢ be some finite set of
formulas that is closed under subformulas, and that satisfies Oy € Z = Dy € Z. We
define a nonstandard model .4’ as follows; let g, W’, R’, and V"’ be as in our remarks
following 1.7; define Ry, by Rp,g(v)g(w)iff, for all Dy € g(v), ¥ € g(u). Then, using R, as
the interpretation of D, 4’ ¥ ¢, and, moreover, R’ is transitive, R’ = R;,, R, holds
between any two different points, and .#" is finite. Next, one may use the “doubling-
points” technique of 3.2 to obtain a model .#"” k¥ ¢ in which R, is real inequality,
and which satisfies all our requirements.

Using the fact that DL, + (A4) + (A7) has the fm.p., one may establish the
decidability of this logic. The decidability of DL,, + (A4) + (A7) + (A8) and of
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Th,, p(Q) may be proved in a similar fashion. To obtain decidability results for
Th,, p(N)and Th,, 5(Z) one may apply Rabin-Gabbay techniques (cf. [6, Chapter 5]
for a similar move in .%,(F, P)).

We end this subsection with a general question due to Gargov and Goranko [9].
Let L extend K in #(<) with schemas {¢;: i € I'}. The minimal extension of L in
#(<, D) is DL, plus the schemas ¢, read as schemas over £(<, D). The transfer
problem is the following: if L has property P, does its minimal extension have P?
Here we will consider only one of the many obvious properties one may study in this
context: incompleteness.

Let L be a logic in £ (<). To show that if L is incomplete, then so is its minimal
extension L' in #(<, D), it suffices to show that L' is conservative over L. To this end,
assume L H ¢. Then, by the completeness of K, we find a model .Z, and a w € 4,
such that . = L* U {—1¢}[w], where L* is the set of all #(<{)-instances of the
axioms of L. Now, obviously, .# = DL,,, and also .# = L**[w], where L** is the
set of #(<, D)-instances of the axioms of L (this is because, for any set V(g), V(Do)
is either &, V(T), or the complement of V(¢)). But then L't ¢.

(As an aside, new and fairly simple incomplete logics occur as well: let X be
DL, + (@ = Do) + (OC@ - ) + (OCe » OOe). Then X = L since Cop —
Do defines irreflexivity of R, while, given OO¢ - O, OOC@ —» GO¢ defines
¥x3y(Rxy — Vz(Ryz — z = y)). However, by a routine argument involving general
frames, X i+ L)

3.3. On Sahlgqvist theorems for #(<{,D) and #(F,P,D). We start with some
preliminary remarks. A formula in £(<,D) is called a Sahlguist formula if it is a
conjunction of formulas of the form €, ---%,(¢ — ¥), where T, € {1, D}, ¥ is positive
(in the usual syntactic sense), and ¢ is a so-called Sahlqvist antecedent, i.e., it is built
up from formulas, t, - - - t,,(71)p (with t; € {{J, D}) using only v, A, © and D. (Sahlqvist
forms in £(<) or Z(F, P,D) are defined similarly.) A formula is called a weak
Sahlguist form if it is a Sahlqvist form in which the Sahlqvist antecedents do not
contain any formulas of the form €, --- O ---€,,p (with §; either empty or as before).

The Sahlqvist theorem for #(<) says that for a Sahlgvist form ¢ € Z(C), we
have that ¢ corresponds to a first-order condition C, on frames, and that K + ¢ is
complete with respect to the class of frames satisfying C, (cf. [17]). Our next aim is to
give a proof of the correspondence half of a Sahlqvist theorem for £(<, D). We
need the following notation. For the remainder of this section we use T (Tg, T3, ...) as
a binary relation symbol to stand for either identity, R, or inequality. The set
operators My and Ly are defined by Mr(S) = {w: 3o(wTv A ve S)} and L(S) =
(M4(S))*. T may be associated with (modal) operators t and t in the following
way. If T is the identity, both t and T are the identity function;if T = R, thent = O
and T = O; if T is inequality, then t = D and t = D.

To each modal formula ¢ we associate a set operator F¢ as follows. Let Py,..., B
be sets, and let P abbreviate P,...,P,. Then FP(P)= P, (1 <i < k), while, for
other nonmodal @, F? is the obvious Boolean set operation. Also, F°*(S,...,5,)
= Mg(F?(S,...,S,)), and FP¢(S,,...,8,) = M.(F°(Sy,...,S,)). The functions F7¢
and FP? are defined dually.

LeMMA 3.16. For any sets X and Y, X < Ly, --- L (Y)iff M5z, --- Mz (X) = Y.

THEOREM 3.17. Let ¢ be a Sahlqvist formula in £(<, D). Then ¢ corresponds to a
first order condition on frames, effectively obtainable from .
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PROOF. Similar to the proof of [4, Theorem 9.10] or [17, Theorem 8]. Assume ¢
has the form €, ---t,,(y - x) with §, e {{J| D} (the more general case is a straight-
forward generalization). Let p,,..., p, be all the proposition letters occurring in ¢.
Having (W,R) k= ¢ means having VP,o,u(wT;o---oT,uArueFY(P)>ue
FX(P)), where T,,..., T, are the relations corresponding to t,,...,T, respectively.
Using such equivalences as

Vi@ A x e FOV9(P) 5 W) > N\ V.. (® A x€ F%(P) > ¥),

i=1,2
V(@ A xeFYP)> ¥P) o V---Vy(@ A xTy A ye Fo(P) > ),
Veer(P A xe FU &2 (P) S W) o V.o (@ > W v x € FtrtP(P)),

this formula may be rewritten as a conjunction of formulas of the form

mj h o
(1) VP;‘“( /\ /\ Xij € LT,., (Lg, (B))--)— \/ u; € FXj(P)>,

j=1i= ! j=1
where @ is a quantifier-free formula in %, ordering its variables in a certain way
(each variable occurs to the right of an R or # only once), and where all x;’s are
monotone. By 3.16 we have A\ x, € L. v Lry (B)IE U My, - My ({x;})
€ P,. Thus by universal instantiation (1) 1mplies the first-order formula

h my my
2 Viﬁ(lp - \=/1 u; € Fh'(k__)l Mgz, - M;n“({x“}), ey 'U1 M;hk...M»;mk({xik}))),

But, conversely, by the monotonicity of the functions F¥* (2) implies (1), and we
are done. QED.

What about the completeness half of a Sahlqvist theorem for £(<>, D)? An earlier
version of this paper did contain a proof for the completeness half. However, Yde
Venema found a serious mistake in it; he subsequently proved a full Sahlqvist
theorem for Z(F, P, D). Unfortunately, his proof has no adaptation to the Sahlqvist
fragment of £(<, D), for it relies heavily upon the fact that if a set X is definable
(in the sense of Definition 3.7, but with some obvious changes) in an i-canonical gen-
eral frame for a logic L < #(F,P,D), then so is the cone {y: xRzy for some
x € X }. In general, such cones need not be definable in general frames for logics
in Z(<,D) (cf. [21]). For a special subclass of Sahlqvist forms we do have the
following result.

THEOREM 3.18. Let ¢ be a weak Sahlgvist formin £ (<, D). Then ¢ corresponds to
a first-order condition C, effectively obtainable from ¢, and DL,, + ¢ is complete with
respect to the class of frames satisfying C,.

ProOF. The correspondence half is a subcase of 3.17. For a proof of the
completeness half we refer the reader to [21]. QED.

Although the class of weak Sahlqvist forms is strictly smaller than the class of all
Sahlqvist forms, it is still a large one, which contains .#(<, D)-equivalents of many
important first-order conditions on binary relations. For example, by inspecting
the proof of 2.4 one can see that it contains equivalents of all Horn-like first-
order sentences of the form V(¢ — f8), where « and f are positive quantifier-free
%,-formulas.
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§4. Definability. We first make a remark or two about definability of classes of
frames. After that we give a characterization of the %,-formulas that are equivalent
to a <, D-formula on models, and apply this result to obtain a model-theoretic
characterization of the definable classes of models.

4.1. Definability of classes of frames. The study of definability of classes of
frames in #(<, D) in the spirit of [11] has been undertaken in [9] and [12]. For the
sake of completeness we repeat the main definability result from the latter papers.

A general ultraproduct of frames % is an ultraproduct of the full general frames
(#,2"5. (Cf. [4])

DEFINITION 4.1. %' is a collapse of the general frame § =<(F,# ) if F' is a
subframe of # and if there exists a subframe ® of § such that (#')* =~ (®)* and,
for each x € W', {y: Rxy} < [R'(x)]g+> Where [X]g-+ is the least element of (®)*
containing X, and (-)* is the mapping defined in [4, Chapter 4] that takes (general)
frames to modal algebras.:

THEOREM 4.2 (Gargov and Goranko). A class of frames is definable in (<, D) iff
it is closed under isomorphisms and collapses of general ultraproducts of frames.

Gargov and Goranko arrived at 4.2 by using an appropriate kind of modal
algebras. For an important special case a purely modal proof may be given:

PROPOSITION 4.3. A class K of finite frames is definable in £ (<, D) iff it is closed
under isomorphisms.

PROOF. Let # be a finite frame with W = {wy,...,w,}, and & = Th, (K).
Assume p,, ..., p, are different proposition letters. Define x5 by

Ep: A A<1\/ (p: A“IDp,-)> A A( /\ (p,-—v‘lpj)>

<i<n 1<i#j<n

A A( (pi— 0p,-)>,
1<i,j<n

where O = ¢ if Rw;w; holds, and O = 1< otherwise. Then, for any frame ¥, there
is a valuation V with (4, V) & Ty iff ¥ = £ In particular &  —1)s. Hence
=1xr ¢ Th, p(K). Thus, for some ¥ € K, ¥ ¥ 1x5. S0 F € K. QED.

4.2. Definability of classes of models. Standard modal formulas, when inter-
preted on models, are equivalent to a special kind of first-order formulas. Adding
the D-operator does not change this.

DEFINITION 4.4. Let x be a fixed variable. The standard translation ST () of a
formula ¢ € (<, D) is defined as follows: it commutes with the Boolean con-
nectives, and ST(p) = Px, ST(OY) = 3y(Rxy A STW)[x :=y]), and ST(DY) =
Jy(x # y A ST(Y)[x := y]), where y is a variable not occurring in ST(Y).

Since the equivalences & = @[w] iff A =ST(p)[w] and A =09 iff A=
Vx ST () hold, well-known facts about %, become applicable for £(<, D). -
formulas of the form ST(¢p) for some ¢ € £(<, D) can be described independently
in the following way:

DErFINITION 4.5. The set of MD-formulas is the least set X of % -formulas such .
that Px € X, for unary predicate symbols P and all variables x; if « € X then T«
€ X; if o, p € X have the same free variable, then a A f e X;and if a € X, x, y are
distinct variables, and y is o’s free variable, then 3y(Rxy A a), Jy(x # y A a) € X.
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The semantic characterization of MD-formulas we give generalizes a corre-
sponding result for £(<) in [4]. However, whereas the proof given there uses an
elementary chain construction, the proof we present uses saturated models. Clearly,
the characterization will also be a characterization of the (translations of the)
(0, D)-formulas in %

DEFINITION 4.6. A binary relation Z is called a p-relation between two models .#;
and ., if the following four conditions hold:

1. If Zwo, then w and v verify the same proposition letters.

2. If Zwy, w' € W, and R,ww’, then Zw'v’ for some v’ € W, with R,vv’; if Zwu,
v' € W, and R,vv’, then Zw'v’ for some w’ € W, with Ryww".

3. If Zwo, w' € W, and w # w’, then Zw'v’ for some v’ € W, with v # v'; if Zwu,
v' € W, and v # v, then Zw'v' for some w’ € W, with w # w'".

4. dom(Z) = W, and ran(Z) = W,.

An ¥,-formula a(x, ..., x,) is invariant for p-relations if, for all models .#; and 4,
all p-relations Z between #; and .#,, and all wy,...,w,e Wy and wi,...,w, € W,
such that Zw,w, ..., Zw,w,, we have /4, &= a[wy,...,w,] iff 4, &= a[w),...,w,].

THEOREM 4.7. An ¥,-formula containing exactly one free variable x is equivalent
to an MD-formula iff it is invariant for p-relations.

PROOF. A simple induction proves that every MD-formula is invariant for p-
relations.

Conversely, assume that the #,-formula « has this property, and suppose x is «’s
free variable. Define MD(a) := {B: f is an MD-formula, o = f, FV(B) < {x}}. We
will prove that MD(x) = «. Then, by compactness, there is a f € MD(x) with
= o > B. Assume .4/ = MD(x)[w]; we have to show that .# = a[w]. Introduce a
new constant w to stand for the object w, and define £* = £ U {w}. Expand ./ to
an Z*-model .#* by interpreting w as w. In the remainder of this proof we use the
following notation: if f € %, then f* = B[x := w]; and if T is a set of .Z-formulas
then T* := {f*: fe T}.

Let T := {B: 4 = B[w], B is an MD-formula, FV(f) < {x}}. By compactness
we find an #*-model 4" * with 4" * = T* U {a*}. By [7, Theorem 6.1.1] there
are w-saturated elementary extensions 4% =: {Wy,R;,w,y,V;)> > M* and N}
=:(W,,Ry,w,, Vo> > A * such that both w, and w, realize T, and such that
NF Ea*

Define a relation Z = W, x W, between (the %, -reducts of) .#% and A"} by
putting Zw iff, for all ¢ € £(<, D),

<VV19R13VI>'=(»0[W] lﬁ <W2’R29 VZ>'=(/)[U]

We verify that Z is in fact a p-relation by checking the conditions of 4.6. Condition 1
is trivial. We only check half of condition 2: assume that R,ww’ and Zwv, with
w,w’ € W, and ve W,. We have to prove 3v’' € W,(R 00" A Zwv'). Define ¥ :=
{p € L(<,D): MF¥ = o[w']}. Then ST(¥) L {Roy} is finitely satisfiable in (A4}, v).
Hence, by saturation, (A4 %,v) = ST(¥) u {Rvy}[v'], for some v’ € W,. But then we
have Zw'v’. Condition 3 is similar to condition 2, and condition 4 is immediate from
condition 3 and the fact that Zw,w,.

Finally, by invariance for p-relations, A% = o* yields 4% = a*. Since
M* <L M¥ it follows that #* = a*, and so A = a[w]. QED.
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Next we apply 4.7 to obtain a definability result for classes of models. To this
end we find it convenient to take frames (%, w) with a distinguished world w (as
in Kripke’s original publications) as the basic notion of frame. Similarly, the basic
notion of model is taken to be {(Z,w, V).

THEOREM 4.8. Let M be a class of models. Then M = {M (=<{W,R,w,V)):
M = o[w]} for some ¢ € L(O, D)iff M is closed under p-relations and ultraproducts,
while its complement is closed under ultraproducts.

Proor. Introduce a new constant w to stand for the object w, and define
L* .= L U {w}. As before we write B* for f[x := w].

If M={l (=CW,Rw,V>): M o[w]} for some ¢ € £(C,D), then M is
closed under p-relations and ultraproducts. The complement of M is defined by
{1ST(¢)*}, hence closed under ultraproducts.

For the other direction, suppose that .# and its complement satisfy the stated
conditions. Since .# is closed under p-relations, it and its complement are closed
under isomorphisms. So by [7, Corollary 6.1.16] there is an #*-sentence a* such
that, for all #*-models #, # € M iff # = a*. From the fact that M is closed
under p-relations one easily derives that « is closed under p-relations between
“ordinary” models. Therefore, by 4.7 o is equivalent to an MD-formula with the
same free variable. Hence « is equivalent to ST(¢) for some formula ¢ € #(<, D).

QED.

REMARK 4.9. In[16] Piet Rodenburg uses a proof similar to the one we gave for
4.7 to characterize the definable classes of models of intuitionistic propositional
logic. A reading of this characterization led to 4.8.
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