
Derived Category: Homework Set 2

Problem A
Let A be an abelian category. Let i : x ↪→ z and j : y ↪→ be two injective arrows and let p : z � z/x

and q : z � z/y be the associated quotient objects. We define x ∩ y by the following Cartesian square

x ∩ y j′ //

i′

��

x

i

��
y

j // z

(1) Show that the arrows j′ : x ∩ y → x and i′ : x ∩ y → y are all injective.

(2) Show that

coker(i− j : x⊕ y −→ z) ∼= coker(−p ◦ j : y −→ z/x)
∼= coker(q ◦ i : x −→ z/y)

(3) Show that

x ∩ y ∼= ker(i− j : x⊕ y −→ z)
∼= ker(p ◦ j : y −→ z/x)
∼= ker(q ◦ i : x −→ z/y)

(4) Let 〈x ∪ y〉 ↪→ z be the image of i− j : x⊕ y → z. Show that we have injective arrows ī : x ↪→ 〈x ∪ y〉
and j̄ : y ↪→ 〈x ∪ y〉.

(5) Show that the square

x ∩ y j′ //

i′

��

x

ī
��

y
j̄ // 〈x ∪ y〉

is both cartesian and cocartesian.

Problem B
Let R be a commutative ring and let A be the category of R-modules. Let

0 // A•
α // B•

β // C• // 0

be a short exact sequence of complexes of R-modules.

(1) Assume that the above sequence is termwise split by the arrows sn : Cn → Bn and πn : Bn → An.
Show that δn = πn+1 ◦ dnB ◦ sn : Cn → An+1 defines a morphism δ : C• → A•[1] of complexes. As a
morphism in K(A), δ is independent of the choice of the splitting arrows {sn} and {πn}.

(2) The induced map on cohomology δ : Hn(C•)→ Hn+1(A•) is the connecting morphism in the associated
long exact sequence in cohomology

· · · δ // Hn(A•)
α // Hn(B•)

β // Hn(C•)
δ // Hn+1(A•)

α // · · ·
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