Quantum Information Theory, Spring 2019

Exercise Set 12 in-class practice problems

1. Maximally entangled states: A pure state |[¢))xy € S(X ® V) is mazimally entangled if
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(a) Show that it must be the case that dim(X) = dim(}).

(b) Let [¢)xy, [¢)xy € S(X ® V) be two maximally entangled states. Show that there exist
local unitaries Ux € U(X) and Vy € U(Y) such that (Ux ® V) [¢)xy = [¢')xy-

(c) Let [¢)xy € S(X ® V) and |p)zw € S(Z ® W) be maximally entangled. Show that
|)xy ® |¢p)zw is also maximally entangled with respect to the partition X ® Z : Y @ W.

(d) Let [)xy € S(X¥ ®)) be a maximally entangled state with dim(X) = dim()) = d, and let

0)®10) + 1) @ [1)
V2
be the canonical two-qubit maximally entangled state. Show that an exact copy of |[¢)xy

can be obtained from 7" by LOCC, for some large enough n. What is the smallest value
of n for which this holds?

2. Fidelity and composition of channels: Let 71 € D(X), 0 € D(Y), 72 € D(Z) be quantum
states and let ® € C(X,)) and ¥ € C(), Z) be quantum channels. Assuming that

F(®(r1),0) >1—¢, F(¥(0),72) >1—c¢, (1)
for some € > 0, show that
F((¥o®)(r),72) >1—4e, (2)
where ¥ o ® denotes the composition of the two channels.

Hint: Recall that you showed in Problem Set 6 that fidelity vs monotonic under any quantum
channel. Also, you can use the following inequality (which you will show in the homework):
F(p1,0)* + F(p2,0)* < 1+ F(p1, pa), for any states p1, p2,0 € D(X).

3. From any state to any other: Let p € D(X ® Y) and 0 € D(Z ® W) be two arbitrary pure
states. How many copies of the state o can be distilled per copy of p?



