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Abstract. Let A and B be randomly chosen s-subsets of the first n
integers such that their sumset A + B has size at most Ks. We show
that asymptotically almost surely A and B are almost fully contained
in arithmetic progressions PA and PB with the same common difference
and cardinalities approximately Ks/2. The result holds for s = ω(log3 n)
and 2 ≤ K = o(s/ log3 n). Our main tool is an asymmetric version of the
method of hypergraph containers which was recently used by Campos to
prove the result in the special case A = B.
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1 Introduction and Main Result

The general framework of problems in additive combinatorics is to ask for the
structure of a set A subject to some additive constraint in an additive group.
The celebrated theorem of Freiman [5] provides such a structural result in terms
of arithmetic progressions when the sumset A+A is small. Classical results like
the Kneser theorem in abelian groups or the Brunn–Minkowski inequality in
Euclidian spaces naturally address a similar problem for the addition of distinct
sets A and B. The proof by Ruzsa of the theorem of Freiman does provide the
same structural result for distinct sets A,B with the same cardinality when their
sumset is small. When the sumset A+A is very small, then another theorem of
Freiman shows that the set is dense in one arithmetic progression, and this result
has been also extended to distinct sets A and B by Lev and Smeliansky [10]
showing that both sets are dense in arithmetic progressions with the same common
difference. Discrete versions of the Brunn–Minkowski inequality have also been
addressed for distinct sets by Ruzsa [12] and Gardner and Gronchi [6].

Motivated by the Cameron-Erdős conjecture on the number of sum-free sets
in the first N integers, there has been a quest to analyze the typical structure
of sets satisfying some additive constraint. One of the most efficient techniques
to address this problem is the method of hypergraph containers first introduced
explicitly by Balogh, Morris and Samotij [2] and independently by Saxton and
Thomason [13], which has been successfully applied to a number of problems of
this flavour.
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A conjecture by Alon, Balogh, Morris and Samotij [1] on the number of
sets A of size s ≥ C log n contained in the first N integers which have sumset
|A+A| ≤ K|A|, K ≤ s/C was proved by Green and Morris [7] for K constant and
recently extended by Campos [3] to K = o(s/(log n)3). These counting results
are naturally connected to the typical structure of these sets, showing that they
are almost contained in an arithmetic progression of length (1 + o(1))Ks/2. We
build on the later work by Campos to adapt the result to distinct sets. Our main
result is the following.

Theorem 1. Let s and n be integers and K ≥ 2 such that

s = ω((log n)3) and K = o(s/(log n)3).

Let A,B ⊂ [n] be a uniformly chosen pair of sets satisfying

|A| = |B| = s and |A+B| ≤ Ks.

Then asymptotically almost surely, there exist arithmetic progressions P and Q
with the same common difference of size at most

|P |, |Q| ≤
(

1

2
+ o(1)

)
Ks

such that |A ∩ P | ≥ (1− o(1))s, and similarly, |B ∩Q| ≥ (1− o(1))s.

An example discussed in [3] shows that the range of K for which the statement
holds can not be improved to K ≥ s/ log n. Specifically, for

min{s, n1/2−ε} ≥ K ≥ 4 log(24C)s/ε log n,

take two disjoint arithmetic progressions P and Q of size Ks/8, and suppose A0

is any subset of P of size s −K/4 and A1 a subset of [n] \ P of size K/4, and
let A = A0 ∪ A1. Define B0, B1, and B similarly with respect to Q. Then it is
not difficult to check that |A+B| ≤ Ks, while at the same time these pairs not
fitting the structure of Theorem 1 appear with positive probability.

2 An overview of the proof

One of the key techniques used in [3] is based on an asymmetric version of the
container lemma introduced by Morris, Samotij and Saxton [11] which allows
for applications to forbidden structures with some sort of asymmetry. This
asymmetry can be interpreted as considering bipartite hypergraphs. The first key
component to prove Theorem 1 is to further extend this bipartite version to a
multipartite one as follows.

Let r be a positive integer. For an r-vector x = (x1, . . . , xr) we call an r-partite
hypergraph H with vertex set V (H) = V1 ∪ · · · ∪ Vr x-bounded if |E ∩ Vi| ≤ xi
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for every hyperedge E ∈ E(H) and every 1 ≤ i ≤ r. Denote by I the family of
independent sets of H, and for any m ∈ N, define

Im(H) := {I : I ∈ I and |I ∩ Vr| ≥ |Vr| −m} .

For a subset of vertices L ⊂ V (H), the codegree is defined as

dH(L) = |{E ∈ E(H) : L ⊂ E}|.

Also, given a vector v = (v1, v2, . . . , vr) ∈ Zr, denote

∆v(H) := max{d(L) : L ⊂ V (H), |L ∩ Vi| = vi, 1 ≤ i ≤ r}.

Finally, for any vector y, |y| will denote its 1-norm
∑
|yi|.

Theorem 2. For all non-negative integers r, r0 and each R > 0 the following
holds. Suppose that H is a non-empty r-partite (1, . . . , 1, r0)-bounded hypergraph
with V (H) = V1 ∪ V2 ∪ . . . ∪ Vr, m ∈ N, w = (|V1|, |V2|, . . . , |Vr−1|,m) and b, q
are integers with b ≤ mini wi and q ≤ m, satisfying

∆v(H) ≤ R

(
r∏
i=1

wvii

)−1
b|v|−1e(H)

(
m

q

)1[vr>0]

for every vector v = (v1, v2, . . . , vr) ∈
(∏r−1

i=1 {0, 1}
)
× {0, 1, . . . , r0}. Then there

exists a family S ⊂
∏r
i=1

(
Vi

≤b
)

and functions f : S →
∏r
i=1 2Vi and g : Im(H)→ S,

such that, letting δ = 2−(r0+r−1)(2r0+r)R−1, the following three things are true.

(i) If f(g(I)) = (A1, A2, . . . , Ar) with Ai ⊂ Vi, then I∩Vi ⊂ Ai for all 1 ≤ i ≤ r.
(ii) For every (A1, A2, . . . , Ar) ∈ f(S), either |Ai| ≤ (1− δ)|Vi| for some 1 ≤ i ≤

r − 1, or |Ar| ≤ |Vr| − δq.
(iii) If g(I) = (S1, S2, . . . , Sr) and f(g(I)) = (A1, A2, . . . , Ar), then Si ⊂ I ∩ Vi

for all 1 ≤ i ≤ r. Furthermore, |Si| > 0 only if |Aj | ≤ |Vj | − δwj for some
j ≥ i.

The iterated application of Theorem 2 to the hypergraph described below
provides the appropriate setting to prove the main result. It is formulated in
the context of general groups (not necessarily abelian) and iterated sumsets (not
only two summands) as our main project is to address the problem in this more
general setting.

For a group G and finite subsets F1, . . . , Fr ⊂ G, define the r-partite and
(1, . . . , 1)-bounded hypergraphH(F1, . . . , Fr) as follows. It has vertex set

⊔
i∈[r] Fi

and for any collection of r− 1 elements f1, . . . , fr−1 with fi ∈ Fi, if their product
fr = f1f2 · · · fr−1 is contained in Fr, then {f1, . . . , fr} is an edge. Note that the
sets Fi need not actually be disjoint.

Theorem 3. Let G be a group, h ≥ 2 an integer and ε > 0. Suppose n, m,
s1, . . . , sh are integers such that log n ≤ max si ≤ m ≤ log n(min si)

h, and let
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F1, . . . , Fh be subsets of G of cardinality |Fi| = n with product set F = F1F2 · · ·Fh.
Then there exists a family A ⊂

∏
i∈[h] 2Fi × 2F of (h+ 1)–tuples (A1, . . . , Ah, B)

of size

|A| ≤ exp
(

2(h+1)(h+5)ε−hm1/h(log n)(2h−1)/h
)

such that the following two things are true:

1. For all Xi ⊂ Fi, Y ⊂ F with |Xi| = si, X1X2 · · ·Xh ⊆ Y and |Y | ≤ m,
there exists a tuple (A1, . . . , Ah, B) ∈ A such that B ⊂ Y and Xi ⊂ Ai for
all i ∈ [h].

2. For every (A1, . . . , Ah, B) ∈ A it holds that |B| ≤ m and either maxi |Ai| <
m/ log n or there are at most εh

∏
|Ai| tuples (a1, . . . , ah) ∈

∏
Ai such that

a1a2 · · · ah 6∈ B.

One can now analyze the structure of the containers using supersaturation and
stability results. For the latter, we utilize the following statement that essentially
was already present in Campos’ original result.

Proposition 1. Let A1, A2, B ∈ Z be finite and non-empty sets and 0 < ε <
1/2. If |A1| + |A2| ≥ (1 + 2ε)(|B| + 1), then there are at least ε2|A1||A2| pairs
(a1, a2) ∈ A1 ×A2 such that a1 + a2 6∈ B.

For the stability statement, results in the literature were mainly concerned
with handling the case of sets having the same cardinality. The problem here is
that while the pairs of sets that are counted in Theorem 1 have the same size, the
containers obtained via Theorem 3 might differ slightly. We modify the recently
obtained robust version of Freiman’s 3k − 4 theorem by Shao and Xu [15], which
itself built on earlier work by Lev [9] to handle this, and obtain the following
result.

Proposition 2. Let ε > 0 and U, V ⊂ Z with n = |V | ≤ |U | = m < ∞, and
denote the golden ratio by φ = (1 +

√
5)/2. If there exists a set Γ ⊂ U × V with

|Γ | ≥ (1− ε)|U ||V | and

|U
Γ
+ V | ≤ (1 + φ)n− 10ε1/2m,

then there are arithmetic progressions P and Q of the same common difference

and length |P |, |Q| ≤ |U
Γ
+ V | − (1 − 5ε1/2)n such that |P ∩ U | ≥ (1 − ε1/2)|U |

and |Q ∩ V | ≥ (1− ε1/2)|V |.

The containers we need to apply this to will have size roughly (1 + o(1))Ks/2,
which results in the following statement.

Corollary 1. Let 0 < ε ≤ 2−9. If A1, A2, B ⊂ Z, such that

(1− ε)|B| ≤ |A1|+ |A2| and max{|A1|, |A2|} ≤ (1 + 4
√
ε)|B|/2.

Then one of the following holds:
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1. There are at least ε2|A1||A2| pairs (a1, a2) ∈ A1 ×A2 such that a1 + a2 6∈ B.
2. There are arithmetic progressions P1, P2 of length at most |B|/2 + 3

√
ε|B|

with the same common difference such that Pi contains all but at most ε|Ai|
points of Ai.

The further direction is now clear. The second property of Theorem 3 tells us
that essentially, case one of Corollary 1 cannot happen, and hence the containers
either have a structure as outlined in the second case, or one of the requirements
of the corollary must not be satisfied, that is, either the sum of cardinalities of
the containers is very small, or they must be somewhat unbalanced.

Both of the latter two situations are handled by counting all pairs of s-
subsets of such containers, irrespective of whether they correspond to sets with
small sumset. This is done via standard inequalities for binomial coefficients and

products thereof, with the result being that there are o(1)
(
Ks/2
s

)2
of such pairs.

What remains is the case that the containers themselves are close to being
contained in arithmetic progressions. But if this happens, we argue that there
cannot be many pairs of s-subsets not satisfying a slightly weaker containment,
since any of the bad points of a set in such a pair would need to be chosen from
the exceptional set of its container, which we know is small. The final conclusion
is that in this case, the number of pairs of s-subsets not satisfying a containment

as stated in Theorem 1 will also be o(1)
(
Ks/2
s

)2
.

On the other hand, there are clearly at least
(
Ks/2
s

)2
good pairs, since one

can fix a single pair of disjoint arithmetic progressions of size Ks/2 and take any
pair of s-subsets of them.

3 Conclusions

The set up for the proof of the main result is devised to address a number
of additional applications. On one hand the setting allows to handle multiple
set addition: if A1, . . . , Ak is a family of independently chosen random sets of
integers with cardinality s among those satisfying a constraint on their sumset,
say |A1 + · · ·+Ak| ≤ Ks then with high probability each of the sets is almost
contained in an arithmetic progression of size Ks/k having the same common
difference. The quantitative aspects of the statement depend on the strength of
supersaturation and stability results analogous to Propositions 1 and 2, which
can likely be derived from the generalized Kneser theorem of DeVos, Goddyn,
and Mohar [4] and the structural results for multiple set addition of Lev [8].

A second direction is to consider the problem in general abelian groups, not
only in the integers. In the symmetric case A = B, Campos addresses this case
providing a counting result. More precisely, he shows that if X is a set of size
n in an abelian group G, then number of sets A ⊂ X of size s having doubling
at most K is at most 2o(s)

(
(Ks+β)/2

s

)
, where β is a parameter that measures the

largest subgroup of G still smaller than Ks. A similar result should hold in our
setting as well. Getting a structural result akin to Theorem 1 seems to be more
challenging, although the recent robust version of the Balog-Szemerédi-Gowers
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theorem obtained by Shao [14] might allow one to prove it for specific groups
other than the integers. A less explored direction would be to address the problem
in general groups, not necessarily abelian.

Finally, there are specific substructures that might be interesting to investigate.
Note that Campos’ version of Theorem 1 handling the case A = B does not
directly follow from ours, since the theorem only compares the number of pairs
(A,B) satisfying some structural statement to those that do not, but it is not
clear a priori that it will hold in a relative sense when only looking at pairs (A,A).
The same is true for other instances of specific pairs (A,B). One interesting
problem is the case of B = λ ∗A, the dilation of A by some factor λ. It is known
that A + λ ∗ A has size at least (λ + 1)|A|, and in cases where λ is prime the
structure of extremal cases is known. Can one prove an approximate structure
result similar in scope to Theorem 1 for this specific situation?

References

1. Alon, N., Balogh, J., Morris, R., Samotij, W.: A refinement of the Cameron-Erdős
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