MATHEMATICAL STRUCTURES IN LOGIC

EXERCISE CLASS 2
Heyting algebras, Boolean algebras

February 13, 2018

. Let A be a Boolean algebra. Show that a A b= —(-a V —b) and a V b = =(—a A —b).

. We know that the lattice (Fin(N) U {N},C) of finite subsets of N (together with N) is a
complete bounded distributive lattice. Is it a Heyting algebra?

. Let A1, As and A3 be the following posets

&

(a) Convince yourself that Aj, Ay and As are all Heyting algebras.

(b) Identify the joins and the pseudo-complements in A;, Ay and As.

(c) Is A; isomorphic to a bounded sublattice of As or A3? Is it isomorphic to a Heyting
subalgebra of As and As?

. (Atoms and co-atoms) Recall that, if (L, <) is a bounded lattice, a € L is called an atom if
b < a implies b = 0 and a coatom if a < b implies b = 1.

(a) Describe atoms and co-atoms on a Boolean algebra of the form P(X).
(b) Show that in every Boolean algebra, if a is an atom, then —a is a co-atom.

(c¢) Find a Heyting algebra A with an atom a such that —a is not a co-atom

. Show that not every bounded distributive lattice is isomorphic to the lattice of upsets of some
poset.

. We abbreviate a — 0 with —a. Show that in every Heyting algebra

(a) a A —a =0 but not necessarily a V —a = 1;
(b) a<biff a —b=1;
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(e) —a V —=b < —(a Ab) but not necessarily —(a A b) < —a V —b;
= (b—=c)=(aNb) — ¢
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(h) b < cimplies ¢ - a <b— a.

A topological space is a pair (X, 7) where X is a set and 7 C P(X) is a collection of subsets
of X such that
i. gerand X € 7;
ii. fU,Ver, thenUNV er;
iii. If o C 7, then (Jo € 7.

Given P C X, we can define the interior of P as Int P = | J{U € 7 : U C P}.

(a) Prove that (7, C) is a Heyting algebra.
(b) Characterise \/ o and A o for o C 7.

Additional exercises

Let Ay and A3 be as in exercise 1.

(a) Is A isomorphic to a bounded sublattice of A3? Is it isomorphic to a Heyting subalgebra
of Ag?

(b) Is there a surjective bounded lattice homomorphism from A3z to A7 Is there a surjective
Heyting algebra homomorphism from As to As?

Let L be a bounded distributive lattice. Show that there is a 1-to-1 correspondence between
pairs of complemented elements of L (i.e. pairs (a,b) € L? such that a Ab=0and a Vb= 1)
and decompositions of the form L ~ L x Ly where L; and Ly are bounded distributive
lattices. (Hint: Try to understand first what this means for powerset lattices.)

For people who know some category theory: Given a poset (P, <) we can see it as a category
having P as objects and there is a morphism from p to ¢ iff p < ¢. Try to connect the notions
of lattice theory that we encountered so far (suprema, infima, bounds, Heyting implications,
complements, ...) to categorical structure (such as products, coproducts, ...).



