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Abstract

The Goldblatt-Thomason theorem is a classic result of modal definability of Kripke
frames. Its topological analogue for the closure semantics has been proved by ten Cate
et al. (2009). In this paper we prove a version of the Goldblatt-Thomason theorem
for topological semantics via the Cantor derivative. We work with derivative spaces
which provide a natural generalisation of topological spaces on the one hand and of
weakly transitive frames on the other.
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1 Introduction

The Goldblatt-Thomason theorem [9] is one of the classic results in modal
logic. It states that an elementary class of Kripke frames is modally definable
iff it is closed under generated subframes, bounded morphic images, disjoint
unions and reflects ultrafilter extensions. In [15] van Benthem gave a model
theoretic proof of this theorem. Since then a number of Goldblatt-Thomason
theorems have been proved in different contexts. Van Benthem provided a
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version of this result for finite Kripke frames [14]. Ten Cate [13] investigated
Goldblatt-Thomason theorems for hybrid languages. Gabelaia [8] gave a topo-
logical version of this theorem for c-semantics (and [12] proved it for extended
languages). The Goldblatt-Thomason theorem for coalgebraic modal logic was
established in [10].

In this paper we prove the Goldblatt-Thomason theorem for the topological
derived set semantcis (d-semantics). If in the topological c-semantics the modal
diamond ¢ is interpreted as the closure c, in the derived set semantics the
diamond ¢ is interpreted as the Cantor derivative d. Recall that in a topological
space a derived set d(A) of a set A consists of the point  such that for every
open neighbourhood U, of x the intersection A N (U, \ {z}) # @. It is well
known that the logic of all topological spaces for c-semantics is S4 [11] and
that the logic of all topological spaces for the d-semantics is the logic wK4 of
all weakly transitive frames (see, e.g., [16]), where a relation is weakly transitive
if

VaVyVz(Rzy A Ryz) — (Rxz V x = z)).

Recall that the ultrafilter extension of a Kripke frame (X, R) is the ultrafilter
frame of the modal algebra (P(X),Or). In the case of topological c-semantics
the role of ultrafilter extensions is played by the Alexandroff extensions [8,12].
The Alexandroff extension of a topological space (X, 7) is the Alexandroff space
associated with the ultrafilter frame of the S4-algebra (P(X),c). The topologi-
cal version of the Goldblatt-Thomason theorem states that an elementary class
(i.e., an L;-definable class, see below) of topological spaces is modally defin-
able in the c-semantics iff it is closed under open subspaces, interior images
(i.e., images under continuous and open maps), topological sums and reflects
Alexandroff extensions [8,12].

We define the d-Alexandroff extension of a topological space (X, 7) as the
ultrafilter frame of the wK4-algebra (P(X), d). However, while the Alexandroff
extension of a topological spaces is an Alexandroff topological space, the d-
Alexandroff extension of a topological space, may not be a topological space,
which complicates the matter. In order to overcome this difficulty, instead of
topological spaces we work with derivative spaces introduced in [6,1]. Deriva-
tive spaces generalize topological spaces on the one hand and weakly transitive
Kripke frames on the other. We show that the d-Alexandroff extension of a
derivative space is a derivative space (in fact, it is always a weakly transitive
frame).

The original Goldblatt-Thomason theorem, as well as its topological variant,
gives a characterization of modally definable classes that are elementary. We
introduce an appropriate first-order language for studying derivative spaces.
Similarly to the language £2 and its fragment £; used to study model theory
of topological spaces [7,12], the language L5 is a two sorted first-order language
with two sorts of variables, where one ranges over points of the space and the
other ranges over basic subsets.

We also work with d-analogues of generated subframes, p-morphic images
and disjoint unions—d-subspaces, bounded morphic images and d-sums. Our
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main result (Theorem 5.2) states that an L£o-definable class of derivative spaces
is modally definable iff it is closed under d-subspaces, d-morphic images and
d-sums and reflects the d-Alexandroff extensions.

For proving the result we use the model-theoretic approach of [14,12]. In
order to do this we develop some model theory of derivative spaces. We in-
troduce an equivalent presentation of derivative spaces, which we call based
spaces as they resamble the presentation of topological spaces in terms of their
bases. Based space presentation enables us to apply model-theoretic technique
to derivative spaces more easily. We define ultraproducts and saturation of
based spaces. Using based spaces as an equivalent presentation of derivative
spaces and also seeing them as structures of Lo, enable us to apply model-
theoretic results, such as compactness, to our models. Utilizing this we show
that any derivative space has a saturated ultrapower with a d-map from this
ultrapower to the d-Alexandroff extension of the space. This is one of our main
technical lemmas for proving the Goldblatt-Thomason theorem.

As a special case we obtain the Goldblatt-Thomason theorem for topological
derivative spaces (Theorem 5.6) i.e., for derivative spaces that are topological
spaces. Since the d-Alexandroff extension of a topological derivative space is not
necessarily a topological derivative space, we consider a reflection from a wider
class which contains topological spaces and weakly transitive Kripke frames.
Then, we show that an Ls-elementary class of topological spaces is modally
definable iff it is closed under disjoint unions, open subspaces, d-morphic images
and reflects weak transitive extensions.

Topological spaces with c-semantics satisfy all conditions of the Goldblatt-
Thomason theorem, these spaces are definable over the class of all derivative
spaces. Indeed, they are definable by the formula p — Op. On the other
hand, the class of all derivative spaces associated with weakly transitive Kripke
frames is not modally definable over the class of all derivative spaces, since it
does not reflect the d-Alexandroff extension. It also follows from our Goldblatt-
Thomason theorem that the class of T%-spaces is not modally definable over
the class of all topological derivative spaces, while the class of Ty-spaces is
definable.

2 Preliminaries: Derivative spaces and based spaces

In this section we review the main semantical structures used in the text:
derivative spaces, and, specifically, their presentation as based spaces. Deriva-
tive spaces were introduced by Ferndndez-Duque and Iliev [6] as ‘convergence
spaces’, in order to unify topological and Kripke semantics for the logic of the
Cantor derivative. They were renamed derivative spaces by Baltag et al. [1].
These are a special case of the more general derivative algebras of Esakia [5].
Derivative spaces may moreover be presented as based spaces, similarly to how
topological spaces may be presented in terms of a basis. The latter presenta-
tion will be the most convenient for us, since many classic results for first order
logic can be readily applied to based spaces.

Derivative spaces are sets of points equipped with an operator satisfying
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the basic properties of the Cantor derivative, although this operator need not
coincide with the ‘true’ derivative of a topological space.

Definition 2.1 A derivative space is a pair (X,d) where X # & is a set of
points and d : P(X) — P(X) is a derivative operator that satisfies the following
conditions for all A, B C X:

(i) d(@) = @;
(ii) d(AU B) = d(A)Ud(B);
(iii) d(d(A)) € AUd(A).

The dual of d, called the co-derivative, is defined as d(A) = X — d(X — A), for
each A C X.

The following two examples show that we can define two different derivative
spaces over a given topological space. In other words, a derivative space is a
generalized notion of a topological space.

Example 2.2 Let X = (X, 7) be a topological space, then (X, c) is a derivative
space, where c is the topological closure operator of 7. Any derivative space
of this form is called a topological closure space. Note that in addition to the
conditions of the derivative operator in Definition 2.1, the topological closure
operator also satisfies A C c(A4) and c(c(A)) Cc(A) for all A C X.

In 1944, by interpreting the modal operator ¢ as the topological closure
operator, McKinsey and Tarski introduced a topological semantics of modal
logic [11], nowadays named c-semantics.

Example 2.3 Let X = (X, 7) be a topological space. The Cantor derivative
operator of X', denoted by d, is the operator that assigns to each subset of X
the set of its limit points, i.e., for any A C X

d:(A)={aeX |VOET (aeO=AN0O —{a} # 2)}.

Then (X,d,) is a derivative space.

In [11], McKinsey and Tarski also noted that the modal operator ¢ in-
terpreted as the Cantor derivative operator gives another topological seman-
tics for modal logic. It is known as the d-semantics for modal logic. Since
c(A) = AU d,(A), the d-semantics is more expressive than c-semantics. For
example, the class of Ty spaces is not definable in c-semantics ([12, Cor. 37]),
but it is definable in d-semantics ([2, Cor. 1]).

Examples 2.2 and 2.3 show that the class of derivative spaces contains the
class of topological spaces, equipped with either the closure or Cantor derivative
operators. On the other hand, any derivative space (X,d) can be seen as a
topological space by defining the closure operator ¢y as cq(4) = AUd(A). We
denote this induced topology by 74. Note that given an arbitrary derivative
space (X,d), its derivative operator d does not necessarily coincide with the
Cantor derivative of its induced topology 74. Precisely, for any A C X we have

d(A) = d;, (4) Uref(A), (1)
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where d,, is the Cantor operator of 74 and ref(A) = {a € A | a € d({a})} (see
Appendix for the proof). The elements of ref(A) are called reflexive points.
We call a subset A C X, d-closed if it is closed in 74, i.e., d(A) C A. So,
AC X is d-open if AC d(A) =X —d(X — A).
Another special case of derivative spaces comes from weakly transitive
Kripke frames. A Kripke frame (W, R) is weakly transitive if (wRv A vRz =
w=zVwRz), for all w,v,z € W.

Example 2.4 Let (W, R) be a weakly transitive Kripke frame. We obtain a
derivative space (W, dg) by defining, for any A C W,

dr(A) = {w € W | wRs for some s € A}.

Then, 74, is the upset topology over (W, R), i.e., O C W is open if for any a € O
we have R(a) = {s | aRs} C O. Also, ref(A) = {a € A | aRa}. Therefore, if R
is a weakly transitive and irreflexive relation, then dp is the Cantor derivative
operator of 7g. Also, if R is a transitive and reflexive relation, then dg is the
topological closure operator of 7x.

As mentioned above, the class of derivative spaces contains some interest-
ing classes of structures, e.g., topological spaces and weakly transitive Kripke
frames. On the other hand, the class of derivative spaces is a subclass of the
class of monotonic neighbourhood structures.

Definition 2.5 A neighbourhood derivative space is a pair (X, N'), where N/ :
X 522" isa neighbourhood assignment that satisfies the following conditions
for any a € X:
(i) X € N(a),
(ii) if A € N(a) and A C B, then B € N(a),
(iii) if A, B € N(a), then AN B € N(a),
(iv) if a € A€ N(a), then {be X | A€ N(b)} € N(a).
In [1], it is shown that there is an equivalent presentation of derivative

spaces as neighbourhood derivative spaces. For a given derivative space (X, d)
and a € X, let

Nyla)={AC X |agdX -A)}={AC X |acdA)}

We call the members of Ny(a) d-neighbourhoods of a. Note that every open
neighbourhood of a with respect to the topology 74 is a d-neighbourhood of
a, but the converse is not true in general. For example, when d is the Cantor
derivative of a topological space, then A € Ny(a) if there is an open neighbour-
hood O of a such that O — {a} C A. In other words, A is d-open if for any
a € A we have A € Ny(a).

Conversely, for a given derivative neighbourhood space (X, '), we can de-
fine an operator d over P(X) as follows:

d(A) ={a € X |VO € N(a) ON A # @},
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Then (X, d) is a derivative space.

In addition to this equivalent presentation of derivative spaces, we can also
consider another one which plays a similar role as bases for topological spaces
relative to derivative spaces.

Definition 2.6 Let B: X — 22" be a function over X # &. Then B is called
a basic neighbourhood assignment if for each a € X the following conditions
hold:

(i) B(a) # 2,

(i) if A, B € B(a), then there is C' € B(a) such that C C AN B,
(iii) if A € B(a) and b € A, then there is B € B(b) such that B C AU {a}.
Any set A € B(a) is called a basic d-neighbourhood of a. Also, |, x B(a) is

called a derivative base (or set of basic d-neighbourhoods) of X, and (X, B) is
called a based space.

Note that basic neighbourhood assignments need not be monotone (i.e.,
closed under supersets), but this does not affect their modal logic, as one may
obtain an equivalent monotone structure from them.

Lemma 2.7 Let B be a basic neighbourhood assignment over X. For each
a € X, let Ng(a) be the closure of B(a) under supersets. Then Ng is a
derivative neighbourhood assignment.

Moreover, the function dg : P(X) — P(X) defined as

dp(A) ={a € X | YO € Bla) ONA+# @}

is a derivative operator, and Ny, = Np.

Likewise, we may readily obtain a based space from a given derivative space
by assigning to each point its set of ‘punctured neighbourhoods’.

Lemma 2.8 Let (X,d) be a derivative space and By : X — 22% be an operator
which assigns to each a € X the set of its punctured d-neighbourhoods, i.e.,

By(a) ={OC X | a€d(0) & OCdOU{a})}.

Then By is a basic neighbourhood assignment with dg = d.

So, we can consider based spaces as an equivalent presentation of derivative
spaces. In other words, we can identify a class K of derivative spaces as a class
K’ of based spaces (X, B) such that (X,dp) € K. There are various technical
advantages to working with based spaces.

Example 2.9 Assume that (X, 7) is a topological space and o is a basis for
7. Then the function B; defined as By(a) = {O € ¢ |a € O} for each a € X,
is a basic neighbourhood assignment of X and dp, = c. Also the function Bs
defined as Ba(a) = {O —{a} | a € O € o} is a basic neighbourhood assignment
with dg, = d,.
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3 Model theory of derivative spaces

Our main focus in this paper is on the basic modal language. Let P be a count-
able set of propositional variables. Modal formulas are constructed recursively
from P using Boolean connectives and modal operators ¢, O.

Definition 3.1 A based model is a triple MM = (X, B, [-]) where X = (X, B)
is a based space and [-] : P — P(X) is a valuation function.

The satisfaction of formulas is defined by structural induction. For propo-
sitional variables and Boolean connectives, we have the standard definitions,
and for modal operator we have

M, a = Op iff AN[y] # @ for all A € B(a).

Then we have M, a = O iff there exists A € B(a) such that A C [¢].
In other words, for any derivative model MM = (X, d, [-]) we have

M, a = Oy iff a € d([#]),
and thus, M, a = Op iff a € d([¢]).

3.1 Corresponding language

The original Goldblatt-Thomason theorem [9] provides a characterization of
modally definable conditions for classes of Kripke frame that are elementary,
i.e., definable in the corresponding first-order language. Ten Cate et al. [12]
also prove a version of the Goldblatt-Thomason theorem for those topological
closure spaces that are definable in a suitable corresponding language £;. In
this section, we introduce a first-order language which is appropriate for study-
ing derivative spaces. This language is interpreted over based neighbourhood
spaces as an equivalent presentation of derivative spaces.

Let £5 be a two-sorted first-order language. The first sort ranges over the
set of points of a space, and we denote its variables by z, v, .... The second sort
ranges over basic subsets of the space, and we denote its variables by U, V.. ..
The language Lo contains two binary relations € and v, where € relates point
variables with basic subset variables and v relates basic subset variables with
point variables. Also, £5 contains a unary predicate P, for each proposition p.
The formulas of £4 are defined as follows: 3

pu=z=ylzeU|Uvaz|Px)|~p|leAe]|Izp|WVe.

Any based model MM = (X, B, []) can be seen as an Lo-structure

(X, | Ba),e™ v {P, | p€P}),
aceX

where a €™ O means that a € O and O v™ @ means that O € B(a).
Clearly, not every Lo-structure is a based model. However, the class of basic
neighbourhood models is characterized by an Lo-theory.

3 The language L2 is similar to the language £2, introduced for studying topological spaces
[7], except that it has an extra predicate v.
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Assume that M = (D1, Da,e™,vM {P, | p € P}) is an Lo-model. For any
A€ Dy, let |Al = {a€ Dy | aeM A},

Lemma 3.2 There exists a finite set of Lo-formulas T pesic such that if M =
(D1, B, []) is any Lo-model such that M = Tpasic, then MM is a based model
with a basic neighbourhood assignment B(a) = {||A|| | A € Dy & Av™M a}.

Then the function d defined over P(D;) as
d(A)={a€ Dy |VO €Dy (OvMa=|0O|NA#02)},

is a derivative operator with dg = d.

Just as the standard translation interprets modal formulas with their Kripke
semantics as first order formulas, we may interpret the modal language in Lo
with respect to its derivational semantics.

Definition 3.3 [Translation] Given a designated first order variable x, we re-
cursively define a translation Tr, from modal formulas to Lo-formulas as fol-
lows:

Tre(p) = Pp()
Try(—p) = =Trz(p)
Tra(e Ap) = Try(p) ATy ()
Try(Op) =YU (Uv ez — 3ylye UATr,(9)))

Try(Op) =30U vaxAVy(ye U — Try(e)))

Proposition 3.4 For any based model M and any modal formula ¢ we have

M, a b= iff M = Try(p)[al.
Remark 3.5 In the translation of modal formulas, the quantifiers over basic
subset variables appear in restricted forms. Let £; be a language obtained by
restricting the use of quantifiers over set variables of Lo as follows:

e JU(U v z A a), where « is negative in U,
e YU(U v x — «), where « is positive in U.

Then one can easily see that L4 is invariant under basic d-neighbourhoods, i.e.,
the satisfaction of L4-formulas is independent of interpreting U v = as ‘U is a
d-neighbourhood of 2’ or as ‘U is a basic d-neighbourhood of x’. 4

3.2 Ultraproducts

Ultraproducts are an essential tool in estabilshing the original Goldblatt-
Thomason theorem, as well as its topological variant; they will also be used
throughout our own proof. In this section, we review their definitions and basic
properties.

Let I be a non-empty set. A set D C P(I) is a filter over I, if I € D
and D is closed under finite intersections and supersets. A filter D is called

4 Similarly, over the class of topological spaces, the language £; is introduced as a fragment
of £2 which is invariant under topological bases, see [7,12].
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an ultrafilter if for all A C I, either A € D or I — A € D. The ultrafilter
theorem states that any subset of P(I) with the finite intersection property
can be extended to an ultrafilter over I; in other words, if D is a filter such
that whenever X1,...,X,, € D, it follows that X; N...N X,, # &, then there
is an ultrafilter U O D.

Let (X; : i € I) be a family of non-empty sets and [[,.; X; be the Carte-
sian product of this family, i.e., [[,c; Xi = {(ai)icr|a; € X;}. Two elements
(ai)ier, (bi)ier € [1;c; Xi are D-equivalent, denoted by (a;)ier ~p (bi)ier, if
{i € Ila; = b;} € D. It is clear that ~p is an equivalence relation. We denote
the equivalence class of (a;)icr by [(a;)]. Let [[ X; be the set of all equivalence
classes.

Assume (X; : i € I) is a family of based spaces, and D is an ultrafilter over
I. Define the function Bp over [[, X; as

Bp([(a:)]) = {[[ Ui | {i € I | U; € Bi(a:)} € D},
D

where B; is a basic neighbourhood assignment of X;. Then one can easily see
that ([, X, Bp) is a based space.

Definition 3.6 The d-ultraproduct of a family of based models (9M; : i € I) is a
model [[, M = ([[p X, B, [-]p), where [p]p = [[p[p]i for any proposition
pelP.

If M; = M for each ¢ € I, then [[, M; is called an ultrapower of M. We
denote by a the class [(a;)] where a; = a for each i € I.

Example 3.7 If (X; : i € I) is a family of topological spaces (X;, o;) where o;
is a topological base, then Bp is a topological base over [ [, X; (see Definition
15 in [12]).

Proposition 3.8 For any family of based models (M; : i € I) and for any
modal formula ¢, we have

[12% (@)l =g iff {ieT|Mia; =} eD.
D

Since the ultraproduct of based spaces is a based space, the Lo§ Theorem
applied to the two-sorted first order language Lo-formulas implies that Lo has
the compactness property over that class of based models.

3.3 d-Saturation

The next key ingredient in a proof for the Goldblatt-Thomason theorem is sat-
uration; essentially, a structure is saturated if any set I'(z) of formulas with one
free variable whose finite subsets are satisfied on some point of the structure is
uniformly satisfied on a single point. By modifying the notion of L;-saturation
introduced in [12] for topological closure spaces, we provide an appropriate
notion for derivative spaces.
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Definition 3.9 [Derivative Saturated] Let 9t = (X, B, [-]) be a based model.
A subset A C X is point-saturated if for any Lo-type I'(z), i.e., a set of Lo-
formulas with one point free variable x and without any basic subset variable,
we have I'(z) is satisfiable in A provided that it is finitely satisfiable in A. A
based model (X, B, [-]) is derivative saturated (or d-saturated for short) if it
satisfies the following conditions:

(i) X is point-saturated.
(ii) For any a € X, any O € B(a) is point-saturated.
(iii) For any a € X there exists O, € B(a) such that for any formula ¢(x)

which is true in all members of some neighbourhood of a, is true over all
members of O,.

Proposition 3.10 For any based model M, there is an ulrafilter D such that
[Ip 9 is d-saturated.

The proof is given in the Appendix.
4 Definability

Our main goal in this paper is to study modal definability conditions for classes
of derivative spaces. As mentioned above, based spaces provide an equivalent
presentation of derivative spaces, and we investigate the definability conditions
of based spaces. This will allow us to have more flexibility on the corresponding
language, as well as granting us access to standard techniques for first order
logic. More precisely, for any given class C of derivative spaces, we identify C
with the class C’ of based spaces (X, B) such that (X, dg) belongs to C.

Definition 4.1 Let C be a class of based spaces. A class K C C is modally
definable over C if there is a set of modal formulas 3 such that for any based
space X € C we have X € K iff X = X.

A class K is modally definable if it is modally definable over the class of all
based spaces.

Example 4.2 For a based space X = (X, B), let 0 = |J,cx B(a) U{2}. Then
X Ep— Opiff o is a topological base and dg is the closure operator over the
topology generated by o. Note that o is a topological base iff for any a € X
and A € B(a) we have a € A. In other words, the class of all topological closure
spaces, i.e., derivative spaces (X, d) for which d = ¢, is defined by p — Op.

As mentioned in Example 2.3, the d-semantics is more expressive than the
c-semantics. The following is another example witnessing the more expressive
power of d-semantics.

Example 4.3 A topological space (X, 7) is a Ty-space if every x € X is an
intersection of an open and a closed set; equivalently if d,(A) is closed for
all A C X. The class of Ty-spaces is not definable in c-semantics (see [12,
Cor. 37]). But, it is definable over the class of all topological derivative spaces
by Op — OOp [2]. More generally, this formula defines the class of all derivative
spaces with the property that d(d(A)) C d(A) for each A C X.
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Example 4.4 Tt is easy to see that the Lob formula O(0p — p) — Op is valid
on derivative space X = (X, d) iff d(A) = d(A—d(A)), for any A C X. Also, for
any topological space X we have X is scattered iff d,(A) = d, (A — d;(A)) for
any A C X. Thus, for any derivative space X = (X, d), if (X, 74) is scattered
and d., = d, then the Lob formula is valid on X (see, e.g., [16]).

We can also show the converse of that, i.e., if the Lob formula is valid on
the derivative space X, then (X, 74) is scattered and d,, = d. So the class of
all scattered spaces is definable by the Lob formula over the class of topological
derivative spaces.

4.1 Invariant Results

Any modally definable class must be invariant over any operation that pre-
serves modal formulas. We identify three constructions over based spaces (resp.
derivative spaces) that have this property; our Goldblatt-Thomason theorem
will then state that these conditions precisely characterize modal definability.

Definition 4.5 Let (X; : ¢ € I) be a family of disjoint based spaces. The
d-sum of this family is a space lf;.; Xi = (X,B), where X = |#,.; X; and
B: X — 22" is defined by B(a) = B;(a), for a € X;.

Proposition 4.6 Let (X; : i € I) be a family of disjoint based spaces. Then
for any formula o, we have ), ; Xi = o iff Xi = o for allic I.

Example 4.7 The class of finite based spaces is not modally definable, since
an infinite sum of finite spaces will validate any formula valid on finite spaces.
Similarly, the class of all derivative spaces with a finite derivative operator, i.e.,
with a derivative operator which assigns to each subset a finite subset, is not
modally definable.

icl

Definition 4.8 Let X be a based space. A d-open subspace of X is a space
O = (0,Bp), where O is a d-open subset of X (i.e. for any a € O there is
O’ € B(a) such that O’ C O) and Bo(a) = {ANO|A € B(a)}, for any a € O.

For a weakly transitive Kripke frame (X, R) with Br(a) = {R(a)}, a d-
open subspace is a generated subframe. Also, for a based space (X, B), if 0 =
U.cx B(a)u{@} is a topological base, then a d-open subspace is a topologically
open subspace.

Proposition 4.9 Let O be a d-open subset of a based space X. Then X |= ¢
implies that O = @, for any formula .

Example 4.10 The class of all based spaces with some point a € X such
that @ € B(a) is not modally definable. To see this consider a based space
X = ({wo, w1, w2}, Br) with R = {(w1,ws), (wa, ws)} and its d-open subspace
Y over {wy,ws}.
Definition 4.11 Let (X, B) and (X', B’) be two based spaces. The function
f: X — X' is a d-morphism if

(i) for any A € B(a), there exists A’ € B'(f(a)) such that for any ' € A’

there is b € A with f(b) =V,
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(ii) for any A’ € B'(f(a)), there exists A € B(a) such that for any b € A there
ist € A" with f(b) =V'.

If f is a surjective d-morphism, then we say that X’ is a d-morphic image of

X.

It can easily be checked that a function f : X — X’ is a d-morphism
between two derivative spaces (X, d) and (X', d’) if f=1(d'(4")) = d(f~1(A")),
for any A’ C X'.

As usual, validity of formulas is preserved under d-morphic images.

Proposition 4.12 If X’ is a d-morphic image of X, then X [|E ¢ implies
X' E .
We may also use d-morphisms to identify open subspaces.

Proposition 4.13 O = (0, dp) is a d-open subspace of X = (X,d), iff O C X
and the inclusion function i : O — X is a d-morphism.

Example 4.14 The classes of T7 and Ts-spaces are not definable over the class
of all topological derivative spaces. To see this, let f be a function from the
ordinal w? equipped with the interval topology to the Sierpinski space, i.e., the
space ({0,1},{@,{1},{0,1}}), defined as f(w.k) = 0 for each 0 < k < w and
f(x) =1 for others.

In the Goldblatt-Thomason theorem for Kripke semantics, there is another
important construction, namely, the ultrafilter extension, which reflects the
validity of modal formulas. In [12] a similar construction is introduced for c-
semantics of topological spaces, named Alexandroff extension. Now, we define
an analogous notion for derivative spaces.

Let X = (X, B) be a based space and X* be the set of all ultrafilters over
X. Recall that for each A C X, we have dg(A) = {a | VB € B(a) BN A # &}.
Define a binary relation R* over X* as follows:

uR*u iff A € v’ implies dg(A) € u for any A C X.
Lemma 4.15 R* is a weakly transitive relation over X*.

The proof of this lemma is given in the Appendix. Note that, in general,
(X*, R*) is not irreflexive. To see this, consider the topological derivative space
of (N, 7) where 7 = {@, all co-finite sets}. Then for any A C N, we have

@ A is finite
d(4) = { N A is infinite

Thus, any non-principal ultrafilter in N* is reflexive since each of its members is
infinite. Indeed, any non-principal ultrafilter is an R*-successor of all members
of N*.

Definition 4.16 [d-Alexandroff extension] Let X = (X, B) be a based space.
The d-Alezandroff extension of X is the space X* = (X*, B*), where B*(u) =
{R*(u)}, for each u € X*.
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In other words, for any derivative space X = (X,d), the d-Alexandroff
extension of X is the space X* = (X*,d*) where

d*(A) ={u| I € A st uR*v'},

for any A C X*.

Example 4.17 For any weakly transitive Kripke frame (W,R), its d-
Alexandroff extension is equal to its ultrafilter extension (W*, R“¢).

Note that the d-Alexandroff extension of a derivative space (X,d) is the
derivative space corresponding to the ultrafilter frame of the wK4-algebra
(P(X),d;) (see [3]).

Example 4.18 For any topological closure space (X, 7), its d-Alexandroff ex-
tension is equal to its Alexandroff extension defined in [12].

But for any topological derivative space, its d-Alexandroff extension is not
necessarily a topological derivative space. In other words, the class of all topo-
logical derivative spaces is not closed under d-Alexandroff extensions.

Proposition 4.19 For any based space X we have, X* |= ¢ implies X = .
The proof of the proposition is given in the Appendix.

Recall that a topological space (X, 7) is Alexandroff if every point has a
minimal open neighbourhood. The Alexandroff extension of any topological
closure space, is an Alexandroff space, and this implies that the class of Alexan-
droff spaces is not definable in the c-semantics (see Corollary 41 in [12]). We
can extend this notion to derivative spaces. A derivative space (X, d) is called
Alexzandroff if every point has a minimal basic d-neighbourhood.

Example 4.20 The class of all Alexandroff derivative spaces is not modally
definable. For any arbitrary derivative space X, even for non-Alexandroff one,
X* is Alexandroff, since R*(u) is the only element of B*(u), for all u € X*.

5 The Goldblatt-Thomason Theorem

We are now ready to prove our main result. We begin with the following useful
fact; the proof can be found in the Appendix.

Proposition 5.1 For any based space X, there exists a based ultrapower [[ X
with a surjective d-morphism f: [[p X — X*.

With this, we are ready to prove our main result.

Theorem 5.2 Let K be an Lo-elementary class of based spaces. Then, K is
modally definable iff K is closed under d-sums, d-open subspaces, d-morphisms
and reflects d-Alexandroff extensions.

Proof. The left-to-right direction is obvious by the results in the above part.
For the other direction, let Log(K) = {¢ | K | ¢}. We show that for any
based space X we have X € K iff X = Log(K). Clearly, Log(K) is valid on any
space in K. Now suppose that X' = Log(K). Counsider a language containing
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a propositional variable p4 for any A C X, and let I = (X, [-]) where [-] is a
natural valuation in this language, i.e., [pa] = A for any A C X. Now take A
as a theory containing all the formulas in the following form for any A, B C X:

Ppec < 2Py
PANB < PAN\DPB
Paca) < Opa
Dga) < Upa

Then M = A.

Claim. For any a € X there exists a model 91, based on some ), € K and
b € Y, such that 9, = A and N4, b = pra)-

Proof of the claim: Suppose that a € X. Let

Ay ={0pNp|peAtU{pa}.

A, is finitely satisfiable in K, since otherwise =d € Log(K) for some finite
subset § of A,, which is a contradiction with 9% = Log(K).

Since K is an elementary class, it is closed under ultraproducts, so we can
assume that there is a d-saturated model 91 based on some YV € K and be Y
such that N, b = A,. By d-saturation, b has a d-neighbourhood U, € B(b) such
that ¢ holds throughout U, for all ¢ € A. Let 91, be a d-open subspace of 9
generated by O = U, U {b}, and this completes the proof of the claim.

Let 91 be the w-saturated ultrapower of [) .y M,. By the closure of K
under d-sums and d-ultraproducts, Y = HD WaexVa € K.

Now, by Proposition 5.1, we know that there is a d-morphism from ) to
X*. The closure of K under d-morphisms implies that X* € K. So X € K
since K reflects d-Alexandroff extensions. a

As mentioned above, for any derivative space (X,d), the frame (X*, R*)
is not necessarily irreflexive. Specially, for any topological derivative space,
(X™*, R*) is not necessary irreflexive, so (X*,d*) is not a topological derivative
space. Thus, for giving a version of the Goldblatt-Thomason theorem for such
classes of structures, i.e., for those that are not closed under the d-Alexandroff
extension, we consider the following definition.

Definition 5.3 Let K be a class of derivative spaces. We say that K reflects
d-Alexandroff images whenever for some derivative space Y € K, if X* is a
d-morphic image of ), then X is in K.

Theorem 5.4 Let K be an Lso-elementary class of derivative spaces. Then
K is modally definable iff K is closed under d-sums, d-open subspaces, d-
morphisms and reflects d-Alexandroff images.

Specifically for the class of topological derivative spaces, we can also express
the above theorem in another way based on the following definition.

Definition 5.5 Suppose that K is a class of topological spaces. Let K+ be
the class of all Kripke frames that are d-morphic images of some elements of
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K. We say that a class K of topological spaces reflects the weak transitive
extensions from KT, whenever for any topological space (X, 1) if (X*, R*) is
in K+, then (X, 7) is in K.

Corollary 5.6 Let K be an Ly-elementary class of topological spaces. K is
modally definable iff it is closed under disjoint unions, open subspaces, and
d-morphic images and reflects weak transitive extensions from K+.5

6 Concluding Remarks

In this paper we give a version of the Goldblatt-Thomason theorem for deriva-
tive spaces. There are some lines of research that can be considered for future
work.

One of the natural further directions is to investigate definability for ex-
tended languages which provide the ability to define more properties. For ex-
ample one can show that the class of all topological derivative spaces is definable
by the hybrid formula @;—{i while it is not definable in the basic language.
Utilising the method used for topological c-semantics in [12], one can extend
our results to extended languages such as modal logic with universal modality
and hybrid logics.

First-order modal logic (FML) is another extension of modal logic. There
is some work on definability in the context of FML, e.g. [17,18]. For example,
[18] gives a version of the Goldblatt-Thomason FML for Kripke frames. It
uses a well-known technique from classical model theory called Morleyization
(or atomization). Providing a version of the Goldblatt-Thomason theorem for
FML with respect to topological semantics is an interesting future work.

The other challenging extension of modal logic is the modal p-calculus
(uML)—modal logic enriched with fixed point operators. There are many ob-
stacles for this logic, for example, uML does not enjoy the compactness prop-
erty, which plays a significant role in proving the Goldblatt-Thomason theorem.
To tackle this problem, one might need to consider simpler extensions such as
modal languages with tangled operator.

This also suggests a line of study of general definability characterization
theorems, for classes of structures that are not necessarily elementary. There
are many important examples of classes of Kripke frames or topological spaces
that are definable, but not elementary. For example, the class of scattered
spaces (Example 4.4) is definable by Lob’s formula, but is not elementary.

References

[1] Baltag, A., N. Bezhanishvili and D. Ferndndez-Duque, The topological mu-calculus:
completeness and decidability, in: 2021 36th Annual ACM/IEEE Symposium on Logic
in Computer Science (LICS), IEEE, 2021, pp. 1-13.

5 Note that over the class of topological derivative spaces, any L2-formula can be rephrased
as an L¢-formula. Thus we can assume that K is Li-elementary (see footnote 4).



16 The Goldblatt-Thomason theorem for derivative spaces

[2] Bezhanishvili, G., L. Esakia and D. Gabelaia, Spectral and Ty-spaces in d-semantics, in:
International Tbilisi Symposium on Logic, Language, and Computation, Springer, 2009,
pp. 16-29.

[3] Blackburn, P., M. De Rijke and Y. Venema, “Modal Logic,”, Cambridge University Press,
2001.

[4] Chang, C. and H. Keisler, “Model Theory,” 3rd edn, North Holland, Amsterdam, 1989.

[5] Esakia, L., Intuitionistic logic and modality via topology, Annals of Pure and Applied
Logic 127 (2004), pp. 155-170, provinces of logic determined.

[6] Ferndndez-Duque, D. and P. Iliev, Succinctness in subsystems of the spatial p-calculus,
FLAP 5 (2018), pp. 827-874.

[7] Flum, J. and M. Ziegler, “Topological Model Theory,” Springer Berlin Heidelberg, 1980.

[8] Gabelaia, D., “Modal definability in topology,” Master’s Thesis, University of
Amsterdam (2001).

[9] Goldblatt, R. I. and S. K. Thomason, Aziomatic classes in propositional modal logic, in:
J. N. Crossley, editor, Algebra and Logic (1975), pp. 163-173.

[10] Kurz, A. and J. Rosicky, The Goldblatt- Thomason theorem for coalgebras, in: Algebra
and Coalgebra in Computer Science: Second International Conference, CALCO 2007,
Bergen, Norway, August 20-24, 2007. Proceedings 2, Springer, 2007, pp. 342-355.

[11] McKinsey, J. C. C. and A. Tarski, The algebra of topology, Annals of mathematics (1944),
pp. 141-191.

[12] ten Cate, B., D. Gabelaia and D. Sustretov, Modal languages for topology: Expressivity
and definability, Annals of Pure and Applied Logic 159 (2009), pp. 146-170.

[13] ten Cate, B. D., “Model theory for extended modal languages,” Ph.D. thesis, University
of Amsterdam (2004).

[14] van Benthem, J., Notes on modal definability., Notre Dame Journal of Formal Logic 30
(1988), pp. 20-35.

[15] van Benthem, J., Modal frame classes revisited, Fundam. Informaticae 18 (1993),
pp. 307-317.

[16] van Benthem, J. and G. Bezhanishvili, Modal logics of space, in: Handbook of spatial
logics, Springer, 2007 pp. 217-298.

[17] van Benthem, J. F., Frame correspondences in modal predicate logic, Proofs, categories
and computations: Essays in honor of Grigori Mints (2010), pp. 1-14.

[18] Zoghifard, R. and M. Pourmahdian, First-order modal logic: frame definability and a
Lindstrom theorem, Studia Logica 106 (2018), pp. 699-720.



Bezhanishvili, Ferndndez-Duque and Zoghifard 17

Appendix

In this Appendix we prove some results from the main text. We begin with the
proof of Equation 1 in Section 2, which states that for any A C X we have

d(A) = d.,(A) Uref(A),

where d,, is the Cantor operator of 74 and ref(A) = {a € A | a € d({a})}.

First assume that a & d,,(A) Uref(A). Since a & d,,(A), there is an open
O € 74 such that @ € O and O N A — {a} = @. By the second condition of
d, we have d(A) = d(ANO)Ud(ANO°). Since a € O = Inty(O), we have
a & d(0°) C O°, thus a € d(ANO°). Furthermore, if a € A, then ANO = {a}
and a & ref(A) implies that a € d(ANO). If a ¢ A, then ANO = &, and thus
a & d(ANO). Therefore, a ¢ d(A).

For the other direction, first assume that a € ref(A). Then a € A and
a € d({a}) which implies that a € d(A). Now assume that a ¢ ref(4) and
a & d(A). If a ¢ A, then a € A°Nd°(A) = Inty(A°) = O € 14. Thus,
a & dr,(A), because ON A — {a} = @. If a € A, then a ¢ d({a}). Let
O = Inty(A° U {a}), this implies that a & d,(A).

Proof. [Proof of Lemma 3.2] We define I'basi to be the following Lo-formulas,
which express the axioms of basic d-neighbourhoods:

e V23U (U v x),
e VaVU VU vaAVvae—=-IWWvaeAVylye W -yeUAyeV))),

e VaVU( U va =»Vz(zeU > IWWurv2zAVylye W wy=xzVyecl))))).
O

Proof. [Proof of Proposition 3.10] From model theory, we know that for any

Lo-model, and thus for any based model, 9t there is an ultrafilter D such that

[Ip 9t is w-saturated (see [4], Theorem 6.1.8). We show that [[, 9 is also

d-saturated.

(i) It immediately follows by w-saturation of 9.

(ii) Let a be any point of [[, X, and O € Bp(a) be one of its basic neigh-
bourhoods in [[, 9. By the definition, O = [][,O; which is point-
saturated, since for any set of Lo-type I'(xz) of O we can consider the
Lo-type I"(z) = {& ¢ U} UT'(z). Since [[, M is w-saturated, there is
b € [[p X such that [[, 9 = I7(b). This means that I' is satisfiable in
0.

iii) Assume that a € X is given and I'(x) is the set of all Lo-formulas
D
©(z) such that ¢(x) holds throughout some basic neighbourhood of a.
Now consider the following set of Lo-formulas:

PU) ={Uva} U{Vylye U = ¢(y)) | ¢ €T}

Since [ [ MM is an w-saturated, there is [ [, O; € B(a) such that [[, M =
I([1p Od).
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d

Proof. [Proof of Lemma 4.15] Suppose u,u’,u” € X* and uR*u’ and ' R*u”.
We show that if u # u”, then uR*u”. So, we have to show that dg(B) € u
whenever B € v’ for any B C X. Take an arbitrary B € u”. Since u # u”,
there is A C X such that A € u” and A° € u. Then AN B € u”, and
thus dgdp(A N B) € u. This implies that dg(A N B) U (AN B) € u. Hence,
(dp(ANB)NA°)U (AN BN A®) € u. So, dg(AN B)N A° € u. Therefore,
dB(AﬂB)QdB(B)Eu. O

Proof. [Proof of Proposition 4.19] If X = ¢. Then there is a model M =
(X,[-]) and @ € X such that 9, a W~ p. Let M* = (X*,[-]*), where [p]*
{ue X* | [p] € u}, for each p € P.

Claim. 9", u = 0 iff [0] € u, for each modal formula 6.

This claim implies that 9*, u, = ¢, where u, is the principal ultrafilter
generated by a, and thus X* }£ .

Proof of the Claim: By induction on the complexity of formula 6. By
definition of [-]* and by the ultrafilter properties it is easy to see that the
claim holds for atomic formulas and Boolean connectives. Now let § = (1. If
u = O, then [¢]*NB* # @ for all B* € B*(u). Specifically, R*(u)N[y]* # 2.
So, there is 1’ such that uR*u’ and v’ € [¢]*. By induction hypothesis we have
[#] € v/, which implies that [0¢] € u. For the other direction, suppose that
[0¢] € u. Let ug = {A € X | ds(A) € u}. Then up U {[¢/]} has the finite
intersection property, and thus it can be extended to an ultrafilter u’. Then
[¥] € v and uR*w'. 0

Proof. [Proof of Proposition 5.1] For any A C X, add a new unary predicate
P4 to the language Lo and let 9t ba an Lo-model of X with the natural
interpretation of new predicates, i.e., P4 is interpreted as A. Let Mp be the
d-saturated ultrapower of 9 as in Proposition 3.10.

Let T be the set of Ly-sentences of the following forms:

(i) 3z Pa(x), for any non-empty A C X.
(ii) Yz (Panp(x) +> Pa(x) A Pp(z)).
(i) Vz(—Pa(z) <> Pac(x)).

) Yo (Pyay(w) < YUU v — Jy(y e UA Pa(y))).
(V) Va(Pya)(@) < UU vz AVy(y e U — Pa(y))))

Then we have Mp =T, since M =T
Now define a function f: [[, X — X* as follows:

f(a)={AC X |a € (Py)™™}.
We have to show that f is a d-morphism.

(iv

e f is well-defined, since (ii) and (iii) imply that f(a) is an ultrafilter.

e To see that f is surjective, for any given u € X*, let I'y(z) = {Pa(x) | A € u}.
By (ii), T'y is finitely satisfiable in 9p. Since Mp is d-saturated, there is a
point a € [ X such that Mp =Ty (a).
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e To show f is a d-morphism, first assume that O € Bp(a). We have to show
there exists O* € B*(f(a)) such that for any u € O* there is b € O with
f(b) = u. Let O* = R*(f(a)). For a given u € O*, we have f(a)R*u. Let
I'(xz) = {Pa(x) | d(A) € u}. Then, by (iv), I'(z) is finitely satisfiable in any
B € Bp(a). Specifically, T is finitely satisfiable in O. Now d-saturation of
Mp implies that O is point saturated, and thus there is b € O such that T'(b)
is true and f(b) = u.

For the other direction, assume that O* € B*(f(a)), we have to show that
there is O € Bp(a) such that f(O) C O*. Let O, be the d-neighbourhood
of a as defined in part 3 of the definition of d-saturation (cf. Definition 3.9).
Let T = {Pa(z) | d(A) € f(a)}. Then, by (v), for any finite subset IV C T,
we have AT is true throughout some O € Bp(a). So, T is true throughout
O, and O, N f~1(A*) # @. Thus, there is b € O, such that f(b) € A* and
F(a) R £(b).

|
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