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Contingent Convertible bonds (CoCos) convert into equity or are written down in times
of distress. Existing pricing models assume conversion triggers based on market prices
assuming that markets observe all relevant information. We incorporate that markets
receive information through noisy accounting reports only, distinguish between market
and accounting values and incorporate that coupon payments are subject to a Maximum

*Corresponding author.

2250028-1


https://dx.doi.org/10.1142/S0219024922500285

M. Derksen, P. Spreij & S. V. Wignbergen

Distributable Amount limit. We examine the impact of CoCo design and accounting
noise on prices. Most importantly, we discuss the capital structure decision, explain
why nondilutive CoCos tend to be chosen and how these increase the bank’s risk-taking
incentives.

Keywords: Contingent capital pricing; accounting noise; CoCo triggers; CoCo design;
risk taking incentives; investment incentives.

1. Introduction

Contingent Capital instruments or Contingent Convertible bonds (CoCos) are debt
instruments designed to convert into equity or to be written down in times of dis-
tress. Their use has exploded since the Great Financial Crisis eroded the capital base
of banks across the world and regulators responded by raising capital requirements
while allowing banks to meet those requirements partially by issuing CoCos.

In this paper, we develop a valuation model that takes into account their partic-
ular contingent properties and explicitly incorporates the fact that markets get only
imperfect information about the underlying firm dynamics through noisy account-
ing reports. This allows us to distinguish the accounting triggers that are used
exclusively in practice from the market value-based triggers always assumed in the
academic literature. And we address another issue that has received insufficient
attention in the literature: why do banks choose to issue CoCos to begin with,
and what sort of CoCos do they choose? The answers to these capital structure
questions suggest that the objective of higher capital requirements may in fact be
undermined by allowing them to be met by CoCos with the structure left free for
the issuing bank to choose.

Regulation has a major impact on the design of CoCos. In particular, the eli-
gibility criteria for CoCos to count as (Additional Tier 1 or AT1) capital restrict
the way they can be structured. For example, basing conversion triggers on mar-
ket prices actually makes a CoCo ineligible as regulatory capital under European
law® under the framework implementing Basel III capital requirements in the Euro-
pean Union. Accordingly, all CoCos issued so far have triggers for conversion based
on accounting ratios falling below a particular ratio (the trigger ratio). The dis-
tinction between book and market valuations matters since they differ widely and
often systematically (Fama & Fr@ngﬂlﬂﬂj). Our first contribution is that we intro-
duce plausible informational frictions as a reason why market price-based ratios

and accounting ratios can (and generally will) diverge; this allows for a meaningful
analysis of accounting ratio-based CoCo triggers.

Another consequence of regulation is that CoCos, to be eligible for AT1 “addi-
tional going concern capital” status, will need to be fully loss absorbent on a going

asee [Capital Requirements Regulation 575/2013/EU (2013, art. 54), henceforth referred to as

CRR.
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concern basis. This requires that instruments are subordinated, have fully discre-
tionary noncumulative dividends or coupons and have neither a maturity date nor
an incentive to redeem; only the issuing bank can call them, typically after a five-
year period. And the issuing bank needs to have the contractual right to suspend
coupon payment with an explicit contractual provision that such a suspension can-
not constitute an event of default [ﬁ(i p. 126). This has consequences for
the way Leland-style m M) default triggers are introduced; in particular
the default trigger cannot depend on whether the CoCo has converted or not.
Corcuera et al. (lZ_Qlj) argued early on that there is another problem with

most proposed pricing models: they do not address the impact of skew and fat

tails on CoCo valuation. [Corcuera et all (lZQlj) therefore adopted a smile conform

asset valuation process: the Heston mean reversion stochastic volatility model, like

lds_&pimgm 2017)./Chen et all 12!!13) took an alternative approach by intro-

ducing a jump process.” Figure [ gives an example of the volatility of one particular

CoCo price which reveals another unusual pattern.
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Fig. 1. The volatility of CoCo prices (15-day Rolling Window), for CoCos issued by Deutsche
Bank (upper figure, plotted for all days between 2014-07-10 and 2018-03-01) and UBS (lower
figure, plotted for all days between 2015-02-18 and 2018-01-29). Observe how the time series of
CoCo price volatility displays an irregular pattern and how the CoCo price volatility tends to spike
around the release of accounting reports (labeled by the orange markers).

"Bated @) showed that introducing both stochastic volatility and jump processes leads to
identification problems.
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Figure [ depicts time series of DB and UBS volatilities, and demonstrates two
striking features. First, the time series of actual CoCo price volatility displays an
obviously irregular pattern. and second, the volatility series shows spikes that clus-
ter around accounting dates. None of the various smile conform pricing models can
reproduce this pattern. We resolve this puzzle by valuing CoCos under the assump-
tion that the only information available is noisy accounting information, which in
addition is only received at pre-specified discrete moments in time, the account-
ing dates. The underlying processes are continuous, but markets only receive noisy
information on those underlying fundamental processes at discrete-time instants:
accounting reports are only released at the accounting dates, typically at the end
of each quarter. Introducing discretely spaced observation moments has an impact
similar to introducing jumps, but also explains why they mostly happen at account-
ing dates. Although the underlying process is continuous, letting it run unobserved
for a discrete-time period does allow the price to cover a discrete distance. The
accounting noise approach does allow us to account for the observed clustering of
volatility spikes around accounting dates. The theoretical results underlying this
approach, involving several essential conditional densities and the resulting key
pricing formulas, are new and constitute our second contribution to the literature.

We make a third contribution towards a better pricing model for CoCos, by
incorporating regulatory restrictions on coupon distribution. The asset pricing lit-
erature has so far concentrated on the conversion contingency. But the possibility
of a write down or conversion into equity is not the only option-like characteristic
embedded in CoCo designs. The coupon payments are contingent too, they can only
be paid out if that payment does not exceed the so-called Maximum Distributable
Amount (MDA), a trigger that by design and as a regulatory requirement binds
much earlier than the conversion trigger (Kiewiet et al“Z_Qlj). The relevance of this
contingency became very clear at the beginning of 2016, when a profit warning of
Deutsche Bank ahead of their first quarter accounting report set off an across the
board crash in CoCo prices, see again (lgng]_g)

Finally, our fourth contribution is arguably the most important one: we use our
model to answer the question of why firms issue CoCos to begin with, a question
that is not addressed in the literature. We have shown that when faced with the
requirement by regulators to raise equity ratios in a situation of debt overhang,
CoCos are a way for equity holders to resolve the conflict between the requirement
to raise equity ratios and the debt overhang induced desire to actually increase
leverage, even if the new CoCo debt is fairly priced. We take our cue from the fact
that the vast majority of CoCos has been issued in the years following the Great
Financial Crisis (GFC) in 2008/2009 when banks were faced with strong pressure
by regulators to increase equity ratios. This result naturally leads to two follow-up
questions.

First, given that CoCos are the preferred option to raise new capital when
required to do so by regulators, does that solve the debt overhang problem that
gave rise to the choice for CoCos to begin with? The second question stems from the
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rationale behind the call of regulators for higher capital ratios: the desire to reduce
risk taking incentives after excessive risk taking by banks triggered and amplified
the GFC. A logical question then is whether that objective is achieved when banks
meet the higher capital requirements by issuing CoCos? We show that the answer to
both questions is no when CoCos are NOT sufficiently dilutive. And unfortunately
our discussion of the capital structure question also shows that that is what equity
holders will choose: when left free to determine the CoCo parameters, they will
issue CoCos that are not dilutive at all but benefit shareholders at conversion,
thereby increasing rather than reducing both the initial debt overhang and socially
undesirable risk taking incentives.

The remainder of this paper is structured as follows. Section [2] briefly describes
CoCos in detail, their design features and their regulatory treatment. Section
surveys the existing asset pricing literature on CoCos. Section [ sets up the pric-
ing model, making a distinction between market values and accounting values and
incorporating the possibility of early cancellation of coupons triggered by the MDA
regulations referred to earlier. We analyze the role of the different accounting trig-
gers and their impact on the pricing of the CoCos under various circumstances.
The theoretical results of this section, essential conditional densities and the result-
ing key pricing formulas, are new. Section [0l uses the model to analyze the sensi-
tivity of CoCo valuation to various design features, changes in the firm’s capital
structure and external shocks. In Sec. [6] we discuss why banks choose to issue
CoCos when faced with the requirement to raise capital ratios, and what sort of
CoCos they will choose. Section [7] summarizes and concludes. out-
lines the MCMC algorithms used for evaluating the integrals involved in the final
pricing expressions in Sec. @l while proofs of the technical results are collected in

D
Append b

2. Contingent Convertible Bonds

The design of a CoCo contract is specified by two main characteristics: the trig-
ger event (when does conversion happen?) and the conversion mechanism (what
happens at conversion?).

2.1. The trigger event

The trigger event specifies at which moment the conversion takes place. We can
distinguish three types of trigger events; an accounting trigger, a market trigger
and a regulatory trigger.

In case of an accounting trigger, the conversion is triggered by an account-
ing ratio, e.g. the Common Equity Tier 1 Ratio (defined as the fraction of
common equity over (risk-weighted) assets) falling below a certain barrier. This
type of trigger is exclusively used in practice because of regulatory requirements,

although it is widely criticized in the academic world (Flann@ry”ﬂ)ﬂﬁ, Haldand|2011 ,
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MlnamhL&lsghM 120_13)‘: The reason for choosing the accounting ratio-based

trigger nevertheless is that the European Union has implemented the BIS rule ruling
out market-price-based triggers if the CoCo is to qualify as (AT1) capital (Capital
Requirements Regulation 575/2013/EU |2_Ql_3|) As a consequence, no CoCos with
market price-based triggers have been issued so far, at least not in the EU. A third
type of trigger is the regulatory trigger, which allows the regulator to call for a

conversion even when accounting ratios do not call yet for a conversion. All CoCos
issued so far have a trigger mechanism which is a combination of an accounting
trigger and a regulatory trigger, since that is required for the CoCo to count as
regulatory capital in the European Union. The regulatory trigger has not been
discussed in the asset pricing literature yet.

It is an open question whether regulators have better or earlier access to bank-
specific information than markets have. m (M) in particular has argued
for the opposite view. But whatever the merit of that point of view (regulatory
inaction is not the same as regulators not being informed...), the situation is more
than likely different now. Supervision has tightened considerably after the Lehman
crisis, and bank management is personally liable these days when they are found
not or not timely to have transmitted information pertinent to the solvency of their
bank. And on-site supervision is much more easily resorted to than it used to. We
therefore assume that the regulatory trigger is based on the actual capital ratio of
the bank rather than on the noisy accounting image of it.

2.2. The conversion mechanism

The conversion mechanism specifies what happens at the moment of conversion:
either a (partial) principal write-down or a conversion into shares. In case of a
(partial) principal write-down (PWD) mechanism, the principal of the CoCo bond
is (partially) written down at the moment of conversion, to strengthen the capital
position of the issuing bank. In case of a conversion into shares, the principal of the
CoCo bond is converted into a prespecified number of shares or at a prespecified
price. The latter can either be determined at the time of issue or be linked to

the market price prevailing at the time of conversion. [Sundaresan & Wané (21!15)

warned that a market price-based conversion can also create incentives to short sell

the stock to dilute existing shareholders. Presumably to avoid this, European law
requires a floor under the conversion price if the CoCo is to count as capital.

2.3. The mazimum distributable amount (MDA) trigger

To qualify as capital under Basel III regulations, Contingent Convertible bonds
need to have a so called Maximum Distributable Amount (MDA) trigger, which

©Against this point of view, [Sundaresan & Wang (2015), [Glasserman & Nouri (2016) argued that

if the terms of conversion are beneficial to CoCo holders, a market trigger could encourage CoCo
holders to short-sell shares of the issuing bank to profit from a conversion, which could subsequently
lead to a “death spiral”.
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blocks earnings distributions (dividends or CoCo coupon payments) when the bank’s
capital would become too low after the earnings distribution, see

(ELPE) for a detailed discussion of the MDA trigger for coupons. The way this
precedence is implemented is by requiring the so-called MDA capital buffer to be
on top of other (T1 and P2)¢ buffers, so the MDA trigger will unavoidably be set
off earlier than the conversion trigger. The MDA trigger has not been considered
before in the asset pricing literature on CoCos, but will be introduced explicitly in
this paper.

3. Relation to the Existing Literature

The existing pricing literature on CoCos can be grouped in three categories (Wilkens
& Bethke |24)1_4]) structural models, equity derivative models and credit risk or
reduced form models. In a structural model, one starts by describing the value of
the assets of a firm by a stochastic process. Then the liabilities are introduced and
equity is the difference between the assets and those liabilities. A credit derivative
approach is a reduced-form approach where a conversion arrival intensity exists by
assumption and is subsequently modeled as a function of latent state variables or
predictors of future conversions. This approach is appealing for its tractability but
is difficult to apply empirically for the simple reason that conversions have not yet
occurred in practice, making the latent variable approach untestable in practice
as of the date of writing this paper. A third approach, described in Wilkens &
Bethke (|2Ql_4|), is the equity derivative approach where one tries to replicate the
CoCo pay off by using equity derivatives directly. The CoCo is seen as a straight
bond plus Knock-in Forwards minus Binary Down-in options. The long position in
Knock-in Forwards corresponds to the possible purchase of shares at the stipulated
conversion price in case the trigger event takes place (i.e. when the forwards knock
in). The short position in Binary Down-in options reflects the loss of (parts of) the
coupon payments once the trigger event occurs. The main problem with both the
credit derivative and the equity derivative approach is that they unavoidably have
to assume trigger events conditional on market price-based triggers, which is as we
saw counterfactual. We therefore choose to use the structural approach and will
review only the corresponding part of the literature.

In a structural setup, conversion of CoCos occurs when the market value of
the firm’s assets or the firm’s capital ratio falls below a predetermined value (the
conversion trigger). Liquidation of the firm can be incorporated in the model by
assuming that the equity holders liquidate the firm when the value of assets falls
below some optimal threshold, the insolvency trigger, chosen by the shareholders
to maximize equity value, like in ). Because CoCos count as capital
even before they have converted, this insolvency trigger will obviously not depend

dT1: pure equity going concern buffer; P2 (Pillar 2) capital requirement covers risks which are not
adequately covered by the minimum capital requirement (the P1 buffers).
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on whether the CoCo has converted or not, the CoCo counts as capital either way.
Furthermore, m @) argued that the insolvency trigger will always fall below
the debt ratio, so it follows that default cannot occur before conversion. An early
example of such a structural model is Albul et all (IZD_lj), where the asset price is
modeled as a Geometric Brownian motion (GBM). The CoCo converts into equity
the first time the asset value A; falls below some threshold a., so the conversion
time is 7(a.) = inf{t > 0 : A; < a.}. In their set up, the CoCo converts into
equity valued at market prices at a specified conversion ratio A, where A = 1 means
that the CoCo holder receives equity with a market value equal to the face value
of the CoCo at issue. ﬁ]) used a similar model but adds proportional
jump processes by adding a compound Poisson process to the firm value dynamics.
Chen et all M) also used a GBM process with Poisson jumps added in, but
adds a distinction between market-wide and firm-specific jumps. In contrast to the
variable conversion share price featured in [Albul et all (IM), Pennacchi (IZJJH),
in Chen et _al! (IM) the CoCo holders receive a fixed number of shares for every
FEuro of principal when the CoCo converts, which is the way most CoCos with a
conversion into shares are set up in practice, see for example |Avdjiev et all (IM)
Chen et all M) also introduced finite maturity debt and the associated potential
debt rollover problems. This feature has a significant effect on risk taking behavior
before conversion. |[Pennacchi & nghisi;yi (IM) reverted to a straight GBM process
driving asset values, and focuses on existence and uniqueness of a price equilibrium
when conversion involves a wealth transfer favoring either the CoCo holder (dilutive
CoCos) or the old equity holder (nondilutive CoCos). All these models have in
common that a conversion trigger based on market values is used.

Glasserman & Nouri (IM) do distinguish market- and accounting-based valua-
tion: they assume that the ratio between the market value of equity and the account-
ing value of equity follows a GBM process. But a key assumption in Glasserman
& Nouri (IZQ]_d is that markets and accountants always agree on whether the firm
is solvent. ) strongly argued that this assumption is counterfactual.
Another issue is that they assume that all processes can be observed continuously,
while in practice regulatory capital ratios are calculated on a quarterly basis only.

We contribute to the literature by addressing both issues. We assume that firm
values are driven by a GBM, but without jumps, for reasons explained in Sec.[dl We
do not introduce a separate independent accounting process either, like

) doj; it surely is implausible that accounting reports are not at all informa-
tive about the market value of the firm. Instead we assume that accounting reports
are noisy but informative observations of the underlying processes, like in Duffie &
Lando (lZQ_Q]J) We stipulate an underlying GBM process for the dynamic evolve-
ment of the firm’s asset valuation, but incorporate explicitly that that process is
not directly observable: noisy information (an accounting report) is brought out

\

at discrete-time instants. Moreover, we assume some persistence in the noise, by
assuming that the noise term in the accounting report is serially correlated. Berg &
Kaserer 2[215) exactly adopted the Duffie-Lando model in the context of CoCos,
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with as a consequence that they can only analyze CoCos with just regulatory trig-
gers. In contrast, we significantly extend the Duffie & Landd (121)11]]) model in such
a way that it allows us to analyze the richer array of triggers used in practice. In
Sec. [, we describe the model we use in detail and discuss how it differs from other
approaches.

4. The Model

This section starts with the model description, in Sec. [£.1] We derive the density
of asset values, conditional on accounting information (Sec.[£.2)). We then use these
results to derive the valuation of CoCos for the different trigger events (regulatory
triggers and accounting triggers) and for the different conversion schemes (PWD
CoCos and Equity Converters).

4.1. Model description and the Firm’s debt structure

The value of assets of the firm, denoted by V;, is modeled by a geometric Brownian
motion, that is

av;
7t = pdt + odW,, (4.1)

t
for some p € R, o > 0. We will not include jumps in the asset value process, because
this does not make sense in the noisy accounting information framework, as it would
not be possible to distinguish a big price movement caused by the dynamics of the
asset process from a reaction to the accounting information. Define Z; = log V; and
m = u— 0?/2, then Z is a drifted Brownian motion with drift m and volatility o,
that is

Zt = Z0+mt+cht. (42)

Investors do not observe the real asset value, instead they receive imperfect account-
ing information at known observation times ¢; < to < --- (typically every three
months). At every observation date ¢; there arrives an imperfect accounting report
of the real asset value V;,, denoted by ‘7,5 We let

Y;, == log Vi, = Zi, + Uy, (4.3)

where Uy, is normally distributed and independent of Z;,. In the following, we
will use the notation Y; := Y;, and similar notations for Z and U. Following

), we assume there is some correlation between the accounting
noise over time Uy, U, .. .:

U, =rU;_1 + €, (44)

for some fixed x € R and independent and identically distributed €1, €3, ..., which
have a normal distribution with mean p. € R and variance o2 > 0, and are inde-
pendent of Z.
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The firm issues straight debt and contingent convertible debt. The total par
value of straight debt outstanding is denoted by P, over which coupons are paid
continuously at rate c;. Furthermore, the straight bonds have a perpetual maturity
and it is assumed that default occurs the first time the log-value of assets falls
below some threshold z;, (or equivalently, the first time asset value falls below v :=
exp(zp)), such that the default time is defined by

7, = inf{t > 0:Z; < z,}. (4.5)

At the moment of default a fraction (1 — a), for @ € (0,1), of the firm’s asset
value is lost to bankruptcy costs, so a fraction a of the asset value is recovered and
distributed among the senior debt holders. Following (@), the default
trigger is set at the value where equity holders refuse to supply more capital when
the asset value falls below the trigger, which in turn always will be lower than the
ratio of debt to initial asset value. An important question is whether unconverted
CoCos also count as debt when setting z;, (or equivalently v;, for the ratio, remember
that Z = log V). The answer is clear from the regulatory requirements for eligibility
of the CoCo as AT1 capital (Capital Requirements Regulation 525(2!!131E[]m,
). For eligibility, the CoCo needs to be a perpetual, with only the bank
having the right to call the CoCo, not the CoCo holder; and the issuing bank also
needs to have the discretion to suspend coupon payments without this constituting
an event of default. This implies that v, < P;/Vp both before and after conversion
of any CoCos issued.

The total par value of CoCos outstanding is denoted by P, over which coupons
are paid continuously at rate cs. Furthermore, the maturity of the contingent con-
vertible bonds is denoted by T'. In our accounting report framework, we will consider
two different types of conversion triggers. The first type of conversion trigger that
will be looked into is the regulatory trigger, the trigger that governs when regulators
will decide the bank has reached a so-called Point of Non-Viability and force conver-

sion of the CoCo. Whether bank regulators have more direct access to information
about the bank’s asset value than market parties is open for dispute, see in par-
ticular m M) However, since the Lehman crisis, banks in the Euro Area
have the obligation to report immediately, i.e. without waiting for accounting dates,
to their supervisor when they are approaching a trigger, and bank management is
personally liable if they fail to do so. Since all CoCos ever issued are from after the
tightening of supervision rules after the Lehman crisis and the vast majority from
after the establishment of the Single Supervisory Mechanism (SSM) establishing the
ECB as bank regulator in the Eurozone, we think it best reflects reality to assume
that regulators have access to the underlying information on the bank assets. We
therefore assume that the regulator will call for conversion when the true asset value
falls below the bankruptcy trigger. Of course, this type of conversion can also hap-
pen in between accounting report dates. This type of conversion thus is triggered
when the log-value of assets falls for the first time below a conversion threshold z.
(or equivalently, the first time the asset value falls below v. := exp(z.)), i.e. the
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conversion time is given by
Te=1inf{t > 0:Z; < z.}. (4.6)

The regulatory requirements for eligibility as AT1 capital also set a minimum trigger
ratio for T1 capital of 5.125%. This means that the trigger will be set off when there
is still some equity value left, asset values as a percentage of the original ¢ = 0 asset
value cannot yet have fallen below the original debt ratio. Given that we also have
vy < P1/Vp, it follows that z, < z., and that conversion will always happen before
default, i.e. 7. < 73.

There are also CoCos whose conversion trigger solely depends on accountin
reports. An example is the CoCo issued by Barclays on 3 March 2017 m
@%) This means that conversion happens when the reported value of the capital
ratio falls below some threshold and hence conversion can only happen at one of
the accounting report dates t1,ts,.... This corresponds to a setting in which the
conversion time is defined as

A =inf{t; >0:Y;, <yl (4.7)

for some threshold y. > 0.
In case we consider CoCos with regulatory triggers, the information available to
investors at time ¢ is described by the filtration H;, where

Ht:U({}/tlv-~-7)/tn71{'rc§s}71{rb§s}:SSt})v for tn <t <tpg1. (48)

Here, the indicators are included to ensure that it is also observed in the market
whether conversion has already occurred or the firm is liquidated before time ¢.
In case we deal with CoCos with an accounting trigger, the market information is
described by the filtration

HY =0(Ysy, ... Yo, Linegy s < ), fort, <t<tp. (4.9)

We note that M&l{ (lZQlﬂ) also use a setup derived from Duffie & Landd

), but they only consider one type of trigger (our regulatory trigger), which
enables them to directly use results from that paper but precludes analysis of the
accounting and MDA triggers. We additionally introduce the accounting trigger
solely based on accounting reports, allowing us to distinguish between accounting
triggers and regulatory triggers and include the MDA trigger. These multiple trig-
gers have as a consequence that we have to deal with different observation filtrations
and that the conditional density of the asset value as in|Duffie & Landd M) can-
not be directly applied. In the following sections, we provide further mathematical
substantiation of our extended model and also provide the results for the case of
more than one accounting report. Furthermore, all our new pricing formulas are

of semi-analytical form, written as integrals weighted by conditional densities for
which analytical formulas are provided that are new as well.
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4.2. The density of the asset value conditional on accounting
information

We consider two different types of conversion triggers. For the first one, the regula-
tory trigger, the conversion time is determined by the process Z falling below some
threshold. In order to compute the market value of CoCos with such a trigger, we
need to be able to compute the probability of conversion conditional on the mar-
ket information H;. In order to do so, we will need the conditional density of Z,
given the market information H;. In this section, we derive an expression for this
conditional density, which is intensively used in the remainder of this paper.

Consider t > 0 such that ¢,, <t < t,,41 and conversion did not happen until time
t, that is 7. > t. The goal in this section is to find an expression for the conditional
distribution of Z;, given H;, which we will denote by f(¢,-). Most of the results
in this section can be found in the paper by [Duffie & Landd M), but we will
consider them shortly, to illustrate how the particular density is derived and we will
provide some additional explicit formulas.

Consider the following notation for the relevant random vectors and their reali-
sations:

AR (Z1,Zo,...,Z,) and its realisation 2 = (21,22, -+ 2n),
Y™ = (Y1,Ys,...,Y,) and its realisation 4™ = (y1,y2,...,yn), (4.10)
UM =ym _ 7z and its realisation u(™ = ™ — 2(™),

We want to compute f(¢,), the conditional density of Z; given (") and 7, > t.
In order to do so, we first compute the conditional density of Z; at the report
time t,, which we will denote by g, (-|Y,7. > t,). To this end, we intro-
duce some functions. First, we need an expression for the probability ¢(zg, z, ov/)
that min{Zs:s < ¢t} > 0, conditional on Zy = z9p > 0 and Z; = = > 0. This
expression is stated in the following lemma and can also be found in the paper by

Duffie & Landd (2001).

Lemma 4.1. The probability (2o, z,0+/t) that min{Z,:s < t} > 0, conditional
on Zog==z29>0 and Z; = x > 0, is given by

(20, 2,0VF) =1 — exp ( 22095). (4.11)

o2t

Consider the conditional probability of the intersection {Z™ < 2™y {r. > t,}
given Y (™). We denote by by, (- | V(™) its partial derivative with respect to z("). Note
that (Z,,)nen and (U, )nen are Markov processes and denoted by pz(zy, | z,—1) and
pu (tn | un_1) their respective transition densities for realizations z(™), u("). Fur-
thermore, denoted by py (1, | ¥ ) the conditional density of Y,, given Y ("~1) =

y=1) Tt is then possible (Duffie & Landd|200 ) to write by, (2™ | (™) in a recursive
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way

1p(zf'n—l — ZcyRn T Rey Oy tn - tn—l)pZ<Zn | Zn—l)
X pU(yn — Zn | Yn—1 — anl)bnfl(z(nil) |y(n71))
py (yn |y"=1) '

b (2 |y ™) = (4.12)

It now follows that the conditional density g;, (-| Y™, 7. > t,) of Z(™ is given by

bn(z(") |y(n))

9t (Z(n) |y(n)v7'c > tn) = .
/ b (2 ™))™
(Zc» )n

(4.13)

It should be noted that there is no explicit expression for the integral in the denom-
inator of Eq. (EI3]), but note the important fact that we know the density up to
a normalizing constant. Now the marginal conditional density of Z,, at time ¢, is
given by

gt (zn | y("),Tc >t,) = / gt., (z(") |y("),TC > tn)dz("_l). (4.14)

(20700)'".71

Now that we found the conditional density for a report time ¢,, we can use this
to find the conditional density f(¢,-) for a general time ¢ > 0. For this we will
need the H;-conditional density of Z;, at a time before the first accounting report
has arrived. Complementing (IZDD_]J), we will now give an explicit
expression for this density.

Lemma 4.2. f(t, -, 20), the Hi-conditional density of Zy, at a time t < 7. before
the first accounting report has arrived, given that Z started in zg, is given by

f(t»fﬂ»zo) = O'L\/E

. —m(z0 —x) m>3t s 20— T s —z0 — 2 + 22,
wp [ A0 8 T _ e et
P 0'2 20’2 o'\/f o'\/f
20 — Z¢ +mit Ze — 20 +mit ’
("¢ ) _e—2m(zo—z)/0?p (T
( o/t ) ‘ ( oVt )

X

(4.15)
where ¢ denotes the density of the standard normal distribution.
Proof. The proof of this lemma can be found in O
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Finally, we are now able to compute the conditional density f(t,-) for a general
time ¢t > 0, ¢, < t < t,41 such that 7. > t. Using the stationarity of Z, the
‘H:-conditional density of Z; can be written as

ft,z) = / Ft = tn, @, 20) 96, (20 | Y, 70 > £,)d 2, (4.16)

Equation ([@I6]) should be read as follows; until time ¢,, the process Z has stayed
above z, and ended in z,, then on the time interval (¢,,t), in which no new account-
ing reports arrive, the process has to move from z,, to = and stay above z.. Although
we do not have an analytical expression for the density f(¢,-), it is important to
note at this point that f(¢,-) is written as the integral of ¢;, , which is known up
to normalizing constant, as can be seen from Eq. (AI3). This makes it possible to
compute integrals with respect to f(t,-), using Monte Carlo Markov Chain simu-
lations, which means that results that are stated as an integral weighted by the
density f(t,-) can actually be computed. The necessary algorithms are described in
Append A

As a first use of the density f(¢,-), we can for a time s > ¢, where t < 7., define
the H;-(CoCo) survival probability p.(t,s) = P(7. > s|H:). This probability is
then given by

pe(t,s) = /00(1 —m(s —t,x — z.))f(t,x)dx, (4.17)

c

whereas in [Duffie & Landd (|291)_l|), 7(t,z) denotes the probability that Z hits 0

before time ¢, starting from x > 0. This probability is given by the following lemma,
which follows from the well-known expression for the distribution of a Brownian
motion’s running minimum, see e.g. m (@), Sec. 1.8, Eq. (11).

Lemma 4.3. The probability w(t,x) that Z hits 0 before time t, starting from x > 0,
18 gwen by

T + mt —oma/o? <:17+mt>
fa)=1-0 n o2 Em) 418
n(t,) < — ) e p (4.18)

where @ denotes the distribution function of the standard normal distribution.

4.3. Valuation of CoCos

We can now derive the formulas for the market values of the different types of
CoCos. First, in Sec. lL3.1] CoCos whose principal is written down at conversion,
are valued. We show how to incorporate the MDA-regulation potentially leading to
early canceling of coupons in Sec. In Sec.[£33], we then extend the analysis to
CoCos with a conversion into shares instead of a principal write down at conversion.
In these first two cases, we assume a regulatory trigger and the results are all in the
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form of an integral weighted by the above-derived conditional density f(¢,-). Then,
in Sec. 341 PWD CoCos with only an accounting trigger are valued. We provide

the algorithms necessary to compute all the integral expressions in

4.3.1. Valuation of PWD CoCos with a regulatory trigger

In this section, we will value CoCos with a regulatory trigger and a principal
write down at conversion. At the end of the section we will also incorporate the
MDA-trigger. Recall that in case of a regulatory trigger, the conversion date was
defined as

Te=inf{t > 0:Z; < z.}. (4.19)

Also, recall that the firm pays coupons continuously at rate co until either maturity
or conversion. We consider a principal write down CoCo, which means a fraction
1 — R of the principal value is written down at conversion, while a fraction R is
recovered to the bond holder, with R € [0,1). In practice, we can always assume
R =0, if it is not the CoCo can be split into straight debt and a CoCo that does
have R = 0. Furthermore it is assumed that the risk-free rate is constant, denoted
by 7.

Now the value at time t < 7. of the CoCos, given the imperfect accounting
information H, is given by

T
C(t) = E(P2€_T(T_t)1{.,—c>'f} |Ht) + E (/t CQPQB_T(u_t)]_{TC>u}d’UJ | Ht>
+ E(Rpge_r(Tc_t)l{Tch} | Ht)

T
= PQefr(Tft)pc(t,T) + CQPQ/ efr(“ft)pc(t,u)du
t

T
— RP, / e " p(t, du), (4.20)
t

where p.(t, du) indicates integration with respect to the survival probability p.(t, u).

In ([E20), the first term represents the payment of the principal, in case con-
version does not happen before maturity, while the second term accounts for the
payment of coupons until either conversion or maturity. The last term values the
recovery of the principal at conversion. Note that every term is written in terms of
the CoCo survival probability p.(, s), which was given as an integral, weighted by
the density f(¢,-). Unsurprisingly, it turns out that these three terms together can
be written as one integral weighted by the conditional density f(¢,-), which was
derived in the previous section. This leads to the main result of this section, which

is proved in
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Theorem 4.1 (Price of a PWD CoCo with a regulatory trigger). The
secondary market price of the CoCo at time t < 1. is given by

O(t) = / T @) f(t @), (4.21)

where h(z) has the analytical expression given in Eq. (BA4).

4.3.2. Including the MDA-trigger

In the valuation of the firm’s convertible debt in Eq. (£20), it is assumed that
coupons are paid until conversion. However, as pointed out before, CoCos are
affected by the Maximum Distributable Amount (MDA), which requires regula-
tors to stop earnings distributions when the firm’s total capital falls below some
trigger, higher than the conversion trigger. This we will incorporate in the model
by introducing a trigger z.. > z.. If Z is below z.. the firm will not pay coupons,
while if Z is above z.. the firm still pays coupons. To value the CoCo in this case,
only the second term in Eq. (£20) needs to be adjusted. In this case, coupons are
only paid at time u if Z,, > 2., so the term

T
E (/ caPoe "1 o adu Ht>, (4.22)
t

needs to be replaced with

T
E (/ caPoe "L gL ydul Ht> : (4.23)
t

For 7. > t and t,, <t < t,41, this term equals
T
CQPQ/ efr(“ft)IP’(TC > U, Zy > Zee | Y("),TC > t)du. (4.24)
t

Thus, to value the CoCos while including the effects of the MDA-trigger, the
quantity we need to compute is P(1. > u, Zy > 2Zee| Y™, 7. > t), which can be
written in a similar way as the CoCo survival probability p.(¢, s). As the other two
terms in Eq. ([£20) do not change, the following result is a relatively straightforward
extension of Theorem [£.J] and is proved in [Appendix B

Theorem 4.2 (Price of a PWD CoCo with a regulatory trigger and MDA
trigger). The secondary market price of the CoCo at time t < 7. is given by

C) = [ (@) + L) .01,

c

where h has the analytical expression given in Eq. (BI0) and I.. is given by

Eq. (BII).
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4.3.3. Valuation of CoCos with a conversion into shares and a regulatory
trigger

In this section, we consider the valuation of contingent convertible bonds which
convert into equity at the conversion date. Recall that we assumed the firm issues
two types of debts; straight debt and contingent convertible debt. The total par
value of straight debt outstanding is denoted by Pj, over which coupons are paid
continuously at rate c¢;. Furthermore, the straight bonds have a perpetual maturity
and default occurs at

T, = inf{t > 0:Z; < z}.

At the moment of default a fraction (1 — a), for a € (0,1), of the firm’s asset
value is lost to bankruptcy costs, so a fraction « of the asset value is recovered and
distributed among the senior debt holders.

The total par value of CoCos outstanding is denoted by Ps, over which coupons
are paid continuously at rate co. Furthermore, the maturity of the contingent con-
vertible bonds is denoted by T'. We consider a regulatory trigger, which means the
conversion date is defined as

Te=inf{t >0:Z; < z.}, (4.25)

where z, > zp, since we already saw that conversion if it happens will always take
place before default. Following [Chen et all (IZD_lj), we will assume the CoCo holders
receive A shares for every dollar of principal at the moment of conversion. This

means that, if we normalize the number of shares before conversion to 1, the CoCo
AP,

AP, 41

To recall, the information in the market at time ¢ is described by the filtration

holders own a fraction p = of the firm’s equity after conversion.

Hy = U({Y}l, . >Y;5n’ 1{Tc§8}’ 1{TbSS} 15 < t}), fort, <t< tn+i-

In analogy to Eq. (£20]), the market price of the CoCos is given by

T
C(t) = E(P2e—r(T—t)1{.,-c>T} |H:) + E (/t C2P26_T(“—t)1{n_>u}du | Ht)

+E (%El’c (re)e "1 oy | Ht> : (4.26)
Only the third term has changed compared to Eq. (£220]), because this term describes
what happens at the moment of conversion (if we want to include the possibility
of early cancellation of coupons we need to replace the second term by the corre-
sponding term in Eq. (£23])). The third term now describes that the CoCo holders
AP of the firms post-conversion equity, denoted by EFC(7.).

AP +1
This post conversion equity satisfies

obtain a fraction

EPC(1.) = V.. — D(1.) = E(e "™~ (1 — a)V;, | Ha).
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That is, the firm’s value of assets minus the value of straight debt, denoted by D(7.),
and bankruptcy costs, described by the last term. Note that the value of straight
debt at conversion is given by

D@»=E</ “Héﬂwﬂhhpﬂman)+E®%&”mﬂﬂwu»

where the first term accounts for the continuous payment of coupons and the second
term describes the payment at default. After computing the value of the post-
conversion equity, the CoCo price can also be computed. The result is summarized

in the following theorem, of which the proof can be found in

Theorem 4.3 (Price with a regulatory trigger and a conversion into
shares). The secondary market price at time t < 7. of the CoCo with a regula-
tory trigger and a conversion into shares is given by

Clt) = / " lho(@) + I (2)) (¢, ) da

+Lclcﬂt®ﬂ%%iTﬂM@MM% (4.27)

where hg, hi, ho and f are functions with analytical expressions that can be found

in Bgs. B.I3), (B.23), B.24) and B.IG).

4.3.4. Valuation of PWD CoCos with an accounting trigger

In this section, we will consider PWD CoCos which conversion trigger solely depends
on accounting reports, such as for example the CoCos issued by Barclays. This
means that conversion happens when the reported value of the capital ratio falls
below some threshold and hence conversion can only happen at one of the accounting
report dates t1,to,.... This corresponds to a setting in which the conversion time
is defined as

A =inf{t; > 0:Y;, <.}, (4.28)

for some threshold y. > 0. Of course, default can still happen in between accounting
dates, corresponding to the default time

7, = inf{t > 0:7Z; < z,}. (4.29)
In this case, the available information at time ¢ reduces to
HY = 0(Yey,oo o Ve Lincsy i85 < 1), b << tnyr. (4.30)

So where before the conditioning was on Y(") = y(™ 7. > ¢, this now changes into
Y (") = (") 7 > ¢ This only changes the trigger z. into 2, so for example we still
have the conditional density of Z,,, denoted by g, (2, |y, > t), which is given
by Eq. (@I4]), but now with z, substituted for z.. The same holds for f(¢,z), the
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conditional density of Z; for a general time t, <t < t,11, see Eq. [@I6]). Similar
to Eq. ([@20), at time ¢ < min(7, 72) the CoCo has secondary market price

T
C(t) = IE‘(F)Qeir(,riﬁ):I-~{‘I'C“">T,'rb>T} | Hf) + E (/ 62P267T(U7t)1{TCA>u,'rb>u}du | H?)

t
A
+E(RP2€7T(TC 7t)1{TCAST,Tb>TCA} | H?)? (431)

of which the value is given by the following theorem, in terms of integrals that can be
evaluated using the algorithms in[Appendix A (in particular, the survival probability
po(tn, t) is computed using Algorithm [AJ] while the integrals with respect to B, ;
are evaluated using Algorithm [AZ3]).

Theorem 4.4 (Price of a PWD CoCo with a sole accounting trigger). Let
th <t <tpni1, T = tnim for somem € N and y™) = y("), where y; > Yo, 1 <1 < n.
(n+ln+d) — (Ynt1,- > Yngi) and 2t = (Zny - s Znyi)-
Then the market price C(t) of the CoCo with an accounting trigger is given by

]
— TN hi(zn+i)
Po(tn,t) ; (ye,00)i J (2p,00)i+1

XBn,i (Z(n,n-i-i)7 y(n-i-l,n-‘ri) |y(n)7 T > tn)dz(n,n—i—i)dy(n—',-l,n—i-i)7 (432)

Furthermore, denote y

where By, ; is a density on (zp,00)""! x R, as defined in Eq. (B28) and computed
in Lemma B3 h; is a function with the analytical expression given by Eq. (B30)
and pyp(t,s) = P(m, > s|H:) denotes the default survival probability, as given by
Eq. (EI1), when substituting zp, for z..

Remark 4.1. In expression [@33), it is understood that the integral over y(*+17+7)
disappears for ¢ = 0 and that B, ; is a density in z, only in that case, see also
Lemma B3]

5. Applying the Model

In this section, we use the model to shed light on a variety of questions related to
the basic valuation model itself and its sensitivity to design and “environmental”
variables such as volatility shocks. After setting up the parametrization of the base
case in Sec. 5.1l we analyze in Sec. a variety of accounting noise related items:
accounting noise volatility and possible serial correlation, and time lapsed since
the last accounting report. We then turn to the impact of various CoCo design
parameters in Sec. There we also analyze the impact of the MDA trigger and
the coupon payment contingency on CoCo pricing and use our model to analyze
the Deutsche Bank profit scare of February 2016 and its impact on CoCo prices. In
Sec. [5.4] we study the impact of dilution and asset volatility on CoCo pricing.
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Table 1. Base case parameters.

Parameter Value
Initial asset value Vj 100
n, the number of accounting reports until time ¢ 2
Conversion trigger ve 80
Default trigger vy, P1-5
Recovery rate at default a 0.5
Total principal straight debt P; 70
Coupon straight debt 0.04
Total principal CoCos Ps 5
Coupon CoCos c2 0.07
Maturity CoCos T t+5
Drift asset process m 0.01
Volatility asset process o 0.1
Mean accounting noise fte 0
Volatility accounting noise o 0.1
Risk-free rate 0.03

5.1. Parametrization of the base case

Table [ lists the values of the base case parameters. For the choice of the base
case parameters, some restraints should be taken into account. For example, the
conversion trigger should be higher than the default trigger: we know from
) that the default trigger should be below the debt ratio while regulation
requires a conversion trigger at a positive T1/AT1 capital ratio of at least 5.125%
and stipulates that CoCos themselves even when not yet converted can never trig-
ger bankruptcy claims since coupons can contractually be suspended at the issuer’s
discretion. Also, a CoCo should pay a higher coupon than straight debt, to compen-
sate for the higher risk. Furthermore, we have no empirical evidence for a reasonable
level of accounting noise, so we set the volatility of accounting noise equal to the
base case parameter chosen by Duffie & Landd (|21)11].|), where the accounting noise
variance is chosen to match short run default probabilities implicit in short run
CDS spreads.
In the base case, we will assume the CoCo has a regulatory trigger, i.e. the
regulator has access to the true state of the bank and conversion can take place at

any time, not just at accounting dates, but the market has to evaluate conversion
probabilities given this trigger rule using accounting information only (see Sec.
for the mathematics of this trigger). We will also explore other trigger mechanisms.

Furthermore, we define the dilution ratio p (see Sec.[L33)) as the fraction shares
owned by the CoCo holder post-conversion:

AP,

=2 1
APy +1 (5.1)

p

where P, is the face value of the CoCo before conversion, and A equals the number
of shares the CoCo holder receives at conversion. The number of old shares is
normalized to 1. A dilution ratio of p = 0 means that the CoCo suffers a principal
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write-down (PWD) at conversion, while p = 1 corresponds to the extreme case that
the original shareholders are completely wiped out at conversion.

To compute prices for PWD CoCos, we make use of Theorem 1l The integral
involved is approximated as in Eq. (A2), for which the necessary sample is obtained
by using Algorithm[A ]l To compute prices for CoCos with a conversion into shares,
we make use of Theorem 3] where the first term in the pricing formula follows
again by using Algorithm [AJ] and the second term is approximated as in Eq. (A4),
for which the necessary sample is obtained by execution of Algorithm [A.2l Then
the figures are produced by repeatedly following this procedure for different values
of the parameters.

5.2. Accounting noise and CoCo prices

In this section, we study the impact of various aspects of accounting noise that are
at the core of our approach to model the difference between market- and accounting
values. In particular, we look at the impact of (changes in) accounting noise on CoCo
prices as a function of different design parameters.

5.2.1. Accounting noise shocks

We consider the relationship between the accounting noise o. and the price of a
CoCo. In Fig. Bl CoCos with a regulatory trigger and CoCos with an accounting-
based trigger are considered. We specifically look at a PWD CoCo (p = 0). The
book value CoCo is priced by the formula given in Eq. ([£32]). This value is computed
using the approximation in Eq. (AZ6]), for which the necessary samples are obtained
by using Algorithm [A3]

Figure 2l shows the importance of taking into account the trigger design for the
pricing of the CoCo. The increase in accounting volatility has almost no impact on
the value of the CoCo with a regulatory trigger (the solid line in Fig. 2)); but the
dashed line in the same figure shows that when the trigger depends on accounting
reports the CoCo price is seriously (and obviously negatively) affected by accounting
noise. This is in line with the results of Duffie & Landd (121)11]]) they find that the
default probability increases when the reports become more noisy. In our CoCo
setting, this means that the probability of conversion increases when o, increases,
causing the CoCo price to go down.

5.2.2. Accounting news and correlation in the accounting report error

Consider next the impact of the correlation coefficient x in the accounting noise
error term. In Fig. B, we show the price response of a PWD CoCo to a bad news
accounting report. The set up is as follows. After the first report (Y7 = log100),
a second report is issued: Yo = log 85. The conversion trigger is set at log 80, with
a PONV trigger type. The plots show a clear and immediate price response to
the arrival of the bad news. Interestingly, a clear pattern emerges if the exercise
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Fig. 2. How the CoCo price is affected by the volatility of accounting noise for two different trigger
designs. Note that the accounting trigger CoCo is strongly affected by accounting noise, while the
regulatory trigger is almost unaffected.
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Fig. 3. Price response to “bad accounting news”, for different values of the autocorrelation param-
eter k. The figure shows that more autocorrelation in accounting noise mutes the price shock after
a bad accounting report.

is repeated for different values of the autocorrelation parameter k: although the
pattern is similar over the entire range from almost no correlation in accounting
noise (k£ = 0.01) to almost complete persistence of accounting noise innovations
(k = 0.99), for higher values of the correlation parameter the price response is more
muted.
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Since the accounting report is known to be contaminated by accounting noise
each time a new report is issued, a higher value of k means that more of the past
noise arrivals survive in the current one, while at the same time the variance of
the accounting noise term U; increases with k, as it is, in a stationary regime,
proportional to 1/(1 — x2). This in turn lowers the information value of accounting
news and explains why a bad (i.e. worse than the previous one) report leads to a
smaller negative price response for higher « : the signal is less informative so triggers
a smaller price response.

5.2.3. Time lapsed since last accounting report

In Fig. [ we report on a different experiment: we show how different CoCo designs
are influenced by time lapsed since the last accounting report. The plot shows the
value of three differently structured CoCos, each with a different degree of share-
holder dilution after conversion as a function of time lapsed since the last accounting
report. The black line represents a PWD CoCo where the CoCo is written off upon
conversion and no subsequent dilution of the old shareholder takes place; the other
two lines represent equity converters, one with partial dilution of the old shareholder
(p = 0.5), the dashed-dotted line, and one where the old shareholder is completely
wiped out after conversion (p = 1), the dashed line.

The plots show very little impact on the PWD CoCo while the two equity
converters decline in value as the time since the last accounting report increases. A
longer time lapse does not change the asset price dynamics but leads to a higher
uncertainty as to where the asset value is at the time of valuation. This is similar
to moving more weights in the tails. Since bankruptcy follows conversion, a higher

8 T T T T T

=0 (PWD)
———p=05
75F | - - o =1 J
.
~
~
7t e 1
N
N
Q hS
L265F N 1
S N
Q So
g - ~~
S o1 S~ ~< ]
~ \\\
\\ e
55 T~ S
5r \\\\'
45 - T L
0 2 4 6 8 10 12

Months since last accounting report

Fig. 4. How the CoCo price depends on the time since the last accounting report, for different
values of the dilution ratio p as in Eq. (51]).
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probability of bankruptcy does not influence the PWD CoCo, their owners will then
already have lost everything. But the more shares the CoCo holder receives upon
conversion, the more she loses from a subsequent bankruptcy, so the price decline
increases more for higher values of the dilution parameter p.

5.3. Design parameters and CoCo valuation

Consider next the impact on pricing of the main characteristics of the CoCo design:
the trigger level and the number of shares received upon conversion.

5.3.1. The conversion trigger

In Fig. Bl the CoCo price is plotted against the conversion trigger for different
degrees of dilution. The solid line corresponds to a PWD CoCo, the other lines to
CoCos with varying degrees of dilution of the original shareholders upon conversion
as specified in the legend.

As one would expect, the price of a PWD CoCo (the solid line) is lower for a
higher conversion trigger®: a higher conversion trigger (i.e. a smaller required asset
value decline) increases the probability of a principal write-down and its associated

14 T T T T

=0 (PWD) o

CoCo price

0 L L L L
75 80 85 90 95 100

Conversion trigger

Fig. 5. How the CoCo price depends on the conversion trigger, for different values of the dilution
ratio p as in Eq. (BJ)).

“Note that the trigger is defined as a percentage of the asset value with the losses coming from
the top (i.e. equity above debt on the liability side), so a higher trigger value means a higher
probability of conversion, as is done in the rest of the academic literature. In the banking and
supervision literature, it is more conventional to define the trigger value also as a percentage of
(risk-weighted) assets, but with the losses coming from the bottom, with equity below debt; in
that definition a higher trigger ratio leads to a lower probability of conversion.
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loss of principal. However, the other lines show that if conversion terms are more
favorable to the CoCo investor, the impact of the trigger level changes. Initially,
getting shares after conversion barely outweighs the large loss at low trigger values,
but eventually the price will increase with the conversion trigger if the dilution ratio
favors the CoCo holder enough (i.e. p is close enough to one).

5.3.2. The MDA trigger and the Deutsche Bank CoCo scare of February 2016

In the literature, it is generally assumed that coupons are paid until conversion.
However coupon payments are affected by the so-called Maximum Distributable
Amount trigger, under which regulators stop the payment of coupons (and divi-
dends) when the firm’s capital value falls below some trigger that is higher than the
conversion trigger. Coupon payments can start again when the capital value goes
back up and exceeds the trigger value again. This means that in the valuation of a
CoCo, we can apply Theorem and Algorithm [AT]

To demonstrate the relevance of the inclusion of this trigger in the valuation
of CoCos, consider the big price drop that the CoCos of Deutsche Bank suffered
at the beginning of 2016. On January 28 Deutsche Bank reported a net loss of 2.1
Billion EUR over the last quarter of 2015. DB also reported a substantial decline in
the value of its Risk-Weighted Assets, to 397 Billion EUR, down from 408 Billion
EUR in the previous accounting report. As a consequence DB’sCET1 ratio fell from
ﬁ% to 11.1%, primarily reflecting the net loss over the quarter

).

At this time, Deutsche Bank had four different CoCos outstanding:two in USD,
one in EUR, one in GBP, all PWD CoCos. To avoid having to deal with an additional
exchange rate risk factor, we will only consider the EUR CoCo. This CoCo’s write-
down is triggered when the CET1-ratio hits the level of 5.125% and it pays a coupon
of 6%. As is clear from the above, the CET1-ratio did not even come close to the
low trigger level. Still, the CoCo price tumbled 19.5% within the week after the
announcement of the report. Market publications at the time widely argued that
this happened out of fear for reaching the MDA trigger and the subsequent canceling
of coupon payments.

The model developed in this paper is particularly relevant to analyze this case,
as we can include the announcement of a bad accounting report in the valuation,
as well as the possibility of early canceling of coupons when the MDA trigger is hit.
The precise value of the MDA trigger is not publicly known, so it is not possible to
use the actual value of the MDA trigger, but we can examine how much of a price
drop the model can explain by taking the MDA trigger close to the values reported
in the press (Kiewi mﬂ)

To estimate the parameters of DB’s asset price process, we collect a year
of daily stock price data (February 2015-February 2016), from which we obtain
the relevant parameters of the stock price process. Then we use the Merton
credit risk model to transform the drift and volatility of the equity prices into
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drift and volatility of the asset price process, which are our p and o. We
take the overnight interbank rate (EONIA) at the time as risk-free rate r, see
https: //www.emmi-benchmarks.eu/euribor-eonia-org/eonia-rates.html. Before the
bad accounting report arrives, we assume that the previous accounting report listed
as asset value Y;, = EUR 408 bn. Then the new accounting report arrives, so we now
have two accounting reports with values Y;, = EUR 408 bn and Y;, = EUR 397 bn.
The triggers are chosen such that they are consistent with the CET1 ratios at the
moment of the accounting reports. That is, we choose v, such that it corresponds
to a CET1 ratio of 5.125%. We know the CET1 ratio is 11.1% where RWA is
EUR 397 bn, so the total amount of debt (only CoCos and straight debt in the
model) is EUR 397 bn x 0.889 = EUR 352.93 bn. So a CET1 ratio of 5.125%
would then correspond to a RWA value of EUR 352.93/(1-0.05125) = EUR 372 bn,
which is thus the value of the conversion trigger v.. The value of the MDA trigger
vee can be chosen in the same way, a MDA trigger at a CET1 ratio of 10% would
correspond to a RWA value of EUR 352.93/(1-0.1) bn = EUR 392 bn. The coupon
of the CoCo is ¢ = 0.06. As the relevant CoCo has a perpetual maturity, we take
the maturity T — oo.

In Fig.[6] the price change after the announcement of a bad accounting report is
illustrated for different choices of the MDA trigger. The solid line corresponds to the
case where the MDA-trigger is not included in the model, in this case only a drop of
10.6% in the CoCo price occurs, when looking at the price just before the release of
the accounting report and afterwards. However, if we add the MDA trigger to the
model, a stronger negative price change follows. If we take the MDA trigger to be
10%, the price drops by 12.3%, which is illustrated by the dashed line. The dashed-
dotted line corresponds to the case that we take the MDA trigger at 11%, i.e. just

No MDA-trigger
— — — MDA=10%
***** MDA=11% T
----------- MDA=12%
[0}
O b
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o m
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0.9 L L L L L L L
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Weeks after release accounting report

Fig. 6. CoCo price response after the release of the bad accounting report for different values of
the MDA trigger.
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beneath the reported CET1 value. This gives a price drop of 13.9%. If we set the
MDA trigger at 12% (above the reported CET1 value and thus corresponding to a
situation in which the MDA trigger was already breached) we see a price drop of
15.2% (see the dotted line). A price drop of 19.5% cannot be fully explained, but it
is clear that a significant part of the price change is driven by the MDA trigger, not
by the conversion trigger (a difference in price drop of 5 percent points comes out
for reasonable levels of the MDA trigger). The above illustrates the added value of
explicitly incorporating accounting reports into the analysis and also of taking the
MDA trigger into account in the valuation of a CoCo, especially when the MDA
trigger is coming close, but the conversion trigger is still far away.

5.4. Dzlution, leverage and asset volatility

In Fig.[d the price of a CoCo is plotted against p, the fraction of the total number
of shares received at conversion per unit of principal, for different values of straight
debt in the firm’s capital structure. The case p = 0 corresponds to a principal
write-down CoCo, while p = 1 corresponds to the case in which all of the original
shareholders are wiped out at conversion and the CoCo investors are then the only
shareholders left. Figure [0 clearly shows that the CoCo price increases with p.
This is of course as expected, as a higher p means a higher payout at conversion.
Furthermore, the figure shows that a CoCo with a conversion into shares has a higher
price when there is a lower amount of straight debt issued. Hence, the CoCo is more
valuable when the firm has a lower leverage. This can also easily be explained, as
the CoCo investors receive a fraction of the firm’s equity value at conversion and
the equity value is higher in case there are less liabilities.

1M T T T T T T T T T

Debt:40, CoCos:5
— — — Debt:45, CoCos:5
10F | ——— Debt:50, CoCos:5

CoCo price

Fig. 7. How the CoCo price depends on the dilution ratio p as in Eq. (&), for different leverage
ratios.
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The lines for different leverages converge to the same point on the (left) vertical
axis as p — 0; for a PWD CoCo, leverage has no impact on the price since both
the CoCo and equity are junior to debt. This result does depend on the assumption
that the variance of the asset value process is exogenously chosen; if it would be
endogenously chosen, higher leverage would lead to more risk taking and a higher
variance, which would have an impact on the value of the CoCo even if it has a
PWD structure (IQb@n_&JLa‘n_W]J_nngQd[ZQLﬂ)

This latter point becomes clear when we look at the price impact of changes
in volatility of the underlying asset value process for different values of the dilu-
tion parameter p. In Fig. B several CoCo prices are plotted against the volatility
of assets o, see Eq. ([@I)). The solid line corresponds to a PWD CoCo. Clearly,
the price of a PWD CoCo decreases over the whole range considered when assets
become more volatile. This is of course as one would expect, as a higher ¢ increases

the probability of the principal write-down happening, causing the CoCo price to
decrease. The dashed line, corresponding to p = 0.5, shows already that this nega-
tive effect from volatility on the CoCo price is weaker when terms of conversion are
more favorable to the CoCo investor in that her loss is lower, at least some shares
are received after conversion, although not yet enough to compensate for the loss
of principal. In the extreme case that old shareholders are completely wiped out
at conversion, corresponding to the dashed-dotted line, this negative effect is even
partially reversed. In this case, the price first increases with volatility as the (now
favorable) conversion becomes more likely. However, for higher volatility levels the
increasing probability of default and associated costs of bankruptcy push the price
down again.

p =0 (PWD)

CoCo price
w ~
w (¢ » (4] (4]

N
&
T

0 0.05 0.1 0.15 0.2 0.25 0.3
Volatility of Assets

Fig. 8. How the CoCo price depends on asset volatility o for different values of the dilution ratio

p as in Eq. (&1).
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6. Capital Structure, Debt Overhang and Risk Taking Incentives

We have extensively discussed the impact of various features of CoCo design on
CoCo pricing, and the interaction between CoCo structure and the issuing bank’s
risk-taking behavior. We now turn to the next question, why did banks issue CoCos
to begin with? This question has not yet been addressed much, if at all, in the
literature, nor why banks chose PWD CoCos to such a large extent. The practical
experience with CoCo issuance over the past ten years or so does offer some clues as
to the answer to both questions. CoCos were first proposed by (@) as
an ingenious way for banks to take on more leverage without increasing insolvency
risk. Reverse Convertible Debentures, as CoCos were initially called, would allow
market discipline without increasing the risk of incurring the social costs of default
by automatically arranging for recapitalization in times of distress. Despite their
apparent appeal, the issuance of CoCos did not really take off until the Lehman
crisis triggered widespread debt overhang in commercial banks and banks were faced
with substantially higher capital requirements in response.

Moreover, after the onset of the GFC in 2008/2009 the European banks were
forced to not only increase their capital ratio, but their new regulator, the ECB,
forced them to increase their capital ratio in a shorter time period than initially
anticipated. The initial decision to require higher ratios for compliance with Basel
IIT gave time until 2019, but in 2010 the ECB announced that banks would be
excluded from the new ECB-based Single Supervisory Mechanism, the SSM, if they
would not comply with the Basel III capital requirements at the starting date of the
SSM, September 2014. Issuing of CoCos accelerated after that and have tapered off
since banks reached those targets by the end of 2014, only to accelerate again when
capital requirements were raised once more by the introduction of gone concern
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Fig. 9. Debt overhang and asset sales. The figure shows, as a function of initial leverage, the change
in equity value when a bank sells assets and uses the proceeds to retire debt.
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TLAC requirements. TLAC stands for Total Loss Absorption Capacity and refers
to financial instruments that should be available during resolution to absorb losses
and while the resolution process is ongoing.

This discussion leads to a possible answer to the capital structure question by
placing it in the context of debt overhang, but that view immediately triggers
two related follow-up questions. In the aftermath of the GFC regulators raised
capital requirements while allowing CoCos to be used to meet those new targets;
but did the regulators in this way achieve their higher level goal of lowering risk
taking incentives for the banks they supervised? And are the negative investment
incentives associated with debt overhang be likely to have disappeared once the
higher capital requirements are implemented? Why banks issue CoCos is addressed
in Sec. In Sec. [6.2], we discuss whether replacing debt by CoCos reduce risk
taking incentives and in Sec. we discuss whether a CoCo-for-Debt swap solves
the underinvestment problem caused by debt overhang.

6.1. Debt overhang and capital structure decisions: Why do banks
issue CoCos?

Banks can raise their capital ratio by adjusting their asset portfolio or, if they choose
not to do that, by operating on the liability side of their balance sheet. Consider the
asset side option first: what are the consequences for equity holders when banks sell
assets to reduce debt?f Figure @ shows, as a function of initial leverage, the change
in equity value when a bank sells assets and uses the proceeds to retire debt.

The diagram shows that the bank’s equity walue actually declines when the
equity ratio is increased by selling assets and using the proceeds to retire debt.
While this asset sale does raise the equity ratio, equity holders lose out and more
so the higher the initial leverage. This is in line with (@)’s well-known
credit risk approach: because of limited liability, higher leverage implies a larger put
option written by (old) debt holders to the equity holders and thus higher losses
when that put is diluted or reduced by what in effect comes down to a higher strike
price (lower debt-to-assets ratio). There is also an offsetting effect, which we might
label the m (M) effect: for lower debt ratios we also get a lower insolvency
ratio vp. For very low levels of debt, the Leland effect dominates (see the upper left
corner of the diagram), but as initial debt ratios increase, the Merton put effect
takes over and asset sales to reduce debt lead to lower equity value.

So asset sales are an unattractive way to raise capital ratios.2 Therefore, we
next analyze the alternative to asset side restructuring: leaving assets untouched
but issuing either a CoCo or new equity to retire debt and raising the capital ratio
in that way. In Fig. [0, we once again show the resulting change in equity values
after a debt swap and for the same range of initial leverage positions, but now in

fFor our purposes, it does not matter whether the proceeds of asset sales are kept as liquid assets
or used to reduce debt, what matters is net debt.
& Asset sales may be a less preferred option for other reasons too, like fears of setting off a fire sale.
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Fig. 10. Debt overhang and the choice between equity and CoCos. The figure shows the resulting
change in equity value after a debt swap, as a function of initial leverage, in response to either
issuing CoCos (of various degrees of dilution) or straight equity to increase capital ratios.

response to either issuing CoCos or straight equity to increase capital ratios. Each
line represents a different means of doing so. Along the solid line debt is replaced by
issuing new equity; along the other three lines, debt is being replaced by CoCos of
different degrees of dilution, i.e. for full dilution (p = 1), partial dilution (p = 0.5)
and no dilution at all (p =0, i.e. a PWD CoCo is used).

Figure [0 shows three clear results. First and most importantly, raising the
equity ratio by issuing new equity is much more damaging to an equity holder
than doing so by issuing a new CoCo of any structure. This is also our first capital
structure result: when faced with a call to raise equity ratios in whichever way
they want, like European banks were after Lehman, banks will choose neither asset
sales nor new equity to reduce debt, but will go for CoCos instead to the extent
possible.” This explains the explosion of CoCos after the ECB required banks to
accelerate their Basel-1IT implementation by giving them until the start of the SSM
September 2014 instead of the original deadline of 2019 to comply with the new
Basel-IIT standards.

Second, the pattern of results displayed in Fig. clearly supports our linking
the explanation to dilution of the Merton credit risk put option: the more dilutive
the CoCo the larger the loss/smaller the gain to the equity holder of meeting the
leverage target by issuing CoCos. This in turn leads to a second capital structure
result: our pricing model predicts that banks choosing the CoCo route will opt for

B There is a regulatory limit: CoCos cannot constitute more than a quarter of the total T1 capital.
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nondilutive CoCos, in extremis for PWD CoCos. The loss associated with raising
the equity ratio and so reducing the Merton put received from the old debtholders
transforms into a gain only if the CoCo dilution parameter is high enough. And,
the third result speaking from Fig. [0, the dilution parameter needs to be higher
for this sign change the higher the initial debt/asset ratio.

Consider next the issue of mispricing CoCos. To what extent are the capital
structure results summarized in Figs. [0 and [I0l due to the CoCo being mispriced?
CoCos are complex and novel instruments, and mispricing may very well have
occurred, certainly in the early days of the CoCo emission wave. However, none
of the results of Sec.[Bldepends on whether the CoCo was initially mispriced or not,
since there we investigate the consequences of having issued CoCOs in the past. In
the experiments of Sec.[d, the pricing of the CoCos is as it were a sunk cost. But in
this section we explicitly compare the issue of new CoCos and equity, and there the
pricing of course does matter. Is issuing a CoCo more attractive than issuing new
equity simply because investors do not anticipate or misprice the risks embedded
in this rather complicated debt-like instrument? To answer this question we rerun
the same calculations but now making sure that the CoCo is fairly priced.

The results are presented in Fig. [[T] and should be compared to those reported
in Fig. The outcome is clear: in Fig. [0 the size of the results was indeed
exaggerated by mispricing the CoCo, but not the pattern. Issuing a PWD CoCo
in a situation of debt overhang is still much preferred over issuing new equity, and
the difference increases with the degree of indebtedness, suggesting once again that
debt overhang and the associated put option conferred to equity holders by limited
liability are the driving forces behind this result. The resulting difference is smaller
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Fig. 11. Debt overhang and the choice between equity and fairly priced PWD CoCos. The figures
show the resulting change in equity value after a debt swap, as a function of initial leverage, in
response to either issuing PWD CoCos or straight equity to increase capital ratios. In the left
panel, the default trigger z; is fixed, while in the right panel it is adjusted to the new lower debt
level.
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than in the previous set of runs because we now eliminate any gain from mispricing
the CoCo, but the sign and the dependency on the degree of initial indebtedness is
not affected. Clearly our capital structure results do not depend on mispricing the
CoCos being used.

Comparison of the two subfigures in Fig. [[1] yields another interesting insight.
In the left panel, the default trigger ratio z, (or vp) is not adjusted to the debt
repurchase and the debt ratio that results from that repurchase. In the panel on
the right, the bankruptcy trigger is reoptimized and adjusted to the new lower debt
level. Anchoring the default value to the (reduced) debt levels makes the Merton
put much smaller when debt is reduced; as a consequence the loss for the equity
holder when debt is repurchased using new equity is much larger for higher initial
debt-to-asset ratios.

So, to summarize our capital structure results: overleveraged banks when faced
with a call to raise their equity ratios will (A) choose CoCos to retire debt rather
than go for asset sales or new equity, and (B) they will go for nondilutive CoCos
as much as possible. This is exactly what happened in practice (Fatouhet all M)
The reason is that issuing sufficiently dilutive new CoCos to retire debt, even when
the CoCos are fairly priced, more than offsets the loss of equity value that results
when the debt ratio is reduced and the value of the Merton Put option implied
by limited liability goes down as a consequence. All this leads unavoidably to two
follow-up questions. First, since regulators insisted on higher capital ratios to reduce
risk taking, do risk taking incentives really decline when debt is swapped out for
newly issued nondilutive CoCos? And two, since the key economic problem in a
situation of debt overhang is reduced investment incentives, does a Debt-for-CoCo
swap actually reduce debt overhang and the associated low investment incentives?
We consider each question in turn in Secs. and

6.2. Does replacing debt by CoCos reduce risk taking incentives?

Capital requirements were raised to reduce risk taking incentives. So what happens
to risk taking incentives when banks meet those higher requirements by issuing
nondilutive CoCos, which is what our capital structure Sec. [6.1] suggests they will
do? First consider the case in which straight debt is replaced with CoCos.! In Fig.[IZ]
we show the increase in equity value (on the vertical axis; a negative number is a
decline) as a consequence of replacing 5 units of straight debt with 5 units of CoCos,
set off against different increasing levels of asset return volatility.

The different lines correspond to different degrees of dilution, with parameter
p ranging from 0 to 1, from no dilution at all (p = 0) to infinite dilution (p = 1).
Figure 2 shows results that should concern regulators. Issuing very dilutive CoCos
(p = 1) to replace debt leads to a decline in equity value, as expected, and a loss

iThe computation of the prices and the production of the figures is performed following the same
procedures as in Sec.
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Increase in equity value (in %)
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Fig. 12. Change in equity value as a function of asset return volatility when five units of debt are
replaced with five units of CoCo (in market value terms), for different values of the dilution ratio

p as in Eq. (&1).

that increases with higher volatility. But these losses turn into gains in equity value,
and gains that increase with higher asset return volatility, for a low enough dilution
parameter p, see for example the upper two lines in Fig.[I2l for, respectively, p = 0.1
and p = 0, i.e. PWD CoCos. So risk-taking incentives only decline when debt is
swapped out for CoCos when they are sufficiently dilutive. It is worth mentioning
here that the majority of CoCos issued so far are PWD CoCos, which are not
dilutive at all.

These results are in line with the academic literature’s advice to require dilutive
CoCos (Calomiris & ngring M) when increasing capital ratios to reduce risk
taking incentives; with a dilutive CoCo replacing debt banks clearly face reduced
risk-taking incentives. However that is not what banks will choose when left to
follow their own preferences, we just showed that banks when left to their own
devices will choose nondilutive CoCos. Figure[I2 shows that in that case risk-taking
incentives actually worsen: the higher the asset volatility, the larger the equity gain
when issuing nondilutive CoCos to meet the higher capital requirements, with as
extreme the case of PWD CoCos (the solid black line in Fig. [I2)). When nondilutive
CoCos are allowed for the swapping out of debt to increase capital ratios, equity
holders gain but their risk taking incentives worsen, which presumably frustrates
the purpose of the requirement to increase capital ratios to begin with.

6.3. Does a CoCo-for-debt swap reduce debt overhang?

If debt overhang creates incentives to replace debt by CoCos when faced with a call
for higher capital ratios, it is natural to ask whether that swap actually reduces the
debt overhang situation and leads to improved investment incentives. Debt overhang
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arises when the firm’s loss absorption capacity has become too low to protect the
debtholders from fluctuations in asset values (IMmmJ |19_7_4|, |M;&]:§ |1_9_7_Z|), possibly
to the point of arrears having emerged already. One consequence of debt overhang is
that investment incentives are reduced for equity holders, since part of the benefits
of a new project will in effect have to be shared with the creditors. Even if there
are no actual arrears yet but debt is trading under par, part of the asset value
increase will go into increased market value of the debt, at the (partial) expense
of a higher market value for equity. In a structural model without CoCos, the
shareholders then face a reduced incentive to invest. This underinvestment incentive
is at its worst exactly when the firm most needs an increase in asset values, i.e. when
the firm is near bankruptcy. Almost all the values of the investment will then be
captured by the debt holders, as the value of debt increases when the probability
of a bankruptcy is reduced. In which way, CoCos interact with debt overhang is
an interesting question; CoCos introduce additional loss absorption capacity which
is good for debt holders senior to the CoCo, but CoCos may also have their own
impact on equity values and investment incentives: depending on the design of the

CoCos, shareholders may have an increased incentive to make an investment to
avoid conversion.

We can use our pricing model to look at debt overhang and the investment
incentive problem by looking at what happens when assets are increased by one unit,
financed through one unit of equity (issued at market value). If the total market
value of equity goes up by more than one unit, the shareholders would make a profit
when they invest, giving them an incentive to do so. However, when equity increases
by less than one unit, the investment is apparently not sufficiently beneficial to
shareholders to offset the expense, all or part of the benefits are apparently captured
by debt holders. We therefore consider the case in which a new accounting report
has just be released, with an asset value, see Eq. (@3], of Y;, = 100; we can then
examine what happens when this asset value increases by one unit. The profit of
this investment of one unit is plotted against volatility in Fig. I3l

The solid black line is the benchmark case with only straight debt in addition
to equity. The simulation shows the impact of debt overhang: without CoCos the
shareholders do not make a profit when they invest, they actually suffer a small
loss, for the entire range of volatilities on the horizontal axis. The four dashed
lines represent the same experiment (one extra unit of investment financed by new
equity), but part of the pre-existing equity has been replaced by CoCos of different
degrees of dilution, as indicated in Fig. The CoCos equal the equivalent of 5%
of the asset value. These lines show that when the terms of conversion are favorable
to shareholders (i.e. CoCo holders lose out upon conversion), the shareholders have
even less of an incentive to engage in additional investment, actually worsening the
debt overhang problem. This result confirms similar findings in
(@, Sec. 4.2). The blue dashed line corresponds to the existence of a PWD CoCo
in the capital structure of the firm and shows that the PWD CoCo indeed makes
the investment incentive for shareholders more negative. So the strongest increase

2250028-35



M. Derksen, P. Spreij & S. V. Wignbergen

1.2 T T T T T T T
No CoCos T
L | == —p=0(PWD) T ]
H i e g
***** p=0.5 M e
oskl——— p=1 N, /'/ 4
- N
. v
= 7
/
5] L E ]
£ 0.6 / =
g /
S | 7/ T ~. e - ]
E 04 VA S~ 7 S~
o ‘" /7 v
= ~.) 7
g o2b s <
o g
T — ]
o2k ———" 7 T—==-7 :1/__/,/__‘/ ]
0.4 //‘__ 1 1 1 1 1 1 1 1
0.02 0.04 0.06 0.08 0.1 012 0.14 016 018 0.2 0.22

o

Fig. 13. Debt overhang, CoCos and investment incentives. The figure shows what happens when
assets are increased by one unit, financed through one unit of equity (issued at market value). The
profit of this investment is plotted against asset volatility o, for different capital structure designs.

in debt overhang is with the CoCos that most favors shareholders, the CoCos with
a principal write-down. The same happens to a somewhat lesser degree with CoCos
at slightly less nondilutive terms but still favorable to shareholders. Thus, PWD
or more generally insufficiently dilutive CoCos will not solve the problem of debt
overhang.

However, highly dilutive CoCos do strengthen incentives for shareholders to
invest because they want to avoid conversion. See in particular the dashed-dotted
lines in Fig. [[3] which correspond to highly dilutive CoCos; clearly such CoCos
improve the investment incentives for shareholders because they wish to avoid con-
version. To summarize, when terms of conversion are beneficial enough to CoCo
investors instead of favoring the old shareholders, CoCos are capable of creating
more of an investment incentive for the shareholders. However, PWD CoCos and in
general less dilutive CoCos actually lead to lower investment incentives and worsen
the debt overhang problem when compared to straight debt. From this perspective,
our results from Sec. are ominous, because apparently the very type of CoCos
banks are most likely to choose do not reduce risk taking incentives and actually
increase the negative impact of the initial debt overhang on investment incentives.

7. Conclusions

CoCos are debt instruments that are written down or converted into equity when
the value of the issuing bank becomes too low. CoCos have taken European capital
markets by storm since banks were required to increase capital ratios after the GFC.
The asset pricing literature on CoCos that has rapidly developed since has almost
exclusively focused on conversion triggers based on market prices. Yet, at least in
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the European Union, the UK and Switzerland market-based triggers disqualify the
instrument as capital, so all CoCos issued so far base their conversion trigger on
accounting ratios. In this paper, we have bridged the gap between the academic
literature and actual practice by explicitly introducing different (although related)
processes for accounting and market values and analyzing conversion triggers based
on either one of the two. Also, we have extended the literature by introducing
regulatory intervention and so-called MDA triggers, triggers that lead to suspension
of coupon payments when breached. And finally, we have addressed arguably the
most important question that has received insufficient attention in the literature,
why do banks actually issue CoCos and why do they have such a revealed preference
for Principal Write Down CoCos?

In order to do so we have modeled the basic stochastic process driving asset
values as a standard geometric Brownian motion. Furthermore we have assumed
that that process is not directly observable for market participants; information
only reaches the market via noisy accounting reports which appear only at discrete
moments in time. In this way, we can take into account differences between account-
ing and market values. The model does not lead to closed form solutions for CoCo
prices, but Markov Chain Monte Carlo methods are used to compute prices. Finally
regulators can inspect the true process and can force conversion if they think a Point
of Non-Viability has been reached (the so-called PONV trigger).

Using the model as a tool of analysis yields a rich set of results on the relation
between valuation, CoCo design, accounting noise characteristics or characteristics
of the bank issuing the CoCo (asset volatility and initial leverage). The impact of
higher accounting noise volatility is shown to depend on the trigger design: CoCos
with only a PONV trigger are not significantly affected while a PWD CoCo with a
bookvalue trigger drops precipitously after significant increases in accounting noise.
The impact of serial correlation in accounting errors is interesting: bad news leads
to bigger price drops for lower values of the serial correlation parameter. More serial
correlation in effect lowers the information value of accounting news.

The impact of the conversion trigger is shown to depend on what happens once
conversion takes place. Higher triggers (earlier conversion) lower the value of nondi-
lutive CoCos (like in extremis Principal Write Down CoCos) but actually increase
CoCo prices if dilution of old shareholders is high enough. Increases in asset volatil-
ity always decrease the value of PWD CoCos; CoCo holders are wiped out by a
conversion, so shifting more weight in the tails lowers the CoCo price. For the
opposite design (infinite dilution wiping out the old shareholders when convert-
ing) the response to small increases in volatility is positive as CoCo holders gain
from conversion; but large increases in volatility bring a second, negative factor into
play: an increase in the probability of bankruptcy. For larger increases in volatility,
the second effect dominates and the price falls too, indicating the highly nonlinear
structure of CoCo valuation.

We have next addressed a key question that is barely addressed in the literature
at all, why do banks issue CoCos? We have taken our cue from the observation
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that CoCos were barely used before the GFC but took off once banks were forced
to raise their capital ratios afterwards. We have done that by placing the capital
structure decision in the context of a situation of debt overhang. We have shown
that with debt overhang equity holders prefer CoCos over asset sales or issue of new
equity when forced to raise capital ratios; and when left free to choose the type of
CoCo, that they will opt for nondilutive ones, the most extreme variant of which is
the Principal Write Down CoCo. This explains why most of the CoCos issued are
in fact PWD CoCos.

But we have then shown also that, especially in situations of debt overhang, the
insufficiently dilutive CoCos that banks will (and did) choose reduce investment
incentives even more than regular debt would do and encourage more rather than
less risk taking. This means that forcing banks to replace debt but allowing them
to do that by issuing insufficiently dilutive CoCos actually worsens the negative
incentive effects of debt overhang, encourages more rather than less risk taking and
in this way would seem to defeat the purpose of the capital increase that triggered
the increase in CoCo issues to begin with.

Appendix A. MCMC Algorithms for Simulating the Model

In this section, the algorithms that are necessary to compute all the derived CoCo
values, are provided. The results in Sec. [] contain three kinds of expressions, for
which three different algorithms are proposed in this section.

A.1. First type of expressions

The first expressions we will consider are those of the form

/Z ) f(t 2)da.

That is, integrals of a function h, weighted by the density f(t,-). This type of
expression is needed in the valuation of a PWD CoCo with a regulatory trigger
(see Theorem []), when we include the MDA trigger (see Theorem [L2]), in the
first part of the formula for the value of a CoCo with a conversion into shares (see

Theorem 3)) and to compute the survival probability py(t,,t) in Theorem E4l
First note that we can write

/ h(z)f(t, x)dx
:/ / flt = tn, 2, 20) g0, (20 | Y, 70 > t)d2nda
/ / ft —tn, @, 2,90, (2 | Y 70> t,)dzMda
Zc OO)"

/( Jt (Zn+1)f( - mZn+1,Zn)gtn(z(") |Y(n)77'c >tn)dz("+1). (Al)
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So we will need a sample ((z("*tV) ... (2"t1)%) from the (n + 1)-dimensional
distribution on (z.,00)"*! with density f(t — tn, znt1, 2n)ge, (20 | Y 70 > 1),
in order to approximate this integral as

1 G
~ —= Zn+1 . .
)~ 5 Y h(:,) (42

The algorithm used to obtain the sample, is the following MCMC-algorithm.
Algorithm A.1. (1) In each iteration g, g = 1,...,n9+ G, given the current value
(2("+1))9  the proposal (2”1 is drawn according to

(Z(n-i-l))l _ (Z(n-i-l))!] + X, for X ~N,41(0,%),

where the (n+ 1) x (n+ 1)-covariance matrix 3 is chosen to reach some desired
acceptance rate.

(2) Set

(z+D) with prob. a((z(*T1)9, (2(*+1)))

(ztD)9  with prob. 1 — a((z(TD)9, (z(n+1)))’

(Z(n+1))g+1 — {

where the acceptance-probability a(z("+1), (2(»+1)) is given by

(2D, (DY) = min {1, F(t = tn 2z, 20)90, () |9, 70 > t)
f(t — tn, Zn+1, Zn)gtn (Z(n) | y(n)7 Te > tn)

. F(t = tn 201, 20)ba (™) [y™)
=min< 1, — .
f(t - tnv Zn+1, Zn)bn(z(n) | y("))

(3) Discard the draws from the first ng iterations and save the sample
(2(71+1))77,0+17 . (Z(n+1))ng+G'

ey

b ((z) [ y™)

W. It follows from

The acceptance probability involves the term
Eq. [@I2) that this fraction is explicitly given by

n
Hw(zz{—l — Zey % — Ze, O/t — ti—1)
=1

bu((z™) [y"™) X pz (2| Z_1)pu(yi — 21 |yi-1 — 2{_4)

b (20 [ymM)
) Hw(zi_l — 2,21 = Ze, O/t — ti1)
i=1
x pz(zi| zi—1)pu(Yi — 2i | yi-1 — 2zi—1)

)

under the convention that tg = 0 and py(-|uo) = pu(-) is a Gaussian density with
mean /. and variance o2. Note that pz(z; | z;—1) is a Gaussian density with mean
zi_1+m(t;—t;_1) and variance o (t; —t;_1), that py (u; | u;_1) is a Gaussian density
with mean xu; 1 + . and variance o2 and that an expression for v is provided in

Lemma [Tl Algorithm [A-] in combination with Eqs. (A2) and ([A]), allows us to
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compute all expressions which are of the form of an integral of a function, weighted
by the density f(t,-).

A.2. Second kind of expressions

The second expression that occurs in the valuation of CoCos in Sec. [, is the second
part of the solution for the CoCo price with a regulatory trigger and a conversion
into shares, see Theorem 3] In Eq. [I27) we have to evaluate the double integral

//ftx (2, 20,2, T — t)hy(2)dzda.

Note that this integral can be, similarly to the above, written as
/ /( n+1 2(3)f (Zng1s 2es 2T — ) f(t = tn, Zns1, Zn)
x ge, (2| Y™ 1> t,)d2("TDdz
= /(Zc e ha(zZnt2) f (20115 Zes 2nga, T = ) f(E = tns Zni1s 20)
X g, (2| Y 7> 1,)dz("F2), (A.3)
By definition of f, it holds that

00
/ f(zn+1a Zey Rn+2, T - t)dzn+2
Ze

:/ P ( inf Zsg >z, Zp_y €dzpyo

0<s<T—t
Zy = Zn+1>

=1-—m(T —t,2n+1 — 2¢)-

Zy = 2n+1>

0<s<T—t

—]P’< inf  Zg> z

Hence, f(zni1,%e; Znios T — ) F(t = tn, Znits 2n)ge, (20 | Y™ 7. > t,) is not a
density function on (z.,00)"*2, so it is not possible to proceed in the same way as
in the previous case. However, by the above we know that

f(zn+17 Zcy An+42, T — t)f(t — Tn, Zn+1, Z")gtn (Z(n) | Y(n)v Te > tn)
1—7(T —t,2n41 — 2¢)

is a density function on (z., 00)" 2.
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So if we have a sample ((z**2)1 ... (2"t2)%) from the (n + 2)-dimensional
distribution with this density, we can approximate the integral in Eq. (A3) by

G
&> () (U= w(T — by 28y — 20)) (A1)

g=1
This sample is, in analogy to Algorithm [A.1] obtained by the following MCMC-
algorithm.

Algorithm A.2. (1) In each iteration g, g = 1,...,n9+ G, given the current value
(2("+2))9  the proposal (2"*2) is drawn according to

(Z(n+2))/ _ (Z(n+2))9 + X, for X ~N,42(0,%),

where the (n+2) x (n+ 2)-covariance matrix 3 is chosen to reach some desired
acceptance rate.
(2) Set

(242 with prob. a((z(**t2))9, (2(*+2)))
(2239 with prob. 1 — a((z("2)9, (z(n+2))7)’

(Z(n+2))g+1 — {

where the acceptance-probability a(z("+2), (2("+2))) is given by

f(Z;z—&-la Zes Z;z+2’ T - t)f<t - tn» Z;H-la Z’:I)

. X bn((z(n))/ | y(n))(l — (T —t, 2n41 — 2¢))
min < 1, — =
f(zn+1a Zey Bn42; T — t).f<t - tn» Zn+41, Zn)

x b (2 [y (A = 7(T —t,2],41 — 2c))

(3) Discard the draws from the first ng iterations and save the sample
(Z(n+2))ng+l7 N (Z(n+2))ng+G.

A.3. Third kind of expressions

We move to the last type of expression that occurs in the valuation of CoCos in
Sec. [ is the integral weighted by the density B, ;, as in Theorem 4] which is the
following integral: Equation (A.5) has similar issues as (4.32). Better is Equation
(A.5) has similar issues as (4.32). Better is

[ e
(Ye,00)" J (2p,00) 11

~ Bn,i(z(n,n+i)’ y(n+1,n+i) |y(n)7 T > tn)dz(n,n+i)dy(n+1,n+i)

:/ / ‘ h(zn+-i)
(ye,00)" J (zp,00)1 7

X By (D (Lt ) 7 s g )dp (gD (A )
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for a function h, where in the second line, in analogy to Eq. (B:25) and Lemma [B.3]
Bn i(z(n+i), y(n+1,n+i) | y(n), T > tn)dz(n+i)dy(n+1,n+i)

= P(Z(”+i) S dz("+i), y (ntlnti) o dy("+1’”+i), Tp > tpti | Yy — y("), Tp>tn)
= HW)(%H T by Zntj-1 T Zb Um)pU(yn+j — Zntj | Yntj—1
j=0

— Zntj—1)P2 (Zntj | 2nim1)] X ge, (27 |y 1 > £,),

Note that this B,, ;(z("F9) y(F+intd) | () 75 ) is a density on (zp,00)" ™™ x
R?. So if we have a sample ((z(" 1) y(ttnta)l (o4 g (n+1nt0)EY from the
(2i +n)-dimensional distribution with this density, we can approximate the integral

in Eq. (A3) by

G
1
G Z h(zzﬂ')1{yi+12yc,m,yi+i2yc}- (A.6)
g=1

The necessary sample is again obtained using a MCMC-algorithm, as follows:

Algorithm A.3. (1) In each iteration g, g = 1,...,n9+ G, given the current value
(24D y(n+1nt0)9 the proposal (z("+9) y(n+1.n+D)) s drawn according to

(20 bt D) = (D) (Lt 4 X for X~ Nain (0, 3),

where the (2i+n) x (2i+n)-covariance matrix ¥ is chosen to reach some desired
acceptance rate.

(2) Set
(Z(n+z) , y(n+1,n+i) )g+1

(Z(’n—i-i)7 y(n+1,n+i))/ W/p a((z(n—i-i)’ y(n-‘rl,n—i-i))g’
(Z("+i), y(n+1,n+i))l)

(20, L) o /p. 1 — (2D, ),
(Z("H), y(n+1,n+i))/)

where the acceptance-probability a(z(™), (2(™)") is given by
Oz((z(n+i), y(n+1,n+i)), (2(71+1')7 y(n+1,n+i))/)

. B i (200, Lty ) 3y > ¢,)
=min< 1, = _ _
Bn,i((z(n+l)7 y(n+1,n+z)) | y(n), Ty > tn)

(3) Discard the draws from the first ng iterations and save the sample
(2myno+t () )mo+G,
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Appendix B. Formulas and Proofs

In this section, all the mathematical details and proofs that are left out in the main
text, are provided.

B.1. Proof of Lemma
f(t,-, ) is defined by

P(Z; € da | > t) = f(t,z, 20)dz

By Bayes’ rule we can write

P(Z, € dax, 7 > 1)
P(Tb > 1)

P(Z;eda|m >t) =
The denominator of this expression is given by

— t
P, >t)=1—m(t,2z0 —2) =P <w)

oVt

_ e 2m(zo-2)/0% g (Zb — 20+ mt)'
oVt

In order to compute the numerator, we will rely on the following result by

), which can be found in Sec. 1.8, Proposition 1. Denote by X;
a Brownian motion with drift p, variance 02 and Xy = 0. Furthermore define
My := max{X;:0 < s <t}. Then the joint distribution of X; and M, satisfies

P(X; € de, M} < y)
(5B () o ()

where ¢ denotes the standard normal density function. Now, denote X; = —Z; + 2o,
which is a Brownian motion with drift —m, variance 0% and X = 0. Furthermore,
denote M; = max{X; :0 < s < t}. Then Eq. (B) implies that

P(Z, eda,mp >t) =P (Zt € dr, inf Z, > zb)
0<s<t

=P (X; €d(z0 — ), My < zo — 2)

_ 1 exp (—m(zo —x) 2t)

oVt o? 202

(o) e
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So we conclude that

() () (o)

ot g <w> _ e—2mlz0-2)/02G (w)
o/ Vi

O
B.2. Proof of Theorem [4.1]
Recall from Eq. [@20) that the CoCo price was written as
T
Ct) = Poe " T=Dp (t,T) + cng/ e " p(t, u)du
t
T
—aRzat/a e T p (8, du). (B.3)
¢

The integral in this last term can be written as

T
/ efr(“ft)pc(t,du)
t
T
0
_ —r(u—t) Y ¢ d
/t e aupc( ,u)du
T o) a
= / e (Y / — (1 =m(u—t,x—z.))f(t,x,w)dadu
t Ze au

o] T
= / f(t, :E,w)/ e_r(“_t)ai(l —m(u—t,x— z.))dudx
Zec t

u

:Lif@@wﬂ@ﬂ%

where

g 0
I(x) = / e ") (1 — wr(u — t, 2 — z0))du.
t

ou

Furthermore, the integral in the second term of Eq. (B.3) can be written as

T
/ e " p (¢, u)du
t
T oo
= / e (Y / (I—m(u—t,x—z.))f(tz,w)dzdu

t
o0 T
= f(t, :E,w)/ e (1 —w(u —t,x — z0))dudz
Zec t

:Lif@@wﬁ@ﬂ%
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where

T
I(z) = /t e (1 —w(u—t,x — z0))du

T

1 1
[—e_r(“_t)(l —7(u—t,x— 2)) + —I(x)
r r

u=t
1 1 1
= ——e "IN — (T -tz — 2)) + = + —I(x).
r roor
Putting the above together allows us to write the CoCo price C(t) as a single
integral, weighted by the density f(¢,z), as follows:

C(t) = /OO(Pge_T(T_t)(l — (T —t,x — z.)) + coPoI(z) — RPyI(x)) f(t, za)dx

c

r

_ / (7’ — 2P0 — (T — t,2 — 2.))

+ %PQ + <62f2 - RPQ) I(:c)) F(t,2)de

-/ °° B f (1, 2)d,

where

T —C2

h(z) := Poe " TN — (T — t,z — 2.))

P
+ %Pg + (ci 2 RP2> I(x). (B.4)

It now remains to find an analytical expression for I(z). First consider

2(1 —m(u—t,x—2.))

ou
£ () ()

= () (= )
ameza/o? g <(fl7 — z¢) +m(u — t)) (20 m__ L w—z )

ovu —t Vu—t  20(u—t)3/2
. Ze—x ¢<xzc+m(ut)>
o(u—t)3/2 ovu—t ’
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which implies

—x 1 (x — 2z +m(u —t))?

T
I _ —r(u—t)__ ~c _ d
(z) /t ¢ o(u—1t)3/2 /27 P 202 (u —t) "

 Ze— T m(z — z.) Tt e 1 (r — 2% mu d
V2102 P o? 0 ‘ u3/? P 202u 202 b

Ze— m(xzc)>/°° < 5 1)
— 9 exp [~ Ze) exp [ —Av? — B= ) dv, B.5
V2mo? P < o? (T—t)~1/2 P v2 (B.5)

where the last line follows by substitution of v = u~'/2 and by setting

LR
g

T 202
Now, by noting that (Av? + B/v?) = (v Av — VB/v)? + 2V/AB, as well as (Av? +
B/v?) = (VAv + vV/B/v)? — 21/AB, the remaining integral can be evaluated, by
doing the substitutions u = VA — \/E/v and u = VAv + \/E/v, as follows:

o 1
/ exp (—Av2 — B—2) dv
(T—t)*l/Q v

1 o0

N 2\/Z (T—t)—1/2

A= + 7.

e | (m ‘/—§>2\/E (vA+vEL)a

1 o

2
Pl o (- (vavs X2 vovam ) (vA-vBL )
2\/Z (T—t)=1/2 v v

_ L672\/AB Biuzdu
2V A VAT —1)—/B(T—1)
1 s [ 2
+ ——e2VAB e " du
2vA A/ (T—t)++/B(T—t)
G e 2VAB erfe A B(T —t)
4vA (T —1t)
2VAB orf 4 B(T -t B.6
+e erfc T-0 + ( ), (B.6)
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where erfc(z) is the complementary error function, which is defined by

2 e 2
erfe(z) == — e " du
7.

and satisfies

%erfc <%) =1- d(x).

Combining Egs. (B) and (B.G) and substituting back the expressions for A and
B, finally leads to the expression for I(z):

Ze— @ m(z — z¢) /°° ( 5 1)
I(z) =2—=exp | ————= exp [ —Av® — B—= | dv
(@) V2ro? p( o? ) (T—t)=1/2 Y v?

= exp <_@) <_e—2\/ﬁ% erfc ( ﬁ —/B(T - t))

- (m(xm <>m>

< @ x—zc—Vm?+2ro?(T —t) L
oV —t

. (JW N T )

o2

T — zZe +Vm? + 2ro?(T — t)
o[z ) .
O

B.3. Proof of Theorem [4.2]
Recall that the MDA-trigger lead to the need to compute the integral

T
CQPQ/ e*’”(“*t)]P’(TC > Uy Zy > Zee | Y(”),Tc > t)du.
t

In order to compute P(7. > w, Z, > 2| Y™ > t) we need the following well-
known result: the joint distribution of a drifted Brownian motion and its running
minimum , Sec. 1.8, Corollary 7).
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Lemma B.1. The joint probability 7(t,x,y) that Z, starting from x > 0, does not
hit 0 before time t and that Zy >y is given by

7tz y) = P(oir;fq Zs> 0,7, > y)

x—y+mt —oma/o? (—x—y—i—mt)
= ———— | — P ——m— ). B.8
(=) i ()

Now, similarly to Eq. [@I), we can write
P(7e > Uy Zy > 2ee | Y™, 70 > 1)

= /°° T(u—1t,2 — zey 2ee — 2e) f (¢, x)dx, (B.9)

c

The other two terms in Eq. (£20) do not change, so the CoCo price at time ¢t < 7.
is given by the sum of the new term in (£23]) and the unchanged part

T
Pe " Ty (t,T) — RP/ e T p(t, du).
t
By an adaption of Eq. ([@Z1]) it is seen that this unchanged part can be written as

/:0 h(x)f(t, z)dz,

c

where
h(z) = Pe"T=D(1 — n(T — t,z — 2.)) — RPI(z), (B.10)
in which I(z) is given by Eq. (B). The result now follows by defining
T
I.(z) = / eiT(“ft)CQngr(u —t, T — Ze, Zee — 2c)du. (B.11)
t
O

B.4. Proof of Theorem [4.3]
Recall from Eq. (£26]) that the CoCo price was given by

T
C(t) = E(PQBiT(T?t)]_{TC>T} |Ht) +E (/t 62P2€7r(u7t)1{7_c>u}du | Ht>

AP,
=+ E <W—T—1EPC (Tc)eir(Tcit)l{TCST} | Ht) . (B12)

The first two terms together, are captured in the integral

meuwwmw,

c

— P. P,
T TCZ P2€—T(T—t)<1 _ ﬂ_(T _ t,.’L' . Zc)) + CZT 2 + C2T 2

as is clear from taking R = 0 in the PWD case, see Theorem E.T]

ho(!B) =

I(z), (B.13)
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To compute the last term, we note that the post-conversion equity value is given
by

EPC(1) =V, —E (/ crPre” Ty du| HTC) —E(e" IV, | Hy,)

c

=e* -k (/ Clple_r(u_TC)]-{'rcgu,'rb>u}du | H'rc)
t
— e*E(e ) |, ).
So for 7. > t, the third term in Eq. (£20) can be written as

APz C —7r(Te—
5 (gm0 e 74

ek R
[ —— Ze r(uw ]P) . d . t Y(")
AP2+16 /t € (e € du|7e > t, )
APyer Py [
N ﬁc_ﬁ_f/t eT"WIP(r, < T Auymy > w7 >, Y ™M)du
AP &0
_ Wj—lezb /t e*T(uft)P(TC <T,1 € du | Te > t, Y(n)) (B14)

So in this case, the key to valuation is finding an expression for the joint conditional
distribution of 7. and 7, as needed in the above integrals. Note that the first integral
in this equation is already computed in the proof of Theorem 1] and given by

T o]
ezC/ e "W IP(r, € du| T > t,YW) = —ezC/ flt,z)I(x)dz, (B.15)
t Zc

where I(z) is given by Eq. (B.J).
To compute the other integrals in Eq. (B.I4), it is sufficient to find expressions
for

P(r. < Ty > u|7e >, Y™ =y and P(r. <u,mp > w7 >, Y =y,

In order to find expressions for these joint probabilities, we first need the following
lemma.

Lemma B.2. The joint probability y(x,y, z,t1, t2) that Z, starting from x, does not
hit z before time t1 but does hit y before time ta, is for x >y > z given by

’y(fL',y,Z,tl,tQ)

:]P’( inf Zg> 2z, inf ngy)

0<s<t; 0<s<ts

m(te,z —y) — w(t1,x — 2) Jor t1 < o,

177r(t1,xfz)f/ (1*71'(151*tQ,E*Z))fA(LE,y,E,tQ)dE for t1 > to,
y
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where
R ~ 1 _ _ oz 24
f(z,y,2,12) = s eXp< me A ngf)
T —Z —r—Z+2y
(o) () (319
Proof.

e For t1 < 1o, we can write

IP( inf Z; >z, inf Zsﬁy)
0<s<ts

0<s<t;

IP( inf ngy)ﬂ’)( inf Zg <z, inf ngy)
0<s<to

0<s<to 0<s<t;

IP( inf ngy)ﬂ’)( inf ZS§2>
0<s<ty 0<s<t;

=7(ta,x —y) — w(t1,z — 2).

e For t1 > t5, note that

]P’( inf Zg >z, inf ngy)
0<s<t, 0<s<ts

:]P’( inf Zs>z) —IP’( inf Zg>z, inf Zs>y)
0<s<t; 0<s<t; 0<s<to

17T(t1,$Z)P< inf Zg >z, inf Zg >y>,
0<s<ty 0<s5<to

where

P ( inf Zg>z, inf Z,> y)
0<s<t; 0<s<tg
= / P < inf Zs>z inf Z;,>yl|Zy, = 2) P(Z;, € d2)
y t2<s<ty 0<s<ts
:/ ]P’< inf ZSZt2>22)IP< inf Z5>y,Zt2€d§>
Yy t2<s<ty 0<s<ts

:/ ]P’< inf Zs>z,§+x>]P’<inf Z5>y,Zt26d§>
y 0<s<t;—to 0<s<to

oo
= 1—m(ty —ts,z2—2))P( inf Z Z dz
/y ( 7T( 1 2, % Z)) <0§1?§t2 s > Y, Lty € Z)7
where is used that Z has independent and stationary increments.
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Now the result follows by noting that by a modification of Eq. (B2) to the
current setting, it holds that

IP( inf Zs>y, 2y, € dé) = f(z,y,2,t2)dz. O

0<s<ts
Now the desired probabilities are, in analogy to Eq. (I1), given by

P(re < Ty > u|7e > t, Y™ =3 = / Y@, ze, 2p,u — ¢, T —t) f(t, x)dx

c
and

P(re <uymp > u|7e > Y™ = y(")) = / Y(x, ze, 2p, 0w — t,u — t) f (¢, 2)da.

c

Recall that the objective was to compute the last two integrals in Eq. (B:I4). Let
us first consider the second one, that is

—/ e TWP(r, < T, 1y, € du|7e > t,Y™W)
t

> 0
= / e ") =P(r, < T, > w7 > £, YM)du
t 8”

= (I) + (ID),
where
T 0
1) = / e_r(u_t)a—]P’(TC < Ty > u|7e > t,Y™)du
t u
[eS) T )
= / flt,x) / efr(“ft)a—'y(:r, Zey 2b, 0 — 6, T — t)dudx
Ze t u
oS T )
= / f, x)/ efr(“ft)a—(fﬂ(u —t,x — zp))dudx
Ze t u
- / f(t,2) (@) da,
in which

¥ et 9
Iy(x) :/t e %(—W(u—t,x—zb))du

= exp (m(x ) G Zb)\/W)

o2

Mo (T VMR 200N )
oVl —t
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o2

+ exp (m(:z: — @) (@ - Zb)m)

x—zp+vVm? + 2ro?(T —t)
X | P -1,
oVT —1t
(B.17)
which follows from Eq. (B.7), by replacing z. by 2. Furthermore, we have

o0 0
(I = / e_r(“_t)a—]P’(Tc <T,m>u|re>t,YV™)du
u

T
= f(t,x) /T e_r(“_t)%'y(x, Zey 2p,u — t, T — t)dudx
= / f(t, x)/ e_r(“_t)%(—w(u —t,x — z))dudz

Ze T

_/:o/:of(t,x)f(w,zc,é,T—t)

X /T efr(“ft)aﬂu(l —m(u—"T,%— z))dudzdx
- / T () () — I(a))da

*/ / ft, ) f (2, 26,2, T — t)e "= Jy (2, T)dzdw,

c

where

o 0
Jp(x) = /t et %(1 —7(u—t,x— z))du

= (B.18)

= —exp (—m<$ —z) +(x— Zb)\/W)

where the last line follows by taking 7' — oo in Eq. (BI7). This leaves us with an
expression for the last integral in Eq. (B.14]).
Similarly, the other integral satisfies

/ e "TIP(r, < T Ay > w7 > 1, Y W) du = (I11) + (IV),
t

where

T
(IIT) = / e TWIP(r, <y > w7 >, Y M) du

t

00 T
/ f(t,x) / e_r(“_t)'y(x, Zey 2b, U — tyu — t)duda

t

c
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[e'S) T
= / f(t, x)/ e ") (n(u — tyx — z0) — m(u — t,x — 2))dudz
Ze t
:/‘f@mﬂﬁu)—H@Mx

in which I(z) is defined in the proof TheoremETand I;,(z) is equivalently defined as

T
Iy(x) = / e —w(u—t,x — z))du
t

1 T
= [——er(“t)(l —m(u—t,x—2p)) + —Iy(z)
r r

u=t

1 1 1
= eI NA - 7(T —t,x—2)) + = + —I(z). (B.19)
T T r

Furthermore, we have
IV) = /TOO e TWTIP(r, < Ty > w7 > £, Y M)du
= h /TOO e_r(“_t)'y(x, Zey 2byu — t, T — t)dudz
= /oo f(t,x) /TOO e (1 —w(u —t,x — z))dudz
f/w/mf@xﬁ@xminw
X /00 efT(uft)(l —7m(u—"T,2— z))dudzdx

_ /Oo f(t,2)(Jp(z) — Ip(x))dzx

- / / f(tv ,’B)f(.’L', Zey 2, T — t)e_T(T_t)jb(E)déd{L',

in which

Jp(x) = / e T —n(u—t,x — z))du
t

1 0 1
pr— —_—— 1 —_ p— — —
[ r( m(u—t,x— z) - + TJb(gc)
1 1
= -+ - . B.2
. + TJb(x) (B.20)
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Putting all the above together leads to an expression for the last two integrals in

Eq. (BI4), given by

fclPl/ efr(“ft)IP’(TC <TAu,7,>ul|7 >t Y(”))du
t

— e /00 efr(“ft)IP’(TC <T,m€du|t. > t,Y(”))
= (1) + (ID) — en PL(III) + (V)
/ f(t x)( 2 Jy(2) + et P () — e Py (@ )) da
/ / ftx)f(x, 26, 2T — )e " T (e Py (2) — e Jy(2))dZda.
(B.21)

Finally, by combining Eqgs. (B.I14)), (B-I5) and (B:21), it follows that the third term
in Eq. [@24), i.e.

AP2 C —7r(Te—
2 (am gt e e ).

is given by

/ ft,z)hi(x dx—i—/ / ft,x)f(x, 26,2, T — t)ho(2)dzdz,  (B.22)

where
AP, ) ~
hi(z) = Wil (ezub(x) + e P(z) — e Pyy(z) — eZCI(x)>, (B.23)
- APy - T (2
hQ(Z) m (T- t>(ClP1Jb( ) — € be(Z)), (B24)

in which I(z) is given by Eq. (B0, I(z) equals

- 1 11
Ix)=—=e T D1 — (T —t,x—2.)) + =+ =1
@)= LT a0+ L L),
Jp(x) is given by
J B m(x — zp) + (x — zp)vVm? + 2ro?
b(z) = —exp | — =
and Jy(z) = 1410 (). O
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B.5. Proof of Theorem [4.4]

Here we outline the rather lengthy proof of Theorem [£4]in a terse way. Recall that
the CoCo’s market price was given by Eq. (£31)), from which it is seen that we in
fact need an expression for the following joint probability. For ¢, < t < t 11 <
tnti < u < tptit1, define the i-step joint default/conversion survival probability by

Doty tnti,u) = ]P’(T(j4 > by T > U Yy =y 7 > t), i>1
Doe(t, tnti,u) = P(1p > u| Y =y o> t),x i=0.

Recall from (@IQ) the notations 4™ = (y1,...,y,) (and similar for (™) and Z,, =
Z;, . Additionally, we introduce the notation y(™"+9) = (y,,. ..., y,.;) (and similar
for z("’"‘”)) and write ¢; 1 —t; =: §t. In order to find an expression for py.(t, ty1i,u),
we first need an expression for the density B, (279, y(nHinti) | 4() 7o ),
as defined by the relationship

Bn)i(z(n,n—i-i), y(n+1,n+i) |y(n)7 Ty > tn)dz(n,n+i)dy(n+1,n+i)
_ ]P)(Z(n,n—i-z) c dz(n,n-i-i),y(n—i-l,n-&-i) c dy('n—i-l,n-‘ri)7
T > by | Y = 9™ 7 > 1), (B.25)

Lemma B.3. B, ;(z("n+) o(dbnti () 75 1) s given by

‘Bnﬂ(z(n,n—i-i)7 y(n+1,n+i) | y(’n)7 T > tn)
7
= [1W(znss = 260 20151 = 26,0V U Wt = Znts | Yy
j=0

— Zntj-1)P2 (Zntg | Znaj—1)] X g, (20 | Y, 7 > 1),

where 1 is defined in Lemma &1l g;, is given by Eq. (14) (when making the
substitution zy for z.) and py, pz are the transition densities corresponding to the
Markov processes (Up)nen and (Z,)nen-

Proof. In analogy to the computation of b,, in Eq. (£12)), we can write Three times
incorrect splitting in (B.26). Better would be

Bn i(z(n,nqLi)’ y(n+1,n+i) |y(n), T > tn)dz(n,n+i)dy(n+l,n+i)
— ]P)<Z(n,n+z) c dz(n,n+i)7y(n+l,n+i) c dy(n+1,n+i)77_b > tn+i|
YO — g™ st
= ]P<Yn+z € dyn-i-ia Zn—i—i S dzn+i7 Ty > tn+i|
Y(n+i—1) _ y(n—i-i—l)’ Z(n,n+i—1) _ Z(n’n-H_l),Tb > tn-‘ri—l)
% Bn,iil(Z(n,n—i-i—l)7 y(n,n-i-i—l)|y(n)7 Ty > tn)dz(n,n-i-i—l)dy(n+1,n+i—1)'
(B.26)
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Now the result follows by noting that

P(Ynti € dynti, Znti € dznti, To > tngil

y(nti=1) _ y(n+i71))Z(n,n+i—1) _ Z(n,n+i71))Tb > triioi)

= Y(2Znti — 2by Znti—1 — 2b, OVO)DPU (Ynti — ZntilUnti-1 — Znti—1)PZ (ZntilZnti—1)dYntidzn i
and

Bn,0<zn | y(n)7 Ty > tn) = Ggt, (Zn | y(n)a Ty > tn) O

By definition of B, ;, we see that the i-step joint default/conversion survival
probability for t = ¢,, and u = ¢,,4; is given by

pbc(tTu tn+i7 tn+i) = / / Bn,i (Z(n,n+i),
(Ye,00)" J (2p,00) 71

y(n+1,n+i) | y(n)7 Ty > tn)dz(n,n+i)dy(n+1,n+i).

By stationarity of Z, the i-step joint default/conversion survival probability for
t = t, and general u > t,; then equals, see Lemma [£3] for an explicit expression
for m(u — tnti, Znti — 2b),

pbc(tnv tn+i7 U) == / / (1 - 77(“ - tn+i7 Zn4i — Zb))Bn,i(Z(n,njLi),
(Ye,00)" J(2p,00) 711

s (LD |y ) s g ) dz D gy et (B.27)

Finally, we can now also compute p(t, t,4;,u) for general ¢, <t < t,41, since by
Bayes’ rule

_ DPoe (tnv tn+i7 U)

c tatn i, U) = 5 B.28
prellbneiot) = 72 ) 2

where py(t,s) = P(m, > 5| Y™ = y(") 7, > 1) is the default survival probability, as
given by Eq. (£I7) (making the substitution z;, for z.).

For t, <t < tpy1, T = typym for some m € N and ym — y(”), where y; >
Ye, 1 <7 < n, the CoCo price can now be written as

C(t) = P2€_T(T_t)pbc<ta tn+ma tn+m)

T
+/ caPoe " TIP(rA >y > u | Y =y > ) du
t

+RP ZB_T(%H_”P(T? =tnti, T > tnti |Y(n) =y, 7> t)
i=1

- P267T(T7t)pbc(t7 tn+m7 tn+m)
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n+i+1

m—1
+ 2Py Z/ T Pt i, u)du

i—0 Jmin(t,tni)

m
+ RP, Z €7T(t"+i7t) (pbc(t, tnyi—1, tn+i) - pbc(tv bnti, t”+i))
=1
= (1 — R)P26_T(T_t)pbc<ta tn-‘rma tn-‘rm)

m—1 tntitl
+ o Py Z / e_T(“_t)pbc(t,th,u)du

i—0 Jmin(t,tnyq)

1
+ RP2 Z eir(thﬂ*lit)pbc(tv tn+i7 tn+i+1)

- RP2 Z T(thﬂ pbc(t tn+17 tn+1)

So the only quantltles left to compute are the integrals over time in the coupon
payment term. To this end, we first consider the case for i > 1. Use (B2]) to get

tntitl . 1 Entit t
/ e " Pyt g, u)du = 7/ e Pyt topi u)du
s pb<t’ﬂ’ t) toyi

and ppe (tn, tnti, u) depends only on u through the function (1—7(u—tpn4i, Znri—2b))

(see Eq. (B21)), hence

tntit1
/ e_r(u_t)pbc(tnvtn—i-ivu)du

tnti

= / / fb(tn+i7 trtit1s Znti)
(ye,00) (2p,00) 1+

x B, i(z(n,n+i)7 y(n+1,n+i) |y(n), T > tn)dz(n,n+i)dy(n+l,n+i),
where, in analogy to Eq. (B.19)

Ib( n+is n+1+1»zn+1)

tn+z+1
— o T(tnsi—t) / e Tt ) (1 — (1 — tpgiy Zngi — 2))du

tnti
—r(tngi—t) L st 1 1
=e e (1 = 7(dt, 2nti — 20)) + - + ;Ib(tn-‘ri»tn—i-i—i-la Znti) |
in which (compare to Eq. (B.17))

Iy(tnti, tnvit, Znyi)

tnyitl o
= / efT(“ft"“)%(fﬂ'(u — tnis Znti — 2b))du

tnti
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o2

( m(znti — 20) + (Znri — 20) VM2 + 21"02)
=exp | —

a6t
4 exp <_m<zn+i —5) — (ensi = ) VP T 2707 2m2>

o2

" (q) <2n+i — 2 5t\/m2+2r02> B 1)

R /m?2 2
x <q> (Z"“ 2+ Otvm? + 2ro )-1). (B.29)

o6t

For the case i = 0, we see that

tnt1
/ e_r(“_t)pbc(t,tn,u)du
t

R Y e

a pb(tn,t)/t € b (tn, u)du
1

ot t)

Finally, putting everything together now gives the CoCo market price

00
/ Ib (tna tn+la Zn)gtn (Zn | y(n), Ty > tn)dzn
2

Py e o _ > n
o) = 7/ (Re™"nt179 (1= (6t, 20 —20))F+c2lb(tns tat, 20) ) G (2aly ™, 7o>tn)d2n
Po(tn,t) e

P2 m—1
L R
Po(tn,t) ; (ye,00)t I (2,00)i 11

« BnYi(z(n,,n,+i)7y(n,+1,n+i)‘y(n),Tb N tn)dz(n,n+i)dy(n+1,n+i)

L= R)Pye="(T—1 /
P (tn,t) (ye,00)™ J (2p,,00)m+1

Bon (2 y(ntLntm) () g (k) g (nk Lt m)

where
E(znyi) = Re_r(t"““_t)(l — w(0t, Znti — 2b)) — Re~"(tnti=t)
+ oy (tnvis tugists Znti)s
which completes the proof by setting
Py(Re™m(tnt1=) (1 — (8t 2, — 23))

+ codp(tns tnst, 2n for i =0,
hi(znsi) = 2lo(tn; fnt1, 7)) (B.30)
Pyé(zn1i) forl1<i<m-—1,
Py(1— R)e (T for i =m.
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