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Abstract

In this paper, we develop maximum likelihood (ML)-based algorithms to calibrate the model
parameters in credit rating transition models. Since the credit rating transition models are not
Gaussian linear models, the celebrated Kalman filter is not suitable to compute the likelihood of
observed migrations. Therefore, we develop a Laplace approximation of the likelihood function and
as a result the Kalman filter can be used in the end to compute the likelihood function. This approach
is applied to so-called high-default portfolios, in which the number of migrations (defaults) is large
enough to obtain high accuracy of the Laplace approximation. By contrast, low-default portfolios
have a limited number of observed migrations (defaults). Therefore, in order to calibrate low-default
portfolios, we develop an ML algorithm using a particle filter (PF) and Gaussian process regression.
Experiments show that both algorithms are efficient and produce accurate approximations of the
likelihood function and the ML estimates of the model parameters.

Keywords: Credit risk; transition model; parameter calibration; Kalman filter; particle filter; Laplace
method.

1. Introduction

1.1. Problem description and background

Credit transitions, also referred to as credit migrations, constitute one of the most
important building blocks of credit risk management. It concerns the change of the
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creditworthiness of a firm or a particular debt issue, which leads to potential credit
losses and hence results in credit risk. The creditworthiness is usually measured by
credit ratings (or scores). For instance, Standard & Poor’s Rating Services,
Moody’s Investor Services, and Fitch Ratings assign corporate bond issuers with
credit ratings to reflect their creditworthiness. Once the ratings are defined, the
objective is to determine the probability with which the credit risk rating of a
borrower decreases or increases by a certain degree, from one level to another,
lower or higher, one. The probabilities, that a credit risk rating of a borrower
decreases or increases from one period to the next one, are usually collected in a
transition matrix. Namely, the transition matrix lists the probabilities of the
migrations between different credit ratings over specific time intervals. A temporal
analysis of credit migrations requires a dynamic model of the transition matrix, the
transition model. One of the focuses of the transition model is to address the cross-
sectional dependence in default rates within a time period due to common eco-
nomic conditions, i.e., systematic risk factors. This cross-sectional dependence
especially describes how likely the obligors default together in a stress scenario
and is hence essential in credit risk measuring. The classic examples of modeling
the cross-sectional dependence are the Merton model (Merton, 1974) and its
extensions such as RiskMetrics-Group (1997) and Crosbie and Bohn (2003) from
Moody’s. These models belong to the class of so-called structural models, in
which the systematic risk factors together with the obligor-specific idiosyncratic
factors reflect the obligor’s asset value.

A default occurs when the asset value falls below a certain threshold, the default
barrier. In these models, the sensitivity of the asset value to the systematic risk
factors determines the asset value correlations, and hence also default correlations
between different obligors. This asset value correlation is usually referred to as the
asset correlation. Structural models can also be generalized to describe rating
migrations. This requires a definition of rating barriers, and rating changes occur
when the asset value crosses a rating barrier value. The dynamics of a systematic
risk factor are specified by a model. The model can be a latent variable model,
such as the Merton model (Merton, 1974), Albanese et al. (2003), or a mixture
model which uses both latent and observed (Macroeconomic) factors to form the
systematic risk factors, see Credit Suisse First Boston International (1997) and
McNeil and Wendin (2007).

The risk factor model parameters (if there are any), the asset correlation, and the
rating barriers can be calibrated to time series of historical migration or market
data. The calibration serves as the essential link between theoretical model
structures and real-world financial data, and hence plays a central role in ensuring
the model’s practical relevance. Due to the presence of the latent variables, the
likelihood of the joint default and migration events depends on an integral, which
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in general lacks a closed-form formula. Therefore, in practice, the latent variables
at different periods are usually assumed to be independent to simplify the integral
in the likelihood function, so that numerical integration and maximum likelihood
(ML) methods can be relatively easily implemented, see, for instance, Gordy and
Heitfield (2002), Frey and McNeil (2002) and Demey et al. (2007). On the other
hand, since it is well observed that the default (migration) intensity varies over
time according to an economic cycle (see, for instance, McNeil and Wendin
(2007)), a good risk factor model is required to capture serial dependence caused
by the cyclical behavior of economy. Neglecting the fact that credit events tend to
cluster in time and are strongly influenced by cyclical economic conditions, such
as recessions or periods of financial stress, may lead to biased parameter estimates
when calibrated to historical data. However, including serial dependence signifi-
cantly increases the complexity of the integral in the likelihood function, and
consequently makes ML estimation very difficult to perform by using numerical
integration.

There are few attempts in the literature to fit such a model with serial dependent
latent processes, which belong to the category of state space models, to default or
migration data. Koopman et al. (2005) considered a model where default event is
driven by continuous latent factors. But they model the default rates (i.e., the ratio
of default obligors) instead of the default counts. This simplification leads to a
much less complex likelihood function, but it requires more model assumptions
and may show undesirable features, especially when the number of obligors or the
number of defaults is small. In order to calibrate the transition model directly to
default counts rather than to default rates, McNeil and Wendin (2007) imple-
mented an MCMC approach, more specifically Gibbs sampling, to calibrate the
mixture transition model. Although the MCMC approach has its advantages, in
general, it is slow. It requires tuning the burn-in period and simulating nested
Monte Carlo samples, i.e., first simulating the model parameters and then simu-
lating the latent states given each simulated model parameter. The running time of
an MCMC algorithm is acceptable when only calibrating a few transition models.
However, when dealing with large portfolios which contain a lot of different rating
systems, the MCMC approach is impractical.

1.2. Contributions

The main contributions of this paper are two new calibration algorithms designed
for high- and low-default portfolios, respectively. A higher default portfolio,
usually a retail portfolio, is a portfolio with a relatively large number of observed
defaults, which means that either the probability of default is relatively high or the
number of obligors (observations) is large. By contrast, a low-default portfolio,
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such as the portfolio of large corporate or financial institutions, means a portfolio
with few observed defaults, due to a small default probability and a small amount
of obligors in the portfolio.

The two new calibration methodologies aim to calibrate the transition model to
the observed default or migration counts. For a high-default portfolio, we propose
a calibration approach which approximates the likelihood function by using the
Laplace method. We show that, as a consequence, the Kalman filter can be used to
compute the approximated likelihood functions. We also show that mode esti-
mation for the Laplace approximation and the log-likelihood function can be
calculated by the same Kalman filter iterations. Therefore numerical ML estima-
tion is extremely fast based on the proposed Laplace approach. For the low-default
portfolio, due to the small number of observations, the Laplace approximation is
less accurate and hence can introduce bias in the parameter estimates. In this case,
we propose a Monte Carlo approach, more precisely, a particle filter (PF), to
estimate the likelihood function. This proposed Monte Carlo approach leverages
on the mode estimation algorithm used in the Laplace approach, and uses its
outcome to construct the importance density for the Monte Carlo sampling. The
Monte Carlo approach is very efficient and provides very accurate estimation of
the likelihood function, with small amounts of Monte Carlo samples. Moreover,
since the likelihood function estimated by the Monte Carlo approach is not con-
tinuous with respect to the model parameter, we also implement a Gaussian pro-
cess regression (GPR), a grid-based approach, to smooth the likelihood function so
that the ML algorithm can be easily applied. Since the proposed algorithm does
not require nested Monte Carlo simulations, it is much faster than a conventional
MCMC approach.

The proposed calibration methodologies are generic. They can not only deal
with default models, which most literature usually focuses on, but also with mi-
gration models. They can also be applied to various structural or mixture transition
models with different response functions, such as probit or logistic functions. For
instance, they can be applied to calibrate the transition model in He et al. (2023).
The numerical analysis presented in this paper provides comprehensive validation
of the accuracy, robustness, and computational efficiency of the proposed cali-
bration methodologies. Through a series of controlled simulation experiments and
real-data applications, the experiments demonstrate that the proposed calibration
methodologies achieve highly accurate parameter estimation while offering sub-
stantial computational efficiency gains over conventional methods. The application
to the S&P credit rating transition data further confirms the empirical effectiveness
and robustness of the proposed framework, with estimated asset correlations of
about 4.3% and autocorrelation of the latent factors near 20%, which is consistent
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with the findings reported in the recent literature (e.g., Batema (2024) and Jacobs
(2025)).

Beyond their methodological contribution, the proposed approaches have im-
portant practical implications for financial institutions. First, by explicitly
modeling serial dependence, they better capture the cyclical nature of credit risk,
ensuring that stress testing and economic capital frameworks reflect realistic
clustering of defaults and migrations during downturns. Neglecting such depen-
dence may lead to underestimation of losses in adverse economic scenarios, and
consequently to insufficient capital buffers. Second, the ability to calibrate directly
on observed default and migration counts rather than derived rates provides more
reliable parameter estimates, especially in portfolios with few obligors or low-
default frequencies, where rate-based approaches become unstable. This im-
provement directly strengthens the implementation of accounting standards such
as IFRS 9, where accurate estimation of transition dynamics is critical for expected
credit loss calculations. Finally, compared to MCMC-based methods, the proposed
algorithms are substantially faster and more resource-efficient, avoiding costly
simulation and burn-in procedures. This computational tractability allows financial
institutions to run large-scale scenario analyses and regulatory capital calculations
on an operational basis, without requiring excessive infrastructure or computation
time. These features make the proposed calibration methods practically deploy-
able, thereby closing an important gap between academic modeling and industry
application. In particular, they enable financial institutions to integrate theoreti-
cally sound models into day-to-day risk management processes, regulatory com-
pliance frameworks, and strategic decision-making. By reducing reliance on ad-
hoc simplifications and computationally prohibitive techniques, the methods fa-
cilitate more accurate stress testing, more consistent IFRS 9 provisioning, and
more reliable regulatory capital calculations. As a result, the proposed approaches
not only advance the state of the literature but also deliver tangible benefits for
practitioners tasked with managing credit risk in complex and dynamic financial
environments.

1.3. Organization of the paper

Section 2 provides the background knowledge of the migration models in credit
risk modeling and presents the migration models studied in this paper. The pro-
posed ML methodologies are presented in Sec. 3. In Sec. 4, we provide numerical
experiments to show the performance of the proposed approaches. Finally, Sec. 5
is devoted to the conclusions. In Appendix A, we summarize some results on the
state space model and on Bayesian filters.
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1.4. Notation and conventions

Here follows some notations and other conventions used in this paper. All random
processes are defined on a fixed probability space ð�,F,PÞ. We will use discrete
time, a typical period denoted by k. The discrete time filtration is fF k, k ¼ 0,
1, . . . , ng, where F k summarizes the information up to time k and n is the final
time. All processes are assumed to be adapted to this filtration. We denote by Nþ

the strictly positive integers. By �> we denote the transpose of a vector or a matrix.
We consider a migration matrix with R 2 N different ratings, including default as

the last rating. We denote by Tij, k the probability of the transition from a credit state
i ¼ 1, . . . ,R at time k to a credit state j ¼ 1, . . . ,R at time k þ 1. Similarly, the
number of (observed) migrations from rating i at period k to rating j at period k þ 1 is
denoted as mij, k. Therefore, the migration matrix at period k, denoted by Mk, is
defined as Mk ¼ ðmij, k, i ¼ 1, . . . ,R, j ¼ 1, . . . ,RÞ ¼ ðm>

1, k, . . . ,m
>
R, kÞ>, where

mi, k ¼ mi, k ¼ ðmi1, k, . . . ,miR, kÞ denotes row i of the migration matrix Mk. We
denote by M ¼ ðM1, . . . ,MnÞ the (observed) sequence of migration matrices of n
periods. We use similar notations for other matrices. We denote by x1:n a sequence
x1, . . . , xn.

Finally, we collect all unknown model parameters in a vector  .

2. Transition Model

2.1. Transition model review

The probabilities that a credit risk rating of a borrower decreases or increases by a
certain degree, from one period to the next one, are described by a transition
matrix. Namely, the transition matrix presents the probabilities of the migrations
between different credit ratings over specific time intervals. In the transition ma-
trix, the element located at the ith row and jth column represents the probability of
a borrower migrating from the ith rating to the jth rating. These are called tran-
sition probabilities and are often related to macroeconomic variables such as in-
terest rates, inflation, gross domestic product (GDP), unemployment, etc.
Alternatively, transition probabilities can also be modeled by using certain abstract
latent processes.

The transition models can, in general, be divided into two main classes,
structural and reduced form models. Structural models link the up- or down-grade
(or default) probabilities of a firm to the value of its assets and liabilities. The most
popular link functions are probits and logistic functions. The structural models
were pioneered by Merton (1974), usually referred to as the Merton model, which
applies principles of Black and Scholes option pricing in corporate debt valuation.
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This approach models equity as a call option on the underlying assets of a firm
with strike value equal to the book value of the firm’s liabilities. In particular, a
default event is triggered if the firm’s asset value drops below its liabilities. In this
case, the correlations between different firms in a default event are a result of the
correlated asset values. Therefore, the so-called asset correlation is usually used to
describe the correlation in the default event. The Merton model is further devel-
oped by, for instance, Hull and White (2001), Avellaneda and Zhu (2001), Duffie
and Singleton (2004) and Albanese et al. (2003).

In these structural models, a latent credit process Xt, called a credit index, is
used to reflect unobservable credit quality over time which is driven by firm-
specific variables such as the asset values. A default occurs if the credit index Xt

crosses a default barrier, which is often interpreted as the value of the firms
liabilities. The dynamics of the credit index are specified by the model and the
default barriers can be calibrated to historical migration or market data. Structural
models can be generalized to describe not only defaults, but also rating migrations.
This requires a mapping from the latent credit index to the rating states at each
time, which corresponds to specifying an interval for the credit index that corre-
sponds to each rating class. The intervals are defined by rating barriers, and rating
changes occur when the credit index passes a barrier value.

Reduced form models, by contrast, treat a default as an unexpected event whose
probability is governed by a default intensity process. Reduced form models
originated with Jarrow (1992), and later studied by, for example, Jarrow and
Turnbull (1995), Duffie and Singleton (2004), Frey and McNeil (2002), Wendin
and McNeil (2006) and Koopman et al. (2008). Unlike the structural model, in
which the default relies on a firm’s capital structure, the reduced form model
describes the default as an event of a jump process driven by exogenous factors. In
such models, default correlation is captured by co-movement in default intensities.
The reduced form model may be easy to implement and calibrate as no estimation
of a firm’s asset or liabilities value is required. However, these models suffer from
the lack of economic interpretation about default behavior. Whilst, structural
models are particularly useful in credit risk management field because they provide
intuitive economic interpretations of default events. In fact, this approach, for
example, is used in the Vasicek formula, see Vasicek (2002), an example of an
asymptotic single factor model, which is the cornerstone of the IRB (internal
rating-based approach) formula of a regulatory credit risk weighted assets (RWA)
calculation. A structural approach also facilitates the calibration of the model using
various data sources, such as default rates, rating transitions, equity returns (as a
proxy for asset returns) and CDS spreads. The latter is commonly applied when
calibrating sovereign portfolios where the numbers of observations are extremely
limited.
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The key role of the transition model is to describe the dependence of the
migrations (defaults). One important dependence is the cross-sectional depen-
dence, which models the correlations of the credit rating movements among or
within different (homogeneous groups of) obligors (e.g., obligors could be grouped
by country, industry, rating, etc.). These dependencies are typically caused by
exposure to common systemic risk factors. Articles such as Nickell et al. (2000)
and Bangia et al. (2002) demonstrated that besides cross-sectional correlations,
default (migration) rates also exhibit serial dependence. Serial correlation is a
result of cyclical behavior of economic factors. In particular, it implies that a poor
(good) economic state is more likely to be followed by a poor (good) economic
year and decreased (increased) asset values, and in the end increase (decrease) the
chance of default or downward migrations. Factors used to explain variation in
migration rates can be classified into observed (macroeconomic) and unobserved
(latent) factors. The use of macroeconomic factors is motivated by the observation
that default rates in the financial, corporate, and household sectors increase during
recessions. This observation leads to the implementation of credit models that
attempt to explain default indicators using economic variables. For example,
Simons and Rolwes (2018) used GDP, interest rates, exchange rates and oil price
to explain default rates. An advantage of a macroeconomic factor model is that this
type of model is very suitable for designing stress scenarios. However, macro-
economic variables are business cycle indicators and may not be an optimal proxy
for a credit cycle, see for example Gorton and He (2008) and Koopman and Lucas
(2005). Furthermore, macroeconomic variables have to be modeled if used for
simulation of migration rates. An alternative approach is to employ unobserved
factors. In this case the dynamics of any underlying systematic component are
estimated directly from the data. Literature which allows for unobserved factors
includes, for instance, Koopman et al. (2008), Gagliardini and Gouri�eroux (2005)
and McNeil and Wendin (2007). While latent factor models are less prone to
misspecification of a credit cycle, more advanced mathematical methods, such as
the Kalman filter or a PF, are required to estimate them.

2.2. Specified transition model

Structural models are usually used in measuring the credit risk since such models
have an economic interpretation, and parts of the models can be calibrated to
external data. A mixture model for transitions including both observed and latent
systematic factors is introduced in this paper. This type of the model is an example
of a general linear mixture model (GLMM), see McNeil and Wendin (2007). The
precise specification is as follows.
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Suppose we have R � 2 credit states, in which the last state R is default. Recall
Tij, k, i, j ¼ 1, . . . ,R and k ¼ 1, . . . , n as defined in Sec. 1.4. We model the tran-
sition probability Tij, k, i, j ¼ 1 . . . ,R at period k asa

Tij, k ¼ gð�ij, kÞ: ð1Þ
Here g : R ! [0, 1] is a so-called response function. The �ij, k, i, j ¼ 1, . . . , n are
often referred to as the signals that describe the dynamics of the transition prob-
abilities at period k. We assume the signals are linearly driven by the latent
common factors ðxkÞk¼1,..., n and the observed common factors ðukÞk¼1,..., n as

�ij, k ¼ di, j þ K>
i, jxk þ L>

i, juk, i, j ¼ 1, . . . ,R : ð2Þ
Here the constants di, j indicate the level of the (cumulative) transition probabilities
from rating i to rating j, the latent common factors xk at period k are s� 1 random
vectors, the observed common factors uk at period k are l� 1 vectors which
present certain predetermined macro-economic variables or market indices that can
be directly observed in the market. The Ki, j and Li, j, for every i, j ¼ 1, . . . ,R are
the factor loadings with dimension s� 1 and l� 1, respectively. They describe the
sensitivity of the signal to the common factors. The latent process x is assumed to
be an autoregressive AR(1) process (see, e.g., Brockwell and Davis (2006, Chap.
3) for an introduction to such models) which evolves linearly over time with a
Gaussian error �. Note that the migrations �ij, k, i, j ¼ 1, . . . ,R at period k as
defined in (2) are correlated.

Recall mi, k, i ¼ 1, . . . ,R, k ¼ 1, . . . , n as introduced in Sec. 1.4. It is obvious
that the random vector mi, k with dimension R� 1 follows a multinomial distri-
bution when Tij, k is given. Since Tij, k is assumed to be linked with the signal �ij, k
through the response function g, our transition model in the end is given by, for
k ¼ 1, . . . , n , i, j ¼ 1, . . . ,R ,

mi, k � mn �jNi, k, gð�ij, kÞ
� �

,

�ij, k ¼ dij þ K >
i, jxk þ L>

i, juk,

xk ¼ Axk�1 þ �k:

ð3Þ

In (3), mn stands for multinomial distribution, Ni, k ¼
PR

j¼1 mij, k is the number of
independent trials (i.e., the number of clients) in period k with rating i. The initial
distribution of xk at a period k is assumed to be Gaussian with mean a0 and
covariance matrix P0, i.e., x0 � Nða0,P0Þ. The �k are assumed to be independent
with a common Nð0,QÞ distribution, A and Q are s� s-matrices. Define
d ¼ ðdi, j, i, j ¼ 1, . . . ,RÞ, K ¼ ðKi, j, i, j ¼ 1, . . . ,RÞ and L ¼ ðLi, j, i, j ¼ 1, . . . ,RÞ.

aIn some cases, the cumulative transition probability, instead of the transition probability, is modeled
through the response function. One of the examples can be found in Sec. 2.4.2.
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The parameters d, K, L, A and Q are referred to as the parameters of the transition
model and collectively denoted  . The random vectors m1, k, . . . ,mR, k are assumed
to be independent given the signals � ¼ ð�ij, k, i, j ¼ 1, . . . ,RÞ.

The transition model (3) above belongs to the class of state space models, see
Appendix A. We are interested in estimating the (latent) state process ðxkÞk¼1,..., n,
but only have access to the process ðMkÞk¼1,..., n as introduced in Sec. 1.4 which
represents the observations. Because of the existence of the white noise in the data,
estimating the value of the latent states ðxkÞk¼1,..., n by the observations ðMkÞk¼1,..., n

is not trivial. There are different methods available in the literature to estimate the
latent process, see, e.g., Press (2003), Chui and Chen (2017) and Arulampalam
et al. (2002). The Bayesian filters and their extensions and the PF are the most
used approaches in practice, see Appendices B.1 and B.2 for an introduction and
references to Kalman and PFs. In particular, the Bayesian filters are also widely
used to compute, or estimate, the likelihood function of the observations. In this
paper, the Kalman filter and the PF are used as the building blocks in our proposed
MLE-based methodologies to estimate the unknown parameters in the model.

2.3. Likelihood function of the observed migrations

Similar to the notation of the migration matrices, we denote all the signals of the n
periods by � ¼ f�1, . . . , �ng, in which �k ¼ f�ij, k, i, j ¼ 1, . . . ,Rg is the signal at
period k. Note that the likelihood of the observed migrations pðMj Þ with respect
to the unknown model parameter  is obtained by computing the integral

pðMj Þ ¼
Z

pðMj , �Þpð�j Þ d�

¼
Z

pðMj�Þpð�j Þ d� , ð4Þ

where we used the generic symbol p to denote probabilities and densities. Since
the distribution of the migrations is assumed to be independent given the signal �,
one obtains

pðMj�Þ ¼
Yn
k¼1

pðMkj�kÞ

¼
Yn
k¼1

YR
i¼1

pðmi, kj�i, kÞ: ð5Þ

Plugging Eq. (5) into Eq. (4), one obtains the likelihood

pðMj Þ ¼
Z Yn

k¼1

YR
i¼1

pðmi, kj�i, kÞpð�j Þ d�: ð6Þ
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If the mi, k would be linear in �i, k, for i ¼ 1, . . . ,R, k ¼ 1, . . . , n and follow a
Gaussian distribution, then the integrals in Eq. (6) have an analytic expression and
can be calculated using the Kalman filter algorithm. However, the migrations mi, k,
for i ¼ 1, . . . ,R, k ¼ 1, . . . , n, follow a multinomial distribution given the transi-
tion probabilities Tij, k, j ¼ 1, . . . ,R. Therefore, there is no analytical expression for
the integrals in (6). Approximations or a Monte Carlo-based approach are needed
to estimate the likelihood function. In Sec. 3, we propose two approaches, a
Laplace approximation approach and a Monte Carlo-based approach, to approx-
imate the likelihood function. In the Laplace approximation approach, the Laplace
method is applied to Eq. (4) so that a Kalman filter can be applied, whereas the
Monte Carlo approach uses the PF with importance sampling. Details about
Kalman filter and PF can be found in Appendix B. We finish this section by
giving three examples of the structural mixed transition model.

2.4. Examples of transition models

For illustration, we list below three examples for the two transition models with
probit and logistic response functions. Especially the transition model with a probit
response function will be used in a numerical analysis in Sec. 4. Note that, in these
examples, no cure event is modeled.b Namely the default rating is absorbing and
hence there are no transitions from default to the (nondefault) performing ratings.
Therefore, the last row of the transition matrix is trivial and does not need to be
modeled.

2.4.1. One-factor default-only model with probit response function

The default-only model describes the migrations by only separating default and
nondefault events for each rating (group), and omits the migrations between dif-
ferent performing (i.e., nondefault) ratings. Therefore in such a model only default
events, and hence the probability of default (PD), of different performing ratings
are modeled. This type of model is usually used to calibrate to the defaults on
rating level and then extended to be able to simulate the rating migrations when
necessary. The default behavior is modeled using a one-dimensional latent driving
factor xk at period k with probit response function, i.e., g ¼ �, for � being the
cumulative distribution function of the standard normal distribution. In order to
keep the PD monotone with the ratings, i.e., a worse rating always has a higher
PD, all different PD (signals) have the same sensitivity to the common factors.
Hence the parameters K and L in (3) reduce to scalars. In this case the one-factor

bIn practice, the cure event is usually included in the Loss-given-Default (LGD) modeling.

Calibration of the rating transition model

2650025-11

April 22, 2026 7:22:47am WSPC/294-IJFE 2650025 ISSN: 2424-7863
2ndReading



default-only model, for k ¼ 1, . . . , n, and i ¼ 1, . . . ,R� 1, is given by

�i, k ¼ di þ Kxk þ Luk,

TiR, k ¼ PDi, k ¼ �ð�i, kÞ,
log pðmi, kj�i, kÞ ¼ miR, k log PDi, k þ ðNi, k � miR, kÞ logð1� PDi, kÞ þ log

Ni, k

miR, k

� �
,

ð7Þ

where
Ni, k

miR, k

� �
is the binomial coefficient. When R ¼ 2, i.e., the whole portfolio

is only separated by default and nondefault states, this model belongs to the
framework of the famous Merton model, see Merton (1974).

2.4.2. Two-factor model with probit response function

This model is an extension of the one-factor default-only model in Sec. 2.4.1. In
this model, the transitions between the nondefault (performing) ratings are also
modeled. All the transitions are divided into two parts, default migrations and
performing migrations. The default migrations describe the rating transitions from
a performing rating to default, while the performing migrations describe the
transitions among the performing ratings. Each part, i.e., the default migration or
the performing migration, is modeled by a (discrete time) stochastic process.
Similar to the one-factor default-only model in Sec. 2.4.1, the sensitivity para-
meters K and L in Eq. (3) are set to be the same for different default migrations and
different performing migrations to keep feasibility (i.e., the transition probabilities
should always be larger than zero) and the monotonicity of the PD. Consequently,
the parameters K and L become two-by-two diagonal matrices, in which each
diagonal element is the sensitivity of the default or performing signal to its cor-
responding common factor. The response function g is chosen to be a probit
function. Note that, in order to make sure that each row of the transition matrix
sums up to 1, the cumulative transition probability is actually described through
the response function. Therefore, the model is described as, for k ¼ 1, . . . , n and
for i, j ¼ 1, . . . ,R� 1,

xk ¼ [x ðDÞk , x ðPÞk ]>,

uk ¼ [u ðDÞ
k , u ðPÞ

k ]>,

�k ¼ [� ðDÞk , � ðPÞk ]> ¼ Kxk þ Luk, K ¼ diagðkd, kpÞ, L ¼ diagðld, lpÞ,
TiR, k ¼ �ðdi,R þ �

ðDÞ
k Þ ,
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Tij, k ¼ ð1� TiR, kÞT ND
ij, k ,

T ND
ij, k ¼ ðð�ðdi, j þ �

ðPÞ
k Þ � �ðdi, jþ1 þ �

ðPÞ
k ÞÞ, di,R ¼ �1,

log pðmi, kj�i, kÞ ¼
XR
j¼1

mij, k log Tij, k þ log
Ni, k!QR
j¼1mij, k!

,

ð8Þ

where the T ND
ij, k are the migration probabilities given no default at period k. The

two-factor model can be extended to multi-factor models, see the following
section.

2.4.3. Multi-factor model with logistic response function

The standard logistic function is given by pðxÞ ¼ 1
1þe�x ¼ ex

1þex. Extending this
function to the multi-variate case and applying it as the response function g in
model (3), one can build a multi-factor model based on the logistic function as
follows. For k ¼ 1, . . . , n , i ¼ 1, . . .R� 1, j ¼ 1, . . .R,

Tij, k ¼
expð�ij, kÞPR
j¼1 expð�ij, kÞ

,

log pðmi, kj�i, kÞ ¼
XR
j¼1

mij, kð�ij, kÞ � Ni, k log
XR
j¼1

expð�ij, kÞ
 !

þ log
Ni, k!QR
j¼1mij, k!

: ð9Þ

3. Calibration of the Transition Model

In this section, we present the ML approach to estimate the parameters (to be
specified) in the transition model. Note that analytical formulae for the likelihood
function of the observed migrations with respect to the model parameters, see
Eq. (6), are not available due to the non-Gaussian and nonlinear nature of the
transition model. Therefore, approximations are needed. We first propose a
Laplace approximation of the likelihood. This approximation is very accurate
when modeling high-default portfolios with a relatively large number of obser-
vations, such as retail portfolios. The advantage of the Laplace approximation is
that it produces a likelihood function that can be analytically computed by using
the Kalman filter. Therefore, ML estimation can be easily conducted by using
numerical optimization. However, for low-default portfolios with a smaller number
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of clients, such as nonretail portfolios, the accuracy of the Laplace approximation
is not assured. Consequently, the resulting ML estimator can be severely biased.
To circumvent this problem, for a low-default portfolio, we design a PF algorithm
to estimate the likelihood function. This algorithm involves an importance sam-
pling approach which makes the PF estimation very efficient. One of the biggest
problems of using a PF to approximate the likelihood is that the likelihood
function is not continuous with respect to the model parameters. Consequently,
usual numerical optimization is not feasible in this case to obtain the ML esti-
mates. As a remedy, we propose a grid-based approach using GPR.

3.1. Approach for high-default portfolios: Laplace approximation for
the likelihood function

This subsection describes the Laplace approximation of the likelihood function
and the corresponding algorithm to obtain the ML estimates of the unknown model
parameters  representing d, K, L, A and Q in the transition model (3) given the
observed migrationsM. Recall Eq. (4), we apply Laplace’s method to the integrals,
i.e., we use a second order Taylor expansion of pðMj�Þ around the mode ~� of
pðMj�Þ. The estimation of the mode uses the approach in Durbin and Koopman
(2012). We will shortly explain this in Sec. 3.1.1. Here, for the time being, we
suppose the mode ~� is known to us. Denote

D̂ð�0Þ ¼
@ log pðMj�Þ

@�

����
�¼�0

, Ĥð�0Þ ¼
@ 2 log pðMj�Þ

@�@�T

����
�¼�0

: ð10Þ

Note that, using (5),

log pðMj�Þ ¼
Xn
k¼1

log pðMkj�kÞ

¼
Xn
k¼1

XR�1

i¼1

log pðmi, kj�i, kÞ:

Therefore, we have

D̂ð�Þ ¼ :
@ log pðMj�Þ

@�
¼ @ log pðm1, 1j�1, 1Þ

@�1, 1
, . . . ,

@ log pðmR�1, nj�R�1, nÞ
@�R�1, n

� �
,

Ĥð�Þ ¼ :
@ 2 log pðMj�Þ

@�@�T
¼ blkdiag

@ 2 log pðm1, 1j�1, 1Þ
@�1, 1@�

T
1, 1

, . . . ,
@ 2 log pðmR�1, nj�R�1, nÞ

@�R�1, n@�
T
R�1, n

 !
,

ð11Þ
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where blkdiag refers to a block diagonal matrix. Then using a second order Taylor
expansion around the model ~�, one obtains, recalling (4),

pðMj Þ ¼
Z

pðMj�Þpð�j Þd�

¼
Z

e logpðMj�Þpð�j Þd�

�
Z

expð logpðMj~�Þþ D̂ð~�Þ>ð�� ~�Þþ 1
2
ð�� ~�Þ>Ĥð~�Þð�� ~�ÞÞpð�j Þd�

¼ pðMj~�Þ
Z

exp
1
2
�� ~�þ Ĥð~�Þ�1D̂ð~�Þ� �>Ĥð~�Þ �� ~�þ Ĥð~�Þ�1D̂ð~�Þ� �	

� 1
2
D̂ð~�Þ>ðĤð~�Þ�1Þ>D̂ð~�Þ



pð�j Þd� : ð12Þ

Let

C ¼ ð2�ÞnðR�1ÞR=2ðdetð�Ĥð~�Þ�1ÞÞ1=2pðMj~�Þ expð� 1
2
D̂ð~�Þ>ðĤð~�Þ�1Þ>D̂ð~�ÞÞ

and
M̂ð~�Þ ¼ ~� � Ĥð~�Þ�1D̂ð~�Þ: ð13Þ

With

pðM̂ð~�Þj�Þ ¼ ð2�Þ�nðR�1ÞR=2ðdetð�Ĥð~�Þ�1ÞÞ�1=2

� exp
1
2
ð�� M̂ð~�ÞÞ>Ĥð~�Þð�� M̂ð~�ÞÞ

� �
ð14Þ

and in view of (4) for M̂ð~�Þ instead of �, it then holds

pðMj Þ � C

Z
pðM̂ð~�Þj�Þpð�j Þ d�

¼ C pðM̂ð~�Þj Þ: ð15Þ

Note that (14) expresses that, conditional on �, M̂ð~�Þ has a Nð�, � Ĥð~�Þ�1Þ distri-
bution, using that Ĥð~�Þ is negative definite since ~� is themode.According to Eq. (11),
denote D̂ð~�Þ ¼ [D̂1, 1ð~�1, 1Þ, . . . , D̂R�1, nð~�Þ] and Ĥð~�Þ ¼ blkdiagðĤ1, 1ð~�1, 1Þ, . . . ,
ĤR�1, nð~�R�1, nÞÞ. One can formulate a linear Gaussian state space model for
M̂ð~�Þ ¼ fM̂1ð~�1Þ, . . . , M̂nð~�nÞg, with thematrix M̂kð~�kÞ ¼ ðm̂ij, k, i ¼ 1, . . . , R� 1,
j ¼ 1, . . . ,RÞ, k ¼ 1, . . . , n:

m̂ij, k ¼ �ij, k þ �k ¼ di, j þ K >
i, jxk þ L>

i, juk þ �ij, k,

xk ¼ Axk�1 þ �k, �k � Nð0,QÞ, ð16Þ
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with �i, k ¼ [�i1, k, . . . , �iR, k] � Nð0, � Ĥi, kð~�i, kÞ�1) and the likelihood pðM̂ð~�Þj Þ
can be computed by Kalman filtering as described in Sec. B.1.

The error introduced by the approximation (15) in the likelihood function origi-
nates from the Laplace method, i.e., Eq. (12). It is well known that the Laplace
approximation error is asymptotically of order Oðn�1Þ; see de Bruijn (1981,
Chap. 4), Tierney and Kadane (1986), Miller (2006, Chap. 3) and Łapiński (2019),
where n denotes the sample size, i.e., the number of observations used to construct the
likelihood function. As n becomes large, the likelihood function becomes increas-
ingly concentrated around the mode ~�, making the approximation progressively
more accurate. This asymptotic behavior justifies the application of the proposed
approach to portfolios with a large number of migration or default observations at
each time point (i.e., high-default portfolios), where the relatively large sample size
ensures that the Laplace approximation provides a reliable estimate of the likelihood
function, and consequently leads to an accurate estimate of the parameters.

3.1.1. Mode estimation

The Taylor expansion applied to the density pðMj�Þ is around the mode ~� of the
posterior density pð�jMÞ, i.e.,

~� ¼ argmax
�

pð�jMÞ:

The posterior density pð�jMÞ does not have an explicit expression from which we
can obtain the mode analytically. Therefore, a Newton–Raphson method is applied
to numerically maximize pð�jMÞ with respect to �, see Durbin and Koopman
(2012). Suppose the Newton–Raphson estimate at the current step is �̂, the
Newton–Raphson update of the current estimate �̂, denoted by �̂þ, is expressed by

�̂þ ¼ �̂� [ _pð�jMÞj�¼�̂]�1 _pð�jMÞj�¼�̂, ð17Þ
where the dots denote differentiation with respect to �. Note that (in self-evident
notation for densities)

log pð�jMÞ ¼ log pðMj�Þ þ log pð�Þ � log pðMÞ: ð18Þ
The explicit expression for the gradients _pð�jMÞ and Hessian _pð�jMÞ can be
derived according to Eq. (18), since the analytic formulas for the conditional
likelihood pðMj�Þ and the marginal density pð�Þ are available. Specially, the
gradient and Hessian of pðMj�Þ are computed as D̂ð�̂Þ and Ĥð�̂Þ in Eq. (11),
respectively. Moreover, Durbin and Koopman (2012) showed that the Newton–
Raphson update �̂þ in Eq. (17) is equal to the posterior estimates of �1, . . . , �n in
the linear Gaussian state space model (16). These posterior estimates can be
computed through the Kalman filter algorithm in Sec. B.1.
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3.1.2. Algorithms for mode estimation and MLE based on Laplace approximation

In this section, we present the algorithm for the mode estimation and MLE based
on the Laplace approximation.

3.2. Approach for low-default portfolios: particle filter for the likelihood
function

The proposed Laplace approach applied to the likelihood requires a sufficiently
large number of observed migrations to ensure a satisfactory degree of accuracy.
However, this property is not always met. For instance, when modeling the default
events of large corporate and financial institutions, the observed numbers of
defaults are very limited since these companies rarely default. In this case, we
propose a PF-based algorithm, see, e.g., Arulampalam et al. (2002), Capp�e et al.
(2007), Doucet and Johansen (2011) or He et al. (2021), to estimate the likelihood
function. We design an importance sampling approach that leverages the Laplace
approximation, so that the PF becomes much more efficient and can deal with the
outliers in the data.

3.2.1. Importance sampling

In Appendix B.2, the basic (bootstrap) PF is presented. This filter will be used to
estimate the likelihood of the observations pðMj Þ. However, the PF is very
inefficient when outliers in the data are present. Experiments, see for instance
Sec. 4.2, show that the likelihood function obtained from the PF is very sensitive to
outliers. Therefore, a large number of Monte Carlo samples need to be generated to
obtain an accurate estimate of the posterior distribution of the outlier and conse-
quently to obtain also an accurate estimate of the likelihood. In this case, im-
portance sampling is used to enhance the performance of the PF. The idea of
importance sampling is to sample the Monte Carlo particles from a proposed
density that is as close as possible to the posterior density pðxkjM1:kÞ, where
ðxkÞk¼1,..., n is the latent process and ðMkÞk1,..., n is the migration matrix sequence.
This proposed density is the so-called importance density. Denote the importance
density by qðxkjM1:k, xk�1Þ. In the present context, Eq. (B.5) takes the form

pðxkjM1:k, Þ ¼
pðMkjxk,M1:k�1, Þ

R
pðxkjxk�1, Þpðxk�1jM1:k�1, Þ dxk�1

pðMkjM1:k�1, Þ
¼
R
�ðxk, xk�1,M1:kj ÞqðxkjM1:k, xk�1Þpðxk�1jM1:k�1, Þ dxk�1

pðMkjM1:k�1, Þ
,

ð19Þ
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where

�ðxk, xk�1,M1:kj Þ ¼
pðMkjxk,M1:k�1, Þpðxkjxk�1, Þ

qðxkjM1:k, xk�1Þ
ð20Þ

is the so-called importance weight. Consequently, the conditional likelihood in Eq.
(B.6) is reformulated as

pðMkjM1:k�1, Þ
¼
Z Z

�ðxk, xk�1,M1:kj ÞqðxkjM1:k, xk�1Þpðxk�1jM1:k�1, Þ dxk�1dxk: ð21Þ

When implementing importance sampling in the PF, according to Eqs. (19)
and (21), the particles of xk are generated from the importance density qðxkjM1:k,
xk�1Þ, instead of the transition density pðxkjxk�1Þ as described in Appendix B.2. As
a result, according to Eq. (B.11), the formula for the weights in Eq. (B.12) now
becomes

w ðiÞ
k ¼ w ðiÞ

k�1�ðx ðiÞk , x ðiÞk�1,M1:kj ÞPN
i¼1 w

ðiÞ
k�1�ðx ðiÞk , x ðiÞk�1,M1:kj Þ

: ð22Þ

The biggest difficulty when implementing importance sampling is to find a proper
importance density. To this end, we propose an importance density by leveraging
on the Laplace approximation described in Sec. 3.1. Once the approximation ~� of
the mode is obtained, the Laplace approximation is applied to the density pðMj�Þ.
The approximated density pðM̂ð~�Þj�Þ results in a linear Gaussian state space model
as in Eq. (16). Therefore, by running the Kalman filter algorithm on the model (16)
one obtains an estimate of the posterior distribution of xk.

To summarize, we present here an alternative algorithm to Algorithm 2. This
alternative algorithm is specially designed for the low-default portfolio, in which
the number of observations is not large enough to support a good approximation
using Laplace approach in Algorithm 2. Note that we will need the mode esti-
mation procedure as in Algorithm 1. Recall the notationM1:k ¼ M1, . . . ,Mk. When
k ¼ 0, then this is an empty sequence.

3.2.2. MLE for the particle filter

The results in Sec. 3.2.1 show that for a given parameter  , the (conditional)
likelihood pðMkjM1:k�1, Þ can be estimated according to Eq. (??). However, the
PF estimate of the conditional likelihood is not a continuous function of  . This is
due to the resampling steps. At each time k, in multinomial resampling, a piece-
wise constant and hence discontinuous cumulative distribution function is defined

J. He, A. Khedher & P. Spreij

2650025-18

April 22, 2026 7:22:50am WSPC/294-IJFE 2650025 ISSN: 2424-7863
2ndReading



by the weights fw ðiÞ
k , i ¼ 1, . . . ,Ng and particles fx ðiÞk , i ¼ 1, . . . ,Ng. A small

change in the parameter  will cause a small change in the importance weights
fw ðiÞ

k g. But, due to the discontinuous character of the multinomial cumulative
distribution function, a small change in the importance weights will potentially
generate a different set of resampled particles fx ðiÞk g and hence the likelihood
function estimate will not be continuous in  . This discontinuity problem in the
static parameter estimation using a PF has generated a lot of interest over the past
few years and many techniques have been proposed to solve it, for instance
gradient approach of Poyiadjis et al. (2005), expectation maximization (EM) in
Andrieu et al. (2004) and Wills et al. (2008), smoothing likelihood in Pitt (2002),
and MCMC in Chopin et al. (2013). However, these approaches have difficulties in
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terms of implementation, see, for instance, Kantas et al. (2009). For instance, in
the gradient approach the step size is difficult to tune; the EM method requires a
large number of particles to ensure the likelihood in the expectation step increases
monotonically; and the MCMC approach is usually time-consuming. Therefore, in
this paper, we propose a smoothing likelihood method based on GPR to calibrate
the model parameters, and the experiments in Sec. 4.4 show that the GPR-based
MLE approach is robust and fast.

3.2.3. Smooth likelihood function by GPR

The idea of the smoothing likelihood approach is to approximate the likelihood
function by a smooth function, see Pitt (2002). In this paper, we choose to use
GPR to approximate the likelihood function. A short introduction to GPR is
presented in Appendix C. Before applying the GPR methodology to the ML
estimation, it needs to be trained to evaluate the likelihood. Given a set of pre-
selected model parameters, the likelihoods are approximated by using the pro-
posed PF algorithm (Algorithm 3). The pre-selected model parameters and the
corresponding likelihoods are used to construct the grid for the model parameters.
Then the GPR is applied to fit the grid. Once the GPR is trained, the ML algorithm
can be applied and one obtains an approximation of the ML estimator. The al-
gorithm is summarized as follows.
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4. Numerical Results

This section presents a comprehensive evaluation of the proposed calibration
methodologies through a series of simulations and empirical studies. In Sec. 4.1,
we first outline the experimental setup for the numerical experiments, including
the one-factor default-only model and the two-factor transition model, which serve
as representative examples for assessing the accuracy and efficiency of the
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proposed methods. Section 4.2 examines the approximation quality of the likeli-
hood function obtained from the Laplace method and the PF with importance
sampling. Section 4.3 applies the Laplace approximation to calibrate the two-
factor transition model, while Sec. 4.4 focuses on the PF calibration with GPR,
providing a detailed comparison of its performance against existing MCMC and
default-rate-based approaches in terms of estimation accuracy and computational
cost. Finally, Sec. 4.5 demonstrates the practical applicability of the proposed
method using the empirical S&P credit rating transition data.

4.1. Setup for the transition model

We use the one-factor default-only model and the two-factor transition model with
the probit response function, see Eqs. (3), (7) and (8), as the examples to illustrate
the performance of the proposed calibration methodologies. Specially, the default-
only model is used to show the likelihood function approximation of the proposed
Laplace and the PF (with importance sampling) approximation, see Sec. 4.2. It is
also used in Sec. 4.4 to illustrate the calibration performance of the PF combined
with the GPR approach (Algorithm 4), and in Sec. 4.5 to demonstrate the per-
formance of the proposed methods on real-world data. The two-factor transition
model is used to test the calibrations based on Laplace approximation approach,
see Sec. 4.3. In the experiments of this paper, we omit the observed process
ðukÞk¼1,..., n, i.e., uk ¼ 0, for all k ¼ 1, . . . , n in Eq. (3), as it does not increase the
complexity from methodological perspective but just adds a few unknown model
parameters of the calibration. In practice, the choice of the observed factors uk, or
whether to include uk, depends on the objective and data environment of the
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application. For instance, in stress testing or scenario analysis, incorporating ob-
served common factors can be highly valuable. On the other hand, if the data
points are too limited to capture stable relationships, it may be preferable to omit
the observed factors.

We use simulated migration data for the experiments in Secs. 4.2–4.4, so that
the “true” values of the model parameters are known and can be used as a
benchmark. The simulation is done according to Eqs. (3) and (7) or (9), by
assuming a one- or two-factor model for the latent process ðxkÞk2Nþ . The process
ðxkÞk2Nþ is simulated using the Monte Carlo method based on the autoregressive
model in Eq. (3). Consequently, the migrations are simulated according to the
model with Eq. (7) or (9). The simulated data are supposed to have 150 time
points, i.e., one assumes to observe 150 periods of migrations. We are supposed to
have four different ratings with three performance ratings (P1, P2 and P3) and one
default rating (D). We further assume that the default state is absorbing, which
means that the probabilities of the transition from D to P1, P2 or P3 are zero. The
PF algorithm (Algorithm 3) with importance sampling is designed for low-default
portfolios. We assume, for the PF assessments, the long-term average of the
probability of defaults is PD ¼ [0:001, 0:004, 0:01]. The number of clients in
these three ratings is assumed to be [5000, 1000, 500]. By contrast, the Laplace
approximation is for portfolios with higher default probabilities and more number
of clients. Therefore, for Laplace approximation assessments, we assume the long-
term average PD ¼ [0:01, 0:04, 0:1]. The value of the d parameter defined after
Eq. (3) is derived from the long-term average PD. The number of clients in these
three ratings is assumed to be [100000, 10000, 5000].

Strictly speaking, the models (7) and (8) have three parameters: d, A and K.
Specially the parameter d contains quite some elements. To reduce the number of
parameters, the elements of d, in the calibration, we will use the auxiliary fact that

E[�ðXÞ] ¼ �
�ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �2
p
� �

, ð24Þ

if X � Nð�, �Þ. To see that this relation holds, we argue as follows. We write the
expectation as, with 	 the standard normal density,

E[�ðXÞ] ¼
Z 1

�1
�ð�þ �zÞ	ðzÞ dz ¼

Z 1

�1

Z �þ�z

�1
	ðxÞ	ðzÞ dxdz,

where we recognize that the double integral equals PðX � �þ �ZÞ with X and Z
independent standard normals. This probability trivially equals PðX � �Z � �Þ.
As X � �Z has a Nð0, 1þ �2Þ distribution, PðX � �Z � �Þ ¼ �ð �ffiffiffiffiffiffiffiffi

1þ�2
p Þ, and we

obtain (24).
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Coming back to the calibration, to reduce the number of parameters to be
estimated, the elements of d are estimated directly by using the average, denoted �r ,
of the observed PDs (for the default-only model (7)) or cumulative migration
probabilities (for the migration model (8)) and the K parameter. So, we approxi-
mate the theoretical PD, according to the law of large numbers, by the sample
average, i.e., �r , and invert the relation (24) with � ¼ d and � ¼ K to get the
approximation (estimate)

d �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ K 2

p
��1ð�rÞ:

Consequently, the model parameters left to be estimated are only A and K.

4.2. Laplace approximation and importance sampling

This section assesses the accuracy of the proposed Laplace and the PF approxi-
mation of the likelihood function. The likelihood profile is generated based on the
simulated migration data using the one-factor default-only model (7). The one-
dimensional latent process ðxkÞk¼1,..., n is as described in Eq. (3) with A ¼ 0:7 and
Q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� A2

p
� 0:71414. The sensitivity parameter K is set to be 0:6 for low-

default portfolio and 0:3 for high-default portfolio. The performance of the PF is
first assessed on a low-default portfolio as described in Sec. 4.1. The assessment of
the PF consists of two parts: the assessment of the importance sampling and the
assessment of the likelihood function. The Laplace approximation is tested on a
portfolio with higher default probabilities and a higher number of clients, and the
PF is used as a benchmark.

4.2.1. Particle filter with importance sampling

The importance density used in the proposed PF algorithm is a Gaussian density
with mean and covariance approximated using the Laplace approach. The approx-
imations are obtained by running the Kalman filter algorithm on model (16).
Figures 1 and 2 present the comparison of the estimated latent process ðxkÞk¼1,..., n

using Laplace approximation and PF without importance sampling. In Fig. 1, the
“true” parameters are used, i.e., A ¼ 0:7 and K ¼ 0:6. One observes that the
Laplace approximation aligns with the PF approximations. In contrast, in Fig. 2,
the K parameter is set to be 0:3. In this case, one observes that the Laplace ap-
proximation still aligns with the PF approximation with enough Monte Carlo points
(100,000). When the number of Monte Carlo points is not sufficiently large, one
observes that the PF without importance sampling gives a biased estimation of the
xk. The results indicate that the Laplace approach provides a good estimate of the xk
and hence can be used for importance sampling.
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Fig. 1. Estimated xk: Laplace versus PF without importance sampling. We use A ¼ 0:7 and K ¼ 0:6.
The Laplace approximation and the 68% confidence interval (i.e., mean 	 one standard deviation)
are shown in red line and dots, respectively. The PF without importance sampling uses 1,000, 10,000,
100,000 Monte Carlo samples and is shown in black dots, blue stars and green crosses, respectively.
Because of the high accuracy of the procedure, the blue stars and green crosses nearly coincide with
the black dots and are barely visible.

Fig. 2. Estimated xk: Laplace versus PF without importance sampling. We use A ¼ 0:7 and K ¼ 0:3.
The Laplace approximation and the one standard deviation confidence interval are shown in red line
and dots, respectively. The PF without importance sampling uses 1,000, 10,000 and 100,000 Monte
Carlo samples and is shown in black dots, blue stars and green crosses, respectively.

Calibration of the rating transition model

2650025-25

April 22, 2026 7:22:55am WSPC/294-IJFE 2650025 ISSN: 2424-7863
2ndReading



Figures 3 and 4 show the comparison of the log-likelihood profile, with dif-
ferent K and A, approximated by the PF with and without the proposed importance
sampling. One observes that the PF without importance sampling converges to the
PF with the importance sampling, but much slower. Especially, Fig. 3 shows that

Fig. 3. Log-likelihood profile: K versus log-likelihood. We use A ¼ 0:7. The log-likelihood profile
using PF with the proposed importance sampling is shown as the red line. The log-likelihood profiles
based on PF without importance sampling are used with 5,000, 50,000, 100,000 and 500,000 Monte
Carlo samples and are shown in blue stars, yellow dot line, black dots and green dots, respectively.

Fig. 4. Log-likelihood profile: A versus log-likelihood. We use K ¼ 0:6. The log-likelihood profile
using PF with the proposed importance sampling is shown in red. The log-likelihood profiles based
on PF without importance sampling used 5,000, 50,000, 100,000 and 500,000 Monte Carlo samples
and are shown in blue stars, yellow dot line, black dots and green dots, respectively.
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the PF without importance sampling converges very slowly when the K value is
significantly smaller than the optimal (where the ML is obtained) value. That is
because the volatility of the realizedxk needs to be much larger to compensate for
the low value of K and hence match the volatility of the signal �k implied from the
data. Since the volatility of xk is assumed to be Q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� A2

p
, the high volatility of

xk requires the PF without importance sampling to generate extreme values for �k
in the simulation and consequently requires a large number of Monte Carlo
samples. Same reasoning applies to the cases with high value of A parameters, see
Fig. 4. When A is large, the volatility of xk is small. Therefore, extreme values of �k
need to be sampled to reach the volatility of �k implied from the data. This will
significantly slow down the convergence speed when an appropriate importance
sampling is not used. These results suggest that the PF with the proposed im-
portance sampling significantly increases the efficiency of the normal PF algo-
rithm.

4.2.2. Laplace approximation

The Laplace approximation is designed for high-default portfolios with a relatively
large number of observations. Figures 5 and 6 present the comparison between the

Fig. 5. Log-likelihood profile: K versus log-likelihood. A ¼ 0:7. The log-likelihood profiles using
Laplace approximation and PF with the proposed importance sampling are shown in red line and
blue stars, respectively.
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Laplace approximation and the PF with importance sampling. One observes that
the log-likelihood profile of the Laplace approximation matches the profile of the
PF, which indicates a good precision of the Laplace approximation of the likeli-
hood function.

4.3. Calibration using laplace approximation

This section presents the calibration analysis using the Laplace approximation
method. The migration model used is the two-factor transition model as in Eq. (8).
The model parameters used for the simulation are specified as follows:

A¼ diagð[ad,ap]Þ¼ diagð[0:7,0:8]Þ,

Q¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�A2ð1,1Þp

0

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�A2ð2,2Þp

 !

 1



1

 !



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�A2ð1,1Þp

0

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�A2ð2,2Þp

 !

¼ 0:7141 0

0 0:7141

 !

 1 0:4

0:4 1

 !

 0:6 0

0 0:6

 !
,

K¼ diagð[kd,kp]Þ¼ diagð[0:3,0:2]Þ:

Fig. 6. Log-likelihood profile: A versus log-likelihood. K ¼ 0:3. The log-likelihood profiles using
Laplace approximation and PF with the proposed importance sampling are shown in red line and
blue stars, respectively.
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The d parameter is set such that the long-term average migration probabilities are

[�T 1R, �T 2R, �T 3R] ¼ [0:01, 0:04, 0:1] ,

�T ND ¼
T ND
11 T ND

12 T ND
13

T ND
21 T ND

22 T ND
23

T ND
31 T ND

32 T ND
33

0
BB@

1
CCA ¼

0:85 0:1 0:05

0:2 0:6 0:2

0:1 0:2 0:7

0
B@

1
CA:

To test the calibration method, 1,000 different scenarios of migrations are simu-
lated based on the parameter values above. The Laplace method is applied to
calibrate the model parameters A and K using each scenario of simulated migra-
tions. The d parameters are derived beforehand according to the average of the
observed cumulative migration probabilities of each scenario, using Eq. (24),
similar to the procedure in Sec. 4.1

4.3.1. Calibration results

Table 1 presents the statistics of the estimates in the 1,000 scenarios. One observes
a very good match between the average of the estimates and the “true” parameters
defined at the beginning of Sec. 4.3. The variance of the estimates mainly comes
from the randomness of the Monte Carlo sampling. For example, the model
assumes a unit variance of each of the elements of the xk, i.e., the equilibrium
distribution of xk is such that the variance of the elements is equal to one. Hence,
the covariance matrix of the idiosyncratic variable �k must then be I � A2 as A is
diagonal. But in the simulation, the realized variance of the simulated �k could
deviate from this assumption and hence impact the estimation of the K parameters.
To illustrate this, in the simulation, we re-normalize the Monte Carlo samples of �k
so that its realized covariance matrix is always equal to I � A2. The re-calibration
results are presented in Table 2. One observes that the average of the K estimates is
closer to the “true” values and the standard deviation is much smaller. Other
factors which could impact the variance of the estimates are the values of the
model parameters. For example, in a one-dimensional model for the xk, the bigger
the autocorrelation parameter A is, the bigger the autocovariance of the AR(1)
process is. Consequently it creates more uncertainty in the estimation of the K

Table 1. Average and the standard deviation of the esti-
mates based on the Laplace method.

ad ap kd kp 


Average 0.6768 0.7732 0.2962 0.1976 0.3998
Std 0.0550 0.0493 0.0264 0.0217 0.0705
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parameters. On the other hand, the bigger A is, the smaller the variance of �k is
(keeping the variance of the xk fixed), and hence the smaller the Monte Carlo error
of the estimation of A parameters is. Table 3 presents the calibration results of the
model with A reset to diagð[0:3, 0:4]Þ and the other parameters kept the same.
Compared to Table 1, one observes that with a smaller A value the variance of the
K estimates decreases while the variance of the A estimates increases.

4.3.2. Stepwise calibration results

An alternative procedure to calibrate the transition model is a stepwise approach,
aimed at reducing the parameter dimensionality. Note that the conditional likeli-
hood of the observed migrations of row i of the two-factor transition model, see
Eq. (8), can be rewritten as, where we use Ci, k ¼ Ni, k !Q R

j¼1
mij, k !

,

log pðmi, kj�kÞ

¼
XR
j¼1

mij, k logTij, k þ logCi, k

¼ miR, k log TiR, k þ
XR�1

j¼1

mij, k logTij, k þ logCi, k

¼ miR, k log TiR, k þ
XR�1

j¼1

mij, k[ logð1� TiR, kÞ þ log ðTij, kÞND]þ logCi, k

Table 2. Average and the standard deviation of the esti-
mates based on the Laplace method with re-normalized �k .

ad ap kd kp 


Average 0.6767 0.7732 0.2985 0.2002 0.3994
Std 0.0551 0.0494 0.0086 0.0080 0.0705

Table 3. Average and the standard deviation of the esti-
mates based on the Laplace method with resetting ad ¼ 0:3
and ap ¼ 0:4

ad ap kd kp 


Average 0.2887 0.3998 0.2962 0.1976 0.3998
Std 0.0685 0.0703 0.0182 0.0133 0.0702
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¼ miR, k logTiR, k þ ðNi, k � miR, kÞ logð1� TiR, kÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
default only

þ
XR�1
j¼1

mij, k logð T
ND

ij, k
Þ

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
migration given no default

þ logCi, k ,

with Ni, k the number of clients in rating i at time k. Therefore, one can separate
the calibration of the default and nondefault migrations of the transition model.
This stepwise approach works as follows:

(1) Calibrate the default-only model, with the observed number of defaults,
number of clients, and PD, at time k for rating i, equal to miR, k, Ni, k and TiR, k,
respectively. The outputs of the calibration are the ad and kd parameters for the
default part of the model and the latent process x ðDÞk .

(2) Calibrate the migration model, with observed number of migrations and the
migration probabilities, at time k for rating i ¼ 1, . . . ,R� 1 and
j ¼ 1, . . . ,R� 1, equal to mij, k and T ND

ij, k , respectively. The outputs of the
calibration are the ap and kp parameters for the nondefault part of the model
and the latent process x ðPÞk .

(3) Empirically estimate the correlation parameter 
 by using the calibrated pa-
rameter A and the realized process [x ðDÞk , x ðPÞk ] obtained from steps 1 and 2.

Tables 4 and 5 present the calibration results of the stepwise calibration and the
comparison with the standard two-factor model calibration. One observes that the
stepwise approach produces very similar results as the standard approach. The ad-
vantage of the stepwise approach is that it reduces the parameter dimensionality in
the calibration. This can be very helpful to improve the efficiency of the calibration.

4.4. Calibration using the particle filter

In this section, we test the calibration performance of the proposed PF with the
GPR approach. Since the calibration is assessed using 1,000 different scenarios, as

Table 4. Average and the standard deviation of the
estimates based on the Laplace method with the stepwise
approach.

ad ap kd kp 


Average 0.6775 0.7709 0.2901 0.1897 0.3947
Std 0.0585 0.0528 0.0277 0.0226 0.0703

Calibration of the rating transition model

2650025-31

April 22, 2026 7:23:18am WSPC/294-IJFE 2650025 ISSN: 2424-7863
2ndReading



in Sec. 4.3, for the sake of a moderate running time, we consider the default-only
case, the model of (7). But note that this calibration exercise can be rather
straightforwardly extended to the cases of full migration matrix calibration. The
set-up of the default-only model in this experiment is the same as in Sec. 4.2,
namely, a high-default case and a low-default case. Note that although the PF
calibration approach is specially designed for the low-default portfolio, it is in fact
a generic method and can be used for both high- and low-default cases. In this
assessment, the purpose of the calibration to a high-default portfolio is to compare
it with the calibration using the Laplace approach of Sec. 4.3. We build a Cartesian
grid for the training GPR. The Cartesian grid is two-dimensional, with one di-
mension for parameter a and another dimension for parameter k. Each coordinate
ranges on a set of 20 evenly spaced points between 0:1 and 0:9. Therefore, in total
there are 400 pairs of points ðA,KÞ on the Cartesian grid. For each pair of points,
the proposed PF algorithm (Algorithm 4) with 1,000 Monte Carlo points is run to
obtain estimates of the corresponding log-likelihood function. Then the GPR is
trained on the Cartesian grid with inputs ðA,KÞ and outputs the corresponding log-
likelihood. The training (and prediction) of the GPR uses the scikit-learn

Python package, with a radial basis function (RBF) kernel (i.e., a squared-expo-
nential kernel) plus a WhiteNoise kernel. The RBF kernel is generally regarded as
the standard or default choice in GPR applications, see Rasmussen and Williams
(2005) and Seeger (2004). It is one of the most widely used kernels, due to its
favorable balance of smoothness, simplicity, and flexibility. By imposing infinitely
differentiable sample paths, the RBF kernel enforces smooth functions, which
aligns well with the requirements of likelihood function approximations
(Sch€olkopf and Smola, 2001). Its simple parametric form, with only a variance and
a length-scale as hyperparameters, makes it both interpretable and computationally
convenient (Bishop, 2006). Despite this simplicity, the RBF kernel is a universal
kernel, capable of approximating any continuous function on a compact set to
arbitrary accuracy, see Steinwart (2001). Furthermore, the addition of a white noise
kernel accounts explicitly for the noise from the training set (Monte Carlo error)
and ensures numerical stability of the covariance matrix, preventing overconfident
interpolation of noisy data.

Table 5. Average absolute error of the stepwise approach com-
pared with the standard two-factor model calibration.

ad ap kd kp 


Average error 0.0058 0.0065 0.0153 0.0174 0.0049
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Figure 7 shows an instance of the prediction of the trained GPR compared with
the training samples. One can see a very good prediction of the log-likelihood from
the trained GPR.

Once the GPR is trained, MLE is applied to the trained GPR function to find the
estimator for the model parameters a and k. As in the experiments in Sec. 4.3,
1,000 scenarios of migrations are generated based on the proposed “true” para-
meters. For each scenario, the PF with the GPR method is applied to calibrate the
model parameters.

4.4.1. Calibration results

Tables 6 and 7 present the averages and standard deviations of the estimated
parameter values based on the PF with GPR approach, for both high- and low-
default cases. One observes that, for the high-default case, the PF approach pro-
duces very similar results as the Laplace approach, which justifies the accuracy of
the PF approach. It is also interesting to see that the standard deviations in the PF
case are slightly higher, due to the Monte Carlo error in PF and the bias of the GPR
approximation. For the low-default case, the results also suggest a good perfor-
mance of the PF calibration. One observes the bias in the k parameter estimation
and a higher standard deviation. This is mainly because of the low-default nature.
Namely, there is only a limited number of default cases observed and hence these
introduce more estimation errors.

Fig. 7. Log-likelihood profile for k when a ¼ 0:73. The red dots are the log-likelihoods of the
training grid. The blue line is the predicted log-likelihood using the trained GRP, when a ¼ 0:73.
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4.4.2. Comparison with the existing methods

We further evaluate the performance of the proposed calibration method by
comparing it with two widely used benchmark approaches, namely the default-
rates-based approach (Koopman et al., 2005) and the MCMC-based approach
(McNeil and Wendin, 2007). The MCMC method, in particular, requires speci-
fying a burn-in period to exclude the initial, nonstationary samples produced
before the Markov chain reaches its equilibrium distribution. The length of the
burn-in period depends on the specific setting and convergence speed of the chain.
In our implementation, it is set to 1,500 iterations, meaning that the first 1,500
simulated draws are discarded, and only the subsequent samples are retained as
effective observations. Figure 8 illustrates the convergence behavior of the pos-
terior means of the two estimated parameter distributions obtained from the
MCMC procedure. The red stars correspond to posterior means computed from
samples before the burn-in period, while the blue line shows those based on the
effective MCMC samples after the burn-in phase (therefore the burn-in period is
excluded). One observes that the posterior means stabilize after approximately
2,500 iterations, indicating satisfactory convergence of the MCMC implementa-
tion with 1,500 burn-in iterations.

Table 8 presents a detailed comparison among the proposed PF approach, the
MCMC approach with 10,000 samples, and the default-rates-based approach in

Table 6. Average and the standard
deviation of the estimators from
PF approach. “True” value of kd is
0.3.

ad kd

Average 0.6720 0.2903
Std 0.0634 0.0290

Table 7. Average and the
standard deviation of the
estimators of the PF
approach for the low-default
case. “True” value of kd is
0.6.

ad kd

Average 0.7211 0.5518
std 0.0714 0.0993
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terms of the estimated parameters. As shown, the proposed PF and the MCMC
methods yield parameter estimates that are highly consistent with each other and
closely aligned with the true values used to generate the simulated data. In con-
trast, the estimates obtained from the default-rates-based approach deviate no-
ticeably from the true values, due to the biased estimation of the default rates when
the number of observations is limited.

In addition to assessing the accuracy of the estimation, the computational ef-
ficiency of the proposed method is also examined by comparing the proposed PF
approach with the MCMC approach. For a fair comparison on the running time,
the MCMC procedure is configured to produce 2,500 total samples, corresponding
to 1,000 effective samples after discarding the 1,500 burn-in iterations. Both
algorithms were executed on a machine equipped with an AMD Ryzen 5 PRO
7545U CPU (6 cores, 3.20 GHz base clock), 32 GB DDR5 RAM. All imple-
mentations were conducted in Python 3.12.8 using NumPy 1.26.4 and SciPy
1.14.1, and the runtime is measured with the “time” module. The results clearly

(a) Posterior mean of parameter ad (b) Posterior mean of parameter kd

Fig. 8. Convergence of the posterior mean of the parameters in MCMC approach. The burn-in
period is 1,500 iterations. The red stars are the means of the MCMC samples before the burn-in
period. The blue line shows the means of the effective MCMC samples after the burn-in period.

Table 8. Comparison between the
proposed approach and the existing
approaches. The values of ad and kd
used to simulate the data are 0:7 and
0:6, respectively.

ad kd

Proposed PF 0.7644 0.6326
MCMC 10000 0.7657 0.6281
Default-rate-based 0.0714 0.0993
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demonstrate that the proposed PF approach is more than 20 times faster than the
MCMC approach, while achieving comparable accuracy. These findings highlight
both the robustness and computational efficiency of the proposed calibration
procedure (Table 9).

4.5. Calibration on the empirical data

In this section, the proposed calibration method is applied to the empirical S&P
data. The S&P rating migration data is from January 1999 to August 2025 with
quarterly frequency, yielding a total of 106 time points. The dataset contains credit
rating transition records for 9,804 firms, primarily from the United States and the
United Kingdom, with additional representation from other European and Asian
economies. The dataset therefore reflects a broad and diversified sample across
industries and geographical regions, capturing several economic cycles, including
partly the dot-com recession, the 2008 global financial crisis, and the COVID-19
pandemic period.

We focus on the default-only version of the model. The model is calibrated
using the proposed Laplace approximation approach and the proposed PF with
GPR approach, and their results are benchmarked against those obtained from the
MCMC method with 10,000 samples, including 1,500 burn-in iterations and 8,500
effective samples. Table 10 summarizes the estimated parameters.

The results show that the parameter estimates obtained from the proposed PF
and the MCMC approaches are highly consistent, confirming the reliability of the
proposed calibration method on real-world data. In particular, the proposed PF
methods and the MCMC approaches produce almost identical estimates on

Table 9. Comparison be-
tween the proposed approach
and the MCMC approach
with 2,500 samples.

Runtime (s)

Proposed PF 42.23
MCMC 2500 873.26

Table 10. Calibration results on the S&P data.

ad kd

Proposed Laplace approximation 0.1822 0.2068
Proposed PF with GPR 0.1936 0.2084
MCMC 10000 0.1952 0.2086
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the parameters, demonstrating that the PF effectively replicates the performance of
the MCMC benchmark while being computationally much more efficient. The
proposed Laplace approximation method also yields an estimate of kd that is nearly
identical to those obtained from the other two approaches, although it shows a
slight bias in the autocorrelation parameter. This bias is due to the relatively low-
default frequency in the dataset (firms in the sample typically constitute a low-
default portfolio) and the finite sample size of 9,804 observations, which limits the
precision of the Laplace-based approximation. Nevertheless, the Laplace ap-
proximation produces an estimated autocorrelation of 18%, which is very close to
the 19% obtained from both the PF and MCMC methods.

Overall, all three approaches produce consistent results, with an estimated asset
correlation of 
 ¼ k 2

d ¼ 4:34%, and an autocorrelation parameter of approximately
20%. The asset correlation reflects the degree of dependence between firms’ latent
asset returns, representing the extent to which their default risks move together due
to shared macroeconomic or systemic factors. An estimated correlation of 4:34%
indicates a relatively low, yet nonnegligible, level of comovement among firms’
credit qualities. This magnitude is consistent with empirical evidence from recent
studies such as Batema (2024) and Jacobs (2025), which report asset correlations
in the range of 3–6% for similarly diversified corporate portfolios.

In summary, the results demonstrate that the proposed PF and Laplace ap-
proximation methods both provide accurate and robust parameter estimates. While
the Laplace approximation exhibits a minor bias in autocorrelation due to data
sparsity, it remains computationally efficient and sufficiently accurate. The PF
approach, in particular, achieves performance comparable to the MCMC bench-
mark while offering significant improvements in speed and scalability, making it a
practical tool for large-scale empirical credit risk applications.

5. Conclusions and Future Study

This paper proposes two calibration algorithms, tailor-made for the credit rating
transition models of high- and low-default portfolios, respectively. The algorithm
for the high-default portfolio uses the Laplace method, incorporated with the
Kalman filter algorithm, which is used to estimate the mode of the posterior
distribution of the signals and compute the (approximated) likelihood function of
the observed transition matrices. We show that the same Kalman filter algorithm
can be applied to both mode estimation and likelihood calculation. Therefore,
the numerical ML algorithm is very fast. For the low-default portfolio, since the
number of the observed migrations (defaults) is limited, the performance of
the Laplace approximation is not assured and hence might introduce biased in the
likelihood approximations and ML estimates. As an alternative, we develop an
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algorithm based on a PF with importance sampling. The importance density is
obtained from the mode estimation in the Laplace algorithm. Experiments show
that mode estimation produces very accurate estimates of the posterior of the latent
states and as a result, the designed importance sampling significantly improves the
efficiency of the PF. Moreover, the GPR is used to smooth the likelihood function
approximated by the PF, so that a numerical optimization algorithm can be easily
applied to obtain the ML estimates. The efficiency and the accuracy of these two
proposed calibration algorithms are substantiated by numerical experiments.

This paper has focused primarily on the development and evaluation of cali-
bration methodologies. Future research should extend the analysis by examining
the robustness of the proposed approaches to deviations from the assumed AR(1)
dynamics of the latent factors, for instance by considering alternative specifica-
tions such as ARMA processes, stochastic volatility structures, or regime-
switching models. Moreover, a systematic analysis of the effects of different
response functions would provide deeper insight into the sensitivity of the results
to modeling assumptions and enhance the general applicability of the proposed
framework. In addition, it would be valuable to conduct comprehensive case-by-
case studies on the convergence and accuracy of the Laplace approximation and to
investigate more systematically the critical conditions under which this approxi-
mation is reliable or may fail.
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Appendix A. State Space Model

State-space models deal with dynamic time series problems that involve unob-
served variables or parameters that describe the evolution of the state of the
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underlying system. The general state space model, defined on some probability
space �,mathcalF,mathbbP, is as follows:

xk ¼ fkðxk�1, ukÞ, x0,
yk ¼ hkðxk, vkÞ, k 2 Nþ ,

ðA:1Þ

where fk : Rd � Rp ! Rd, hk : Rd � Rq ! Rm are given Borel measurable func-
tions, fukgk2Nþ is a p-dimensional and fvkgk2Nþ is a q-dimensional white noise
processes both independent of the initial condition x0, and mutually independent as
well. Parameters in the functions fk and hk, together with the covariance of uk and vk,
can be seen as the parameters of the state space model, towhich we collectively refer
to as  .

Appendix B. Bayesian Filter

The Baysian filters, see for instance Press (2003) and Robert (2007), are often used
to estimate the latent process ðxkÞk¼1,..., n or to compute the likelihood function of
the observations yk in a state space model (A.1) given the model parameters. We
define the initial density function p0 of x0. The methodology in Bayesian filtering
consists of two parts: prediction and update. At every time point k, the prediction
part computes (estimates) the prior distribution (density) of xk (a time k given the
past observations up to time k � 1),

pðxkjy1:k�1, Þ
and the update part computes (estimates) the posterior distribution (density) of xk
given the past up to time k,

pðxkjy1:k, Þ:
It follows that the state space model (A.1) satisfies the properties of a stochastic
system, i.e., at every (present) time k � 1 the future states and future observations
ðxj, yjÞ, j � k, are conditionally independent from the past states and observations
ðxj, yj�1Þ, j � k, given the present state xk, see van Schuppen (1989). It then
follows that ðxkÞk2N is a Markov process, and for every k � 1 one has that yk and
y1:k�1 are conditionally independent given xk�1, in terms of densities,

pðxkjxk�1, y1:k�1, Þ ¼ pðxkjxk�1, Þ: ðB:1Þ
Similarly, due to the Markov property, xk and ykþ1:T are independent given xkþ1,
which gives

pðxkjxkþ1, y1:T , Þ ¼ pðxkjxkþ1, y1:k, Þ: ðB:2Þ
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Moreover, one also has, for every k � 1, that yk and y1:k�1 are conditionally
independent given xk�1, in terms of densities,

pðykjy1:k�1, xk, Þ ¼ pðykjxk, Þ, for k 2 N
þ: ðB:3Þ

Equations (B.1)–(B.3) are used later in the derivation of the Bayesian filter and
smoother recursions.

Using Bayes’ rule and Eq. (B.1), we deduce that the density function of the
prior distribution is given by

pðxkjy1:k�1, Þ ¼
Z

pðxkjxk�1, y1:k�1, Þpðxk�1jy1:k�1, Þ dxk�1

¼
Z

pðxkjxk�1, Þpðxk�1jy1:k�1, Þ dxk�1 :
ðB:4Þ

Note that when k ¼ 1, the posterior distribution pðxk�1jy1:k�1, Þ is defined as the
initial density p0.

The purpose of the Bayesian algorithm is to sequentially compute the posterior
distribution pðxkjy1:k, Þ. Again using Bayes’ rule, (B.3) and (B.4), we obtain the
posterior

pðxkjy1:k, Þ ¼ pðykjxk, y1:k�1, Þpðxkjy1:k�1, Þ
pðykjy1:k�1, Þ

¼ pðykjxk, Þpðxkjy1:k�1, Þ
pðykjy1:k�1, Þ

ðB:5Þ

with the conditional likelihood

pðykjy1:k�1, Þ ¼
Z

pðykjxk, Þpðxkjy1:k�1, Þ dxk: ðB:6Þ

If we assume the marginal likelihood function pðykjxk, Þ and the transition
probability pðxkjxk�1, Þ are known, then given the posterior distribution pðxk�1j
y1:k�1, Þ at time k � 1, we can use Eqs. (B.4) and (B.5) to compute the posterior
measure pðxkjy1:k, Þ at time k. In this way the posterior distributions can be
computed recursively given the initial distribution p0.

While the mathematical derivations of the Bayesian filter and smoother are
straightforward, in practice it is always a big challenge to compute the integrals in
Eq. (B.4) or (B.6). Although there are some special cases where theoretical for-
mulas are available for the integrals, such as the Kalman filter or (more general)
with conjugate priors, in most cases one has to find approximations or numerical
algorithms to compute these integrals. In the next two subsections, we introduce
two types of the most used Bayesian filters in practice, the Kalman filter and its
extensions, and the PF.
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B.1. Kalman filter

Assume that the state and observations in (A.1) evolve according to a linear
Gaussian model. That is the functions fk and hk, for k ¼ 1, . . . , n, have to take
linear forms as follows:

yk ¼ Kkxk þ "k,

xkþ1 ¼ Akxk þ �k,
ðB:7Þ

where Kk is a m� d matrix and Ak is a d � d matrix and the following distribu-
tional assumptions are made. The initial variable x0 is assumed to be Gaussian, the
"k and �k are assumed to be serially independent and independent of each other at
all time points, with Gaussian distributions, for k ¼ 1, . . . , n,

"k � Nð0,HkÞ,
�k � Nð0,QkÞ ,
x0 � Nða0,P0Þ,

where Nð�,�Þ denotes the Gaussian distribution with mean � and covariance �.
We also use the generic notation Nðx;�,�Þ to denote the density at x of this
normal distribution. Due to the Gaussian assumptions and the linear structure of
the model in (B.7), the prior and posterior distributions defined in (B.4) and (B.5)
are Gaussian and can be analytically derived. Denote the estimates for the prior
and posterior density at time k by Nðx; xkjk�1,Pkjk�1Þ and Nðx; xkjk,PkjkÞ, respec-
tively. Here is the Kalman filter algorithm for the Gaussian linear model (B.7).

Extensions and generalizations of the Kalman filter approach have also been
developed, such as the extended Kalman filter, see Einicke and White (1999) or
Wan and Nelson (2002), and the unscented Kalman filter, see Wan and van der
Merwe (2002), which work for nonlinear systems. However, the extended Kalman
filter and the unscented Kalman filter do not account for the non-Gaussian
properties of the model other than their first two moments, the mean and variance
functions. Durbin and Koopman (2012, Secs. 10.6–10.7) proposed a mode esti-
mation approach which captures non-Gaussian properties of the state space model.

B.2. Particle filter

In the PF, the prior and posterior distributions are estimated by a Monte Carlo
method. With a Monte Carlo method, a certain density function f ðxÞ is generally
estimated by

f ðxÞ ¼
XN
i¼1

wðiÞ�x ðiÞ ðxÞ ,
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where fxðiÞ, i ¼ 1, . . . ,Ng are i.i.d. random samples from a so-called importance
density, fwðiÞ, i ¼ 1, . . . ,Ng are the importance weights, and �x ðiÞ are Dirac dis-
tributions. The key parts of the PF are to choose the importance density and to
compute the importance weights, see, e.g., Doucet (1997). For the general state
space model (A.1), suppose the posterior density pðxk�1jy1:k�1Þ at time k � 1 is
estimated by

pðxk�1jy1:k�1, Þ �
XN
i¼1

w ðiÞ
k�1�x ðiÞ

k�1ðxk�1Þ:

Using Eqs. (B.4) and (B.5), the prior and posterior densities are, respectively,
estimated by

pðxkjy1:k�1, Þ �
XN
i¼1

w ðiÞ
k�1pðxkjx ðiÞk�1, Þ,
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pðxkjy1:k, Þ �
XN

i¼1 w
ðiÞ
k�1pðykjxk, Þpðxkjx ðiÞk�1, ÞR XN

i¼1 w
ðiÞ
k�1pðykjxk, Þpðxkjx ðiÞk�1, Þdxk

: ðB:11Þ

These estimated densities are mixture distributions. If the samples ~x ðiÞ
k are gener-

ated from the transition density pðxkjx ðiÞk�1, Þ for i ¼ 1, . . . ,N, the estimates of
prior and posterior in Eq. (B.11) can be reformulated so that they can be used in
recursive calculations,

pðxkjy1:k�1, Þ �
XN
i¼1

w
ðiÞ
k�1

�
~x
ðiÞ

k

ðxkÞ,

pðxkjy1:k, Þ �
XN
i¼1

w
ðiÞ
k
�
~x
ðiÞ

k

ðxkÞ,

where the weights w ðiÞ
k are defined by

w ðiÞ
k ¼ w ðiÞ

k�1pðykj~x ðiÞ
k , ÞPN

i¼1 w
ðiÞ
k�1pðykj~x ðiÞ

k , Þ
: ðB:12Þ

Consequently one obtains the conditional likelihood pðykjy1:k�1Þ �
PN

i¼1

w ðiÞ
k�1pðykj~x ðiÞ

k , Þ.
This type of PF is often referred to as sequential Monte Carlo. It is a specific

member of the family termed the bootstrap PF, see Gordon et al. (1993). In Doucet
(1997) it is shown that the variance of the importance weights decreases
stochastically over time. This will lead the importance weights to be concentrated
on a small amount of sampled particles. This problem is called degeneracy. To
address the rapid degeneracy problem, the sampling-importance resampling (SIR)
method, see, e.g., Doucet (1997) and Pitt and Shephard (1999), is introduced to
eliminate the samples with a low importance weight and multiply the samples with
a high importance weight. In SIR, once the approximation of the posterior pðxkj
y1:k, Þ �

PN
i¼1 w

ðiÞ
k �~x ðiÞ

k
ðxkÞ is obtained, new, re-sampled, particles x ðj Þk are i.i.

d. sampled from this approximate posterior distribution, i.e., every x ðj Þk is inde-
pendently chosen from the ~x ðiÞ

k with probabilities w ðiÞ
k for i ¼ 1, . . . ,N. This step

can be accomplished by sampling integers j from f1, . . . , ng with probabilities w ðiÞ
k

for i ¼ 1, . . . ,N. Then the new estimation on the posterior and conditional like-
lihood is given by

pðxkjy1:k, Þ �
1
N

XN
i¼1

�
~x
ðj Þ

k

ðxkÞ,
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pðykjy1:k�1, Þ �
1
N

XN
i¼1

pðykj x
ðj Þ
k
Þ :

Appendix C. Gaussian Process Regression

In this section, we provide a brief introduction to GPR. For a good overview, we
refer for example to Rasmussen and Williams (2005). We start by introducing
Gaussian processes.

Definition 1. For any index set �, a Gaussian process (GP) on � is a set of
random variables ðf ðxÞ, x 2 �Þ such that 8n 2 N and x1, . . . , xn 2 �, ðf ðx1Þ, . . . ,
f ðxnÞÞ is a multivariate Gaussian random variable.

In Definition 1, f : �� � ! R and the index set � is the set of possible inputs.
From now on, we specify � to be Rd.

A GP is completely specified by its mean and covariance functions. We define
the mean function m : Rd ! R and the covariance k : Rd � Rd ! R of f as

mðxÞ ¼ E[f ðxÞ] ,
kðx,x 0Þ ¼ E[f ðxÞ � mðxÞ][f ðx 0Þ � mðx 0Þ]:

Given n pairs of observations ðx1, y1Þ, . . . , ðxn, ynÞ, xi 2 Rd and yi 2 R for
i ¼ 1, . . . , n, the GPR model is a probabilistic nonparametric model with the
following structure:

Y ¼ fðXÞ þ ",

where Y ¼ [y1, y2, . . . , yn]T are the outputs, X ¼ [x1,x2, . . . ,xn]T are the inputs, "
is a Gaussian noise with a vector mean 0 and variance �2I, and f :

Rd � � � � � Rd ! Rn is such that fðXÞ ¼ [f ðx1Þ, f ðx2Þ, . . . , f ðxnÞ]T follows a
multivariate Gaussian distribution specified by the GP mean mðxÞ and covariance
functions kðxi,xjÞ, 1 � i, j � n. Namely fðXÞ � Nð�,KÞ, where K is the n� n
covariance matrix of which the ði, jÞth element Kij ¼ kðxi,xjÞ and for simplicity,
we take the mean vector � ¼ 0.

To predict Y
 ¼ [y
1, . . . , y
m]T at the test locations X
 ¼ [xnþ1, . . . ,xnþm]T ,
the joint distribution of the training observations Y and the predictive targets Y
 is
given by

Y
Y


� �
� N 0,

KðX,XÞ þ �2I KðX,X
Þ
KðX
,XÞ KðX
,X
Þ

� �� �
, ðC:1Þ

where KðX,XÞ ¼ K, KðX
,XÞ is an m� n matrix with ði, jÞth element
[KðX
,XÞ]ij ¼ kðxnþi,xjÞ. The other entries KðX,X
Þ and KðX
,X
Þ are defined
analogously.
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Hence the predictive distribution is also Gaussian. Namely,

Y
jY ,X,X
 � Nð ~Y,PÞ ,
with

~Y ¼ KðX
,XÞ[KðX,XÞ þ �2I]�1Y , ðC:2Þ
P ¼ KðX
,X
Þ � KðX
,XÞ[KðX,XÞ þ �2I]�1KðX,X
Þ: ðC:3Þ

In view of (C.2) and (C.3), the covariance/kernel function k plays a significant role
in GPR. One commonly used kernel is the squared exponential, i.e.,

kðxi,xjÞ ¼ �2
f e

�1
2ðxi�xjÞ>�ðxi�xjÞ, i, i ¼ 1, . . . , n, ðC:4Þ

where �f 2 R and � is a d � d positive-definite matrix. For more examples of
Kernel functions and an in-depth analysis on how choosing this function, we refer
to Rasmussen and Williams (2005, Chap. 4). Each kernel has a number of para-
meters which specify the precise shape of the covariance function. These are
referred to as hyperparameters, since they can be viewed as specifying a distri-
bution over function parameters, instead of being parameters which specify a
function directly. The hyperparameters in the squared exponential kernel are �f
and the entries of the matrix �.

C.1. Computation of the predictive targets

Denote the vector [KðX,XÞ þ �2I]�1Y in (C.2) by � ¼ [�1, . . . ,�n]T, then we
have the estimation for Y
,

Y
j � ~Yj ¼
Xn
i¼1

�ikðxnþi,xjÞ, j ¼ 1, . . . , n : ðC:5Þ

If the Gaussian kernel is known, the value Y
 at a point X
 can be estimated by
(C.5).

C.2. Training the GPR

Training the GPR means to determine the hyperparameters using the data ðX, YÞ.
The training is usually conducted by using ML estimation. Observing that
Y � Nð0,K þ �2IÞ, we deduce that the log-likelihood is given by

log pðY jXÞ ¼ � 1
2
Y TðK þ �2IÞ�1Y � 1

2
log jK þ �2Ij � n

2
log 2�: ðC:6Þ
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C.2.1. Train the GPR on cartesian grid

The computational complexity for computing the marginal likelihood in Eq. C.6 is
dominated by the need to invert the K matrix. Standard methods for matrix in-
version of positive definite symmetric matrices require a time of order Oðn3Þ for
inversion of an n by n matrix. If the valuation set is very big, the computational
time could be significant. When the covariance function is expressible as a tensor
product kernel and the inputs form a multidimensional grid, it was shown in Saatçi
(2011) that the costs for the GPR can be reduced (see also Xu et al. (2011) and
Luo and Duraiswami (2013)). We briefly describe in the sequel the GPR on
multidimensional grids.

We assume the kernel k : Rd � Rd ! R is written in terms of kernels
km : R� R ! R, for m ¼ 1, . . . , d as follows:

kðxi,xjÞ ¼ �d
m¼1kmðx ðmÞi , x ðmÞj Þ: ðC:7Þ

Consider the squared exponential kernel as in (C.4) with a diagonal covariance �,
i.e., � ¼ diagð 1

‘ 21
, . . . , 1

‘ 2d
Þ, for ‘ 2 R. It holds

kðxi,xjÞ ¼ �2
f exp �

Xd
m¼1

ðx ðmÞi � x ðmÞj Þ2
2‘2k

( )

¼ �d
m¼1kmðx ðmÞi , x ðmÞj Þ ,

where kmðx, yÞ ¼ �
2=d
f expf�ðx� yÞ2=2‘2mg.

We consider the data on a d-dimensional Cartesian grid. Let fns, s ¼ 1, . . . , dÞ be
the number of points in each dimension in the grid. Then the grid has n ¼
n1 � � � � � nd points. Let X be the list of n points in the grid, i.e., X ¼ ðx1, � � � ,xnÞ
and the indexes n1, . . . , nd are such that 1 � i1 � n1, 1 � i2 � n2, . . ., 1 � id � nd.
The points xj, 1 � j � n, have the form xj ¼ ðx ð1Þjð1Þ, x

ð2Þ
jð2Þ, . . . , x

ðdÞ
jðdÞÞ, with x ðsÞjðsÞ being

the jðsÞth element in the dimension s in the grid.
We put the points of the Cartesian grid in the following order:

xði1�1Þ�n2�����ndþ���þðid�1Þ�ndþid ¼ ðx ð1Þi1
, . . . , x ðdÞid

Þ: ðC:8Þ
Consider, for example, a three-dimensional Cartesian grid. Take n1 ¼ 3,
n2 ¼ n3 ¼ 2. Then the grid has 12 points and Eq. (C.8) yields

x1 ¼ ðx ð1Þ1 , x ð2Þ1 , x ð3Þ1 Þ,
x2 ¼ ðx ð1Þ1 , x ð2Þ1 , x ð3Þ2 Þ,
x3 ¼ ðx ð1Þ1 , x ð2Þ2 , x ð3Þ1 Þ,
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..

.

x12 ¼ ðx ð1Þ3 , x ð2Þ2 , x ð3Þ2 Þ:
For the GPR model, the Gaussian kernel on the Cartesian grid is given by
Ki, j ¼ kðxi,xjÞ. Suppose the kernel function k has property (C.7).

Then (C.8) becomes

Kði1�1Þ�n2�����ndþ���þid , ðj1�1Þ�n2�����ndþ���þjd

¼ kð[x ð1Þi1
, . . . , x ðdÞid

], [x ð1Þj1
, . . . , x ðdÞjd

]Þ
¼ �d

k¼1kkðx ðkÞik
, x ðkÞjk

Þ
¼ k1ðx ð1Þi1

, x ð1Þj1
Þ � � � � � kdðx ðdÞid

, x ðdÞjd
Þ :

Let the matrix kernel Kk ¼ ðkkðx ðkÞi , x ðkÞj ÞÞ1�i, j�nk and recall K in (C.1). We obtain

K ¼ KðX,XÞ ¼ �d
k¼1Kk,

where � denotes the Kronecker product. It follows that

K�1 ¼ �d
k¼1K

�1
k :

So instead of inverting a high-dimensional matrix, one needs to invert d smaller
matrices, and this reduces the computational time significantly.
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