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Pension benefits in Belgium

@ Social security funded by the state:
o Active workers finance directly retired individuals (inter generational
solidarity)
o No capitalisation
@ Pension plans funded by the employer
o Capitalisation
e Two main pension schemes: Defined benefits and Defined contributions
o Assets managed by a life insurer or by a pension fund
@ Individual savings

e Capitalisation
o Promoted by the state via tax exemptions
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Defined benefit pension plan

@ The benefits are defined a priori, e.g.
o Life Annuity proportional to the last salary, before retirement.

@ The contribution paid in by the sponsor (the employer) has to be
determined to enable the benefits liabilities to be met.

o Normal cost (NC): estimated contribution for new entrants.

@ A revised level of contributions is assessed at the periodical actuarial
valuation when the estimated value of assets or liabilities changes as a
result of

inflation,

investment performance,

salary development,

death and withdrawal of members.
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@ The financial risks are beared by the employer.
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Objectives of the fund manager

@ The financial risks are beared by the employer.

@ The longevity risks are beared by the employer when the affiliates
choose to receive at retirement a life annuity.

@ Objectives of the pension fund manager:

o Optimisation of asset allocation.
e Optimisation of contribution adjustments in order to minimize the total
unanticipated cost for the sponsor.
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The financial market

@ The financial market is made up of three assets:
cash, a rolling bond and stocks.

@ The return of the cash account is the risk free rate r; and is modelled
by a Vasicek model.

o Consider a 2—dimensior}al standard Brownian motion
wp' = (wrP wpF > defined on a complete probability space
(Qf, Ff, Pf).

o Under Qf, the risk free rate is the solution of the following SDE:

A
dr; = a.(b— 0, —r).dt + 0. (th“Pf + A,.dt),

N— ~\~
f
bQ th"qQ

f . .
where W[’Q is a Wiener process under Qf,
and with a, b, o, and \, constants.
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The financial market cash, a rolling bond and stocks

o Consider a rolling bond of maturity K whose price is denoted RX.
This bond is a zero coupon bond continuously rebalanced in order to
keep a constant maturity and its price obeys to the dynamics:

dRK
RE

= r.dt —o..n(K). <dW{’Pf + )\,.dt>

= redt —opn(K).dw) @

where n(K) is a function of the maturity K :

n(K) = 1 <1 — e*a'K) .

a
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cashifarelling{bondjandjetocks
o Consider a rolling bond of maturity K whose price is denoted RX.
This bond is a zero coupon bond continuously rebalanced in order to
keep a constant maturity and its price obeys to the dynamics:
dRK
RE

= r.dt —o..n(K). <dW[’Pf + A,.dt)

= redt —opn(K).dw) @
where n(K) is a function of the maturity K :
1
K== (1-e7K).
n(K) ; e

@ A stock with price process S; is modelled by a geometric Brownian

motion and is correlated with the interest rates fluctuations:
ds
T = ndttos (dW{’Pf + )\,.dt) +os. (thS’Pf + )\s.dt)
t

= redt +os.dW? 4 os.dWSQ

and with os,, o5 and As constants.
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Ligtifties medeling
Liabilities modelling

@ We consider one cohort of members entered into the fund at the
same age x and earning the same salary, denoted (A¢),.
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Liabilities modelling

@ We consider one cohort of members entered into the fund at the
same age x and earning the same salary, denoted (A¢),.
@ The evolution of the individual salary is correlated to the financial
market:
f f a
o = pa(t)-dt + oardWT 4 opsdW P + o a.dWF
t
where () is the average growth of the salary and W/""" is a
Wiener process defined on a probability space (7, F?, P?), that
represents the intrinsic randomness of the salary and is independent
f f
of WP and W2F.
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Liabilities modelling

@ We consider one cohort of members entered into the fund at the
same age x and earning the same salary, denoted (A¢),.

@ The evolution of the individual salary is correlated to the financial
market:

A = palt)dt+ oardW P 1 o asdWSF" 1 g adW P

where () is the average growth of the salary and W/ is a
Wiener process defined on a probability space (7, F?, P?), that
represents the intrinsic randomness of the salary and is independent
of WP and WP

@ All members retire at the age x + T and in case of death, no benefits
are paid.

@ Each pensioner will receive a continuous annuity whose rate B is a
fraction, «, of the last wage:

B=Ar.a.
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ity moskiing
Mortality modelling

@ At time t = 0, the size of the cohort is denoted n,.
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ity moskiing
Mortality modelling

@ At time t = 0, the size of the cohort is denoted n,.

@ The mortality process (N), is defined as in Mgller (1998) on a
probability space (2™, F™, P™) and is assumed to be independent

. . f f a
from the filtration generated by Wtr’P , Wts’lD : WtS’P .
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Mortality modelling

@ At time t = 0, the size of the cohort is denoted n,.

@ The mortality process (N;), is defined as in Mgller (1998) on a
probability space (2™, F™, P™) and is assumed to be independent

. . f f a
from the filtration generated by W[’P , W,_;S"D , WtS”D .

@ N; points out the total number of deaths observed till time t and is

given by
Nx
Ne=> I(Ti<t)
i=1
where [ is an indicator function, Ty, T, ..., T, are exponentially

distributed random variables modelling the remaining lifetimes of the
affiliates and where the mortality rate of this jump process is denoted
by fixtt.
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Expected number of survivors

@ The expected number of survivors under P™ is equal to the current
number of survivors times a survival probability:

E ((nx — Ns)|F{") = (ne — Ng).exp <— /ts p(x + u).du) .

s—tPx+t
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Expected number of survivors

@ The expected number of survivors under P™ is equal to the current
number of survivors times a survival probability:

E ((nx — Ns)|F{") = (ne — Ng).exp <— /ts p(x + u).du) .

s—tPx+t

s—tPx+t is the actuarial notation for the probability that an individual
of age x + t survives till age x + s.
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Deflator

o Let (Q,F, P) be the probability space resulting from the product of
the financial, wage and mortality probability spaces:

Q=0 xQ?xQ" F=F@FQF"VN = P=P xPxpP"

where the sigma algebra  is generated by all subsets of null sets
from Ff @ F2 @ Fm.
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Deflator

o Let (Q,F, P) be the probability space resulting from the product of
the financial, wage and mortality probability spaces:

Q=0 xQ?xQ" F=F@FQF"VN = P=P xPxpP"

where the sigma algebra  is generated by all subsets of null sets
from Ff @ F2 @ Fm.

@ The market of pension fund liabilities is incomplete owing to the
presence of two unhedgeable risks: the salary risk and the mortality
risk.

@ The pricing of pension fund liabilities is hence done under a probability
measure Q which is equal to the product of Qf, Q2 and Q™.

@ An insurer’s deflator is here composed of three elements called
abusively the financial, wage and actuarial deflators, and is an
extension of the deflators used in Hainaut and Devolder (2006b).
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Financial, wage and actuarial deflator
Deflator and bond price

@ The deflator used to price liabilities, written H(t,s) is in our settings

the product of the financial, wage and actuarial deflators:

o (B), (%), ()
Hies) = P Joredy) (), (5=), (%),

t : dQf : dQa:Aa : dQmsh
o (= Ji ) (), (%), (),
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Financial, wage and actuarial deflator
Deflator and bond price

@ The deflator used to price liabilities, written H(t,s) is in our settings
the product of the financial, wage and actuarial deflators:

de an)\a de,h
H(t ) exp (_ fOs r”'du) (dpf)s ( dp= )s ( dPm )s
s) = . . . .
) f a,\a m,h
oo (I rar) (), (5), (%),
@ Remark that the expectation of the deflator H(t,s) is equal to the
price of a zero coupon bond, denoted B(t,s):

B(t,s) = E(H(t,s)|F:)=E® (e‘ftsr“‘d“|ft>

= exp (—ﬁ-(s —t)+n(s—t).(B—r)— Zi.n(s - t)2>

where

o? b Ar o2
=b—0,.— —

2.a2 "a 2.2
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Financial, wage and actuarial deflator
Financial and wage deflator

o The financial deflator Hf(t, s) at time t for a cash flow paid at time
t < s is equal to the product of the discount factor and of the change
of measure:

exp (— [g ru-du). <dQ )
fo ry. du) (dQ >

Hf (t,s) =

t
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Financial, wage and actuarial deflator
Financial and wage deflator

o The financial deflator Hf(t, s) at time t for a cash flow paid at time
t < s is equal to the product of the discount factor and of the change
of measure:

exp ([ ru-du) . (9%7)
exp (— IN ru.du) : (Z—%ﬁ)t

@ The wage deflator at instant t, for a payment occurring at time s > t:

d a,\a

a ( P )s 1 2 ’ AP2

H (t, 5) = dQT = exp —5 |)\a,u| .du — )\37u.d|/|/u7
(%5), f t

Hf (t,s) =
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Financial, wage and actuarial deflator
Financial and wage deflator

o The financial deflator Hf(t, s) at time t for a cash flow paid at time
t < s is equal to the product of the discount factor and of the change
of measure:

exp ([ ru-du) . (9%7)
exp (— IN ru.du) : (Z—%ﬁ)t

@ The wage deflator at instant t, for a payment occurring at time s > t:

(4:2) L :
H3(t,s) = —=%5 =exp —./ |)\au|2.du—/ Ao dWAP?
(anAa) 2° ), U e
dP?
t
@ By the incompleteness caused by the salary risk, A, , will be chosen in

the sequel to be some (arbitrary) constant.
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Financial, wage and actuarial deflator
Actuarial Deflator

@ The second source of incompleteness is the mortality risk. For any
JFM-predictable process hs, such that hs > —1, an equivalent actuarial
measure Q™" is defined by the random variable solution of the SDE:

d m,h d m,h t
d <5')Dm>t = <$3m>t.ht.d <Nt _/0 (nx — Ny—) p(x + u)du)

de,h)
= —— ) .hy.dM
( dpm , t t
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Financial, wage and actuarial deflator
Actuarial Deflator

@ The second source of incompleteness is the mortality risk. For any
JFM-predictable process hs, such that hs > —1, an equivalent actuarial
measure Q™" is defined by the random variable solution of the SDE:

d m,h d m,h t
d (5.)9’”>t = (Cﬁmn)t.ht.d <Nt _/0 (ny — Ny—) p(x + u)du)

de,h)
= —— ) .hy.dM
( dpm , t t

e We adopt the notation Ay, = (nx — Ny—) .u(x + u) for the intensity
of jumps.
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Financial, wage and actuarial deflator
Actuarial Deflator

@ The actuarial deflator at instant t, for a payment occurring at time
s > t, is defined by:

m,h
(52), s
H™(t,s) = S /s —exp (/ In(1+ hy).dN, —/ hu.AN,u.du)
t t

(%)
dPm ),
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Financial, wage and actuarial deflator
Actuarial Deflator

@ The actuarial deflator at instant t, for a payment occurring at time
s > t, is defined by:

de,h
“dPm s s
H™(t,s) = EdQ’"hgs = exp (/ In(1+ hy).dN, —/ hu.)\Nyu.du>
’ t t

dPm ),

o Under Q™" the expected number of survivors at time s is equal to
the number of survivors at time t multiplied by a modified probability
of survival s,tpi’ﬂ :

\

EQ™" ((ne = N)|FF) = (ne — Ne). exp <— /ts (x4 u).(1+ hy).du

/

-~

h
s—tPxqt
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Financial, wage and actuarial deflator
Actuarial Deflator

@ The actuarial deflator at instant t, for a payment occurring at time
s > t, is defined by:

de,h
“dPm s s
H™(t,s) = EdQ’"hgs = exp (/ In(1+ hy).dN, —/ hu.)\Nyu.du>
’ t t

dPm ),

o Under Q™" the expected number of survivors at time s is equal to
the number of survivors at time t multiplied by a modified probability
of survival s,tp)’(’H :

\

EQ™" ((ne = N)|FF) = (ne — Ne). exp <— /ts (x4 u).(1 + hy).du

/

-~

h
s—tPxyt

@ In the sequel of this work, we restrict our field of research to a
constant process h, = h.
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Felly vallue of die et
Fair value of the liabilities

@ The fair value at time t of the liabilities at the date of retirement,
denoted L;, is defined as the expectation of the deflated value of
future contributions and benefits.
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Fair value of the liabilities

@ The fair value at time t of the liabilities at the date of retirement,
denoted L;, is defined as the expectation of the deflated value of
future contributions and benefits.

@ If T™ is the maximum time horizon of the insurer’'s commitments, L;
is equal to:

L, = E <—/T H(t,s).cs.ds + /TTm H(t,s).(ny — Ns) .B.ds].’/’-}) )

t
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Fair value of the liabilities

@ The fair value at time t of the liabilities at the date of retirement,
denoted L;, is defined as the expectation of the deflated value of
future contributions and benefits.

@ If T™ is the maximum time horizon of the insurer’'s commitments, L;
is equal to:

L, = E <—/T H(t,s).cs.ds + /TTm H(t,s).(ny — Ns) .B.ds].’/’-}) )

t

@ The fair value at the retirement date T of the liabilities is given by:

Tm
Lr = E(/ H(T,s).(nX—NS).B.ds}"T)
T
Tm

= (nx— N7) .a.AT./T S_TpQJrT.B(T, s).ds.
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The objectives

We recall that:

@ The benefits are financed during the accumulation phase: The
employer agrees to pay continuously a total contribution rate ¢; in
order to finance the benefits.
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The objectives

We recall that:

@ The benefits are financed during the accumulation phase: The
employer agrees to pay continuously a total contribution rate ¢; in
order to finance the benefits.

@ The normal cost, NC, is the target level of contribution and is
calculated at t = 0.

@ One of the pension fund manager’s goal is to maintain ¢; as close as
possible to NC.

@ The second objective pursued by the pension plan manager is to
obtain a value of the assets as close as possible to L1, the market
value of the liabilities at the time of retirement. The target total asset
value is denoted X7.
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The optimisation problem

Optimisation problem and value function
V(t,x,n,a) =

-
min  E [/ ur. (cs — NC)2 ds + . (X7 — LT)? | Fe, Xe = x
Ct,XTEAt(X) t

where u; and wp are constant weights

and with
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Optimisation problem and value function

V(t,x,n,a) =

-
min  E [/ ur. (cs — NC)2 ds + . (X7 — LT)? | Fe, Xe = x
Ct,XTEAt(X) t

where u; and wp are constant weights

and with

Budget constraint

Ai(x) = {((cs)se[tﬂ , )~<-r) such that

T
E (—/ H(t,s).cs.ds + H(t, T).XT|.7-'t> < x}(l)
t
y
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o As the market is incomplete, the fact that X7 belongs to A;(x)
doesn't guarantee that this process is replicable by an adapted
investment policy.
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The optimisation problem The optimisation problem
Literature

@ Actuarial literature:
Haberman and Sung (1994, 2005), Boulier et al. (1995), Josa
Fombellida and Rincon-Zapatero (2004, 2006), Cairns (1995, 2000),
Huang and Cairns (2006).

o As the market is incomplete, the fact that X7 belongs to A;(x)
doesn't guarantee that this process is replicable by an adapted
investment policy.

@ We inspire us upon the approach of Brennan and Xia (2002), see also
Hainaut and Devolder (2006a, b).
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Optimal contribution rate and target wealth
Martingale method of Cox-Huang

e Following Brennan and Xia (2002), we will use the Martingale
method and minimize first with respect to the contributions and the
associated terminal target wealth.

Griselda Deelstra and Donatien Hainaut Def. Benefit Pension Plan: optimisation June 7, 2007 20 / 35



Optimal contribution rate and target wealth
Martingale method of Cox-Huang

e Following Brennan and Xia (2002), we will use the Martingale
method and minimize first with respect to the contributions and the
associated terminal target wealth.

@ Let y; € RT be the Lagrange multiplier associated to the budget
constraint at instant t and define the Lagrangian by:

L (t,x, n,a,(c),, XT, yt) = (2)

E </tT i (cs — NCY? .ds + up.(Xy — LT)2)|J-}> _

Ve. <x ~E (— /tT H(t,s).cs.ds + H(t, T).)?T\ft» .
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Optimal contribution rate and target wealth
Optimal contribution rate and target wealth

@ Under technical conditions, the optimal contribution rate and target
wealth are:

1

.. . 1
Xi = —yiH(e.T) 5+ LT
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Optimal contribution rate and target wealth
Optimal contribution rate and target wealth

@ Under technical conditions, the optimal contribution rate and target
wealth are: 1
c; =yi.H(t,s).— + NC
2.y
Yk * 1
X7 =—y; .H(t, T) + Lt.

@ The optimal Lagrange multiplier, y;, is such that the budget
constraint (1) is binding:

*

_ E(H
Yo = 1
.

(3)

(t, T).LT|F:) — x — NC. ft E(H(t,s)|F:) ds
ST E(H(t,5)2|F) ds + 51 B (H(t, T)2|F)
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Optimal contribution rate and target wealth
Unfunded liabilities

@ The numerator of (3) represents precisely the unfunded liabilities,
denoted by

UL, = E(H(t, T).LT|]-"t)—x—NC./tT]E(H(t,s)|.7-'t)ds, (4)

ar, T

namely the part of the benefits that are not yet financed:
the expected fair value of reserves less the current asset value and less
the normal cost times a financial annuity a; 7 of maturity T — t.
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Optimal contribution rate and target wealth

The optimal contribution process ¢f and the terminal target wealth )NC}
depend on the unfunded liabilities UL;:

Optimal contribution and target wealth
F(t,s)
2U1

amortisation rate

F(t, T
Xz = —UL, ( Fe )y,

uz

where
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Optimal contribution rate and target wealth

The optimal contribution process ¢f and the terminal target wealth )NC}
depend on the unfunded liabilities UL;:

Optimal contribution and target wealth
F(t,s)
2U1

¢ = UL, +NC

amortisation rate
F(t, T)

Xt =—UL
T Ut 2U2

+ L7

where

Flt,s) = 1 (T o) 1 >0
Tul"ft E(H(t, V)2|ft) dv + E'E(H(tv T)2|-7:t)
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Value function

@ The value function depends on the square of unfunded liabilities:

2
Vitxina) = —— e (5)
L 1T E(H(t,5)?|F) ds + uiz.IE(H(t, T)2|F)

u
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The optimal target wealth is not hedgeable

@ As Lt is a function both of the mortality and of the salary which are
not replicable, it is easily seen that X7 is not hedgeable.
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The optimal target wealth is not hedgeable

@ As Lt is a function both of the mortality and of the salary which are
not replicable, it is easily seen that X7 is not hedgeable.

@ An approach to obtain a replicable wealth approximating the optimal
target wealth X is to project it on the space of replicable processes,

and therefore to use a Kunita-Watanabe decomposition, see also
Hainaut and Devolder (2006a).
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The optimal target wealth is not hedgeable

@ As Lt is a function both of the mortality and of the salary which are
not replicable, it is easily seen that X7 is not hedgeable.

@ An approach to obtain a replicable wealth approximating the optimal
target wealth )N(? is to project it on the space of replicable processes,
and therefore to use a Kunita-Watanabe decomposition, see also
Hainaut and Devolder (2006a).

@ Our reasoning in this paper is based on dynamic programming (see
e.g. Fleming and Rishel 1975 for details) and is also applied in
Hainaut and Devolder (2006b).
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The set of replicable processes

o Let (77, mF) denote respectively the fraction of the wealth invested
in stocks and rolling bonds and define
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The set of replicable processes

o Let (77, mF) denote respectively the fraction of the wealth invested
in stocks and rolling bonds and define

The set of replicable processes

A5) = {(( ey XT) | 37D (7F)e Fi— adapted

T
T S
e Je r"ds.XT =X+ / e J; r”'du-cs-ds

t

T T
+/ e Ui ru~du,7rf,xs,dss+/ e /i ru'd“.wf.xs.de}.
t t

Griselda Deelstra and Donatien Hainaut Def. Benefit Pension Plan: optimisation June 7, 2007 26 / 35



The set of replicable processes

o Let (77, mF) denote respectively the fraction of the wealth invested
in stocks and rolling bonds and define

The set of replicable processes

A5) = {(( ey XT) | 37D (7F)e Fi— adapted

T
T S
e Je r"ds.XT =X+ / e J; r”'du-cs-ds

t

T T
+/ e Ui ru~du,wf,xs,dss+/ e /i ru'd“.wf.xs.de}.
t t

e By definition, the set A7 (x) is included in A;(x) and
dX, = ((rt FrSus+ ﬂf.uR) Xe + ct> dt + 7505 Xp.dWS P

f
S R r,P
+ (7705 — 7 or.n(K) ) XedWT
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Dynamic programming principle

@ For a small step of time At, the dynamic programming principle
states that:

t+At
V(t,x,n,a) = E [/ . (¢ — NC)? .ds+
t

+V (t + At, )N<t*+mv Nt+At,At+At> | ft] .
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Dynamic programming principle

@ For a small step of time At, the dynamic programming principle
states that:

t+At
V(t,x,n,a) = E [/ . (¢ — NC)? .ds+
t
+V (t + At, )N<t*+At7 Ntyae, At+At> | ft] .

e Given that ()?;")t is the process minimizing the value function, any
other process (X;): € A7 (x) C A¢(x) verifies the inequality:

t+At
V(t,x,n,a) < E [/ u1. (¢ — NC)? .ds+
t

+V (t + At, Xerae, Nepae Acrae) | Fil -
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|t6's lemma and generator

@ Using Ito’s lemma for jump processes:
E(V(t+ At, Xerat, Neyae, Arrae) | Fe) =

t+At
V(t,x,n,a)+E </ G™ (s, Xs, Ns, As).dslft) +
t
t+At
E (/ (V(s, Xs, Ns, As) — V(s, Xs, Ns—, As)) st|.7:t>
t

where G™(s, Xs, Ns, As) is the generator of the value function.
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Ui 5350 el ey
Deriving G™(t, X, N, A¢) with respect to 77 and 7R leads to:

The best replicating strategy

oSx - ([ _FROS Vs %_FUAS E(H(t, T).LT|F:)
‘ O'%O'rn(K) O'% . Xt s ) Xt
constant
2
Rx Vs.Osr VR 0%, UL,
= (14T ) 2
constant
_[_CAr _ _OASOsr E(H(t, T).L7|F:)
or.n(K) os.0,.n(K))" X;
constant
1 Vg 1

n(K)' VXX‘Xt )
| —

correction term

(6)
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Parameter values

@ We consider a male population, age 50 of nsg = 10.000 affiliates.
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Parameter values

@ We consider a male population, age 50 of nsg = 10.000 affiliates.
o Initial wage: A;—o = 2500 Euro.
o Age of retirement: 65 years.

@ Annuity received at retirement: 20% of At.
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Parameter values

We consider a male population, age 50 of nsg = 10.000 affiliates.
Initial wage: A;—o = 2500 Euro.

Age of retirement: 65 years.

Annuity received at retirement: 20% of Ar.

Normal cost 2.676.300
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Parameter values

@ We consider a male population, age 50 of nsg = 10.000 affiliates.
Initial wage: A;—o = 2500 Euro.

Age of retirement: 65 years.

Normal cost 2.676.300

°
°
@ Annuity received at retirement: 20% of At.
°
@ The mortality rates are given by:

p(x)=au+buci  ay=-In(sy)  by=In(gy).In(cy)
where the parameters s, g, ¢, take the values showed in the table:

s,: | 0.999441703848
gu: | 0.999733441115
¢, : | 1.116792453830
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Numerical example

Other parameters:

a | 12.72% | osr | -0.10%
b 3.88% vs | 5.35%
o | 1.75% || pa | 2.00%
Ar | -2.36% || oar | 2.00%
re—o 2.00% OAS 2.00%
K | 8years | u9 | 2.00%
v | 277% | oa | 5.00%
As | 34.94% | A, | -4.54%
os | 15.24% h 0.0

Table: Parameters.
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Contribution rates

@ Monte Carlo simulation: 5000 scenarios generated.

Figure: Contribution rates.

)
24r —e—u1=1u2=0.1 BN
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Investment proportions

Figure: Asset mix for u; = 1 and u, = 10.
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Conclusions

@ The optimal contribution rate depends on the unfunded liabilities.
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Conclusions
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@ The amortization of those unfunded liabilities is a function of the
weights u; and up defining the employer's preferences.

@ Positions in risky assets decrease when we approach to the maturity.
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Conclusions

@ The optimal contribution rate depends on the unfunded liabilities.

@ The amortization of those unfunded liabilities is a function of the
weights u; and up defining the employer's preferences.

@ Positions in risky assets decrease when we approach to the maturity.

@ A quadratic utility penalizes without distinction positive and negative
spreads
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Conclusions

Thank you for your attention!
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