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Model and assumptions Estimation proedure ResultsModel
Yi = Xi + εi i = 1, . . . , n+ 1with

• (Xi)i≥0 homogeneous real-valued Markov hain, unknown
• εi i.i.d. noise, independent of (Xi). knownTransition kernel P (x,A) = P (Xi+1 ∈ A|Xi = x).

−→ transition density π(x, y).AimEstimation of π from data Y1, Y2, . . . , Yn+1.deonvolution + regression



Model and assumptions Estimation proedure ResultsAssumptionsLet qε be the density of εi and q∗ε its Fourier transform.A1 ∀x ∈ R |q∗ε(x)| ≥ k0(x
2 + 1)−γ/2 ordinary smooth noiseA2 (Xi) irreduible positive reurrent.A3 (Xi) stationary with unknown density f.A4 (Xi) geometrially β-mixing.We estimate π on a ompat set A = A1 × A2.A5 ∫∫

(x,y)∈A
|π(x, y)|2dxdy = ‖π‖2

A <∞.A6 ∀x ∈ A1 0 < f0 ≤ f(x) ≤ ‖f‖∞ <∞.



Model and assumptions Estimation proedure ResultsExamples of suh hains
• Di�usion proesses : dXt = b(Xt)dt+ σ(Xt)dWtwe onsider (Xi∆)1≤i≤n under the assumptions ofPardoux and Veretennikov (2001).
• Nonlinear AR(1) proesses : Xn = ϕ(Xn−1) + εXn−1,nunder the assumptions of Mokkadem (1987).
• ARX (1,1) models : Xn = F (Xn−1, Zn) + ξn

• ARCH models : Xn+1 = F (Xn) +G(Xn)εn+1



Model and assumptions Estimation proedure ResultsFirst idea
π(x, y) =

F (x, y)

f(x)
=

density of (Xi, Xi+1)density of Xi

−→ estimator π̂ = F̂ /f̂ .Result in this framework
E‖π − π̂‖2 ≤ C1E‖F − F̂‖2 + C2E‖f − f̂‖2 + o(

1

n
)depends on the regularity of f and the regularity of F .Problem

f an be less regular than π
−→ non-optimal rate of onvergene



Model and assumptions Estimation proedure ResultsHeuristi
• For all funtion G

G(Xi+1) = (

∫

π(., y)G(y)dy)(Xi) + ηiwhere ηi = G(Xi+1) − E[G(Xi+1)|Xi].



Model and assumptions Estimation proedure ResultsHeuristi
• For all funtion G

G(Xi+1) = (

∫

π(., y)G(y)dy)(Xi) + ηiwhere ηi = G(Xi+1) − E[G(Xi+1)|Xi].
• Contrast to estimate ∫ π(., y)G(y)dy :

γn(u) =
1

n

n∑

i=1

[u2(Xi) − 2u(Xi)G(Xi+1)]Let t(x, y) = u(x)G(y). If ∫ G2 = 1, u =
∫
t(., y)G(y)dyand the ontrast beomes

γn(t) =
1

n

n∑

i=1

[

∫

t2(Xi, y)dy − 2t(Xi, Xi+1)]



Model and assumptions Estimation proedure ResultsProblemThe Xi are not available, only the Yi = Xi + εi are knownSolutionFind {Vt suh that E[Vt(Yi, Yi+1)] = E[t(Xi, Xi+1)]

Qt suh that E[Qt(Yi)] = E[
∫
t(Xi, y)dy]We �nd V ∗

t (u, v) =
t∗(u, v)

q∗ε(−u)q∗ε(−v)
t∗ Fourier transform of tand Q∗

t (u) = V ∗
t (u, 0)



Model and assumptions Estimation proedure ResultsCalulation of Vt
FX density of (Xi, Xi+1), FY density of (Yi, Yi+1)

FY = FX ∗ (qε ⊗ qε) ⇒ F ∗
Y = F ∗

X(q∗ε ⊗ q∗ε)

qε ⊗ qε : (x, y) 7→ qε(x)qε(y)

E[t(Xi, Xi+1)] =

∫∫

tFX =
1

2π

∫∫

t∗F ∗
X =

1

2π

∫∫

t∗
F ∗
Y

q∗ε ⊗ q∗ε

=
1

2π

∫∫

V ∗
t F

∗
Y =

∫∫

VtFY = E[Vt(Yi, Yi+1)]Then V ∗
t =

t∗

q∗ε ⊗ q∗ε



Model and assumptions Estimation proedure ResultsA new ontrast
γn(t) =

1

n

n∑

i=1

[
∫
t2(Xi, y)dy −2 t(Xi, Xi+1)]

↓ ↓
Qt2(Yi) Vt(Yi, Yi+1)De�nition

γn(t) =
1

n

n∑

i=1

[Qt2(Yi) − 2Vt(Yi, Yi+1)].

• E[γn(t)] = ‖t− π‖2
f − ‖π‖2

f where ‖t‖2
f =

∫
t2(x, y)f(x)dxdy.

• For S an approximation spae, we want now to de�ne
π̂ = arg min

t∈S
γn(t).



Model and assumptions Estimation proedure ResultsMinimization of the ontrast (1/2)If π̂(x, y) =
∑
âλψλ(x, y), (ψλ)λ basis of S
γn(π̂) = min

t∈S
γn(t) ⇔ GÂ = Z

with 


G =

(

1

n

n∑

i=1

Qψλψµ
(Yi)

)

λ,µ

Z =

(

1

n

n∑

i=1

Vψλ
(Yi, Yi+1)

)

λ

Â = (âλ)λ .Problem
G is not neessarily invertible.



Model and assumptions Estimation proedure ResultsMinimization of the ontrast (2/2)We introdue the set
Γ = {minSp(G) ≥ (2/3)f0}On Γ, G is invertible and γn(t) an be minimized.De�nition
π̂m =

{
arg min

t∈Sm

γn(t) on Γ

0 on ΓcRemark : f0 an be replaed by an estimator f̂0



Model and assumptions Estimation proedure ResultsProjetion spaes
We take for Sm a wavelet spae on A1 ×A2Orthonormal wavelets with regularity r > 2γ + 3/2
γ regularity of the noiseThe dimension of Sm is D2

m ≍ 22m



Model and assumptions Estimation proedure ResultsRiskLet πm be the orthogonal projetion of π on Sm.
E‖π − π̂m‖2 = ‖π − πm‖2

︸ ︷︷ ︸
+ E‖πm − π̂m‖2

︸ ︷︷ ︸bias varianeBias Depends on the regularity α of π
‖π − πm‖ ≤ CD−α

mVariane Depends on the regularity γ of the noise
E‖πm − π̂m‖2 ≤ C

D4γ+2
m

n



Model and assumptions Estimation proedure ResultsModel seletionAim : to selet automatially the m whih performs the bestbias-variane trade-o�.Method
m̂ = arg min

m∈Mn

{γn(π̂m) + pen(m)}with pen a penalty funtionand Mn = {m ≥ 1, D4γ+2
m /n ≤ 1}

Estimator π̃ =

{

π̂m̂ if ‖π̂m̂‖ ≤ √
n

0 else



Model and assumptions Estimation proedure ResultsTheoremIf γ > 3/4 and pen(m) = K0f
−1
0

D4γ+2
m

n

E‖(π̃ − π)1A‖2 ≤ C inf
m∈Mn

(

d2(π, Sm) +pen(m)
)

+
C ′

n
.Non-asymptoti.Remarks on the penalty :

• K0 depends only on k0, γ (noise) and r (approximation spae)
• f0 an be replaed by an estimator f̂0

• no mixing term



Model and assumptions Estimation proedure ResultsTheoremIf γ > 3/4 and pen(m) = K0f
−1
0

D4γ+2
m

n

E‖(π̃ − π)1A‖2 ≤ C inf
m∈Mn

(

d2(π, Sm)
︸ ︷︷ ︸

+ pen(m)
︸ ︷︷ ︸

)

+
C ′

n
.

D−2α
m D4γ+2

m /nNon-asymptoti.Remarks on the penalty :
• K0 depends only on k0, γ (noise) and r (approximation spae)
• f0 an be replaed by an estimator f̂0

• no mixing term



Model and assumptions Estimation proedure Results
CorollaryWe suppose that π belongs to the Besov spae Bα

2,∞. Then,
E‖(π̃ − π)1A‖2 = O(n− 2α

2α+4γ+2 ).

• adaptive estimator
• does not depend on the regularity of f
• no logarithmi loss
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