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European Call Option

The holder of this paper has the right 7ijc e
c)éKSCéaébPVLhﬂ

to buy
1 ACME INC
on the date
2026
June 30, 201%
ZH ooy ot ke c@wﬁé}
at the price

$100
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Financial Derivative

e A financial asset which is defined in terms of some
underlying asset.

e Future stochastic claim.
/__%
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Examples

e European calls and puts
e American options

e Forward rate agreements
e Convertibles

e Futures

e Bond options

e Caps & Floors

e Interest rate swaps

e CDO:s

e CDS:s
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Main problems

e What is a “reasonable” price for a derivative?

e How do you hedge yourself against a derivative.
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Natural Answers

Consider a random cash payment Z at time 7.

What is a reasonable price Il [Z] at time 07

Natural answers: (m%éﬁ\a\j mcpm'wb3

1. Price = Discounted present value of future payouts.
aaet-l

I, [Z] E 2]

okoxest ko o U l

2. The question is meaningless.

Tomas Bjork, 2017 49



Both answers are incorrect!

e Given some assumptions we can really talk about
“the correct price” of an option.

e The correct pricing formula is not the one on the
previous slide.
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Philosophy

e The derivative is defined in terms of underlying.

e The derivative can be priced in terms of underlying
price.

e Consistent pricing.

e Relative pricing.

Before we can go on further we need some simple
portfolio theory
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Portfolios

We consider a market with N assets.
S;f — price at ¢, of asset No 1. /\05 -0 N
A portfolio strategy is an adapted vector process
hy = (h%,---,hiv)

where

h; = number of units of asset 1,

Vi = market value of the portfolio

N
Vi =) hiS;
i=1
The portfolio is typically of the form
ht — h(t, St)

I.e. today’s portfolio is based on today's prices.

(0wt cdo o P (Zn ATV
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Self financing portfolios

We want to study self financing portfolio strategies,
i.e. portfolios where purchase of a “new” asset must
be financed through sale of an “old” asset.

How is this formalized?

Definition:
The strategy h is self financing if

N
dV, =) hidS;

Interpret!

See Appendix B for details. Z? ﬁ§>
Ooade w0 osts v frpen  ANSOTER R

A(,C(/r& Hon MW\,{”M _/a{ e He b@{mg,
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Relative weights

Definition:

w! = relative portfolio weight on asset No i.

We have .
i his;

74
ok thew \f\‘ = W, yg'
£ € étz

Insert this into the self financing condition
N
dV, =) hjdS;
i=1

We obtain

Portfolio dynamics:

N .
z'dSZ 1. /. W
1=1
Interpret!

Tomas Bjérk, 2017 (AZ/DV GD ‘ %q )
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Deriving the Black-Scholes PDE
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Back to Financial Derivatives

Consider the Black-Scholes model

dSt — uStdt + O'Stth,

'\5 e %o, — aBy = rBdt. /é&w% OCOunt

‘ T vtecect Calo
\&W“\Iagf Bt [werwaaligakon) <

We want to price a European call with strike price K
and exercise time 1. This is a stochastic claim on
the future. The future pay-out (at 7T') is a stochastic
variable, Z, given by

Z = maX[ST—K 0],
= (50T o

/ wo’ca:hm ’

More general:
Z=®(S7)

for some contract function &.

Main problem: What is a “reasonable” price, II; [Z],
for Z at t?
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Main ldea

e \We demand consistent pricing between derivative
and underlying.

e No mispricing between derivative and underlying.

e No arbitrage possibilities on the market (B, S, 1I)
e P

e &m&b&/ e ket
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Arbitrage

The portfolio w is an arbitrage portfolio if

e The portfolio strategy is self financing.

® V():O.

(of)waa\wv, \/T>© Wep- /\)aMoQ P(\/‘r >o>>(7
See K ophiet

e V7 > 0 with probability one. >

Moral:

e Arbitrage = Free Lunch

e No arbitrage possibilities in an efficient market.

A0 Jc(aﬁz/ jW@S%bwf«rﬁy WLC% VNS
o ek Wi Wﬁ’"‘ﬁ po el
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Arbitrage test

Suppose that a portfolio w is self financing whith
dynamics

dVy = kVidt
e No driving Wiener process

e Risk free rate of return.

e "“Synthetic bank” with rate of return k.

If the market is free of arbitrage we must have:

é&&&w@& oy E95
Rowasle - L amd € wmey Asfurnd o T, b
cH L wov ComMom - T W 4ok k&:r'e ‘
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Main Idea of Black-Scholes

e Since the derivative is defined in terms of the
underlying, the derivative price should be highly
correlated with the underlying price.

e We should be able to balance dervative against
underlying in our portfolio, so as to cancel the
randomness.

e [hus we will obtain a riskless rate of return k& on
our portfolio.

e Absence of arbitrage must imply

k=1 [o Y=t )

——>’@Qﬂ,tf Agmkgﬁﬁ;iﬂ£é”

Tomas Bjork, 2017 61



Two Approaches

The program above can be formally carried out in two
slightly different ways:

e The way Black-Scholes did it in the original paper.
This leads to some logical problems. (7 )

e A more conceptually satisfying way, first presented
by Merton.

Here we use the Merton method. You will find the
original BS method in Appendix C at the end of this

lecture. [‘Q? ~ ﬁ g]
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Formalized program a la Merton / OUU%W)

e Assume that the derivative price is of the form

11; [Z] — f(tv St)-
self frmamclony

e Form a portfolio based on the underlying .S and the

derivative f, with portfolio dynamics
5.((, P'Sg

1 V{@ R T S R
oA —L—&a,gawm(,
2l cAANe %\ﬂ& ke

e Choose w” and w/ such that the dW-term is wiped
out. This gives us

dVy = Vi - kdt

e Absence of arbitrage implies

k=r
e This relation will say something about f.
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Back to Black-Scholes
dSt — uStdt + O'Stth,
Ht [Z] — f(ta St)

[t6's formula gives us the f dynamics as
& fcom AS,(,,

1 ., ,0%f
df = +§S 952 dt
_l_
Write this as
df = pys- fdt +oy- fdW
where X
UA
o o B M
_ S+ pSgh 4+ 35%0° %% Do
:uf T f @/&
JS% dmﬂ%ﬁ
T Ty L
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@ﬁ/%ﬁ/@/ /Q(OW\ ?‘(Z\HDM (pm%sz
df = pys- fdt +oy- fdW

dV = V{ws-ﬁﬂﬂ“-ﬁ}

S f
= V{wS(udt + cdW) + w! (usdt + o ;dW) )}
dV =V { u+wlpp}dt +V {w o +wlos} dW

Now we kill the dWV/-terml

Choose (w®,w') such that

wlo+wlor = 0
w¥twl =1
. . . \ / ' Aaj\z{
Linear system with solution (1{1 Y 0 don t AW \
) %@)
W =91 C wl = 2
of — 0O Of — 0

Plug into dV'!
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We obtain
dV =V {wpu+wlpp}dt
This is a risk free “synthetic bank” with short rate

{WSM + waF}

Absence of arbitrage implies

Plug in the fexpressions) for w?”, w/, pr and simplify.

e following result.

MQMM )
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Black-Schole’s PDE

The price is given by
11, [Z] — f (ta St)

where the pricing function f satisfies the PDE (partial differential equation)

éc??_{(t, s) + rs%(t, s) + %0232%(’57 s)—rf(t,s) = 0
f(T,s) = ®(s)
Thontow

There is a [unigue solution\to the PDE so there is a unique arbitrage free
. - —
price process for the contract.
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Black-Scholes’ PDE ct'd

of  Of 1 ,,0%
8t+r883+208832 rf = 0

f(T,s) = ®(s)

e The price of all derivative contracts have to satisfy
the same PDE

of Of 1 4 ,0°f

— +rs—+=0°s"=—5—rf =0

ot ds 2 052

otherwise there will be an arbitrage opportunity.

e Theonly difference’between different contracts is in
the boundary value condition

f(T,s) = ®(s)
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Data needed

e The contract function 9.
e Today's date ¢.

e Today's stock price S.

e Short rate r.

e Volatility o.

Note: The pricing formula does not involve the mean

rate of return u!
WY (¢ & 7 7
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Black-Scholes Basic Assumptions

Assumptions:

e The stock price is Geometric Brownian Motion
e Continuous trading.

e Frictionless efficient market.

e Short positions are allowed.

e Constant volatility o.

e Constant short rate r.

g Flat yield curvej

Tomas Bjork, 2017
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Black-Scholes’ Formula
European Call

T'=date of expiration,
t=today's date,

K =strike price,
r=short rate,
s=today's stock price,
o=volatility.

f(t,s) =sN[di] —e " T=YKN [dy].

N|-]=cdf for N (0, 1)-distribution.

di = J\/;i_t{ln(%)Jr(rJr%cﬁ)(T—t)},

dy = dl—O\/ﬁ. %
Covss ouk TF PR e&;d@ wme >
Tomas Bjork, 2017 WV%// b(/;ir/ ﬁg}\ﬂpw ?DC [ML@ ?
to B
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European Call,

K = 100,

Black-Scholes

oc=20%, r=17%,

T—t=1/4

£

20 -
151

10
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Dependence on Time to Maturity
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Dependence on Volatility

25 T
sigma=0.2
— — -sigma=0.4
sigma=0.6|
maturity |
20 —,
151 .
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Risk neutral valuation

Appplyingm to the Black-Scholes PDE we

obtain

N H[t;X]:e_T(T_tX])
M\l‘ = < s

Lovndn B mmal, @Xv&%&i‘\m od P ‘bawm <
U AL g VWL OGlge Q -

@dynamics:

dSt = TStdt + JStthQa

dBt = TBtdt.

e Price = Expected discounted value of future
payments.

e [he expectation shall not be taken under the
“objective” probability measure P, but under the
“risk adjusted” measure ( “martingale measure”) Q.

Note: P~ Q [ Glicsom ) ) 2oiivaf o ot

Kl Ao \mfo{m,éi,@l VUL G ¢ g §ET,
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Concrete formulas

)= e { LN

& ZL L )T GLT)
OUM&T%E] o N \/g/ﬁww

Noe © Spe o €%p/ (ﬁ-ﬂ))% oW fsee 57 )
Toe At G wite SO e gt

w0, ®)- <" f (st 4642
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Interpretation of the risk adjusted
measure

e Assume a risk neutral world.

e Then the following must hold

&
s=8y=e "E[S]

e In our model this means that

dSt — TStdt -+ O'StthQ

e The risk adjusted probabilities can be intrepreted as
probabilities in a fictuous risk neutral economy.
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Moral

e \When we compute prices, we can compute as if we
live in a risk neutral world.

e This does not mean that we live (or think that we
live) in a risk neutral world.

e The formulas above hold regardless of the investor's
attitude to risk, as long as he/she prefers more to
less.

e [he wvaluation formulas are therefore called
“preference free valuation formulas”.
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Properties of ()

e Prng [ Giccomo)

e Forthe praded asset, derivative

or underlying, the process

Uy
Zy = —
t B,

is a (Q-martingale. ( Aok cils Aoker \

f—\_/—/_/‘

e Under (), the price pricess m of any traded asset,

derivative or underlying, has@as its local rate of
return:

dﬂ't — tdt -+ Or tthQ

e The volatility of 7 is the same under () as under P.

B

> anh ot lecbure 15 [mf3 .
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A Preview of Martingale Measures

Consider a market, under an objective probability
measure P, with underlying assets

B, St ... S¥

Definition: A probability measure () is called a
martingale measure if

o P~ ()

e For every 7, the process

is a (Q-martingale.

Theorem: The market is arbitrage free iff there exists

a martingale measure. FT,%(P 1:
1 Lrmmdonnended, Haootm of 05H poLs- }
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