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Problem Formulation

Standard model with internal filtration (See ve %60) %Q)

dSt = D(St)()étdt + D(St)Jtth,
dBt = TBtdt.

Assumptions:

e Drift and diffusion terms are allowed to be arbitrary
adapted processes.

n
e The market is complete. 'N=e )
.

e \We have a given initial wealth x

Problem: Gv% ‘
max  EP [®(X7) (%B

heH
where

H = {self financing portfolios}

given the initial wealth Xy = xg.
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Some observations

e In a complete market, there is a unique martingale
measure ().

e Every claim Z satisfying the budget constraint

m—————— e

G_TTEQ [Z] — Xy,

IS attaineg;Ie by an h € H and vice v A $,
. lt'%@-é*“”“““zz TR

A
e We can thus write our problem as %M W et v
P P celf - ® Wé—
/ ]
Note: £ mgx BRI peles o
W‘
M 2
subject to the constraint

Notw - E& e "TE?[Z] = xo.

e We can forget the wealth dynamics! ({D{M
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Basic ldeas

Our problem was

max EFY [®(2)]

subject to T FQ 7] = 0.

Idea |:

We can decouple the optimal portfolio problem into:

1. Finding the optimal wealth profile Z.

2. Given Z, find the replicating portfolio. [H.QM/ .

ng PwaL (MB
Idea Il:
e Rewrite the constraint under the measure P(W\&U”‘ of QB'

—_——

e Use Lagrangian techniques to relax the constraint.

e S— e
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Lagrange formulation

Recaly

Problem:

max B [®(Z)] 2e S

subject to
e "' EY [L1Z] = .

Now: (Oncvawmwt na rws “Df WLodUA € ?l

Here L is the likelihood process, i.e.

Lt:_7 Onfta OStSTIa/V\A—

(etage €82 < €F( L]
The Lagrangian of the problem is

L=E"[®Z)+ A xzog—e ""E" [LrZ]}

L=E"[®(Z)— X e ""LrZ] + Az
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The optimal wealth profile

Given enough convexity and regularity we now expect,
given the W A, to find the optimal Z by
maximizing

L=E"[®(Z)— X e ""LrZ] + \xo

over unconstrained Z, i.e. to maximize Afwe L@beﬁguﬂ \;v%?jmﬁ

/Q [B(Z(w)) - Ae T Lr(w)Z(w)} dP(w)

This is a trivial problem! (\{ you (o, ot i Wﬁﬁ(ﬁﬁ

Wa >
We can simply maximize Z(w) for each w separately. J
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The optimal wealth profile

Our problen‘((&\—»@a\k /H’svv\ d\%(’/\f@w& iz )

max {®(z) — Ae "' Lrz}

z

First order condition
®'(2) = e 'Ly

The optimal Z is thus given by \

N
7 = G( _TTLT):ZMW
(,mn
where “{ 5 j
Gly) = 0] (). I aeme

v

The dual vargiable A is determinedby{c;nstraint
e TE” | LrZ| = mo A“I/deé’/

You Wawe o glie )
Tomas Bjérk, 2017 /Fm,\ M 2q wakon, %&Ww)/

o o« i
3 omd v¢ (eckuxe *Mé sl m etisks



Gloure of (Lot wre >0
Example — log utility

Assume that

o) =In@@) , G )=t =

Then Jmmmxé?;',in .
9= Ao all 420

Thus |
7 =G ()\e_TTLT) — XeTTL:Fl

Finally A\ is determined by

e "TEY [LTZA} = x0.

1
e "TEY [LTXeTTL:Fl] = xg.
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The optimal wealth process

e \WWe have computed the optimal terminal wealth
profile

7 = )/(\'T = erTTLZFl ( l )

e \What does the optimal wealth process X’t look like?

] sl NyoadeA 05SeLs
We have (why?) [MSOO:ZM 2 ,«ma,vl-;uéa (S )

P

X, = e (TR [X'T‘ ]-"t} cz)

so we obtain {1 pm {'ﬂ ord (2 &in W iknr

Lpse wers©
)/(:t — et E¥ [L:Fl‘ ft] Y/

o Ao Hagocn LT = &P/dQ_"W(‘FT
But L=1! is a Q-martingale (why?) so we obtain

—

v rtr—1
Xt =xpe' "Ly .
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The Optimal Portfolio

e We have computed the optlmal wealth process: )<’/7/

e How do we compute the optimal portfolio?

Assume for simplicity that we have a standard Black-
Scholes model [Wd')[,ck W\OMCLS

dSt — uStdt + O'Stth,
dBt = TBtdt

Recall that R
X, = zoe™ L7

g e
Sovkscftn (& \C Sdineed {4@(3 ) A L/

4 —
Upirbon. Ll ”“/i" Th \M
/

/’\

sows

= \dl{a"' l/kﬂ'/ % w %)
e WNAWQ~( Ak + Vl/
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A
Basic Program n ’%zﬂ Lt J
/ \/011:/\ ‘WV\’ (46

1. Use Ito and the formula for )/(\'t to compute d)?t like

dX, = X,( )dt 4 X, 8,dW, (/éw)%k
t@ Roer )

where we do not care about )_!
v AW
2. Recall that [pe dwee Uy, '?N*Q“\“ /%IVQN:) -

\ AL
d)?t — )/(\Pt {(1 - /&t)% —|‘ ’&t S‘/b Q

which we write as

dX; = Xt oW,
3. We can AS
ﬂt:@ C‘{'MWNG’E’
o See ,{fu,f(s?/uz’v AWMU
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We recall R /Y
(1) X, = xoe™ L

We also recall that

(l/,{, ) _..o %’k) dLy = LypdWy,

A
where . r— /W\d/"“f& 3

o
From this we have [j;l;é‘ for L_{'

A
(L) dL;7' = Lt — L pd Wy = ‘d’ﬂcdv‘i

and we obtain <& (’) ) ol (2) AR Tt wﬁKMQ«M),

AR =R Yt - Rupaw, —> [7 T

€
Result: The optimal portfolio is given by M’—L—"‘ @’

N wii M&WS@V\
o2 0,y Marleet FM”F'“‘*)

Note that u is a “myopic” portfolio in the sense that
it does not depend on the time horizon T'.
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(wotas exanate)

A Digression: The Numeraire Portfolio

Standard approach:
e Choose a fixed numeraire (portfolio) V.

e Find the corresponding martingale measure, i.e. find Q" s.t.

B S
—, and —
N N

are QY -martingales.

T

Alternative approach“"\lwm we Gw(rs oo \ N (hopel2
N\~ &
e Choose a fixed measure Q ~ P. ét %) @ - )\
e Find numeraire N such that Q = Q"; Ne 5 ‘e

Special case:
o Set Q =P, our Mo\
e Find numeraire N such that Q¥ = P i.e. such that
B S
—, and —
T N N
]
are QN—martingaIes under the objective measure P.

e This N is called the numeraire portfolio.
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Log utility and the numeraire portfolio
Definition:

The growth optimal portfolio (GOP) is the portfolio
which is optimal for log utility (for arbltrary terminal

55
date T'. U&" Y(Cd ej’\’\/lg (Pﬁ,’)

s
Theorem: ) v = 0
Assume that X is GOP. Then X is the numeraire

portfolio.

Proof: e pbi6
We have to show that the process

o=+ 4
| | g o)
Is a P martingale. (ﬂ/vw(. Lo X/b .

We have (sec & 1)

’C
—t = 1€_Tt5@

which is a @nartingale, since x; e S, is a@
martingale. ch"%oy%" (Aou,‘«’(imc(/ LA ASE D =
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