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o hase b 80 “NP:L@EHM")
Proof that EMM implies no arbitrage

Assume that there exists an EMM denoted by Q.

Gasiue o MM\o ¢ opporbumity

Assum that ‘P(Vy >0) =1 and P(Vy > 0) > 0. VA
Then, smce P ~ @ we also have Q(Vp > 0) =1 and

QUr>0>0 Wy B f)>o |

0

Recall:
N
dv7 =Y hydZ|
\_./\
Tl > !
oo P(@:E. (2 is a martingale measure
0o wH Gtk i ov.
"y | !
Z is a (Q-martingale [I’tﬁ‘ ‘W\Mr&j
J
VO VO _ZEQ [VT]>O[00VU{:YMM
VO o 2
by |

No arbitrage
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Choice of Numeraire

The numeraire price S can be chosen arbitrarily. The
most common choice is however that we choose S as
the bank account, i.e.

S?:Bt

where
dBt = TtBtdt

Here 7 is the (possibly stochastic) short rate and we
have
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Example: The Black-Scholes Model

dSt — OéStdt + O'Stth,
dBt = TBtdt.

—t
Look for martingale measure. We set Z,= S/B e

— Skpandend Calislns opves | ol etog,” x produok -

) T o weded | 47, = Z,(a — r)dt + ZuodW,
M b wboaws
W 0 wian Taiw > (60\«)

Girsanov transformation on [0, T7:

st = Lt@ttha
Lo = 1.

dQ) = LrdP, on Fr

Girsanovis«w 3 6&)
P d tZQOtdt‘l—thQ, /éb>

where W@ is a Q-Wiener process. (wiereon W
P— Wwvw’
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Tueet (6 vinko [ba).
The Q-dynamics for Z are given by

dZ, = Z,la — v + o] dt + Z,odWE.

|
Unique martingale measure @, with Girsanov kernel
——

given by

Q2
r—a Huow 6&%{’ %ﬁcﬁdwb;
a

o

Pt =
Ma,‘(/lffmg-n:x.l
Q-dynamics of S: nggry, (b6) Vints s m s oy

dSt — TStdt + O'StthQ.

Conclusion: The Black-Scholes model is free of
arbitrage, an —follows freun p-1d2 emle (Ve
Rvse, wow B ok § n am EMM

2 U & wmatrugple woder &
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Pricing

We consider a market B;, S}, ..., vai (ww\fwa "‘SI‘@’ asyets))

Definition:
A contingent claim with delivery time 7', is a random
variable

X € Fr.
“At t = T the amount X is paid to the holder of the
claim”.

Example: (European Call Option)

X = max [St — K, 0]

Let X be a contingent (T}claim.

Problem: How do we find an arbitrage free price
process II; [ X] for X7?

Now Appeoate: uge €0t hampe ol weasuce ~framenore
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Do, O 1 oo b bge fiem 3o grotess
- 1F o Cdaded worleet O a(\a W@Q{(@e

/ Solution
Z/«/\Aj{a ﬁ\g%{/
Them

B, S} ... SN I, [X]

TTAP 1.
must be arbitrage free, so there must exist a martingale
measure @ for (S, I1; [ X]). In particular

1 [X]
By

must be a Q-martingale, i.e. Wt donn B wans
prphecy

o
(= TX)= f& TTM +[l E‘Q[E&ﬂx \T{]

Since we obviously why7) have

HT [X] ‘ ]_—t]

[Ir [ X]| =X
we have proved the main pricing formula.
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Risk Neutral Valuation

Theorem: For a T'-claim X, the arbitrage free price is
given by the formula | Clwite (663,

I, [X] = E@ [e— Jif rsds o X‘ Ft} )

ot e o entavmtited o Pt

Notw: ot ok wee wed e o
?L7v\w\m- koc ~€0fv\wt(lu bo arnt

g, Stanse, ﬂt[x§,\awﬂt wged @
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Example: The Black-Scholes Model

(Q-dynamics: l
—
dS; = rSudt + oS dw .\ #)

N SM&HMW?(O&%WM&J

Simple claim:
X = ®(Sy),

Mart o/ prshetny gves
I [X] = e "TEQ[0(Sy)| 7] (pe(3d )

_ T-) 8
Kolmogorov = & 7 ﬂi‘(%.)lg,t]
T (K) i fwavion ¥ [rand) s, :

II; [ X] = F(t,5})

where F'(t, s) solves the Black-Scholes equation:

)
. %—f + 7“3%—5 + %0232%271; —rF = 0,
\ F(T,s) = ®(s).

wse “f“ujmm, koc omdh e worel ®) -
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Problem

Recall the valuation formula

(-0
I, [X] = EC [e— Jif rsds X‘ ft} r ng{

e\

What if there are several different martingale measures
Fﬂ/f

Q7

This is connected with the completeness of the
market.
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Hedging (fcwu ploo)

£

Def: A portfolio is a hedge against X (‘replicates
X") if

e h is self financing
o V=X, P—a.s.: 'F(\/‘Tz X\:’[

Def: The market is complete iffﬂ X can be
hedged.

NW K:Ci%

Pricing Formula: =
If h replicates X, then a natural way of pricing X is

Ht[X]:Vth (S(L P-\’(H fov a
olwit—'a—f'fcah’m )

When can we hedge?
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Existence of hedge

0

Existence of stochastic integral
representation

J

f I
W\A{{’E{v\ﬁ‘;‘u rév'{éwﬁl‘k.\m -%ﬂ,{)f(/vl/)
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Fix T-claim X.

If his a hedge for X then N= % omd

CVE= XK cecall Ha oimalinpd B

I
2, S wWdvare 8- WW/
e h is self financing, i.e. By )

K
=Y hydzi , p- 7O -
1

\/ii; ™ (\l?’r \?Jc]

X
Br

b Xcam,(m/f’u/%u/ \maﬁ.

Thus VZ is a Q—mal'rtingale,

= e X

.

-5 Gk ol tbowe b &=
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_76—130\,({ zf WWT‘C éé <

~ / led
W enthfse Kher pREVIOW? ettt which
o P't@'b'
Lemma:
Fix T-claim X . Define martingale M by

1°)

Suppose that there exist predictable processes
—) L, ~=-= AR
h'. ... h" such that

X
M; = E9 | —
=95

N t
M, =z + Z/ hidZ:,
i=170

Then X can be replicated.

-1
#)N‘%M Huaw Y‘T%T"X e 4T

Tomas Bjork, 2017 194



Proof
We guess that (’fv“ VC\’)@LCM‘IW\/)

L )

My =VZ=h- 14+ hiZ

i=1
VKV\MMM%A @M’b account
Define: hP by

N [
he =M, — > hiZ}. [t € %gﬂv@”>
=1

We have M; = V%, and we get | [73 LSSUrapR I

N v
V7 = dM, = hidZe', oy aSumphim
i=1 ¥ o P\7L17

so the portfolio is self financing. Furthermore:

s e
T N7 =K -

[
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Second Fundamental Theorem

FT/W 2]

The second most important result in arbitrage theory
is the following.

Theorem:

The market is complete

iff

, the martingale measure () is unique.
Proof: It is obvious (why?) that if the market

iIs complete, then () must be unique. The other
implication is very hard to prove. It basically relies on
duality arguments from functional analysis.

, £
g/l/ o UA VOT) - /X _ Q[‘A')
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Black-Scholes Model

S}
(Q-dynamics (((. cedl T g

dSt = Tstdt + JStth{
dZ, = ZiodW | see p-185-

CQ win d tL Mmickwa/uu &3

oo X w

Representation theorem for Wiener processes

4

there exists g such that 8
(4 we wmow Kk by &, ar gmesdzd |”'3r Wt)
t
M, = M(0) + / g, dWE.
0
Thus S t
M, = MO+/ hidZ,,
0
with h} = e
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Result: (1w VIV SN 3"%”)\6%/5

X can be replicated using the portfolio defined by

h% = gt/O'Zt,
hf — Mt - h%Zt

Moral: The Black Scholes model is complete.
Uoce we drom weeh (20 o p. 02 )

Mk K o 0 Yoo T x=§ s

buk e wie pegels)-
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imple Claims /

Assume X is of the form/ X = ®(S7)

Special Case:

WWWW/
MMX‘\\A_K@(L, —> M;=E®[e7"®(Sr)| F poct
Kolmogorov backward equation = M; = f(t, S;)& S v &
(M mrppgmg\v ward equation ¢ = f(t,S) (t’lar\@’)
f _|_,r.88f _|_ 1 2 2(?925 — O’ Tgﬁr‘
f(T,s) = e ®(s).
— ? (_Lo
1t8 :>&H Wﬂ% A d)L+.(l§§S+( -PSS@,S) US(/( /L 9&:/
th = O'St%dWQ (ﬁ\/‘/}?’”‘.‘g’i 106 )

El% 5o We ko w Hl “dostrnct " %

of Fibg) = ¢ F o)
- g = O'St %, = g .QCE'S)‘
Replicating portfolio7: L olée Wb%
hy = f—Sf?—f,
! _ b — %3¢ 1 af
f{j_ G%JC Z“ = ht — Bt%

Interpretation: f(t,S;) = V2 WMMXJ phee
47{@@% ot A
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Mv\mn’w\é\l/:%m) .
| nowminal bricnm g TUumcdm
Define F'(t, s) by /

F(t,s) =¢e""f(t,s)= Q,'E(F(;E,S’)

=

- o2

A S

s0 F(t,S) = Vi Then fp, prev € (17 o

B F(t,St)—St%—?(t,St)
B! kL |
1 OF
ht — E(tv St)

where F' solves the Black-Scholes equation

|
=

oF OF | 1.2 20°F _
5r T rsgy 3078 57—k
F(T,s)

P(s).

i P& o0 p-1fg 24
= _ 3,26 ad g
%ic(?gg%Jr V%%\%/m’ toc et
owdieore )
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SV\W‘W\MK; Main Results

e The market is arbitrage free < There exists a
martingale measure Q ([ 2TAP L)

e The market is complete < () is unique. [FTAP L)

e Every X must be priced by the formula

I, [X] = E° [6_ Ji' reds X X‘ ]—"t} , bowap [J—M'ti-{“/

for some choice of ().

e In a non-complete market, different choices of ()

will produce different prices for X, WX i wet MW

e For a hedgeable claim X, all choices of () will
produce /the same price for X:

t[X]:Vt:EQ[ - T8d8><X‘f4

&LMQ/ T, (K= &b o ¥ O~ ‘»r-t—@&o
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Completeness vs No Arbitrage
Rule of Thumb

Question:
When is a model arbitrage free and/or complete?

Answer:
Count the number of risky assets, and the number of
random sources.

R = number of random sources

N = number of risky assets

Intuition:

If N is large, compared to R, you have lots of
possibilities of forming clever portfolios. Thus lots
of chances of making arbitrage profits. Also many
chances of replicating a given claim. [M oy d7-103)
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Rule of thumb

Generically, the following hold.

e The market is arbitrage free if and only if

N<R

e The market is complete if and only if

N>R

Example:
The Black-Scholes model.

dSt OéStdt -+ O'Stth,
dBt = ?“Btdt.

For B-S we have N = R = 1. Thus the Black-Scholes
model is arbitrage free and complete.
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Stochastic Discount Factory
’j)f'l&v'v:? /Envm&v wndes P

Given a model under P. For every EMM () we define
the corresponding Stochastic Discount Factor, or

SDF, by

Dy=e Jorsdsp, = LJC/ 2y,
where

L, = @, on F;
0 Hdy Wt Ly ar

<‘£here is thus a one-to-one correspondence between
MMs and SDFs.

The risk neutral valuation formula for a T-claim X can
now be expressed under P instead of under Q.

Proposition: With notation as above we have o ¢% %
Aol wgyy the Weasure Phut Wit taat Q o, "h
1
I [X] = HEP [DrX| F
t

Rosbaast Suart 0 U“M elz L !
Proof: Bayes' formula; T [X \ﬁ /P )/’c] (ga 0 l”lg)
—_ v
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Martingale Property of S5 - D

Proposition: If S is an arbitrary price process, then
the process

SiDy

is a P-martingale.

Proof: Bayes' formulamdw\m <
Gy, v dL,  WT E { \\J\T]

D
EP{& 7] ¢
J;?%“ -
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