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o
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Dividends

Black-Scholes model:

dSt — OéStdt + O'Stth,
dBt = TBtdt.
New feature:
The underlying stock pays dividends.
| . ) - o€
B ot el wﬂ’(.«/ M%W'F’r Aidcovnnty %
D; = The cumulative dividends over

the interval [0, ] [W\UL L L Sy, “‘5*)

Interpretation:
Over the interval [t,t + dt] you obtain the amount dD;

Two cases

e Discrete dividends (realistic but messy): Wwe $UF¢|,

e Continuous dividends (unrealistic but easy to

handle). \JA fock difforodicile an
W Bl ger
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Portfolios and Dividends

Consider a market with N assets.

S! = price at t, of asset No i

D! = cumulative dividends for S over

. v
the interval [0,t] , D=0
h! = number of units of asset i

Vi = market value of the portfolio h at ¢

Assumption: We assume that D has continuous
trajctories. W‘ﬂ“—rrweh'a%e

Definition: The value process V is defined by

N . .
V=) hiSi
1=1

[0 befrit )
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Self financing portfolios
L ?’fC%ACL 15%« AN (LS

Recall:
N . .
Vi=> hiSi
i=1

N/Defmltlon: The strategy h is self financing if

N
dV, =)  hydG,
=1

1

where the gain process G* is defined by

WopiEawar | 4
bede vo W ase | dGi = dSi + dD: SR o
— /Y TIPS &
AP / g‘l
Interpret! o P ¢

Note: The definitions above rely on the assumption
that D is continuous. In the case of a discontinuous
D, the definitions are more complicated.
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Relative weights

u! = the relative share of the portfolio value, which is
invested in asset No .

u; _ h%SZ' [Vln W/@rﬂ&>

Vi

N % VA k
v, =" hidG: (7%
1=1

Substitute!
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Continuous Dividend Yield

Afont i atle

Definition: The stock S pays a continuous dividend
yield of ¢, if D has the form (W\'\""\/ 01/3 a)

growtlo 42y in poprctimal to S, vk @ 4

Problem:
How does the dividend affect the price of a European
Call? (compared to a non-dividend stock).

Answer:
The price is lower. (why?) Vow caw guiss. -
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Black-Scholes with Cont. Dividend Yield

01 S lﬁ&@—é@/ -7 dSt = OéStdt —+ O'Stth,

Gain process:

th — (Oé + Q)Stdt + O'Stth

Consider a fixed claim
X = ®(S7)
and assume that

I, [X] = F(t, ),

sl by Somt Yoy FrE2ety an loefoe -
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Standard Procedure | {apwilior

b\a,waw

Assume that the derivative price is of the form

I, [ X] = F(t,S;).

Form a portfolio based on underlying S and
derivative F', with portfolio dynamics w4 St prejesty:
—

dG

St
!

v

+ Uy -

L —J

7 dF} (oowogjﬁz

Choose u° and uf such that the dW-term is wiped
out. This gives us a,v&v\%uallﬁ, oftov Computatious)

dVy = Vi - kdt

Absence of arbitrage implies

]Ct:T

This relation will say something about F'; oo Laforz .
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Value dynamicsérW) ;

dG dF
_ . S FYE
dV =V {u S +u F}’

AR\ &}‘f’rg dG = S(a + q)dt + o SdW. (?WJ‘/EG‘AS F"’Z‘)

From Ito we obtain

dF = apFdt + opFdW,
where we we e Frorhomd  wetai N

¥ OF OF 1 , ,0°F

ap = F{@ OJS% —O'S 832}
1 oOF
OF = F O'S%

Collecting terms gives us

v = V- {u(a+q)+u"ap}dt
+ V-{usa+uF0F}dW,
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Define ©® and u® by the system

S F

u-oc+u op =

u’ +uf’ =
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Solution Z(’% Vg 2# Q—>

OF
uS — y
O — 0

—0
uF — y
O — 0O

Value dynamics (OW\/ wows w“?@(’ow v f{elvzz,bhm)
aV =V -{u(a+q) +u"ar}dt.
Absence of arbitrage implies ZWWWC Mj \wumt)

u’ (o +q) +ufap =,

« S adub
~ PO UM
We get/%(m@» KR auwd TF vf P

OF oF 1, ,0°F B
at+(r—q)5% —O'S——TF 0.

0s2
(very | )
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Pricing PDE

Proposition: The pricing function F' is given as the
solution to the PDE

OF OF 1 , ,0°F
(T—q)sg—l——asm—rﬁ’ = 0,

ot
/[ F(T.s) = (s).
d 0\46‘0 Were
We can now apply Feynman-Kac to the PDE in order
to obtain a risk neutral valuation for

My G Slo-neutvall wla pulE &L, 1”&3&5;;:\'\5
't ASJC 3 (rw ”l/\gi AL > ‘75 d?wi (AUNS a“.
e € @\6%) \Ma 4 4

M,
%ic [F%C Fry)=2

H 9=0 e are bade am
tle D’CdL. wbuak' o .
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— Staxrks 7t lecbure o

Risk Neutral Valuation

The pricing function has the representation 2L Aot
g with bl

ceo t
F(t,s) = e "TYE2 [&(Sr)], e

where the ()-dynamics of .S are given by

dSt — (7“ — Q)Stdt + O'StthQ.
-~

Question: Which object is a martingale under the

meaugre Q7 T R _Si. I (Z(' ,6?
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Martingale Property

Proposition: Under the martingale measure () the
normalized gain process

t
GZ = ¢S, + / e~ "dD,
0

prsp turn cowracd
is a (Q-martingale. kD prront Cate

~% Q
Proof: Exercise: $how A&i: 2 G‘Stdwt ;V\O&% o
Note: The result above holds in great generality, fe= p223-

Interpretation:
In a risk neutral world, today's stock price should be

the expected value of all future discounted earnings
which arise from holding the stock£tese wclude didennds

t ~ |
s 9 [ ap, s oors] 5 ERES,
0 Moo K47
?r‘ICQ/

Lo Propodihon upm vuoﬁ’a\% &7 = < ﬂ[
221
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Pricing formula
ot

Pricing formula for claims of the type

We are standing at time ¢, with dividend vyield gq.
Today's stock price is s.

e Suppose that you have the priciEg function
Fo(t, s) = ,ij (%),Wﬁw"‘ 5_[;’6 -

for a non dividend stock.

C——

e Denote the pricing function for the dividend paying
stock by
Fi(t, s)

Proposition: With notation as above we have

Fi(t,s) = F (t, se_q(T_t))

Tlur w Dreroise 1625
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Moral

Use your old formulas, but replace today’s stock price
s with se=2(T—1),

LN

= Qurliot eqgree
IR T o
_ e (7-%)
b SZ ' <2 gmg M2
1 B O - %
o 1,8
=9, ¢ Y (%) L
M ¥ (419 ot & %wrW“‘Mc
v \wréxt::w W’mc&@ v
¥ O
sl
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European Call on Dividend-Paying-Stock

Fit,s) =se {TON[d] —e "T"VKN [dy] .
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Martingale Analysis

Basic task: We have a general model for stock price S
and cumulative dividends D, under P.M do we find
a martingale measure (), and exactly which objects will
be martingales under ()7

wedrd 9 ,,u,(,w, o mmﬁmaauw%

Main Idea: We attack this situation by reducing it
to the well known case of a market without dividends.
Then we apply standard techniques.
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The Reduction Technique

e Consider the self financing portfolio where you keep
1 unit of the stock and invest all dividends in the
bank. Denote the portfolio value by V.

e This portfolio can be viewed as a traded asset
without dividends. (s, +ey disappeur b i o acn

e Now apply the First Fundamental Theorem to the
market (B, V) instead of the original market (B, .5).

e Thus there exists a martingale measure () such that

%ﬁ is a () martingale for all traded assets (underlying

and derivatives) without dividends.

e In particular the process

Ve
B,

is a () martingale. Next Wt S-‘ww'k V.

Tomas Bjork, 2017 226



The V Process

Let h; denote the number of units in the bank account,
where hg = 0. V' is then characterized by
\VF(G\M Prernova paye

Vi = 1-S5i+ B (1)
-—
s_? wv‘);ﬁ""l J? '2“
From (1) we obtain ATy
( v(ow ﬂ;.l»(.)
dV; = S, + hydB, + Bydhy 1t i@wwx

Comparing this with (2) gives us
1
Bidhy = dDy  amd &Wg& < _E:I} A

Integrating this gives us
t
1
h — _dDS
=[5
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We thus have

¢
1

Vi=5:+ Bt/ —d D (3)
o Bs

and the first fundamental theorem gives us the
following result.

Proposition: For a market with dividends, the
martingale measure () is characterized by the fact
that the normalized gain process &% Vp  codbisfis

Bt
S t 1
Z _ Pt -
GF =+ / D,

is a () martingale. //{4 o P ZZ) hui {(OM &~

Quiz: Could you have guessed the formula (3) for V7
@ w : 7
Awotbax iy \sthe i you -
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Continuous Dividend Yield

Model under P

dSt — OéStdt + O'Stth,

th = qStdt
We recall ( P- N0 7r°3’°§‘hmxt G
S 1
zZ _ Mt ~- 2 4 an
\ G ‘|‘/ B_Sst - 2,(: [{aé

] "B

\{D}Jp t

Easy calculation gives us (unacr P)
/

dGY = Zy (o — 7+ q) dt + ZyodW;

where Z = S/B.

Girsanov transformation d() = LdP, where

dLy = LipdWy (’6” Ermre f@k)

We have
6
AW, = dt + dW? A ‘)

Insert this into dG¥4
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The @ dynamics for G4 are

dG? = Z, (a — 1 + q + o) dt + ZyodW 2

Martingale condition

a—r+q+op; =0 OZ‘N-‘Ct: Y

/

g )
(Q)-dynamics of S : A4 = “S,{;M a 5% (0\"‘/ ’\‘th Ak

g’l ves

dSt — St (Oé -+ O'QO) dt -+ StO'thQ

~
Using the martingale @ this gives us the Q-
dynamics of S as
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Risk Neutral Valuation

Theorem: For a T-claim X, the price process II; | X]
is given by

I, [X] = e " T YEY[X]| F),
where the ()-dynamics of .S are given by

dSt — (7“ — Q)Stdt + O'StthQ.

okt Moot ¢ agppancs (snby)
w tha R- A/ﬁwa.wuﬁc,s D:F S{

— A vt L bwre ’—}(0<—/
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