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2. Forward and Futures Contracts

Tomas Bjork, 2017 232



Forward Contracts

A forward contract on the 7T-claim X, contracted
at ¢, is defined by the following payment scheme.

o-h_’—\

e The holder of the forward contract receives, at time
T, the stochastic amount X from the underwriter.

[9 T - wieapralds
e The holder of the contract pays, at time 7', the
forward price f(¢;7T, X) to the underwriter.

e The forward price f(¢;7T, X) is determined at time
E/wl b S waasuretie

e The forward price f(¢;7T, X) is determined in such
a way that the price of the forward contract equals
zero, at the time ¢ when the contract is made.

at the time€ ¢

— Yok
(wM\WS&";\V‘g coatha _Fﬂowsl Swép b% ‘Ymd:AW
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General Risk Neutral Formula

Suppose we have a bank account B with dynamics
dBt = TtBtdt, BO =1

with a (possibly sE/ch/_agu_".c) short rate rghen
0 appte R
F-(aca,fg

and we have the following risk neutral valuation for a
T-claim X %g/_[; , Bre Ty
,[x] = B9 [e it x| 7] (X
= By E&{Z'_L a5 X lq:’c]
Setting X = 1 we have the price, at time t, of arl’ze/ro\‘

—_—

coupon bondj_maturing at T as
|

t
B, = efo rsds

p(th) = [° [e_ ftT rsds ft} - b‘LE&[ ‘é/c’rjl\qi’]
CQ& sl boll, Sectson 2y ,1'} M\\\/ ;,,&"M%ﬁ‘
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Forward Price Formula

Theorem: The forward price of the claim X is given
by

1
p(t,T)

ft,T) = E9 [e— S reds | X‘ ft}

where p(t,T)
coupon bon

enotes the price at time ¢t of a zero
maturing at time 7.

In particular, if the short rate r is deterministic we have
- ———

f(t.T)=E?[X|F]

Tomas Bjork, 2017 235



Proof .w"g
Y
(0
The net cash flow at maturity is X — f(¢t,T). @the
value of this at time ¢t equals zero we obtain

IL [ X] =1L [f(¢,T)]
We have (’V""" P 7%4)
I, [X] = E¢ [6_ Ji reds. X‘ ft}

and, since f(t,T') is known at t, we obvioysly (why?)
have (S debwiviun o Pl T )on o/ 234

[} =) e LA )] = (6, T) 10, T

. . . Lot
This proves the main result. If r is deterministic.then

p(t, T) = e~"(T=Y) which gives us/the second formula.

T

T, [fb)] = Feom Ew)\@
~ 1\74_657'3 ’
(d?’}'-m(a‘ok
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Futures Contracts

A futures contract on the T-claim X, is a financial

asset with the following properties.

(i)

1 ~WMasusable

At every point of time ¢t with 0 < ¢ < T, there exists
in the market a quoted object F'(¢;T, X), known as
the futures price for X at ¢, for delivery at T.

At the time T’ of delivery, the holder of the contract

pays F(T; T, X) and receives the claim X, boHn, @,—-

So F(T,7, %) =X Wagu Cable—

During an arbitrary time interval (s,t| the holder

of the contract receives the amount F(t;7T,X) —

F(s;T,X). "The cashflow F(e)w,ﬂ \N!Lo. Wee A
Arndead_

The spot price, at any time ¢ prior to delivery, for

buying or|selling the futures contract, is by definition

equal to rero.

K 0 WE o —Ft,utwwrajrr‘)cz_
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Futures Price Formula (fcf/‘\'w‘ 292)
wh d’)mﬁwém @,w)
From the definition it is clear that a futures contract
is a price-dividend pair (S, D) with
V\D'%m Hee

S = O, th = dF(t, T) %/g‘bﬁt >
D.t: F(b,’(:)
From general theory, the normalized gains process
? ZZ@S y g p

S, t 1
G = — —dD,
t Bﬁ/o B,

is a (Q-martingale.

Since S =0 and dD; = dF(t,T) this implies that

ok M{
Lare,T) . @”M

——— B "
[ ugnally ot tte Lype €, HWd o
is a\martingale increment] which implies (why?) that

3\%}.;\)@‘: dF'(t,T) is a martingale increment. Thus F' is a
v

@—martingale and we have
wa J’Wﬁmglb‘\nt
F(t,T) = E° [F(T,T)| 7] = E?[X| F]

cec P 237 ('W)
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Thin proves:

Theorem: The futures price process is given by

w b \A,\/\"“]‘)

F(t,T)=EY[X|F]. AP

Corollary. [f the short rate is deterministic, then the

futures and forward prices coincide.
— _——
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3. Futures Options
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Futures Options

We denote the futures price process, at time t with
delivery time at 1" by

F(t,T).

When T' is fixed we sometimes suppress it and Wrijc$c ot
F, ie F,=F(T) L vadive (W SPTT
O/ web o portiod gons ¥ )
Definition: X
A European futures call option, with strike price K and

exercise date T', on a futures contract with delivery date
T Wlll’wt T, pay to the holder: T<Tﬂ
e The amount F(T,7T1) — K in cash. ¥

X= (F(rT)—-K)

e A long postition in the underlying futures contract.

NB! The long position above can immediately be
C|8S€d at no cos}, &0 %am v ﬁC"',’Ta)—t)T
AL §pot B of A Lukure Ko B0
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Institutional fact:
The exercise date I' of the futures option is typcally

very close to the date of delivery of the underlying T}
futures contract.
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Why do Futures Options exist?

e On many markets (such as commodity markets)
the futures market is much more liquid than the
underlying market.

e Futures options are typically settled in cash. This
relieves you from handling the underlying (tons of

copper, hundreds of pigs, eKc.)/./Loms ch P0£-oc(2026

e The market place for futures and futures options is
often the same. This facilitates hedging etc.
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Quote from Bjork’s book, page 455:

For more explanation you may want to consult:

https://www.investopedia.com/terms/f/futurescontract.asp

or a similar page on Wikipedia:

https://en.wikipedia.org/wiki/Futures_contract


Quote from Björk’s book, page 455:

For more explanation you may want to consult:

https://www.investopedia.com/terms/f/futurescontract.asp

or a similar page on Wikipedia:

https://en.wikipedia.org/wiki/Futures_contract


Pricing Futures Options — Black-76

We consider a futures contract with delivery date T} (/Hpu()
and use the notation F} = F(t,T1). We assume the
following dynamics for F'.

dFt = /LFtdt + O'Ftth

Now suppose we want to price a derivative with exercise
date 7" with the Ti-futures price F' as underlying, i.e.

a claim of the form
el

®(Fr)

This turns out to be quite easy.
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From risk neutral valuation we know that the price

process 11, [®] is of the form [, Lianae Lo
Wplace $f wikte Fe) g J g

Ht [(I)] — f(tv Ft)

where f is given by 5 W

£t F) = e“T“ B(Fp)

so it only remains to find the ()-dynamics for F'.

We now recall (ﬁ’m (P-Z??)

Proposition: The futures price process F; is a (-
martingale.

Thus the ()-dynamics of F' are given by

A
o ’w\'\
dF, = oFdW® 3  No &%

Node, Huh Hoe difusion coeffioant 1 s
g ’P’( Q,e\/?’ seL 'Prcv‘\ou,sqwﬁb‘
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We thus have
f(t, F) = e "TOER, [@(Fp))
with ()-dynamics

dF, = o F dWE

Aon b.220
Now recall,the formula for a stock with continuous
dividend vyield @

f(t,s)5 e " TTVEL [(ST)]

with ()-dynamics

dSt — (?“ — )St + O'StthQ

Note: If we set ¢ = r the formulas are identical!
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Pricing Formulas

Let f°(t,s) be the pricing function for the contract
®(ST) for the case when S is a stock without dividends.
Let f(¢, F') be the pricing formula for the claim ®(Fr).

Proposition: With notation as above we have
(bode T F 1)
f(t, F) = fo(t, Fe 1)

Moral: Reset today's futures price F to Fe "(T—%)

and use your formulas for stock options.

Guailard cpry, rpU g, Wi ©
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Black-76 Formula

The price of a futures option with exercise date 7" and
exercise price K is given by

c=e "T"D{FN[d] — KN [ds]}.

b= () ehr o}

—5 Bad &) Lcbure 3o -
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Tomas Bjork
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Pure Currency Contracts

Consider two markets, domestic (England) and foreign

(USA).

r? = domestic short rate @,bv\z,mflg,
) ' -

r foreign short rate WL{Z - l
X = exchange rate

NB! The exchange rate X is quoted as

units of the domestic currency

unit of the foreign currency

j{» /lemgg 4‘)0\? M,&D/W
]
X=
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Simple Model (Garman-Kohlhagen)
v-Fw—HAL MM@L T

The P-dynamics are given as:

)(} dXt = XtOédt—l-XtO'th,

g%ﬂ%y { dB} = r'Bfdt,

dB! = r/Bjdt,
® t iy
L, sy
s VRN

Main Problem:
Find arbitrage free price for currency derivative, Z, of
the form

Z =®(Xr)
Typical example: European Call on X.

Z = max [X7 — K, 0]
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Naive idea

For the European Call, use the standard Black-Scholes
formula, with S replaced by X and r replaced by 7.

Is this OK?

W\ . . 1/\
émc'?) TR cLuz}xb\m/\,
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NO!

WHY?
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o
B
Main ldea SgJ(" o
w’*f&“ 7

e When you buy stock you just keep the asset until
you sell it. (o sntovest o M&d:S)

e When you buy dollars, these are put into a bank
account, giving the interest /.

0 S
%“MU(\NL
Moral: /"‘"Mj .

Buying a currency |s_@. buying a /c]wdend—paymg &

stock with dividend yield ¢ = r/. T

(e, leyps fFQuc,hAMV“"a,

0 oud boue oacmont o, the
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Technique

olTransform!aII objects into domestically traded

asset prices.

e Use standard techniques on the transformed model.
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Transformed Market

—

1. Investing foreign currency in the foreign bank gives
value dynamics in foreign currency according to

dB! = /B dt.

il
2. B/ units of the foreign currency is worth X - Bg in
the domestic currency. (Xft p;";)

3. Trading in the foreign currency is equivalent to
trading in a domestic market with the domestic
price process

Sf _ pf <. thuo & T2
Bt - Bt Xt 'be?f'D(W!N{;‘QVI
4. Study the domestic market consisting of
~————
B, B¢
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Market dynamics

S\AVV\\MQ(?N
dXt = Xt()édt + XtO'dW

Bl = B/ X, <. domesic peices

Using 1t6 we have domestic market dynamics

dB] = Bf(a+r)dt+BfadI2/ be QWL
dBy = r'Bidt (X W Mr‘“w
VNW v O\/

Standard results gives us ()-dynamics for domestically

traded t ; o 42 =Y
rade prices: [w(\k Ap e ™ 373

it + B cdW

Rl _
dBt =
fd\ Aﬂv\wsho e est ‘(’j:q’

dB¢ =
It gives us Q-dynamics for X, = B/ /B/:

dXt Xy (rd — rH)dt + XtadWQ
) Jg“c (wo 83 o)
Tomas Bjork, 201@ -
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Risk neutral Valuation
g A Gt ¢ty A2 VeoR ve

Theorem: The arbitrage free price II; [®] is given by
Ht [(I)] = F(t, Xt) where

F(t,z) = e " TDEQ [®(X7),
The ()-dynamics of X are given by[ See qmae ZS'})

dX; = X, (r* — r1)dt + XoodWE

—s) Fbjmvvlwv\.a K&\(/ ((«)-g(/g(,vgl—ai'\m«‘.

fives cdokion 4o PDE
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Pricing PDE

Theorem:The pricing function F' solves the boundary
value problem

P M 2y,
L~
(A )
oF p P OF 1 5 50°F p B
at—l—x(r T)ax—l—zxaax2 r'F = 0,
F(T,z) = ®(x)

o Gwnilartty Wi Tauilo {5 AiA bl |
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Currency vs Equity Derivatives

Proposition: Introduce the notation:

o FU(t,x) = the pricing function for the claim Z =
®(X1), where we interpret X as the price of an

ordinary stock without dividends.

e F(t,x) = the pricing function of the same claim
when X is interpreted as an exchange rate.

Then the following holds

F(t,z) = Fy (t,:ce_rf(T_t)) :

L diidend Case, sw Q22
ke FY (AR amd o by *)
Gan d_ é{/ *((,r)(m,u\ wtle (
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Currency Option Formula

The price of a European currency call is given by

F(t,z) = ze " TN dq] — e TR N o],

where

dy = J\/;i_t{ln(%)+<rd—rf+%a§()(T—t)}

dg — dl(t,x) —O'\/T—t

Appy 2am g e pomktamts, Huo 2
M e fofwnla ar U p-22Y ‘@—(
dwo ke A< .

Tomas Bjork, 2017 261

— Cud ~} L e Flﬂé/



