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Martingale Analysis

Q¢ = domestic martingale measure

Q/ = foreign martingale measure
dQ’ dQ* dQ’

L, = Q ) L;l — Q ) L{ — Q
dQ“ dP dP

P-dynamics of X
dXt Xt()étdt + XtO'tth
where « and o are arbitrary adapted processes and W

Is P-Wiener.

Problem: How are Q¢ and Q7 related?

rO% Ly ﬂr (PUKSL )
bt aw amc,wg?
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Main ldea

Fix an arbitrary foreign T-claim Z.

e Compute foreign price and change to
currency. The price at t = 0 will be

o [2) = XoB?' [e= o ridsz] - fordhq" ot

. . ”
This can be written as Lot S5 2
My [Z] = XoEQ" [LTe— fo dSZ}
_>2Z2> 32Xt
e Change into domestic currency at T and then
0 ~Nange
_~ computenarbitrage free price. This gives us
Aoweshe

I, [Z] = EQ" [e— fo réds x.. Z}

e These expressions must be equal for all choices of
Z € Fr.
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‘Tﬁm fd:l,mns mf-zaj '
We thus obtain

£’ [e— Jo rids x, . Z} — X,EQ" [LTe— Jo desz}

fo -claims Z. This implies the following result[(eflﬁde

ittt )
Theorem: The exchange rate X is given by
L

X, = Xgelori—rddsp, = B‘ :

B\ L

T \ t
alternatively by ;
D
X¢ = Xthd

where D¢ is the domestic stochaftlc discoun
etc. \}7%?20(1, 5‘0 %/D)

Proof: The last part follows from

L_de_de dQ* _ L"F

- dQd dP/dP ‘L’ﬂr
4

A %(P,b_,d,é(o(ﬁd/)xm
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(Q?-Dynamics of X b

X
In particular, since L is a f%martingale the Q<

dynamics of L are of the form

(4 dL; = Ly dW2
where W< is Q%Wiener. From ZT’@\W\ ow g ,’2,6'43
() x, = xpehitri-rhas,
the (Q%-dynamics of X follows s ff(c\m (ﬁ\\)(é) owd TAO 118

aX, = (4 — ) Xt + x| (G of work)
(ompore 40 0253 (we whwh) ps tondude ot

& the Girsanov kernel ¢ equals the exchange rate
- volatilit nd we have the general Q% dynamics.
fea 7 volatiing? ) general Q" dy

Theorem: The Q% dynamics of X are of the form
_ (pd f d
dXt = (Tt — Ty )Xtdt + XtO'tth )

inown '{'\’ow‘ (? -89

Tomas Bjork, 2017 265



Market Prices of Risk

A
Recall
Di— o= Jor dsLd = —Efj”
We also have 4 Qd;(a@wtﬂ—m« (Ak( 1))

dL{ = L{p{dW; 4 7. ic\(ww( PSUCess
where —gpt = |s the domestic market price of risk

and similar for ¢/ etc. From Vvau’ WV"‘"V\“\OM
D! (et 0
7 Di %)

© A
we now easily obtain [&%@(M%y\/\ A5t - MW%)

dX; = X,ondt + X, (Af Y ) AW,

where we do not care about the exact shape of a. We

thus have we Ao, b 50’@"5'3 AC

Theorem: The exchange rate volatility is given by



| Siegel’s Paradox

_A.gjm_e_’_c_hat the domestlc/_fand }the foreign markets are /go‘bﬁ/
_risk neutral and assume constant short rates. We now
have the following surprising (?) argument.

NS~

A: Let us consider a T claim of 1 dollar. The arbitrage
free dollar value at £ = 0 is of course

e—rfT

so the Euro value at at ¢ = 0 is given by
—

ot
X06 TT.

The 1-dollar claim is, however, identical to a 7T-claim
of X7 euros. Given domestic risk neutrality, the Euro
value at ¢t = 0O is then

d 9\011 P bﬂ aSumptiovn,
—r"T P
€ E [XT] .

We thus have
—riT 9T P
X0€ —= € E [XT]
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Siegel’s Paradox ct’'d

B: We now consider a T-claim of one Eura and
compute the dollar value of this claim. The Euro
value at ¢t = 0 is of course

so the dollar value is  [pk 4 =0 ‘3

ie—frdT
Xo
The 1-Euro claim is identical to a T-claim of XT_1
Euros so, by foreign risk neutrality, we obtain the
dollar price as ~ oty
) ) [L] &=
X1

which gives us
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Siegel’s Paradox ct’'d

Recall our earlier results [\‘P Loy tmndl ’bb?}

—rfT —rdT P
Xpe = € E XT .
’ Xl [M%P{%j
ie—rdT _ rlTpP b
Xo B X1

Combining these gives us

B [XLT] ~EP %XT]

*
which, by Jensen’s inequality,)is impossible unless X
is determifiistic. This is sometimes referred to as (one
formulation of) “Siegel's paradox.”

It thus seems that Americans cannot be risk neutral at
the same time as Europeans.

) lrWhat is_‘lg&i/rlu on? \
) A Y b Awex _ fe)> %
Vi W

Ey(x)zpler) - sz":zuagy,if
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Formal analysis of Siegel’s Paradox

Question: Can we assume that both the domestic and
the foreign markets are risk neutral?

[ . .
Answer: Generally no, becauwse st megov.s M/J%MXI%

Proof: The assumption would be equivalent to
assuming the P = Q4= Q' i.e.

M= =0 (mug e LJCE "(“r)
However, we know that Csoz (P-'lé5~>
o= A — )\

so we would need to have o; = 0 i.e. a non-stochastic

exchange rate, €1 ol I wel e lAGhe
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The previous slide gave us the mathematical result, but
the intuitive question remains why Americans cannot
be risk neutral at the same time as Europeans.

The solution is roughly as follows.

e Risk neutrality (or risk aversion) is always defined
in terms of a given numeraire. %{’t G A gfg )

° L;c Is n ttitude towards risk as such.
Uk @/ﬂ v o s\\L e waaxket

e You can therefore not be risk neutral w.r.t two

different numeraires at the same time unless the
ratio between them is deterministic.

e In particular we cannot have risk neutrality w.r.t.
Dollars and Euros at the same time.

0 ’% ywme s Nsle
COVW'\V\[;\\A% - Wby ol v o

wias et ) yyew coun vat

l(ro&n&»’\’(r&&(“um

r
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— Stask o e ckute 944/

Continuous Time Finance

Change of Numeraire
Ch 26

Tomas Bjork
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Recap of General Theory

/

Consider a market with asset prices

sy st .. 8N
A 1
Theorem: The market is arbitrage free
iff

there exists an EMM, i.e. a measure () such that

e () and P are equivalent, i.e.

Q~P

e The normalized price processes

55 8¢
A

are (Q-martingales.

Tomas Bjork, 2017
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Recap continued

Recall the normalized market

sy st SN
(Z?,Zg,...ZgV):( L = t)

S_g’ S_g I Sg
e \We obviously have

7} =1

e Thus Z9 is a risk free asset in the normalized
economy.

e 7Y is a bank account in the normalized economy.

e In the normalized economy the short rate is zero:

)
_ 0/ %M /(’CL(/\/\ 1
¥4 A%c’v’“ v ?%::up((a [, d6) =1, ¥£2°
%%2\ = rsr,o/k/s;o'
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Dependence on numeraire

e The EMM (@ will obviously depend on the choice
of numeraire, so we should really write Q° to

emphasize that we are using S” as numeraire.

e So far we have only considered the case when the
numeraire asset is the bank account, i.e. when
S? = DBy;. In this case, the martingale measure
QP is referred to as “the risk neutral martingale
measure’ .

e Henceforth the notation ) (without upper case
index) will only be used for the risk neutral
martingale measure, i.e. Q = QP= &°

e We will now consider the case of a general
numeraire,
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General change of numeraire.

e Consider a financial market, including a bank
account B.

e Assume that the market is using a fi,‘xed risk neutral
measure () as pricing measure. / Sx/@(z e (- Maﬁ,’,%@

4“\6(«.' "1[ &: Q%
M‘N’ Choose a fixed asset S as numeraire, and denote
/ the corresponding martingale measure by Q. 3

-5/,,»“” beimme W Tugalis
< s
Problems: € bnoldt _&/

e Determine Q°, i.e. determine

AL
o I
on F;

dQ® ¢
Lt — %7 Aﬁ- 0"‘(-}-;,
d¥x_

e Develop pricing formulas for contingent claims using
Q” instead of Q.
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Constructing Q°

Fix a T-claim X. From general theory we know that

o),
ﬁ] 'E(; w/d\ﬂ"(‘h"‘a“1 >

the normalized process

I1; [ X] WA Amd
St W canre

is @ Q°-phartingale. We thus have Wi\ L_(_:%wff.

S e - R L

From this we obtain ((L&Q SRV LS WV\/)‘@MJGB

11, [X] = E¥ [LTX'SO] ,

St
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For all X € Fr we thus have

X X-S
EC|=—| =E“|L °
[BT] [ LSy ]

Recall the following basic result from probability theory.
(s<e uamw P 2641')

Proposition: Consider a probability space (2, F, P)
and assume that
X

E[Y-X|=E[Z-X], forall£ecF. st
Lx‘\,t.c’co-ﬁw Lxast
Then we have

~ |
Y =2 P—as ( Prove W»)

From this result we conclude that

1 So
.20
Br TSy

C)ﬂwxﬂ(/ﬂl’(/u, APt _[4(4; WS%M LR
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Main result

Proposition: The likelihood process /é'f e lisuney
S
) R +o Q)
d
Lt = %, on Ft
is given by
L, =2t L
"B S,
p-1sSe

Cerg ol J{«@an?], Sey< L & a R-wmatyd

L S/lf/éo [M".P}af:’>
NS A k= B /Bs
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Easy exercises

1. Convince yourself that L is a ()-martingale.

adpr fo\ows A Atwanles o l"b jond Pty T &)

2. Assume that a process A; has the property that
A¢/B; is a Q martingale. Show that this implies
that A;/S; is a Q°-martingale. Interpret the result.

Trove by Bosps cnle /0%%@7>
Theve n A 9@\«2{»@ mlt  w

. < -
Moo Brectise dody | TG >
wr M M kil sexdiges
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Pricing

Theorem: For every T-claim X we have the pricing
formula
d

Proof: Follows directly from the @Q°-martingale

property of II; [X] /S;. (?m@iu@.}:@ Hoe
winsk prtgerdy ey 8 )

Note 1: We observe S; directly on the market.

X

I, [X] = StES[ST

Note 2: The pricing formula above is particularly
useful when X is of the form

X=587"Y

|

T«L’ {Q—r\ﬂ II; [X] = S;E® D,p Fi]

onlyy One TPmdam
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In this case we obtain



Important example

Consider a claim of the form
X =% [S7,57]
We assume that @ is linearly homogeneous, i.e.

O(A\x, A\y) = A®(x,y), forall A >0

4

Sl
= SYE° [<I> (1, —g) ‘ ]-'t]
) E

r&(p IMALM% \/wwogexmow)

Using Q" we obtain
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Important example cnt’d
Proposition: For a claim of the form
X = ®[s9.5%].
where ® is homogeneous, we have
I, [X] = SYE” [ (Z7)| 7]

where
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Exchange option
\f\“j/“.ﬁ&"'—‘lﬁ] Yo o witle  ordhanp RS
Consider an exchange option, i.e. a claim X given by
2pwen oz wamt |
X = max [Silp — 89, 0]

Since ®(x,y) = max|x — y,0] is homogeneous we
obtain

I1, [X] = SYEY [max [Z7 — 1, 0]| F]
"

- »
e This is a European Call on Z with strike price K= -]

o 7
e Zero interest rate. [7] Wt TF ,g‘g't - )
(+]
¢
5
e Piece of cake! % s
/7 Sw

o If SY and S! are both GBM, theano is'ZJ and the
price will be given by the Black-Scholes formula.
. bovduct o T2bRo -
e 0 stalowant o
%Mawf retowmon Fe ") o
o’ Lognarunsls Lo Dyusenel ghm
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Identifying the Girsanov Transformation

Assume the ()-dynamics of S are known as (6 SN L)

dSt — TtStdt -+ StUtthQ
P

¢
. St (A,&, [ B
P ?9 T b S.B, AR t
From this we immediately have / A€ /\B{;q ‘B’tébJ('}
st Lt’UtdW

and we can summarize.

Theorem: The Girsanov kernel is given by the
numeraire volatility vy, i.e.

S st Lt’UtdW
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: 1
. 5 '/G{Wwﬂ{?'%wor'q’%'
i fm on [zero coupon bonds

Recall: A zero coupon T-bond is a contract which
gives you the claim

X =1

at time 7.

The price process II; [1] is denoted by p(t,T),gee olo
P22y

Allowing a stochastic short rate r; we have
dBt = TtBtdt. C{: A/'J au)cq_ ()'{fﬂr)

This gives us t r«(_;égfé '
Bt — efO TSdS: € %'b

and using standard risk neutral valuation we have

]-'t}c BT QET )ﬁ,:/

p(t,T) = EX [6_ I rsds

Note:
p(T,T)=1
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Speciad chmice I eodave leods v

1
The forward measure Q! .

e Consider a fixed T'.

e Choose the bond price process p(t,T') as numeraire.
—_— i —

e The corresponding martingale measure is denoted
by Q1" and referred to as “the T-forward measure” .

/

For any T claim X we obtain

1, [X] = p(t, T)E?" [H

|

We have

Mr[X]=X, p(T,T)=1
\

.a\alﬂ. )
Theorem: For any T-claim X we have o 2
b
L, [X] = p(t, T)E® [X|F] Lok ador
]
Hn 3, TR wote the
betec” oo Y- BE XN | (1R
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A general optlo ricing formula,

\
v
?fl\ 175 Use BF dwy oA~ mmwm(esawl Elaw'ﬂ

European call on asset S with strike price K and maturity 7.

X =max [S7 — K, 0]

;
3 Write X as O A wie  Note 2 o §.23]
{

=S —K) - I{Sp > K}=SpI{Sr > K} - KI{Sr > K}
!W“)
frivtarcds ceiBen ¢ P [ ok

Use ° on the first term and Q on the second.
— (a-r p28¢)

Mo [X] = So - Q5 [Sp > K] — K - p(0,T) - QT [Sr > K]

)(@(Ct?(,. ‘E\VLA A vnlor @‘*\’P{éf?\\w\ *@nf '—A’i' (7(.7
Tomas Bjork, 2017 4}0 k\\l\M *' VV\%M 2§%_
sk Pvwe O
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