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Continuous Time Finance

The Martingale Approach
Il: Pricing and Hedging
(Ch 10-12)
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Financial Markets [& F@cc%Q

Price Processes:

St — [Sg,,SfV}

Example: (Black-Scholes, S¥ := B, S :=9)

dSt — OéStdt + O'Stth,
dBt = TBtdt.

Portfolio:
he = [hy, ..., by ]

h! = number of units of asset 7 at time t.

Value Process: \Jgﬁs(

.l
Vi = Z hiS; = heSt e
i=0 \(gu«""‘
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Self Financing Portfolios

Definition: (intuitive)

A portfolio is self-financing if there is no exogenous
infusion or withdrawal of money. “The purchase of a
new asset must be financed by the sale of an old one.”

Definition: (mathematical)
A portfolio is self-financing if the value process
satisfies

N
dV, =) hydS;
1=0

Major insight:
If the price process S is a martingale, and if h is
self-financing, then V is a martingale.

NB! This simple observation is/in fact the basis of the
following theory. XMD‘H&

Tomas Bjork, 2017
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Arbitrage

The portfolio u is an arbitrage portfolio if

e The portfolio strategy is self financing.

.V():O. \
.59
ow ©

o V>0, P—a.s. fp o
(\,\,—ca\ﬁw *

e P(Vr>0)>0

Main Question: When is the market free of arbitrage?
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First Attempt s

Proposition: If S?,-.., SN are P-martingales/ then
the market is free of arbitrage.

Proof:
Assume that V is an arbitrage strategy. Since

N
dVy =) hidS;,
1=0

LY o w?

V' is a P-martingale, so (L«Ccamco

;
Vo = EY [Vr] > 0

This contradicts V; = 0.

True, but uselessg 1 s> Pagf

Tomas Bjork, 2017 173



Example: (Black-Scholes)

dSt OéStdt + O'Stth,
dBt = TBtdt.

(We would have to assume that a = r = 0)

We now try to improve on this result.

J
o Gk B matigpes
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Choose S; as numeraire

Definition:
The normalized price vector Z is given by

St

Zy = SO

=1[1,2},...2;"]

The normalized value process V7 is given by

N . .
=Y hizi
0

Idea:
The arbitrage and self financing concepts should be
independent of the accounting unit.
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Invariance of numeraire

Proposition: One can show (see the book) that

e S-arbitrage <= Z-arbitrage.
e S-self-financing <= Z-self-financing. /01\/: Ly ds &

Insight:
e If h self-financing then

N
dV/ =) hidz;
1

e Thus, if the normalized price process Z is a P-
martingale, then V2 is a martingale.
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Second Attempt
o wetemabiged Procsis

Proposition: If/\Z?,---,ZLZV are P-martingales, then

the market is free of arbitrage.

True, but still fairly useless.

|
b y ng e @ A2
@m%uwwm

Example: (Black-Scholes)

dSt — OéStdt + O'Stth,
dBt = TBtdt.
Ao
27 By dZ} = (a—r)ZMt+ oZldW,,
dZ) = 0dt.

We would have to assume “risk-neutrality”, i.e. that

a=r. iy Mé %/]4;_)& ?—VV\M'H‘/L@A(/C

Tomas Bjork, 2017 177



Arbitrage

Recall that A is an arbitrage if

e h is self financing
® VO = O
() VT Z O, P — a.s.

e P(Vr>0)>0

This concept is invariant under an equivalent change
of measure!

& = (P(A)=° & R[Q\'D,
Y~ SLP(A\ PSS o (&=

0
. Lﬁ\7’° o o) 7
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Martingale Measures

Definition: A probability measure () is called an
equivalent martingale measure (EMM) if and only
if it has the following properties.

e () and P are equivalent, i.e.

Q~P

e The normalized price processes

t_S__?’ i:O,...,N

are Q-martingales.
e

¢
W#®» now state the main result of arbitrage theory.
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First Fundamental Theorem

Theorem: The market is arbitrage free
iff

there exists an equivalent martingale measure.

[TTAT 1)
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Comments

e |t is very easy to prove that existence of EMM
imples no arbitrage (see below).

e The other im#plication is technically very hard.
VRN A

e For discrete time and finite sample space €2 the hard
part follows "easily from the separation theorem for
convex sets.

M”"w&""

e For dlscrete time and more general sample space we_

e For continuous time the proof becomes technically
very hard, mainly due to topological problems. See
the textbook.

ot L Lectupe Go
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Proof that EMM implies no arbitrage

Assume that there exists an EMM denoted by Q.
Assume that P(Vyr > 0) = 1 and P(Vr > 0) > 0. -
Then, since P ~ ) we also have Q(Vyr > 0) =1 and

QUr>0>0 Wy B f)>o |

0

Recall:
N
_ i Jr7i
= E h.dZ,
1
(2 is a martingale measure

$
VZ is a (J-martingale
$
Vo =VZ = E° [VTZ} > 0
B Y
No arbitrage
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Choice of Numeraire

The numeraire price S can be chosen arbitrarily. The
most common choice is however that we choose S as
the bank account, i.e.

SO:Bt

where
dBt = TtBtdt

Here 7 is the (possibly stochastic) short rate and we
have

t
B, = efo rsds

7
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Example: The Black-Scholes Model
dSt — OéStdt + O'Stth,
dBt = TBtdt.

Look for martingale measure. We set Z =S/B. —

dZt Zt(Oé — T)dt -+ ZtO'th,

Girsanov transformation on [0, T7:

st — Lt@ttha
Lo = 1.

dQ) = LvdP, on Fr

Girsanov:
AW, = odt + dW2,

where W€ is a (Q-Wiener process.

Tomas Bjork, 2017 184



The Q-dynamics for Z are given by
dZ, = Z,la — v + o] dt + Z,odWE.

Unique martingale measure (), with Girsanov kernel
given by N‘Q
roa g A2 Egdle

o

Yt =
(Q-dynamics of S: (¢ e f@wwd\ﬂ\

dSt — rStdt -+ O'StthQ.

Conclusion: The Black-Scholes model is free of
arbitrage.
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Pricing

We consider a market B;, St,...,SY.
Definition:
A contingent claim with delivery time 7', is a random
variable
X € Fr.

“At t = T the amount X is paid to the holder of the
claim”.

Example: (European Call Option)

X = max [St — K, 0]

Let X be a contingent T'-claim.

Problem: How do we find an arbitrage free price
process II; [ X] for X7?
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M; ’(TJ(GL\ v O W%Jc@uﬁ( Hsee ?ﬁw ?{OCSZ%
T He OeReded werdcot O achibuge (e

Solution

Z/«/@{Q ﬁ\S%‘L
The lextended market
/—/__/

B, S} ... SN I, [X]

must be arbitrage free, so there must exist a martingale
measure @ for (S, I1; [ X]). In particular

1 [X]
By

must be a (J-martingale, i.e.

X _ po[Url) )

Since we obviously (why?) have
[Ir [ X]| =X
we have proved the main pricing formula.
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Risk Neutral Valuation

Theorem: For a T'-claim X, the arbitrage free price is
given by the formula

NB /(/LZ (%f(} W ~
- [ 6/((/\»@5 = EX \vtcj
\ (X ) =
+
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Example: The Black-Scholes Model
(2-dynamics:

dSt — rStdt + O'StthQ.
N® ; S w &HMW?@&%W/\M&j

Simple claim:
X = ®(Sy),

IL [X] = e "T-DEQ[D(Sr)| F

Ko@gorov = (Wonteas pr ety )
II; [ X] = F(t,5})

where F'(t, s) solves the Black-Scholes equation:

,
. %—f + 7“3%—5 + %0232%275 —rF = 0,
\ F(T,s) = ®(s)

[?Z»jmw\ﬂm - K&kcl

Tomas Bjork, 2017 189



Problem

Recall the valuation formula

(-0

I, [X] = E? [e— Ji' rads o X‘ ft}

What if there are several different martingale measures
ﬁ_ﬂ/f

Q7

This is connected with the completeness of the
market.
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Hedging

£

Def: A portfolio is a hedge against X (‘replicates
X") if

e h is self financing
() VT:X, P — a.s.

Def: The market is complete ifw X can be
hedged.

m‘v\ K:Ci%

Pricing Formula: =
If h replicates X, then a natural way of pricing X is

Ht[X]:Vth (506 P-\’M fov a
}W‘iﬁ—[ﬂ‘wh’m )

When can we hedge?
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Existence of hedge

0

Existence of stochastic integral
representation
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Fix T-claim X.

If h is a hedge for X then

o Vi =%, \
e h is self financing, i.e : “”&Od\y)
WUJJM

K
v/ =Y h’;’
1

Thus V4 is a @Q-martingale. —

X
VZ=E° |
2-5| 5

;
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Lemma:
Fix T-claim X . Define martingale M by

X
M; = B9 | —
=95

g

Suppose that there exist predictable processes
h'. ... h" such that

N t
M, = x—I—Z/ hidZ?,
i=170

Then X can be replicated.

Tomas Bjork, 2017 194



Proof

We guess that

Define: hP by

N
he =M, — > hiZ}.

1=1

We have M; = V;#, and we get , bg LSS
= dM, = Z hidZt",

so the portfolio is self financing. Furthermore:
X

X
E“ ]-']:—.
A [BT | 7 Br g |

woh % ¥ headgl:
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Second Fundamental Theorem
[FTAe2]
The second most important result in arbitrage theory
is the following.

Theorem:

The market is complete
iff
the martingale measure () is unique.

Proof: It is o@(why?) that if the market
iIs complete, then~() must be unique. The other

implication is very hard to prove. It basically relies on
duality arguments from functional analysis.

Fos el At (R W Wﬁm{ o Adancs
s WMW réwr prry B!

| T, (4=
T (1) = _/%f@ for A0

_ Qp)F B g
5
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Black-Scholes Model

S}
(Q-dynamics ((f_ cedl T g

dSt = TStdt + UStthQa
dZ, = ZiodWX

My = E€ [e7"TX| F],

Representation theorem for Wiener processes

4

there exists g such that

t
M, = M(0) + / g, dWE.
0
Thus .
M, = MO+/ hidZ,,
0
with h} = e

Tomas Bjork, 2017
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Result: (1w Lwvma ow 3'Wu)\ﬁg

X can be replicated using the portfolio defined by

h% = gt/O'Zt,
hf — Mt - h%Zt

Moral: The Black Scholes model is complete.
Uoce we drom weeh (20 o p. 02 )

Mk K o 0 Yoo T x=§ s

buk e wie pegels)-
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Special Case: Simple Claims

Assume X is of the form X = ®(S7)

WWW/
My = E€ [e7"T®(Sr)| F] Loct

-

Kolmogorov backward equation = M; = f(t, S;)& (5 o &

Hc.rk.o\/)
2
{ oL +rs9l + 1625204 =

f(T,s) = eT1(s).
A5, = |ue YDE|=
1t6 = ”Wt Fodh * % © f ] o /
th = O'St adetQ, mwpm 106 )
> of Rl = 59
gt =05t 9’ = g{g(e,sﬂ
Replicating portfolioh: L __—
hf = f- Staf
Vi Js
l/ @ _ % _ htl _ (9f

Interpretation: f(t,S;) = V2 WW\”\MXJ phee
proan It A
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MQ“ jﬂﬁzﬁ
Define F'(t, s) by Wv‘
<

F(t,s) =e"f(t,s),

so F(t,5¢) = V;. Then £51n j%@\”‘wg 770~ s

B F(t,St)—St%—lj(t,St)
ht - Bt )
1 oOF
hy = 5:(t.5)

where F' solves the Black-Scholes equation

|
=

at —|—7“88 — 10282%22 —rF
F(T, s)

P(s).

e W@ (-1 MA

%ﬁ J oo
(?;)G%Jr 25%@ ?Dg Brac M oo f
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Main Results

e The market is arbitrage free < There exists a
martingale measure ()

e The market is complete < () is unique.

e Every X must be priced by the formula

I, [X] = E° [6_ Ji' reds X X‘ ft} , bowap [J—\:f{‘(

for some choice of ().

e In a non-complete market, different choices of ()
will produce different prices for X.

e For a hedgeable claim X, all choices of () will
produce the same price for X:

X =V, = E9 [e_ftTrgds v X‘]_—t}

.
betgune ¥ 7, ()= A U 7 2 {20
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Completeness vs No Arbitrage
Rule of Thumb

Question:
When is a model arbitrage free and/or complete?

Answer:
Count the number of risky assets, and the number of
random sources.

R = number of random sources

N = number of risky assets

Intuition:

If N is large, compared to R, you have lots of
possibilities of forming clever portfolios. Thus lots
of chances of making arbitrage profits. Also many
chances of replicating a given claim. [M oy d7-103)
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Rule of thumb

Generically, the following hold.

e The market is arbitrage free if and only if

N<R

e The market is complete if and only if

N>R

Example:
The Black-Scholes model.

dSt OéStdt -+ O'Stth,
dBt = ?“Btdt.

For B-S we have N = R = 1. Thus the Black-Scholes
model is arbitrage free and complete.
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Stochastic Discount FactorV
’j)f'l&v'v:? &vm&v wndes P

Given a model under P. For every EMM () we define
the corresponding Stochastic Discount Factor, or

SDF, by t ]

Dt = fo TSdSLt, — JC/BJG
where 0

Lt = d—P, on ft

There is thus a one-to-one correspondence between
EMMs and SDFs.

The risk neutral valuation formula for a T-claim X can
now be expressed under P instead of under Q.

Proposition: With notation as above we have

1
I, [X] = EEP [DrX| Fi]

S o | ‘%M E&KX H

Proof: Bayes' formula: ?PCX L« /2 )f’c]
h
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Martingale Property of S5 - D

Proposition: If S is an arbitrary price process, then

the process
Sy Dy

is a P-martingale.

Proof: Bayes' formula’

e ki we b EL T f%i

L J)T
€

C@m/ﬁ of lechuse 4]
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