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Preface

In these notes we explain the measure theoretic foundations of modern probability.
The notes are used during a course that had as one of its principal aims a swift
introduction to measure theory as far as it is needed in modern probability, e.g. to
define concepts as conditional expectation and to prove limit theorems for martingales.

Everyone with a basic notion of mathematics and probability would understand
what is meant by f(z) and P(A). In the former case we have the value of some function
f evaluated at its argument. In the second case, one recognizes the probability of an
event A. Look at the notations, they are quite similar and this suggests that also P is
a function, defined on some domain to which A belongs. This is indeed the point of
view that we follow. We will see that IP is a function -a special case of a measure- on a
collection of sets, that satisfies certain properties, a o-algebra. In general, a o-algebra
3 will be defined as a suitable collection of subsets of a given set S. A measure p will
then be a map on X, satisfying some defining properties. This gives rise to considering a
triple, to be called a measure space, (S, X, ). We will develop probability theory in the
context of measure spaces and because of tradition and some distinguished features,
we will write (2, F,P) for a probability space instead of (S,%, u). Given a measure
space we will develop in a rather abstract sense integrals of functions defined on S. In
a probabilistic context, these integrals have the meaning of expectations. The general
setup provides us with two big advantages. In the definition of expectations, we don’t
have to distinguish anymore between random variables having a discrete distribution
and those who have what is called a density. In the first case, expectations are usually
computed as sums, whereas in the latter case, Riemann integrals are the tools. We
will see that these are special cases of the more general notion of Lebesgue integral.
Another advantage is the availability of convergence theorems. In analytic terms, we
will see that integrals of functions converge to the integral of a limit function, given
appropriate conditions and an appropriate concept of convergence. In a probabilistic
context, this translates to convergence of expectations of random variables. We will
see many instances, where the foundations of the theory can be fruitfully applied to
fundamental issues in probability theory. These lecture notes are the result of teaching
the course Measure Theoretic Probability for a number of years.

To a large extent this course was initially based on the book Probability with Mar-
tingales by D. Williams, but also other texts have been used. In particular we con-
sulted An Introduction to Probability Theory and Its Applications, Vol. 2 by W. Feller,
Convergence of Stochastic Processes by D. Pollard, Real and Complexr Analysis by
W. Rudin, Real Analysis and Probability by R.M. Dudley, Foundations of Modern
Probability by O. Kallenberg and Essentials of stochastic finance by A.N. Shiryaev.

These lecture notes have first been used in Fall 2008. Among the students who
then took the course was Ferdinand Rolwes, who corrected (too) many typos and other
annoying errors. Later, Delyan Kalchev, Jan Rozendaal, Arjun Sudan, Willem van
Zuijlen, Hailong Bao and Johan du Plessis corrected quite some remaining errors. |
am grateful to them all.

Amsterdam, May 2014
Peter Spreij






Contents

|L__o-algebras and measures|
.1 o-algebras| . . . . ...

E Integratloﬁl

4.1 TIntegration of simple functions] . . . . . . . . . . . . v v v ...
4.2 A general definition of integrall . . . . ... ... ... 0L
4.3 Integrals over subsets|. . . . ... ... ..o
4.4 xpectation and integrall. . . . . ... ..o o oo oL

.5 nctions of bounded variation and Stieltjes integrals| . . . . . . . ..

4.6 LP-spaces of random variables| . . . . . .. ... ...

4.7 -spaces of functions| . . . . . ... ..o L oL

[5.1 Product of two measure spaces| . . . . . . ... ...
EE Further applications in Probability theory] . . . . . . . . . . . . . ...
|5.3 Infinite products| . . . . ... ... oo oo

[6.2  Linear functionals on a Hilbert spacef. . . . . .. ... ... ... ...

6. Real and complex measures| . . . . . . . . ... ... ... ... ..
6.4 Absolute continuity and simngularity|. . . . . . .. .. .00 0oL
6.5 e Radon-Nikodym theorem|. . . . . . . . ... ... ... ......

6.6 Decomposition of a distribution function|. . . . . . . .. ... ... ..

6.8 Dualspaces| . . . . .. .. ...
6.9 Additionalresultdl. . . . ... ... .. ... ..

0.10 Fuxercisesl . . . . . . . ..

00 ~1 UL W =

10

13
15

17
17
19
21
23

25
25
28
32
33
36
39
40
44

46
46
50
52
54

58
58
58
59
62
64
65
66
70
72
73



[7_Convergence and Uniform Integrability| 75
[7T Modes of convergence] . . . . . . . . . . 75
7.2 Uniform integrability] . . . . . . . . . . . .. . 78

|8__Conditional expectation| 83

[T A simple, AiNIte CaSE| . . . . v v e e e e e 83
8.2 Conditional expectation for X € L' (Q, F,P)|. . . . ... ... ..... 84
8.3 Conditional probabilities|. . . . . ... ... ... ... .. ....... 88
.................................. 90
19 Martingales and their relatives| 93
[9.1 Basic concepts and definition| . . . . . . ... 93
9.2  Stopping times and martingale transforms| . . . . . . . ... ... ... 96
03 Doob’s decomposition] . . . . . . . e e e 99
9.4 Optional sampling] . . . .. ... ... ... ... .. 100
OF Exercised . . . . . .. 102

L0 Convergence theorems| 104
[I0.T Doob’s convergence theorem]. . . . . . . . v v v v v v v i 104

[10.2 Uniformly integrable martingales and convergence] . . . . .. ... .. 106

|10.3 LP convergence results| . . . . ... ... 108
[T0.4 The strong law of large numbers| . . . . . . . . v oo v v v i 110

05 Exercisesl . . . . . . . 113
L1 Local martingales and Girsanov’s theorem| 116
11.1 Local martingales|. . . . . . . . ... .. ... ... 116
11.2 Quadratic variation|. . . . . . . . ... ... .. ... . 118
[[1.3 Measure transformation] . . . . . . . . . o v v v 118
OId Exercises . . . . . . . o o 123
|12 Weak convergence| 124
21 Generalities . . . . . . . . . . 125
[12.2 The Central Limit Theorem| . . . . . . . ... ... ... ... ..... 132
[Z3 Exercises . . . . . o o o 136
13 Characteristic functions| 139
[13.1 Definition and first properties| . . . . . .. ... ... ... 139
............. 143
145

148

151

14.1 The space C[0,00)[ . . . . . . . ... L 151
14.2 Weak convergence on C[0,00)[ . . . . . .. . ... ... 153
|14.3 An invariance principlel. . . . ..o 154

4.4 e proof o eorem [14.8] . . ... 155
14.5 Another proot of existence of Brownian motion| . . . . . . . .. .. .. 157




1 o-algebras and measures

In this chapter we lay down the measure theoretic foundations of probability
theory. We start with some general notions and show how these are instrumental
in a probabilistic environment.

1.1 o-algebras

Definition 1.1 Let S be a non-empty set. A collection ¥y C 2% is called an
algebra (on S) if

(i) S € Xy,

(ii) E € Xg = E° € X,

(iii) E,F € ¥g= EUF €.

Notice that always () belongs to an algebra, since () = S¢. Of course property
(iii) extends to finite unions by induction. Moreover, in an algebra we also
have E,F € ¥y = ENF € %, since ENF = (E°U F°° Furthermore
E\F=EnNFecex.

Definition 1.2 Let S be a non-empty set. A collection ¥ C 29 is called a
o-algebra (on S) if it is an algebra and |Jo—, E, € ¥ as soon as E,, € ¥
(n=1,2...).

If ¥ is a o-algebra on S, then (5, X)) is called a measurable space and the elements
of X are called measurable sets. We shall ‘measure’ them in the next section.

If C is any collection of subsets of S, then by ¢(C) we denote the smallest o-
algebra containing C. This means that o(C) is the intersection of all o-algebras
that contain C (see Exercise [1.1)). If ¥ = o(C), we say that C generates ¥. The
union of two o-algebras ¥; and Y5 on a set S is usually not a o-algebra. We
write 21 V 22 for 0'(21 U 22)

One of the most relevant o-algebras of this course is B = B(R), the Borel sets
of R. Let O be the collection of all open subsets of R with respect to the usual
topology (in which all intervals (a,b) are open). Then B := ¢(O). Of course,
one similarly defines the Borel sets of R?, and in general, for a topological space
(S, 0), one defines the Borel-sets as o(O). Borel sets can in principle be rather
‘wild’, but it helps to understand them a little better, once we know that they
are generated by simple sets.

Proposition 1.3 Let T = {(—oo, ] : x € R}. Then o(Z) = B.

Proof We prove the two obvious inclusions, starting with ¢(Z) C B. Since
(—00,z] = Ny(—o00,z + 1) € B, we have T C B and then also o(Z) C B, since
o(Z) is the smallest o-algebra that contains Z. (Below we will use this kind of
arguments repeatedly).

For the proof of the reverse inclusion we proceed in three steps. First we
observe that (—oo,z) = U,(—00,2 — 1] € ¢(Z). Knowing this, we conclude



that (a,b) = (—00,b) \ (—00,a] € o(Z). Let then G be an arbitrary open set.
Since G is open, for every x € G there exists a rational £, > 0 such that
(x — 264,24+ 2¢,) C G. Consider (x — e,, 2z + ;) and choose a rational ¢, in
this interval, note that |x — ¢.| < e,. It follows that x € (qz — €4,z + €2) C
(x — 264,20+ 2¢,) C G. Hence G C Upea(qe — €2,¢x + €2) C G, and so
G = Uzea(qe — €2,Gs + £2). But the union here is in fact a countable union,
since there are only countably many ¢, and £,. (Note that the arguments
above can be used for any metric space with a countable dense subset to get
that an open G is a countable union of open balls.) It follows that G € o(Z),
hence O C o(Z), and therefore (recall B is the smallest o-algebra containing O)
B C o(). O

An obvious question to ask is whether every subset of R belongs to B = B(R).
The answer is no, as we will show that the cardinality of B(R) is the same as
the cardinality of R, from which the negative answer follows.

Let £ be a countable collection of subsets of some set S that contains (). We
show that necessarily the cardinality of (&) is at most 2%¢. To that end we
define collections &, for any ordinal number « less than w, the first uncountable
ordinal number. To start, we put & = £. Let 0 < a < w (< denotes the usual
ordering of the ordinal numbers) and assume that the collections £s are defined
for all 8 < a. Put £ = Ug<,E5. We define &, as the collection of sets that can
be written as a countable union U, E,,, with E,, € £) or E¢ € £. Finally, we
define &, := Ugp<w,&qy-

The first thing we will prove is that &, C o(&). Trivially, & C o(€).
Suppose now that £ C o(€) for all B < a. Then also £2 C o(£), and if
E =, E, €&,, it follows that E € (). Hence &, C o(&) and we conclude
that &, C o(£). Note that this also yields o(&,) = o(€). We will now show
that &, is a o-algebra, from which it then follows that &, = o(&).

It is obvious that 0 € &,. Let E € &,,, then there is some o < w for which
E e &, But B¢ =U2 E, with E, = E€, so that E° € &g for all 8 > «, and
thus E€ € &,. Similarly, we look at unions. Let E,, € &, (n € N), so there are
an < w such that E, € &,, . Properties of ordinal numbers yield the existence
of B < w such that a,, < 3 for all n. It follows that US2  E, € £g C &,. We
conclude that &, is a o-algebra.

The next thing to show is that the cardinality of &, is at most 2%. The
construction of & from & = & implies that the cardinality of & is at most
N3, which is equal to 2%, Let a < w and assume that the cardinality of £ is
less than or equal to 2% for all 1 < 3 < «, a property which then also holds
for £2. The construction of &, from &Y yields, by the same argument as used
above for &£, that also &, has cardinality less than or equal to 2%°. This shows
that the set I(w) := {a < w : &, has cardinality less than or equal to 2%} is
what is called an inductive set. Since the ordinal numbers with the ordering <
is well-ordered, I(w) = {a : a < w}. It follows that also the cardinality of &, is
at most equal to 2%,

Turning back to the initial question on the cardinality of B(R), we apply the
above result. Take £ as the set of intervals (a,b) with a,b € Q augmented with



the empty set and conclude that B(R) has cardinality at most equal to 2%°.

1.2 Measures

Let ¥y be an algebra on a set S, and % be a o-algebra on S. We consider
mappings o : 2o — [0,00] and p : 3 — [0,00]. Note that oo is allowed as a
possible value.

We call pg finitely additive if jig(0) = 0 and if po(E U F) = po(E) + po(F)
for every pair of disjoint sets E and F' in 3. Of course this addition rule then
extends to arbitrary finite unions of disjoint sets. The mapping ug is called
o-additive or countably additive, if j10(0) = 0 and if puo(UnEy) = >, po(Ey) for
every sequence (E,,) of disjoint sets of ¥y whose union is also in ¥¢. o-additivity
is defined similarly for p, but then we don’t have to require that U, E, € X.
This is true by definition.

Definition 1.4 Let (S,%) be a measurable space. A countably additive map-
ping u : X — [0,00] is called a measure. The triple (S, %, i) is called a measure
space.

Some extra terminology follows. A measure is called finite if ;(S) < co. It
is called o-finite, if we can write S = U,,.S,,, where the S,, are measurable sets
and p(Sy) < oco. If u(S) =1, then p is called a probability measure.

Measures are used to ‘measure’ (measurable) sets in one way or another.
Here is a simple example. Let S = N and ¥ = 2V (we often take the power set
as the o-algebra on a countable set). Let 7 (we write 7 instead of p for this
special case) be the counting measure: 7(E) = |E|, the cardinality of E. One
easily verifies that 7 is a measure, and it is o-finite, because N = U, {1,...,n}.

A very simple measure is the Dirac measure. Consider a measurable space
(S,%) and single out a specific zg € S. Define §(E) = 1g(zo), for E € ¥ (1 is
the indicator function of the set E, 1g(x) =1ifx € E and 1g(x) =0ifz ¢ E).
Check that § is a measure on 3.

Another example is Lebesgue measure, whose existence is formulated below.
It is the most natural candidate for a measure on the Borel sets on the real line.

Theorem 1.5 There exists a unique measure X\ on (R,B) with the property
that for every interval I = (a,b] with a < b it holds that \(I) = b — a.

The proof of this theorem is deferred to later, see Theorem [2.6] For the time
being, we take this existence result for granted. One remark is in order. One can
show that B is not the largest o-algebra for which the measure A can coherently
be defined. On the other hand, on the power set of R it is impossible to define
a measure that coincides with A on the intervals. We’ll come back to this later.

Here are the first elementary properties of a measure.

Proposition 1.6 Let (S, X, ) be a measure space. Then the following hold
true (all the sets below belong to X).



(i) If E C F, then u(E) < u(F).
(ii) W(EUF) < p(E) + p(F).
(iii) (VR Ex) < > 5—y n(Ex)
If p is finite, we also have
(iv) If E C F, then u(F \ E) = p(F) — n(E).
(v) W(EUF) = p(E) + p(F) — w(ENF).

Proof The set F' can be written as the disjoint union F' = E'U (F'\ E). Hence
w(F) = u(E)+ p(F\ E). Property (i) now follows and (iv) as well, provided
is finite. To prove (ii), we note that EUF = EU(F\ (ENF)), a disjoint union,
and that EN F C F. The result follows from (i). Moreover, (v) also follows, if
we apply (iv). Finally, (iii) follows from (ii) by induction. O

Measures have certain continuity properties.

Proposition 1.7 Let (E,) be a sequence in .
(i) If the sequence is increasing, with limit E = U, E,,, then u(E,) 1 u(E) as
n — oo.
(ii) If the sequence is decreasing, with limit E = N, E,, and if u(E,) < o0
from a certain index on, then u(E,) | u(E) as n — oo.

Proof (i) Define D; = Ey and D,, = E, \ Uz;llEk for n > 2. Then the
D,, are disjoint, E, = U}_1 Dy, for n > 1 and £ = U2, D;. It follows that
p(En) = 35—y 1(Di) T 3202, (D) = u(E).

To prove (ii) we assume without loss of generality that u(E;) < oo. Define
F, = E1 \ E,,. Then (F),) is an increasing sequence with limit ' = E; \ E. So
(i) applies, yielding u(F1) — u(E,) T p(E1) — p(E). The result follows. O

Corollary 1.8 Let (S,%, 1) be a measure space. For an arbitrary sequence
(E,) of sets in ¥, we have p(US2, Ey,) < 3> u(Ey).

Proof Exercise [.2 O

Remark 1.9 The finiteness condition in the second assertion of Proposition[1.7]
is essential. Consider N with the counting measure 7. Let F},, = {n,n+1,...},
then N, F,, = () and so it has measure zero. But 7(F,,) = oo for all n.

1.3 Null sets

Consider a measure space (5,2, 1) and let E € ¥ be such that u(E) =0. If N
is a subset of F, then it is fair to suppose that also p(N) = 0. But this can only
be guaranteed if N € 3. Therefore we introduce some new terminology. A set
N C S is called a null set or p-null set, if there exists £ € ¥ with £ D N and
pw(E) = 0. The collection of null sets is denoted by N, or N, since it depends
on u. In Exercise you will be asked to show that A is a o-algebra and to
extend p to ¥ = VN If the extension is called fi, then we have a new measure
space (S, %, 1), which is complete, all fi-null sets belong to the o-algebra 3.



1.4 7- and d-systems

In general it is hard to grab what the elements of a o-algebra ¥ are, but often
collections C such that o(C) = ¥ are easier to understand. In ‘good situations’
properties of ¥ can easily be deduced from properties of C. This is often the
case when C is a m-system, to be defined next.

Definition 1.10 A collection Z of subsets of S is called a w-system, if Iy, Io € T
implies I N1y € .

It follows that a m-system is closed under finite intersections. In a o-algebra, all
familiar set operations are allowed, at most countably many. We will see that it
is possible to disentangle the defining properties of a o-algebra into taking finite
intersections and the defining properties of a d-system. This is the content of

Proposition below.

Definition 1.11 A collection D of subsets of S is called a d-system, if the
following hold.
(i) SeD.
(ii) If E,F € D such that E C F, then F'\ E € D.
(iii) If B, € D for n € N, and E,, C E,4; for all n, then U, E,, € D.

Proposition 1.12 ¥ is a o-algebra iff it is a w-system and a d-system.

Proof Let X be a m-system and a d-system. We check the defining conditions
of a c-algebra. (i) Since ¥ is a d-system, S € X. (ii) Complements of sets
in ¥ are in ¥ as well, again because ¥ is a d-system. (iii) If E, F € %, then
EUF = (E°NF°)° € X, because we have just shown that complements remain
in ¥ and because X is a 7-system. Then X is also closed under finite unions.
Let Eq, Es,... be a sequence in 3. We have just showed that the sets Fj, =
U, E; € X. But since the F,, form an increasing sequence, also their union
is in X, because X is a d-system. But U,F,, = U, E,,. This proves that X is a
o-algebra. Of course the other implication is trivial. O

If C is a collection of subsets of S, then by d(C) we denote the smallest d-system
that contains C. Note that it always holds that d(C) C o(C). In one important
case we have equality. This is known as Dynkin’s lemma.

Lemma 1.13 Let Z be a w-system. Then d(Z) = o(Z).

Proof Suppose that we would know that d(Z) is a w-system as well. Then
Proposition yields that d(Z) is a o-algebra, and so it contains (7). Since
the reverse inclusion is always true, we have equality. Therefore we will prove
that indeed d(Z) is a w-system.

Step 1. Put D; = {B € d(Z) : BNC € d(I),YC € Z}. We claim that
D; is a d-system. Given that this holds and because, obviously, Z C Dj, also
d(Z) C D;. Since D; is defined as a subset of d(Z), we conclude that these



two collections are the same. We now show that the claim holds. Evidently
S € Dy. Let By,By € Dy with By C By and C € Z. Write (32 \ B]) NC as
(BaNC)\ (ByNC). The last two intersections belong to d(Z) by definition of
D; and so does their difference, since d(Z) is a d-system. For B, 1 B, B,, € D;
and C € T we have (B, N C) € d(Z) which then converges to BN C € d(Z). So
B € D,.

Step 2. Put Dy = {C € d(Z) : BNC € d(Z),VYB € d(T)}. We claim, again,
(and you check) that Dy is a d-system. The key observation is that Z C Ds.
Indeed, take C € Z and B € d(Z). The latter collection is nothing else but Dy,
according to step 1. But then BN C € d(Z), which means that C' € Dy. It now
follows that d(Z) C Ds, but then we must have equality, because Ds is defined
as a subset of d(Z). The equality Dy = d(Z) and the definition of Dy together
imply that d(Z) is a m-system, as desired. O

Sometimes another version of Lemma [[.13] is useful.

Corollary 1.14 The assertion of Lemma [1.13 is equivalent to the following
statement. Let T be a w-system and D be a d-system. If T C D, then o(Z) C D.

Proof Suppose that Z C D. Then d(Z) C D. But d(Z) = o(Z), according to
Lemma Conversely, let Z be a m-system. Then Z C d(Z). By hypothesis,
one also has 0(Z) C d(Z), and the latter is always a subset of o(Z). O

All these efforts lead to the following very useful theorem. It states that any
finite measure on X is characterized by its action on a rich enough w-system.
We will meet many occasions where this theorem is used.

Theorem 1.15 Let Z be a m-system and ¥ = o(Z). Let puy and po be finite
measures on ¥ with the properties that uy(S) = us(S) and that p; and ps
coincide on Z. Then py = ps (on X).

Proof The whole idea behind the proof is to find a good d-system that contains
Z. The following set is a reasonable candidate. Put D = {E € ¥ : u1(E) =
p2(E)}. The inclusions T C D C ¥ are obvious. If we can show that D is a
d-system, then Corollary [[.14] gives the result. The fact that D is a d-system is
straightforward to check, we present only one verification. Let E, F' € D such
that £ C F. Then (use Proposition (iv)) pr(F\E) = ;1(F) — m(E) =
p2(F) — pa(E) = po(F\ E) and so F\ E € D. O

Remark 1.16 In the above proof we have used the fact that p; and py are
finite. If this condition is violated, then the assertion of the theorem is not
valid in general. Here is a counterexample. Take N with the counting measure
p1 = 7 and let po = 27. A m-system that generates 2V is given by the sets
Gp={n,n+1,...} (neN).



1.5 Probability language

In Probability Theory, one usually writes (Q, F,P) instead of (S,%,u), and
one then speakes of a probability space. On one hand this is merely change of
notation and language. We still have that 2 is a set, F a o-algebra on it, and P
a measure, but in this case, P is a probability measure (often also simply called
probability), P(Q2) = 1. In probabilistic language, € is often called the set of
outcomes and elements of F are called events. So by definition, an event is a
measurable subset of the set of all outcomes.

A probability space (2, F,P) can be seen as a mathematical model of a random
experiment. Consider for example the experiment consisting of tossing two
coins. Each coin has individual outcomes 0 and 1. The set €2 can then be
written as {00,01, 10,11}, where the notation should be obvious. In this case,
we take F = 2% and a choice of P could be such that P assigns probability i
to all singletons. Of course, from a purely mathematical point of view, other
possibilities for P are conceivable as well.

A more interesting example is obtained by considering an infinite sequence
of coin tosses. In this case one should take Q = {0, 1} and an element w €
is then an infinite sequence (wy,wsz, ...) with w, € {0,1}. It turns out that one
cannot take the power set of () as a o-algebra, if one wants to have a nontrivial
probability measure defined on it. As a matter of fact, this holds for the same
reason that one cannot take the power set on (0,1] to have a consistent notion
of Lebesgue measure. This has everything to do with the fact that one can set
up a bijective correspondence between (0,1) and {0,1}. Nevertheless, there
is a good candidate for a o-algebra F on €. One would like to have that sets
like ‘the 12-th outcome is 1’ are events. Let C be the collection of all such sets,
C={{weQ:w, =s}neN,se{01}}. Wetake F = ¢(C) and all sets
{w € Q: w, = s} are then events. One can show that there indeed exists a
probability measure P on this F with the nice property that for instance the set
{w € Q:w; =wy =1} (in the previous example it would have been denoted by
{11}) has probability 1.

Having the interpretation of F as a collection of events, we now introduce two
special events. Consider a sequence of events E1, Es, ... and define

nus
J N e

m=1n=m

limsup E, :

liminf E,, :

Note that the sets Fy,, = Np>mF, form an increasing sequence and the sets
Dy, = Up>m By form a decreasing sequence. Clearly, F is closed under taking
limsup and liminf. The terminology is explained by (i) of Exercise In prob-
abilistic terms, limsup F,, is described as the event that the E,, occur infinitely
often, abbreviated by F,, i.0. Likewise, liminf F,, is the event that the F, occur
eventually. The former interpretation follows by observing that w € limsup E,



iff for all m, there exists n > m such that w € E,,. In other words, a particular
outcome w belongs to lim sup E,, iff it belongs to some (infinite) subsequence of
(En)-

The terminology to call {J7._, (o=, Ey the liminf of the sequence is justified
in Exercise In this exercise, indicator functions of events are used, of which
we here recall the definition. If E is an event, then the function 1g is defined
by lg(w)=1lifwe Fand 1g(w)=0ifw ¢ E.

1.6 Exercises

1.1 Prove the following statements.
(a) The intersection of an arbitrary family of d-systems is again a d-system.
(b) The intersection of an arbitrary family of o-algebras is again a o-algebra.
(c) If C; and Cy are collections of subsets of Q with C; C Ca, then d(Cy) C d(Cs).

1.2 Prove Corollary
1.3 Prove the claim that Dy in the proof of Lemma [I.13] forms a d-system.

1.4 Consider a measure space (5,3, u). Let (F,) be a sequence in X.
(a) Show that 1jimint g, = liminflg .
(b) Show that p(liminf E,) < liminf u(E,). (Use Proposition [1.7])
(¢) Show also that p(limsup E,,) > limsup pu(FE, ), provided that y is finite.

1.5 Let (S,%, 1) be a measure space. Call a subset N of S a (p,X)-null set
if there exists a set N’ € ¥ with N € N’ and u(N’) = 0. Denote by N the
collection of all (p, X)-null sets. Let ¥* be the collection of subsets E of S for
which there exist F,G € ¥ such that ' C E C G and u(G\ F) = 0. For E € ¥*
and F,G as above we define pu*(E) = u(F).

(a) Show that ¥* is a g-algebra and that ¥* = X V N (= o(N UX)).

(b) Show that p* restricted to ¥ coincides with p and that p*(E) doesn’t

depend on the specific choice of F in its definition.
(c) Show that the collection of (u*,¥*)-null sets is N.

1.6 Let G and H be two o-algebras on Q. Let C={GNH:G € G, H e H}.
Show that C is a w-system and that o(C) = o(G UH).

1.7 Let ©Q be a countable set. Let F = 2 and let p : Q — [0,1] satisfy
YoweaPw) =1. Put P(A) =3 4 p(w) for A € F. Show that IP is a probability

measure.

1.8 Let € be a countable set. Let A be the collection of A C Q such that A
or its complement has finite cardinality. Show that A is an algebra. What is

d(A)?

1.9 Show that a finitely additive map p : 3¢ — [0, 00] is countably additive if
p(Hy) — 0 for every decreasing sequence of sets H,, € ¥ with (), H,, = 0. If
& is countably additive, do we necessarily have u(H,) — 0 for every decreasing
sequence of sets H,, € ¥ with (,, H, = 07



1.10 Consider the collection X of subsets of R that can be written as a finite
union of disjoint intervals of type (a,b] with —co < a < b < oo or (a,00). Show
that o is an algebra and that o(2g) = B(R).



2 Existence of Lebesgue measure

In this chapter we construct the Lebesgue measure on the Borel sets of R. To
that end we need the concept of outer measure. Somewhat hidden in the proof of
the construction is the extension of a countably additive function on an algebra
to a measure on a o-algebra. There are different versions of extension theorems,
originally developed by Carathéodory. Although of crucial importance in mea-
sure theory, we will confine our treatment of extension theorems mainly aimed
at the construction of Lebesgue measure on (R, B). However, see also the end
of this section.

2.1 Outer measure and construction

Definition 2.1 Let S be a set. An outer measure on S is a mapping p* : 2% —
[0, 00] that satisfies

(i) p(@) =0,
(ii) p* is monotone, i.e. p*(E) < p*(F) if E C F,
(iii) p* is subadditive, i.e. p*(Ur—; En) < > ooy u*(Ey), valid for any sequence
of sets E,.

Definition 2.2 Let p* be an outer measure on a set S. A set E C S is called
w-measurable if

uw(F)=p(ENF)+p" (E°NF),VYF CS.
The class of p-measurable sets is denoted by X,.

Theorem 2.3 Let pu* be an outer measure on a set S. Then ¥, is a o-algebra
and the restricted mapping p : 3, — [0, 00] of pu* is a measure on X,,.

Proof It is obvious that 0 € >, and that E¢ € ¥, as soon as IF € X,. Let
E\, By €3, and F' C S. The trivial identity

FN(EyNEy)=(FNEY)U(FN(ELNES))

yields with the subadditivity of p*
W (F A (By 0 Ep)°) < i (F OVES) + 0 (F 0 (By 1 ES),

Add to both sides p*(F N (E1 N Ey)) and use that £y, By € £, to obtain
Wt (F 1 (By 0 Eg)) + 5 (F 0 (By 0 Bo)) < o (F).

From subadditivity the reversed version of this equality immediately follows as
well, which shows that Fy N E, € ¥,,. We conclude that 3, is an algebra.
Pick disjoint Ey, Ey € ¥, then (Ey U Ey) N Ef = E,. If F C S, then by
F, € E“
=u*(FNE)+ p*(FNE,).

10



By induction we obtain that for every sequence of disjoint set E; in ¥,, it holds
that for every F' C S

FmUE Z (F N E;). (2.1)
i=1

If E=J;2, E;, it follows from ({2.1)) and the monotonicity of p* that

“(FNE) Z (FNE)
Since subadditivity of p* immediately yields the reverse inequality, we obtain

“(FNE) Z” (FNE;) (2.2)
Let U, = J;-, E; and note that U, € £,. We obtain from and (| and
monotonicity

p(F) =p (FNU,) +p"(FNUY)

> S (F OB + it (F 0 EF)

=Y p(FNE;)+u (FNE°
=u (FNE)+u* (FNE°).

Combined with p*(F) < p*(F N E) + p*(F N E°), which again is the result of
subadditivity, we see that E € ¥,,. If follows that ¥, is a o-algebra, since every
countable union of sets in ¥, can be written as a union of disjoint sets in 3,
(use that we already know that 3, is an algebra). Finally, take F' = S in
to see that u* restricted to X, is a measure. O

We will use Theorem to show the existence of Lebesgue measure on (R, ).
Let E be a subset of R. By Z(F) we denote a cover of E consisting of at
most countably many open intervals. For any interval I, we denote by Ag(I)
its ordinary length. We now define a function A\* defined on 2% by putting for
every ECR

N( Z /\0 (I,). (2.3)

IkEI

Lemma 2.4 The function \* defined by is an outer measure on R and
satisfies \*(I) = Ao(I).

11



Proof Properties (i) and (ii) of Definition are obviously true. We prove
subadditivity. Let F1, Es, ... be arbitrary subsets of R and € > 0. By definition
of A\*, there exist covers Z(FE,,) of the E,, such that for all n

N(E,) > > X(I)—e27 (2.4)
I€ZI(E,)

Because U,Z(E,,) is a countable open cover of U, E,,

N(UnEn) <) 3 M)

n I€T(E,)

<> X(En) +e,

in view of . Subadditivity follows upon letting ¢ — 0.

Turning to the next assertion, we observe that A*(I) < Ag() is almost
immediate (I an arbitrary interval). The reversed inequality is a little harder to
prove. Without loss of generality, we may assume that I is compact. Let Z(I)
be a cover of I. We aim at proving

Ao(I) < Z Ao(Ix), for every interval I. (2.5)
I,eZ(I)

If this holds, then by taking the infimum on the right hand of , it follows
that Aog(I) < A*(I). To prove we proceed as follows. The covering intervals
are open. By compactness of I, there exists a finite subcover of I, {I1,...,I,}
say. So, it is sufficient to show , which we do by induction. If n = 1, this
is trivial. Assume it is true for covers with at most n — 1 elements. Assume
that I = [a,b]. Then b is an element of some I = (ax,b;). Note that the
interval I\ I (possibly empty) is covered by the remaining intervals, and by
hypothesis we have Ao(I \ Iy) < >, 4 Ao(L;). But then we deduce A\o(I) =
(b—ag) + (ar —a) < (b —ag) + (ax —a) < Xo(Lk) + Ao (I\ 1) < Zj )\O(Ij). O

Lemma 2.5 Any interval I, = (—o00,a] (a € R) is A-measurable, I, € X,.
Hence B C Xy.

Proof Let E C R. Since \* is subadditive, it is sufficient to show that \*(E) >
MN(ENI)+ A (ENIE). Let € > 0 and choose a cover Z(E) such that A*(E) >
> rez(p) A" (I)—¢, which is possible by the definition of A* and Lemma This
lemma also yields A*(I) = A*(I N 1,) + A*(I N IS). But then we have \*(E) >
>rer(m) A (IN1a)+A"(INIF)—e, which is bigger than A*(ENI,)+A"(ENIg)—e.
Let € | 0. O

Putting the previous results together, we obtain existence of the Lebesgue mea-
sure on B.

Theorem 2.6 The (restricted) function A : B — [0, 00| is the unique measure
on B that satisfies A(I) = Ao(I).
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Proof By Theorem [2.3|and Lemmal[2.4] ) is a measure on X and by Lemma[2.5
its restriction to B is a measure as well. Moreover, Lemmastates that A(1) =
Xo(I). The only thing that remains to be shown is that A is the unique measure
with the latter property. Suppose that also a measure p enjoys this property.
Then, for any a € R we have and n € N, we have that (—oo,a] N [—n,+n| is
an interval, hence A((—o0,a] N [—n,+n]) = u((—oc0,a] N [—n,+n]). Since the
intervals (—oo, a] form a w-system that generates B, we also have

AMBN[-n,+n]) = w(BN[-n,+n]),

for any B € B and n € N. Since A and p are measures, we obtain for n — oo
that \(B) = u(B),VB € B. O

The sets in X are also called Lebesque-measurable sets. A function f: R — R
is called Lebesgue-measurable if the sets {f < ¢} are in ¥y for all ¢ € R.
The question arises whether all subsets of R are in ). The answer is no, but
the Axiom of Choice is needed for this, see Exercise Unlike showing that
there exist sets that are not Borel-measurable, here a counting argument as in
Sectionis useless, since it holds that ¥ has the same cardinality as 2%. This
fact can be seen as follows.

Consider the Cantor set in [0,1]. Let C; = [0, 3]U[2, 1], obtained from Cj =
[0, 1] be deleting the ‘middle third’. From each of the components of C; we leave
out the ‘middle thirds’ again, resulting in Cy = [0, §]U[2, ]U[2, T]U[%, 1], and so
on. The obtained sequence of sets C,, is decreasing and its limit C' := (2, C,
the Cantor set, is well defined. Moreover, we see that A(C) = 0. On the other
hand, C is uncountable, since every number in it can be described by its ternary
expansion > p ; 2,37%, with the z; € {0,2}. By completeness of ([0,1], Xy, \),
every subset of C' has Lebesgue measure zero as well, and the cardinality of the
power set of C' equals that of the power set of [0, 1].

An interesting fact is that the Lebesgue-measurable sets ¥, coincide with
the o-algebra B(R) VN, where A is the collection of subsets of [0, 1] with outer
measure zero. This follows from Exercise R4l

2.2 A general extension theorem

Recall Theorem [2.6] Its content can be described by saying that there exists
a measure on a o-algebra (in this case on B) that is such that its restriction
to a suitable subclass of sets (the intervals) has a prescribed behavior. This is
basically also valid in a more general situation. The proof of the main result of
this section parallels to a large extent the development of the previous section.
Let’s state the theorem, known as Carathéodory’s extension theorem.

Theorem 2.7 Let Y9 be an algebra on a set S and let pg : Yo — [0, 00]
be finitely additive and countably subadditive. Then there exists a measure
p defined on ¥ = o(3) such that u restricted to ¥g coincides with pg. The
measure p is thus an extension of g, and this extension is unique if pq is o-finite
on EQ.
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Proof We only sketch the main steps. First we define an outer measure on 2°
by putting

wE) = it S (B,
Bo(B) &5 (E)
k 0
where the infimum is taken over all £ (F), countable covers of E with elements
E; from ¥g. Compare this to the definition in . It follows as in the proof
of Lemma [2.4] that p* is an outer measure.

Let E € 3. Obviously, {E} is a (finite) cover of E and so we have that
w*(E) < po(E). Let {E1, Ea,...} be a cover of E with the Ej € ¥¢. Since py is
countably subadditive and E = Uy (E N E}), we have po(E) < >, po(E N Ex)
and since py is finitely additive, we also have po(E N Ey) < pug(Ey). Collecting
these results we obtain

po(E) < po(EBx).
k

Taking the infimum in the displayed inequality over all covers ¥o(E), we obtain
wo(E) < p*(E), for E € Xg. Hence po(E) = p*(E) and p* is an extension of
Ho-

In order to show that p* restricted to ¥ is a measure, it is by virtue of
Theoremsuﬁicient to show that ¥y C X,,, because we then also have ¥ C 3.
We proceed to prove the former inclusion. Let F' € S be arbitrary, € > 0. Then
there exists a cover Xo(F) such that p*(F) = > g, e, () to(Ex) — €. Using the
same kind of arguments as in the proof of Lemma one obtains (using that
o is additive on the algebra Yo, where it coincides with p*) for every E € X

pH(F)+e>>" po(Ex)
k
= uo(Ex NE)+ > po(Ey N E)
k k

=> W (BxNE)+> p(BpnE)

k k
>t (F O E) + i (F 1 E°),

by subadditivity of p*. Letting e — 0, we arrive at p*(F) > p*(FNE) 4 p*(F N
E°), which is equivalent to p*(F) = p*(F N E) + p*(F N E°). Below we denote
the restriction of p* to X by pu.

We turn to the asserted unicity. Let v be a measure on ¥ that also coincides
with pg on Xg. The key result, which we will show below, is that u and v
also coincide on the sets F' in ¥ for which pu(F) < co. Indeed, assuming that
this is the case, we can write for £ € ¥ and 51, .55, ... disjoint sets in ¥y with
w(Sp) < oo and U, S, = S, using that also p(ENS,) < oo,

V(E):ZV(EﬂSn) :Z.u(EmSn) = pu(E).

n
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Now we show the mentioned key result. Let E € 3. Consider a cover ¥¢(E) of
E. Then we have, since v is a measure on X, v(E) < Y, v(Ey) = >, po(Ek).
By taking the infimum over such covers, we obtain v(E) < p*(E) = u(E). We
proceed to prove the converse inequality for sets F with u(F) < oco.

Let E € ¥ with p(E) < co. Given € > 0, we can chose a cover ¥o(E) such
that p(E) > ZEkeEO(E)N(Ek) —¢. Let U, = U}_, E} and note that U, € g
and U = Uy, U, = U B, € E. Since U D E, we obtain u(E) < u(U),
whereas o-additivity of u yields p(U) < p(E) + €, which implies u(U N E°) =
pw(U)—pw(UNE) = uU)—u(E) < e. Since it also follows that u(U) < oo, there
is N € N such that u(U) < u(Un) + €. Below we use that u(Uy) = v(Uy), the
already established fact that © > v on ¥ and arrive at the following chain of
(in)equalities.

v(EY=v(ENU)=v(U)—v(UnNE°)
2 U)W )
> v(Un) —
=pnUn) —¢
> u(U) —2e
> w(E) — 2e.
It follows that v(E) > u(E). O

The assumption of countable subadditivity of p can in Theorem [2.7]be replaced
with the equivalent assumption of countable additivity. See Exercise

The assumption in Theorem that the collection ¥y is an algebra can be
weakened by only assuming that it is a semiring. This notion is beyond the
scope of the present course.

Unicity of the extension fails to hold for po that are not o-finite. Here is a
counterexample. Let S be an infinite set and ¥ an arbitrary algebra consisting
of the empty set and infinite subsets of S. Let po(F) = oo, unless E = (), in
which case we have po(F) = 0. Then pu(F) defined by p(F) = oo, unless F' = 0,
yields the extension of Theorem on 2°, whereas the counting measure on 2°
also extends pp.

2.3 Exercises

2.1 Let 4 be an outer measure on some set S. Let N C S be such that u(N) = 0.
Show that V € X,,.

2.2 Let (S, %, i) be a measure space. A measurable covering of a subset A of S
is a countable collection {E; : i € N} C ¥ such that A C U°, E;. Let M(A) be
the collection of all measurable coverings of A. Put p*(A4) = inf{>";2, u(E;) :
{E1,Es,...} € M(A)}. Show that p* is an outer measure on S and that
p*(E) = p(E), it E € ¥. Show also that p*(A) = inf{u(F) : E D A, FE € ©}.
We call p* the outer measure associated to .
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2.3 Let (S,%, 1) be a measure space and let u* be the outer measure on S
associated to u. If A C S, then there exists £ € ¥ such that A C E and
w*(A) = u(E). Prove this.

2.4 Counsider a measure space (S, %, ) with o-finite x4 and let p* be the outer
measure on S associated to p. Show that ¥, C X VN, where N is the collection
of all p-null sets. Hint: Reduce the question to the case where p is finite. Take
then A € ¥, and E as in Exercise and show that p*(E\ A) = 0. (By
Exercise we even have ¥, = X VN.)

2.5 Show that the Lebesgue measure A is translation invariant, i.e. A(F + z) =
ME) for all E € Xy, where E4+2x={y+z:y € E}.

2.6 This exercise aims at showing the existence of a set E ¢ ). First we define
an equivalence relation ~ on R by saying x ~ y iff z —y € Q. By the aziom of
choice there exists a set E C (0, 1) that has ezactly one point in each equivalence
class induced by ~. The set E is our candidate.

(a) Show the following two statements. If x € (0,1), then 3¢ € QN (—1,1) :
xe€E+q IfgyreQand g#r, then (E4+q)N(E+7r)=10.

(b) Assume that £ € ¥x. Put S = Uyeqn(—1,1) £ +¢ and note that S C (—1,2).
Use translation invariance of A (Exercise to show that A(S) = 0,
whereas at the same time one should have A(S) > A(0,1).

(c) Show that A*(E) =1 and A*((0,1) \ E) = 1.

2.7 Let pp be finitely additive on an algebra ¥y and on that algebra also o-
subadditive. Show that pg is o-additive on 3. Hint: Show that po(E) >
Sn_i to(Eg) for every n > 1, where you are supposed to also give a meaning
to the sets E, Ej.
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3 Measurable functions and random variables

In this chapter we define random variables as measurable functions on a proba-
bility space and derive some properties.

3.1 General setting

Let (S,X) be a measurable space. Recall that the elements of ¥ are called
measurable sets. Also recall that B = B(R) is the collection of all the Borel sets
of R.

Definition 3.1 A mapping h : S — R is called measurable if h=1[B] € ¥ for
all B € B.

It is clear that this definition depends on B and 3. When there are more
o-algebras in the picture, we sometimes speak of Y-measurable functions, or
Y. /B-measurable functions, depending on the situation. If S is a topological
space with a topology 7 and if ¥ = ¢(7), a measurable function h is also called
a Borel measurable function.

Remark 3.2 Consider £ C S. Recall that the indicator function of E is defined
by 1g(s) =1if s € E and 1g(s) =0 if s ¢ E. Check that 1g is a measurable
function iff F is a measurable set.

Sometimes one wants to extend the range of the function h to [—oo, oo]. If this
happens to be the case, we extend B with the singletons {—oo} and {co}, and
work with B = o(B U {{—o00},{c0}}). We call h: S — [—00, 00] measurable if
h~Y[B] € ¥ for all B € B.

Below we will often use the shorthand notation {h € B} for the set {s € S :
h(s) € B}. Likewise we also write {h < ¢} for the set {s € S : h(s) < c¢}. Many
variations on this theme are possible.

Proposition 3.3 Let (S,X) be a measurable space and h : S — R.
(i) If C is a collection of subsets of R such that o(C) = B, and if h}[C] €
for all C' € C, then h is measurable.
(ii)) If {h < ¢} € ¥ for all ¢ € R, then h is measurable.

(iii) If S is topological and h continuous, then h is measurable with respect
to the o-algebra generated by the open sets. In particular any constant
function is measurable.

(iv) If h is measurable and another function f : R — R is Borel measurable
(B/B-measurable), then f o h is measurable as well.

Proof (i) Put D = {B € B : h™![B] € £}. One easily verifies that D is a
o-algebra and it is evident that C C D C B. It follows that D = B.

(ii) This is an application of the previous assertion. Take C = {(—o00,c] : c €
R}.

(iii) Take as C the collection of open sets and apply (i).

(iv) Take B € B, then f~![B] € B since f is Borel. Because h is measurable,
we then also have (f o h)~[B] = h=![f~1[B]] € %. O
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Remark 3.4 There are many variations on the assertions of Proposition 3.3
possible. For instance in (i) we could also use {h < ¢}, or {h > ¢}. Further-
more, (ii) is true for h : S — [—o00,00] as well. We proved (iv) by a simple
composition argument, which also applies to a more general situation. Let
(S;, ;) be measurable spaces (i = 1,2,3), h : S; — Sy is 31 /3s-measurable
and f: S — S5 is X9 /¥3-measurable. Then f o h is ¥;/¥3-measurable.

The set of measurable functions will also be denoted by ¥. This notation is of
course a bit ambiguous, but it turns out that no confusion can arise. Remark[3.2]
in a way justifies this notation. The remark can, with the present convention,
be rephrased as 1 € Y iff E € X.. Later on we often need the set of nonnegative
measurable functions, denoted X+.

Fortunately, the set 3 of measurable functions is closed under elementary
operations.

Proposition 3.5 We have the following properties.
(i) The collection X of ¥-measurable functions is a vector space and products
of measurable functions are measurable as well.

(ii) Let (hy,) be a sequence in ¥.. Then also inf h,,, sup hy,, liminf h,,, lim sup h,,
are in X, where we extend the range of these functions to [—oo, 00]. The
set L, consisting of all s € S for which lim,, h,,(s) exists as a finite limit,
is measurable.

Proof (i) If h € ¥ and A € R, then Ah is also measurable (use (ii) of the
previous proposition for A # 0). To show that the sum of two measurable
functions is measurable, we first note that {(x1,22) € R* : 21 + 23 > ¢} =
Ugeo{(z1,22) € R? : 21 > ¢,23 > ¢ — ¢} (draw a picture!). But then we also
have {h1+ha > ¢} = Ugeg({h1 > ¢}N{h2 > c—q}), a countable union. To show
that products of measurable functions are measurable is left as Exercise
(ii) Since {inf h,, > ¢} = N, {hy, > ¢}, it follows that inf h,, € 3. To sup h,
a similar argument applies, that then also yield measurability of liminf h,, =
sup,, inf,,>p, hy, and limsup h,,. To show the last assertion we consider h :=
limsup h,, — liminf h,. Then h : S — [—00, 0] is measurable. The assertion
follows from L = {limsup h,, < co} N {liminf k,, > —co} N {h = 0}. O

For later use we present the Monotone Class Theorem.

Theorem 3.6 Let H be a vector space of bounded functions, with the following
properties.
(i) 1 e H.
(ii) If (fy) is a nonnegative sequence in H such that f,1 > fp for all n, and
f :=lim f,, is bounded as well, then f € H.

If, in addition, ‘H contains the indicator functions of sets in a w-system Z, then
‘H contains all bounded o(Z)-measurable functions.
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Proof Put D ={F C S: 1p € H}. One easily verifies that D is a d-system,
and that it contains Z. Hence, by Corollary [I.14] we have ¥ := o(Z) C D. We
will use this fact later in the proof.

Let f be a bounded, o(Z)-measurable function. Without loss of generality,
we may assume that f > 0 (add a constant otherwise), and f < K for some real
constant K. Introduce the functions f, defined by f, = 27"|2"f|. In explicit
terms, the f, are given by

K2"—1

fn(s) = Z 27" Lip—n < p<(i1)2-7}(8)-
i=0

Then we have for all n that f, is a bounded measurable function, f, < f, and
fn T f (check this!). Moreover, each f, lies in H. To see this, observe that
{i27" < f < (i+1)27"} € ¥, since f is measurable. But then this set is also
an element of D, since ¥ C D (see above) and hence 1g5-n<fc(iv1)2-n} € H.
Since H is a vector space, linear combinations remain in H and therefore f, € H.
Property (ii) of H yields f € H. O

3.2 Random variables

We return to the setting of Section|1.5|and so we consider a set (of outcomes) 2
and F a o-algebra (of events) defined on it. In this setting Definition [3.1] takes
the following form.

Definition 3.7 A function X : Q — R is called a random wvariable if it is
(F-)measurable.

Following the tradition, we denote random variables by X (or other capital
letters), rather than by h, as in the previous sections. By definition, random
variables are nothing else but measurable functions with respect to a given o-
algebra F. Given X : Q — R, let o(X) = {X}[B] : B € B}. Then o(X)
is a o-algebra, and X is a random variable in the sense of Definition iff
o(X) C F. It follows that o(X) is the smallest o-algebra on €2 such that X is
a random variable. See also Exercise

If we have a collection of mappings X := {X,; : Q@ — R|i € I}, then we denote
by o(X) the smallest o-algebra on 2 such that all the X; become measurable.
See Exercise

Having a probability space (2, F,P), a random variable X, and the measurable
space (R, B), we will use these ingredients to endow the latter space with a
probability measure. Define p: B — [0,1] by

w(B) :=P(X € B) =P(X'[B]). (3.1)

It is straightforward to check that u is a probability measure on B. Commonly
used alternative notations for y are PX, or Lx, £X. This probability measure is
referred to as the distribution of X or the law of X. Along with the distribution
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of X, we introduce its distribution function, usually denoted by F' (or F'x,
or FX). By definition it is the function F : R — [0,1], given by F(z) =
((—o5,a]) = B(X < a).

Proposition 3.8 The distribution function of a random variable is right con-
tinuous, non-decreasing and satisfies lim,_,o. F'(x) =1 and lim,_, o, F(z) = 0.
The set of points where F' is discontinuous is at most countable.

Proof Exercise [3.4] O

The fundamental importance of distribution functions in probability is based
on the following proposition.

Proposition 3.9 Let py and us be two probability measures on B. Let Fy and
F5 be the corresponding distribution functions. If Fy(x) = Fy(x) for all x, then

M1 = 2.

Proof Consider the m-system Z = {(—o0,z] : € R} and apply Theorem m
O

This proposition thus states, in a different wording, that for a random variable
X, its distribution, the collection of all probabilities P(X € B) with B € B, is
determined by the distribution function Flx.

We call any function on R that has the properties of Proposition [3.8] a distri-
bution function. Note that any distribution function is Borel measurable (sets
{F > ¢} are intervals and thus in B). Below, in Theorem we justify this
terminology. We will see that for any distribution function F, it is possible
to construct a random variable on some (9, F,P), whose distribution function
equals F'. This theorem is founded on the existence of the Lebesgue measure
A on the Borel sets B[0,1] of [0,1], see Theorem We now give a proba-
bilistic translation of this theorem. Consider (2, F,P) = ([0, 1], B[0,1], ). Let
U : Q — [0,1] be the identity map. The distribution of U on [0,1] is trivially
the Lebesgue measure again, in particular the distribution function FUY of U
satisfies FU(z) =z forz € [0,1] and so P(a < U <b) = FY(b) — FY(a) =b—a
for a,b € [0,1] with a < b. Hence, to the distribution function FU corresponds
a probability measure on ([0, 1], B[0, 1]) and there exists a random variable U
on this space, such that U has FU as its distribution function. The random
variable U is said to have the standard uniform distribution.

The proof of Theorem (Skorokhod’s representation of a random variable
with a given distribution function) below is easy in the case that F' is continuous
and strictly increasing (Exercise, given the just presented fact that a random
variable with a uniform distribution exists. The proof that we give below for
the general case just follows a more careful line of arguments, but is in spirit
quite similar.

Theorem 3.10 Let F' be a distribution function on R. Then there exists a
probability space and a random variable X : Q0 — R such that F' is the distri-
bution function of X.
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Proof Let (2,F,P) = ((0,1),8(0,1),\). We define X (w) = inf{z € R :
F(z) > w}. Then X~ (w) is finite for all w and X~ is Borel measurable function,
so a random variable, as this follows from the relation to be proven below, valid
for all c€ R and w € (0,1),

X (w)<ce Fle) > w. (3.2)

This equivalence can be represented as {X~ < ¢} = [0, F'(¢)]. It also shows that
X~ serves in a sense as an inverse function of F'. We now show that holds.
The implication F(c) > w = X~ (w) < c is immediate from the definition of
X~. Conversely, let z > X~ (w). Then F(z) > w, by definition of X~. We now
take a sequence of z, > X~ (w) and z, | X~ (w). Since F'is right continuous, we
obtain F(X~ (w)) > w. It trivially holds that F(X~(w)) < F(c) if X~ (w) < ¢,
because F' is non-decreasing. Combination with the previous inequality yields
F(c) > w. This proves . In order to find the distribution function of X,
we compute P(X~ < ¢) =P([0, F(c)]) = A([0, F(c)]) = F(c). O

3.3 Independence

Recall the definition of independent events. Two events E, F € F are called
independent if the product rule P(E N F) = P(E)P(F) holds. In the present
section we generalize this notion of independence to independence of a sequence
of events and to independence of a sequence of o-algebras. It is even convenient
and elegant to start with the latter.

Definition 3.11

(i) A sequence of o-algebras Fi, Fa,... is called independent, if for every n
it holds that P(Ey N--- N E,) = [, P(E;), for all choices of E; € F;
(i=1,...,n).

(ii) A sequence of random variables X7, X, ... is called independent if the
o-algebras 0(X1),0(Xs), ... are independent.

(iii) A sequence of events F1, E, ... is called independent if the random vari-
ables 1g,,1g,, ... are independent.

The above definition also applies to finite sequences. For instance, a finite se-
quence of o-algebras Fi,...,F, is called independent if the infinite sequence
F1,Fa, ... is independent in the sense of part (ii) of the above definition, where
Fm = {0,Q} for m > n. It follows that two o-algebras F; and F» are inde-
pendent, if P(E; N Ey) = P(E,)P(FE,) for all £y € F; and Fy € Fy. To check
independence of two o-algebras, Theorem [I.15] is again helpful.

Proposition 3.12 Let Z and J be m-systems and suppose that for all [ € T
and J € J the product rule P(I NJ) = P(I)P(J) holds. Then the o-algebras
o(Z) and o(J) are independent.

Proof Put G = o(Z) and H = o(J). We define for each I € T the finite
measures py and vy on H by pur(H) = P(HNI) and v;(H) = P(H)P(I) (H € H).
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Notice that pr and vy coincide on J by assumption and that ur(Q) = P(I) =
vi(€2). Theorem [1.15] yields that p;(H) = v;(H) for all H € H.

Now we consider for each H € H the finite measures pff and v on G
defined by pf!(G) = P(G N H) and v (G) = P(G)P(H). By the previous step,
we see that 7 and v coincide on Z. Invoking Theorem again, we obtain
P(GNH)=P(G)P(H) for all G € G and H € H. O

Here is an important consequence.

Corollary 3.13 Let X;, Xy be random variables defined on some (Q,F,P).
Then X, and Xo are independent iff P({X; < z1} N{Xs < a2}) = P(X; <
x1)P(Xy < x9) for all 1,22 € R.

Proof Combine Proposition and Exercise |3.2 O

Lemma 3.14 (Borel-Cantelli) Let Ey, Es, ... be a sequence of events.
(i) If it has the property that ), -, P(E,) < oo, then P(limsup E,,) = 0.

(ii) If Y, <, P(E,) = oo and if, moreover, the sequence is independent, then
P(limsup E,,) = 1.

Proof (i) Let U, = J,,,>,, Em. Notice that the sequence (U,,) decreases to U =
limsup E,,. Hence we have P(U) <P(U,) <3, -, P(E,,), which converges to
zero by assumption. B

(ii) We prove that P(liminf E¢) = 0. Let DY = ﬂzzn E¢, (N > n). No-

tice that for fixed n the sequence (DY )n>, decreases to D° = (\°_ EC,.
By independence we obtain P(DY) = [TY_ (1 — P(E,,)), which is less than

m=n

exp(— SN _ P(E,)). Hence by taking limits for N — oo, we obtain for

m=n

every n that P(D°) < exp(—>..°_ P(E,)) = 0. Finally, we observe that

m=n

liminf ES = (J77; D2° and hence P(liminf ES) < >~ P(Dg°) = 0. O

We close this section by presenting a nice construction of a probability space
on which a sequence of independent random variables is defined, whereas at the
same time the marginal distributions of each member is prescribed. This is the
content of Theorem [3.16] below. It turns out that the probability space on which
we can realize this construction is ([0,1), B, A). This must have something to do
with Skorokhod’s theorem 10!

Let’s start with some preparations. Consider the set [0,1) endowed with its
Borel o-algebra and let for each z the sequence by(z),ba(x),... be its unique
binary expansion. Uniqueness can be obtained in many ways, for instance
bi(z)=1iff z € [3,1), bo(x) =1iff z € [, 2)U[2,1), etc. Then the functions
x5 b(z), k =1,2,... are Borel-measurable and z = Y o7, 27 *b;(2).

Lemma 3.15
(i) Let U be a random variable defined on some (2, F,P) with values in [0, 1)
and let Xy, = b o U. Then U is uniformly distributed on [0,1) iff the X},
are iid with P(X), = 1) = 1.

22



(ii) If U is uniformly distributed on [0, 1), then there are Borel measurable
functions f, : [0,1) — [0,1) such that Z, = f;oU defines an iid sequence,
with all Z), uniformly distributed on [0,1) as well.

Proof (i) Let U have the uniform distribution on [0,1). For z1, ..., 2, € {0,1},
one easily computes the joint probability P(X; = x1,..., X, = x,) =27". It
follows that P(Xy = zy) = % for all k and that the X}, are independent.
Conversely, let the X} be distributed as assumed. Let V be a random
variable having a uniform distribution on [0,1). Then by the above part of
the proof the sequence of Yy := by o V is distributed as the X} and therefore
> e, 27% X}, has the same distribution as Y-, 27*Y}, which means that U
and V have the same distribution. Hence U is uniformly distributed on [0, 1).
(ii) Take the functions by and relabel them in a rectangular array as by;,
4,k = 1,2,... by using any bijective mapping from N onto N2. Put fi(x) :=
Z;’il 277by,j(z). The functions fj are Borel measurable. Since for fixed k the
bij o U are #id, we have by the first part of the lemma that Z; is uniform on
[0,1). Moreover, for different k and &’ the sequences (bg;) and (by/;) are disjoint
and therefore Z) and Zj/ are independent. By extension of this argument the
whole sequence (Zj) becomes independent (think about this!). O

Here is the result we are after.

Theorem 3.16 Let ui1, o, - . . be a sequence of probability measures on (R, B).
Then there exists a probability space (2, F,P) and random variables Yy, defined
on it such that the law of each Yy, is py and such that the sequence (Y}) is an
independent one.

Proof Let (2, F,P) = ([0,1),B[0,1),A). Choose for each k a random variable
X}, according to Theorem [3.10] Then certainly, the X have law px. Let U be
the identity mapping on [0, 1), then U is uniformly distributed on [0, 1). Choose
the Z as in part (ii) of Lemma and define Y, = X, 0 Zy, k > 1. These are
easily seen to have the desired properties. O

3.4 Exercises

3.1 If hy and hy are X-measurable functions on (S, X, ), then hihs is X-
measurable too. Show this.

3.2 Let X be a random variable. Show that II(X) := {{X <z} :z € R} isa
m-system and that it generates o(X).

3.3 Let {Y,, : v € C} be an arbitrary collection of random variables and {X,, :
n € N} be a countable collection of random variables, all defined on the same
probability space.
(a) Show that o{Y, :y € C} = o{Y; ! (B):v € C,B € B}.
(b) Let X, = o{X1,...,X,} (n € N) and A = J,_; X,. Show that A is an
algebra and that o(A) = o{X,, : n € N}.
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3.4 Prove Proposition [3.8]

3.5 Let F be a c-algebra on ) with the property that for all F' € F it holds
that P(F) € {0,1}. Let X :  — R be F-measurable. Show that for some ¢ € R
one has P(X =¢) = 1. (Hint: P(X <z) € {0,1} for all z.)

3.6 Let F' be a strictly increasing and continuous distribution function. Let U
be a random variable defined on some (2, F,P) having a uniform distribution
on [0,1] and put X = F~1(U). Show that X is F-measurable and that it has
distribution function F'.

3.7 Let F' be a distribution function and put X *(w) = inf{z € R: F(z) > w}.
Show that (next to X ) also Xt has distribution function F' and that P(X* =
X7)=1 (Hint: P(X~ <¢g< XT) =0 for all ¢ € Q). Show also that X* is a
right continuous function and Borel-measurable.

3.8 Consider a probability space (2, F,P). Let Z;,Z,Z3 be w-systems on )
with the properties Q2 € 7, and Z, C F, for all k. Assume that for all I € Z
(k=1,2,3)

P(I, N I» N I3) = P(I;)P(L)P(I3).
Show that o(Z;),0(Z2),0(Zs) are independent.

3.9 Let G1,0o, ... be sub-o-algebras of a o-algebra F on a set €2 and let G =
O'(glquU...).
(a) Show that II = {G;, NGy, N ... NGy, : k € Nyip € NGy, € G} is a
m-system that generates G.
(b) Assume that (92, F,P) is a probability space and that Gi,Gs, ... is an in-
dependent sequence. Let M and N be disjoint subsets of N and put
M = o0(Gi,i € M) and N = 0(G;,i € N). Show that M and N are
independent o-algebras.

3.10 Consider an independent sequence X1, Xs,.... Let F,, = o(X1,...,X,)
and 7, = 0(Xpt1, Xnt2,-..), n > 1. Let T be the collection of events of the
type {X1 € Bi,..., X, € By}, with the B; Borel sets in R. Show that Z is a
m-system that generates F,,. Find a m-system that generates 7, and show that
F,, and T,, are independent. (Use Proposition [3.12])

3.11 Consider an infinite sequence of coin tossing. We take Q = {H, T}, a
typical element w is an infinite sequence (wy,ws,...) with each w, € {H,T},
and F = o({w € Q : w, = w},w € {H,T},n € N). Define functions X,, by
Xp(w)=1ifw, =H and X, (w) =0ifw, =T.

(a) Show that all X, are random variables, i.e. everyone of them is measurable.

(b) Let S, = >_1 ; X;. Show that also S, is a random variable.

(c) Let p € [0,1] and E, = {w € Q : limy_,00 + S, (w) = p}. Show that E, is

an JF-measurable set.
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4 Integration

In elementary courses on Probability Theory, there is usually a distinction be-
tween random variables X having a discrete distribution, on N say, and those
having a density. In the former case we have for the expectation EX the ex-
pression >, kP(X = k), whereas in the latter case one has EX = [z f(z)dz.
This distinction is annoying and not satisfactory from a mathematical point of
view. Moreover, there exist random variables whose distributions are neither
discrete, nor do they admit a density. Here is an example. Suppose Y and Z,
defined on the same (2, F,P), are independent random variables. Assume that
P(Y =0) =P(Y = 1) = 1 and that Z has a standard normal distribution. Let
X =Y Z and F the distribution function of X. Easy computations (do them!)
yield F(z) = 3(1(p,00)(z) + ®(x)). We see that F has a jump at z = 0 and is
differentiable on R\ {0}, a distribution function of mixed type. How to compute
EX in this case?

In this section we will see that expectations are special cases of the unifying
concept of Lebesgue integral, a sophisticated way of addition. Lebesgue integrals
have many advantages. It turns out that Riemann integrable functions (on
a compact interval) are always Lebesgue integrable w.r.t. Lebesgue measure
and that the two integrals are the same. Also sums are examples of Lebesgue
integral. Furthermore, the theory of Lebesgue integrals allows for very powerful
limit theorems. Below we work with a measurable space (S, %, ).

4.1 Integration of simple functions

Bearing in mind the elementary formula for the area of a rectangle and the
interpretation of the Riemann integral of a positive function as the area under
its graph, it is natural to define the integral of a multiple of an indicator function
a-1g as a- pu(FE), for E € 3. We extend this definition to the class of simple
functions.

Definition 4.1 A function f: S — [0,00) is called a nonnegative simple func-
tion, if it has a representation as a finite sum

n
f — ZailAia (41)
i=1
where a; € [0,00) and A; € X. The class of all nonnegative simple functions is

denoted by G7.

Notice that a simple function is measurable. Since we remember that Riemann
integrals are linear operators and knowing the definition of integral for an indi-
cator function, we now present the definition of the integral of f € &.

Definition 4.2 Let f € &T. The (Lebesgue) integral of f with respect to the
measure y is defined as

/fdﬂ = Z%M(Ai)» (4.2)
i=1
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when f has representation (4.1)).

Other notations that we often use for this integral are [ f(s)pu(ds) and u(f).
Note that if f = 14, then p(f) = u(14) = pu(A), so there is a bit of ambiguity in
the notation, but also a reasonable level of consistency. Note that p(f) € [0, o0]
and also that the above summation is well defined, since all quantities involved
are nonnegative, although possibly infinite. For products ab for a,b € [0, o], we
use the convention ab = 0, when a = 0.

It should be clear that this definition of integral is, at first sight, troublesome.
The representation of a simple function is not unique, and one might wonder if
the just defined integral takes on different values for different representations.
This would be very bad, and fortunately it is not the case.

Proposition 4.3 Let f be a nonnegative simple function. Then the value of
the integral u(f) is independent of the chosen representation.

Proof Step 1. Let f be given by and define ¢ : S — {0,1}" by ¢(s) =
(14,(8),-..,14,(s)). Let {0,1}" = {uq,...,un} where m = 2™ and put Uy =
¢ 1 (ug). Then the collection {Uy,...,U,,} is a measurable partition of S (the
sets Uy are measurable). We will also need the sets S; = {k : Uy C A;} and
T, = {i : Uy C A;}. Note that these sets are dual in the sense that k € S; iff
1€ Ty.

Below we will use the fact A; = Ugeg, Ug, when we rewrite . We obtain
by interchanging the summation order

f=> aila =3 a(} 1)

7 kES,;
=> (> a)ly,. (4.3)
k  i€Ty

Now apply the definition of u(f) by using the representation of f given by .
This gives pu(f) = >, (D ier, @i)(Uk). Interchanging the summation order, we
see that this is equal to >, a;(d_,cq, #(Uk)) = > aip(A;), which coincides
with . We conclude that if f is given by , we can also represent f in
a similar fashion by using a partition, and that both representations give the
same value for the integral.

Step 2: Suppose that we have two representations of a simple function f,
one is as in with the collection of A; a measurable partition of S. The
other one is

f=2 bils, (44)
j=1

where the B; form a measurable partition of S as well. We obtain a third
measurable partition of S by taking the collection of all intersections A; N B;.
Notice that if s € A; N Bj, then f(s) = a; = b; and so we have the implication
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A;NBj # 0 = a; = b;. We compute the integral of f according to the definition.

Of course, this yields (4.2)) by using the representation (4.1)) of f, but 3~ b;u(B;)
if we use (4.4]). Rewrite

Do byu(By) = D biu(Ual A By)) = Db (A0 By)
j - iiju(Ai NB;) = Z]:Zam(AmBj)
= ZQZZN(AZ- NB;) = ZC;IJ(UJ'(Ai N Bj))

= Zamgz‘li),

which shows that the two formulas for the integral are the same.

Step 3: Take now two arbitrary representations of f of the form
and . According to step 1, we can replace each of them with a repre-
sentation in terms of a measurable partition, without changing the value of the
integral. According to step 2, each of the representations in terms of the par-
titions also gives the same value of the integral. This proves the proposition.

O

Corollary 4.4 Let f € & and suppose that f assumes the different values
0<ai,...,a, <oco. Then u(f) = 3", aip({f = a;}). If f is indentically zero,
then u(f) = 0.

Proof We have the representation f = Y . ; a;l{f—q,3- The expression for
1(f) follows from Definition 4.2} which is unambiguous by Proposition [4.3] The
result for the zero function follows by the representation f = 0 x 1g and the
convention ab = 0 for ¢ = 0 and b € [0, c0]. O

Example 4.5 Here is an instructive example. Let (S, %, u) = (N,2Y, 7), with
counting measure 7. A function f on N can be identified with a sequence (f;).
Then f can be represented in a somewhat cumbersome way (it just means that

f(k) = fi) by
J(k) = Zfil{i}(k)-

For now, we assume f; = 0 for ¢ > n and f; > 0 for ¢ < n; obviously, f is a
simple function. Since 7({i}) =1, we get 7(f) = >_.—, fi, nothing else but the
finite sum of the f;. In this case, integration is just summation. Of course, a
different representation would yield the same answer. A generalization occurs
when the set of values {f; : i € N} is finite. Then f is still a simple function if
the f; are nonnegative, as in Corollary [I.4] But note that now it may happen
that 7(f) = co.
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Example 4.6 Let (S,%, 1) = ([0,1],8([0,1]),A) and f the indicator of the
rational numbers in [0, 1], f = 1gnjo,1. We know that A(Q N [0,1]) = 0 and it
follows that A(f) = 0. This f is a nice example of a function that is not Riemann
integrable, whereas its Lebesgue integral trivially exists and has a very sensible
value.

We say that a property of elements of S holds almost everywhere (usually abbre-
viated by a.e. or by p-a.e.), if the set for which this property does not hold, has
measure zero. For instance, we say that two measurable functions are almost
everywhere equal, if u({f # g}) = 0. Elementary properties of the integral are
listed below.
Proposition 4.7 Let f,g € & and ¢ € [0,00).
(i) If f < g a.e., then pu(f) < u(g).

(i) If f = g a.e., then u(f) = p(g).

(iii) p(f +g) = pu(f) + n(g) and p(cf) = cu(f).
Proof (i) Represent f and g by means of measurable partitions, f =", a;124,
and g = > b;1p,. We have {f > g} = U; jia,;>p,4; N Bj, and since p({f >
g}) = 0, we have that y(A;NB;) = 01if a; > b;. It follows that for all ¢ and j, the
inequality a;p(A; N Bj) < bju(A; N Bj) holds. We use this in the computations
below.

u(f) = Zam(Ai)
= XZ: Z a;ip(A; N B;)
< Z XJ: bju(A; N Bj)
= ijN(Bj)-

Assertion (ii) follows by a double application of (i), whereas (iii) can also be
proved by using partitions and intersections A; N B;. O

4.2 A general definition of integral

We start with a definition, in which we use that we already know how to integrate
simple functions.

Definition 4.8 Let f be a nonnegative measurable function. The integral of
[ is defined as u(f) := sup{p(h) : h < f,h € &}, where u(h) is as in Defini-
tion

Notice that for functions f € &, Definition yields for u(f) the same as
Definition 4.2 in the previous section. Thus there is no ambiguity in notation
by using the same symbol . We immediately have some extensions of results
in the previous section.
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Proposition 4.9 Let f,g € X*. If f = 0 a.e., then u(f) = 0. If f < g ae.,
then u(f) < p(g), and if f = g a.e., then u(f) = u(g).

Proof Let f € T, f =0a.e. Take h € &1 with h < f. From this inequality we
obtain {h > 0} C {f > 0}, and hence p({h > 0}) < u({f > 0}), but the latter
measure is zero and hence h = 0 a.e. By Corollary and Proposition ii),
w(h) = 0. Therefore, u(f), being the supremum of those p(h), is also zero.

Let f,g € ¥7 and N = {f > g}. Take h € & with h < f. Then also
hlx,hlye € &1 and by Proposition iii) and the fact that hly =0 a.e., we
then have p(h) = pu(hly) + p(hlye) = p(hlye). Moreover,

hlye < flye < glne < g.

By definition of u(g) (as a supremum), we obtain u(h) < p(g). By taking the
supremum in this inequality over all h, we get u(f) < u(g), which gives the first
assertion. The other one immediately follows. O

Example 4.10 We extend the situation of Example by allowing infinitely
many f; to be positive. The result will be 7(f) = >":°, fi, classically defined as
limy, o0 D1y fi- Check that this is in agreement with Definition See also
Exercise [£.11

The following will frequently be used.
Lemma 4.11 Let f € ©7 and suppose that u(f) = 0. Then f =0 a.e.

Proof Because pu(f) = 0, it holds that u(h) = 0 for all nonnegative simple
functions with A < f. Take h, = L1(451/,), then h, € & and h, < f.
The equality pu(h,) = 0 implies p({f > 1/n}) = 0. The result follows from
{f >0} =U,{f >1/n} and Corollary [1.§ O

We now present the first important limit theorem, the Monotone Convergence
Theorem.

Theorem 4.12 Let (f,) be a sequence in X%, such that f,y1 > f, a.e. for
each n. Let f = limsup f,,. Then u(f,) T u(f) < co.

Proof We first consider the case where f,,11(s) > fn(s) for all s € S, so (f,) is
increasing everywhere. Then f(s) = lim f,(s) for all s € S, possibly with value
infinity. It follows from Proposition that p(f,) is an increasing sequence,
bounded by p(f). Hence we have ¢ := lim u(f,) < u(f).

We show that we actually have an equality. Take h € & with h < f,
c € (0,1) and put E, = {f, > ch}. The sequence (E,) is obviously increasing
and we show that its limit is S. Let s € S and suppose that f(s) = 0. Then
also h(s) = 0 and s € E, for every n. If f(s) > 0, then eventually f,(s) >
cf(s) > ch(s), and so s € E,. This shows that U, FE,, = S. Consider the chain
of inequalities

> p(fn) > p(fule,) > cu(hlg,). (4.5)
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Suppose that h has representation ([{.1). Then u(hlg,) =Y, aiju(A;NE,). This
is a finite sum of nonnegative numbers and hence the limit of it for n — oo can
be taken inside the sum and thus equals p(h), since E, 1S and the continuity
of the measure (Proposition [1.7). From we then conclude ¢ > cu(h), for
all ¢ € (0,1), and thus ¢ > p(h). Since this holds for all our h, we get £ > u(f)
by taking the supremum over h. This proves the first case.

Next we turn to the almost everywhere version. Let N, = {f, > fai1},
by assumption p(N,) = 0. Put N = U, N, then also u(N) = 0. It follows
that p(fn) = p(fnlye). But on N¢ we have that f = flyc and similarly
w(f) = p(f1lye). The previous case can be applied to get p(frnlne) T u(f1ne),
from which the result follows. O

Example 4.13 Here is a nice application of Theorem Let f € ¥T and,
foreachn € N, put B, ; = {i27" < f < (i4+1)27"} (i € [, :={0,...,n2" —1}),
similar to the sets in the proof of Theorem |3.6] Put also E,, = {f > n}. Note
that the sets E,; and E,, are in ¥. Define

fo=>_i27"p, , +nlg,.
i€l

These f,, form an increasing sequence in X7, even in &%, with limit f. Theo-
rem vields u(frn) T p(f). We have exhibited a sequence of simple functions
with limit f, that can be used to approximate p(f).

Proposition 4.14 Let f,g € X% and o, 3 > 0. Then pu(af + Bg) = au(f) +
Bulg) < oo.

Proof Exercise O
We proceed with the next limit result, known as Fatou’s lemma.

Lemma 4.15 Let (f,) be an arbitrary sequence in ¥*. Then liminf pu(f,) >
p(liminf f,,). If there exists a function h € ¥* such that f, < h a.e., and
w(h) < oo, then limsup p(f,) < p(limsup f,).

Proof Put g, = inf,,>, fi. We have for all m > n the inequality g, < fi,.
Then also p(gn) < p(fm) for m > n, and even u(gyn) < infp>p p(fm). We want
to take limits on both side of this inequality. On the right hand side we get
liminf pu(f,,). The sequence (g,,) is increasing, with limit g = liminf f,,, and by
Theorem [4.12] 1(g,) T p(liminf f,,) on the left hand side. This proves the first
assertion. The second assertion follows by considering f,, = h — f, > 0. Check
where it is used that p(h) < co. O

Remark 4.16 Let (E,) be a sequence of sets in 3, and let f,, = 1g, and h = 1.
The statements of Exercise [[.4] follow from Lemma .15

We now extend the notion of integral to (almost) arbitrary measurable functions.
Let f € 3. For (extended) real numbers x one defines 27 = max{z,0} and
r~ = max{—z,0}. Then, for f : S — [~00, 0], one defines the functions f*
and f~ by fT(s) = f(s)" and f~(s) = f(s)~. Notice that f = f* — f~ and
lfl=ft+f". If feX, then fT f~ e Xt.

30



Definition 4.17 Let f € ¥ and assume that u(f") < co or u(f~) < co. Then
we define p(f) = pu(f*) — pu(f7). If both u(f*) < oo and u(f~) < oo, we
say that f is integrable. The collection of all integrable functions is denoted by
LY(S, %, ). Note that f € £1(S, 3, p) implies that |f| < oo p-a.e.

Proposition 4.18 The following natural properties hold.
(i) Let f,g € £Y(S, %, ) and a, 3 € R. Then af + Bg € L}(S,%,u) and
wlaf + Bg) = au(f) + Bu(g). Hence u can be seen as a linear operator
on L1(S,%, ).

(ii) If f,g € LY(S,%, p) and f < g a.e., then u(f) < p(g).
(iii) Triangle inequality: If f € £1(S, %, i), then |u(f)] < u(|f]).

Proof Exercise (4.3 (]

The next theorem is known as the Dominated Convergence Theorem, also called
Lebesgue’s Convergence Theorem.

Theorem 4.19 Let (f,) C ¥ and f € ¥. Assume that f,(s) — f(s) for all s
outside a set of measure zero. Assume also that there exists a function g € X+
such that sup,, |fn| < g a.e. and that u(g) < oo. Then pu(|fn, — f|) — 0, and
hence p(f) — u(f).

Proof The second assertion easily follows from the first one, which we prove
now for the case that f, — f everywhere. One has the inequality |f| < g,
whence |f, — f| < 2¢. The second assertion of Fatou’s lemma immediately
yields lim sup u(| fr, — f]) < 0, which is what we wanted. The almost everywhere
version is left as Exercise [£.41 O
The convergence pu(|fn, — f|) — 0 is often denoted by f, £—>1 f. The following
result is known as Scheffé’s lemma.

Lemma 4.20 Let (f,) C ¥ and assume that f, — f a.e. Assume that u(f,)
is finite for all n and p(f) < oo as well. Then p(|fn — f|) = 0 iff u(fn) = u(f).

(
Proof The ‘only if” part follows from Theorem Assume then that u(f,) —
p(f). We have the elementary equality |f, — f| = (fn — f) + 2(fn — f)~, and
hence u(|fo — 1) = (1(fa) — i(f) +20((fo — £)7). The first term on the right
hand side of the last expression tends to zero by assumption. The second one
we treat as follows. Since f — f,, < f and f > 0, it follows that (f, — f)~ < f.
Hence p((fn, — f)~) — 0, by virtue of Theorem m O

Example 4.21 Let (S, %, 1) = ([0,1],8([0,1]), A), where X is Lebesgue mea-
sure. Assume that f € C[0,1]. Exerciseyields that f € £1([0,1], B([0,1]), \)
and that A(f) is equal to the Riemann integral fol f(x)dx. This implication fails
to hold if we replace [0, 1] with an unbounded interval, see Exercise

On the other hand, one can even show that every function that is Riemann
integrable over [0, 1], not only a continuous function, is Lebesgue integrable too.
Knowledge of Chapter [2| is required for a precise statement and its proof, see

Exercise [{.141
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Many results in integration theory can be proved by what is sometimes called
the standard machine. This ‘machine’ works along the following steps. First
one shows that results hold true for an indicator function, then one extends
this by a linearity argument to nonnegative simple functions. Invoking the
Monotone Convergence Theorem, one can then prove the results for nonnegative
measurable functions. In the final step one shows the result to be true for
functions in £1(S, ¥, 1) by splitting into positive and negative parts.

4.3 Integrals over subsets

This section is in a sense a prelude to the theorem of Radon-Nikodym, Theo-
rem Let f € ¥* and E € ¥. Then we may define

/E fdp = p(lef). (4.6)

An alternative approach is to look at the measurable space (E,Xg), where
Yg ={ENF : F € ¥} (check that this a o-algebra on E). Denote the restriction
of uto Xg by ug. Then (E, X g, pug) is a measure space. We consider integration
on this space.

Proposition 4.22 Let f € ¥ and denote by fg its restriction to E. Then
fe € LYE,Xg,ug) iff Lgf € LY(S,%, n), in which case the identity pup(fr) =
w(1gf) holds.

Proof Exercise O

Let f € ¥*. Define for all E € &
W(B) = [ fdu(=u(1es)) (47)
E

One verifies (Exercise that v is a measure on (5, %). We want to compute
v(h) for h € ¥T. For measurable indicator functions we have by definition
that the integral v(1g) equals v(E), which is equal to u(1gf) by ([@.7). More
generally we have

Proposition 4.23 Let f € ¥t and h € ¥. Then h € LY(S,%,v) iff hf €
LY(S,%, i), in which case one has v(h) = p(hf).

Proof Exercise .10 t

For the measure v above, Proposition states that [hdv = [ hfdp, valid
for all h € £1(S,%,r). The notation f = g—z is often used and looks like
a derivative. We will return to this in Chapter [6 where we discuss Radon-

Nikodym derivatives. The equality [hdv = [hfdu now takes the appealing

form d
/hdu - /h—” dp.
dp
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Example 4.24 Let (5,3, ) = (R,B,)), f > 0, Borel measurable, v(E) =
[1gfdX and hf € LY(R, B, \). Then

wmz/mmmﬂ@m,

—00

where the equality is valid under conditions as for instance in Example or,
in general, as in Exercise [£.14]

Remark 4.25 If f is continuous, see Example thenz — F(z) = [i 1 fdA

defines a differentiable function on (0,1), with F'(z) = f(x). This follows
from the theory of Riemann integrals. We adopt the conventional notation
F(z) = [y f(u)du. This case can be generalized as follows. If f € L}(R,B,)),
then (using a similar notational convention) z — F(z) = [*__ f(u)du is well
defined for all z € R. Moreover, F' is at (Lebesgue) almost all points x of
R differentiable with derivative F'(x) = f(x). The proof of this result, the
fundamental theorem of calculus for the Lebesgue integral, will be given in
Section [6.7

4.4 Expectation and integral

The whole point of this section is that the expectation of a random variable is a
Lebesgue integral. Indeed, consider a probability space (€2, F,P), and let X be
a (real) random variable defined on it. Recall that X : @ — R is by definition
a measurable function. Making the switch between the notations (S, %, 1) and
(Q, F,P), one has the following notation for the integral of X w.r.t. P

P(X) = /Q X dP, (4.8)

provided that the integral is well defined, which is certainly the case if P(|X]) <
00. Other often used notations for this integral are PX and EX. The latter is the
favorite one among probabilists and one speaks of the Expectation of X. Note
also that EX is always defined when X > 0 almost surely. The latter concept
meaning almost everywhere w.r.t. the probability measure P. We abbreviate
almost surely by a.s.

Example 4.26 Let (Q,F,P) = (N,2NP), where P is defined by P(n) = p,,
where all p, > 0 and > p, = 1. Let (x,) be a sequence of nonnegative real
numbers and define the random variable X by X(n) = z,. In a spirit similar
to what we have seen in Examples and we get EX =07 | z,,py,. Let
us switch to a different approach. Let £1,&s, ... be the different elements of the
set {x1,22,...} and put E; = {j : x; = &}, i € N. Notice that {X =} = FE;
and that the E; form a partition of N with P(E;) = 3,5 p;. It follows that
EX = ", &P(E;), or EX = Y. P(X = &), the familiar expression for the
expectation.
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If h : R — R is Borel measurable, then Y := ho X (we also write Y = h(X)) is a
random variable as well. We give two recipes to compute EY. One is of course
the direct application of the definition of expectation to Y, EY = fﬂ Y dP =
Jo h(X) dP, but we also have the next Proposition that tells us that one
can also compute EY as EY = [, y P¥ (dy) = [ h(z) P~ (dz).

Proposition 4.27 Let X be a random variable, and h : R — R Borel mea-
surable. Let PX be the distribution of X. Then ho X € LYQ,F,P) iff
h € LY(R,B,PX), in which case

Eh(X) = /R hdPX. (4.9)

Proof Exercise [4.11] O

Remark 4.28 Proposition is in terms of equality of two integrals defined
on different probability spaces. There is nothing essential here in working with
probability measures. Indeed, consider a more general set up, where we have a
measure space (S, X, ) and another measurable space (S',%). Let f: S — S’
be a measurable mapping and h : S — R be Borel-measurable, then also the
composition h(f) = ho f : S — R is Borel-measurable. Moreover, we can
define the measure u/ (also called push-forward measure) on ¥ by pf(E') :=
p(f~Y(E"), B' € Y. Then ho f € LY(S, X, u) iff h € (S, %', uf), in which case

/Sh(f) du:/lhduf. (4.10)

Note that the distribution of a random variable is a push-forward measure.
Equation is known as the transformation formula for expectations, and its
generalized version for arbitrary measures as the transformation formula
for integrals.

Example 4.29 Suppose there exists f > 0, Borel-measurable such that for
all B € B one has PX(B) = A(1pf), in which case it is said that X has a
density f. Then, provided that the expectation is well defined, Example [£:24]
and Proposition [4.27] yield

BH(X) = [ @) (o) do

another familiar formula for the expectation of h(X).

We conclude that the definition of expectation as a Lebesgue integral w.r.t. a
probability measure as in yields the familiar formulas, sums for discrete
random variables and Riemann integrals for random variables having an ordi-
nary density function, as special cases. So, we see that the Lebesgue integral
serves as a unifying concept for expectation. At least as important is that we can
use the powerful convergence theorems (obtained for integrals) of Section

34



for expectations as well. Notice that every real constant (function) has a well
defined, and trivially finite, expectation. Therefore one can in pertaining cases
apply the Dominated Convergence Theorem (T heorem with the function g
equal to a constant. Here is a simple example of the application of the Monotone
Convergence Theorem.

Example 4.30 Let (X,,) be a sequence of nonnegative random variables, so all
EX, < oo are well defined. Then > X, is a well defined random variable as
well, nonnegative, and we have E(3 X,,) = Y EX,,. Moreover if Y EX,, < oo,
then Y~ X,, < oo a.s. Verification of these assertions is straightforward and left
as Exercise

The next two propositions have proven to be very useful in proofs of results
in Probability Theory. We use the fact that P is a probability measure in an
essential way.

Proposition 4.31 Let X be a real valued random variable and g : R — [0, 0]
an increasing function. Then Eg(X) > g(¢)P(X > ¢).

Proof This follows from the inequality ¢(X)1ix>c > g(c)1ix>c- O

The inequality in Proposition 4.31]is known as Markov’s inequality. An example
is obtained by taking g(z) = z™ and by replacing X with | X|. One gets E|X| >
cP(|X| > ¢). For the special case where g(x) = (x7)?, it is known as Chebychev’s
inequality. This name is especially used, if we apply it with | X — EX| instead
of X. For ¢ > 0 we then obtain Var X > ¢?P(|X — EX| > ¢).

We now turn to a result that is known as Jensen’s inequality, Proposition
below. Recall that a function g : G — R is convex, if G is a convex set and if
for all x,y € G and « € [0, 1] one has

glaz + (1 — a)y) < ag(z) + (1 — a)g(y).

We consider only the case where G is an interval. Let us first give some proper-
ties of convex functions. Let z,y,z € G and ¢ < y < z. Then y = ax+ (1 —«)z,
with a = =%, and from convexity of g we get

(9(y) — 9(2))(z — ) < (9(2) — g(2))(y — ).

By taking the appropriate limits, one obtains that g is continuous on Int G, the
interior of G. Take x € Int G and rewrite the above inequality as

9(y) —9(@) _ 9() —g(x) (4.11)
y—x - zZ—X

It follows that the right derivative D g(z) := lim,, %ﬁm exists and is finite.

y
In a similar way one can show that the left derivative D_g(x) := limy, M
y—x
)

exists and is finite. Moreover, one has Dy g(x) > D_g(x) for all z € Int G and
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both onesided derivatives are increasing. If one takes in the limit when
y | x, one gets the inequality (z — 2)Dig(z) < g(z) — g(x), valid for z > x.
Likewise one has the inequality (x — 2)D_g(x) > g(x) — g(z), valid for z < x.
It follows that for any d(z) € [D_g(x), D4g(z)], it holds that

9(z) — g(x) > d(z)(z — z). (4.12)

The d(x) are also called subgradients of g. The following proposition (Jensen’s
inequality) is now easy to prove.

Proposition 4.32 Let g : G — R be convex and X a random variable with
P(X € G) = 1. Assume that E|X| < oo and E|g(X)| < co. Then

Eg(X) > g(EX).

Proof We exclude the trivial case P(X = zp) = 1 for some zy € G. Since

P(X € G) =1, we have EX € Int G (Exercise 4.18]) and (4.12) with z = EX
(4.12)

and z replaced with X holds a.s. So, in view of (4.12]),
9(X) — g(EX) > d(EX)(X — EX).

Take expectations to get Eg(X) — g(EX) > 0. d

4.5 Functions of bounded variation and Stieltjes integrals

In this section we define functions of bounded variation and review some ba-
sic properties. Stieltjes integrals will be discussed subsequently. We consider
functions defined on an interval [a,b]. Next to these we consider partitions IT
of [a,b], finite subsets {tg,...,t,} of [a,b] with the convention ty < --- < t,,
and u(IT) denotes the mesh of II. Extended partitions, denoted II*, are parti-
tions II, together with additional points 7;, with t;,_1 < 7; < t;. By definition
w(IT*) = p(II). Along with a function «, a partition II, we define

Vl(a; H) = Z |a(ti) — a(ti,1)|7

the variation of « over the partition II.

Definition 4.33 A function « is said to be of bounded variation if V!(a) :=
supy V1(a;II) < oo, the supremum taken over all partitions II. The variation
function v, : [a,b] — R is defined by ve(t) = V' (ol ).

A refinement II' of a partition IT satisfies by definition the inclusion IT C II'. In
such a case, one has pu(II') < p(II) and V1(a;I1') > V1(a;II). It follows from
the definition of V!(«a), that there exists a sequence (II,,) of partitions (which
can be taken as successive refinements) such that V1(a;1I1,) — V().
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Example 4.34 Let a be continuously differentiable and assume ff |o/(t)] dt

finite. Then V!(a) = fab |/ (t)| dt. This follows, since V1(a;II) can be written
as a Riemann sum

n

Z o’ (3)] (ti — tiza),

_ a(t;)—a(t;—1) )

where the 7; satisfy t;_1 <7, <#t; and o/ (7;) e

Note that v, is an increasing function with v,(a) = 0 and v, (b) = Vi(a).
Any monotone function « is of bounded variation and in this case V!(a) =
|a(b) — a(a)| and v, (t) = |a(t) — a(a)|. Also the difference of two increasing
functions is of bounded variation. This fact has a converse.

Proposition 4.35 Let a be of bounded variation. Then there exists increasing
functions v} and v such that v} (a) = v; (a) =0, a(t) — a(a) = vl (t) — v, (t).
Moreover, one can choose them such that v} + v, = v,.

Proof Define

v () = 3 (valt) + a(t) ~ ala))

03 (1) = 5 (valt) ~ a(t) + a(a).
We only have to check that these functions are increasing, since the other state-
ments are obvious. Let ¢ > t. Then vl (') — vl (t) = 1 (va(t') — va(t) + a(t) —
a(t)). The difference v} (') — v (t) is the variation of a over the interval [¢, '],
which is greater than or equal to |a(t') — a(t)|. Hence v (') —vZ(t) > 0, and
the same holds for v (t') — v, (¢). O

The decomposition in this proposition enjoys a minimality property. If wt and
w_ are increasing functions, w*(a) = w™(a) = 0 and «a(t) — a(a) = wr () —
w™ (t), then for all ¢’ > t one has w* (') —w™ () > vl (t') — vl () and w™ (') —

w™(t) > v, (t')—wv; (t). This property is basically the counterpart of the Jordan
decomposition (6.4) of signed measures.

The following definition generalizes the concept of Riemann integral.

Definition 4.36 Let f,« : [a,b] — R and IT* be an extended partition of [a, b].
Write

n

S(f,aT0) =Y f(m) (ati) — alti-1)).

i=1
We say that S(f,a) = lim, )0 S(f, a; 11*), if for all € > 0, there exists § > 0
such that p(IT*) < ¢ implies |S(f, a) — S(f, a;II*)| < e. If this happens, we say
that f is integrable w.r.t. & and we commonly write [ f da for S(f, a), and call
it the Stieltjes integral of f w.r.t. a.
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Proposition 4.37 Let f,a : [a,b] — R, f continuous and « of bounded
variation. Then f is integrable w.r.t. a. Moreover, the triangle inequality

| [ fda| < [|f|dv, holds.

Proof To show integrability of f w.r.t. «, the idea is to compare S(f, «;1I7)
and S(f, a;II3) for two extended partitions I} and II5. By constructing another
extended partition II* that is a refinement of I and II3 in the sense that all ¢;
and ¢; from II7 and II5 belong to II*, it follows from

1S(f, 0 T0)=S(f, s 15)| < [S(f, s ) =S (f, o T [+[S(f, o TT7) =S (f, o TI )|

that it suffices to show that |S(f, a;II7) — S(f, o; I15)| can be made small for
II; a refinement of II;. Let e > 0 and choose § > 0 such that |f(¢t) — f(s)| < e
whenever |t—s| < § (possible by uniform continuity of f). Assume that p(II;) <
4, then also pu(Ilz) < 6. Consider first two extended partitions of ITy, II7 and
IT}, the latter with intermediate points 7/. Then

1S(f, a5 T07) = S(f, 0| < Z [f(7:) = fF(E)lle(ts) — altioy))|

<eViyIh) < eVi(a).

In the next step we assume that Il is obtained from II; by adding one point,
namely 7; for some 7; from the extended partition IIj. Further we assume that
IT% contains all the intermediate points 7; from II}, whereas we also take the
intermediate points from the intervals [t;_1,7;] and [7;,t;] both equal to 7;. It
follows that S(f,a;II7) = S(f, ;I15). A combination of the two steps finishes
the proof. The triangle inequality for the integrals holds almost trivially. O

Proposition 4.38 Let f,« : [a,b] — R, be continuous and of bounded varia-
tion. Then the following integration by parts formula holds.

/fda+/adf — f(B)a(d) — fla)a(a).

Proof Choose points t, < -+ < t,, in [a,b] and 7; € [t;—1,t:], ¢ = 1,...,n, to
which we add 79 = a and 7,51 = b. By Abel’s summation formula, we have

n

D) (alt) —altig) =

i=1
n+1
F®)a) = f(a)ala) = > alti1) (f(r:) = f(7i1))
i=1
The result follows by application of Proposition [£.37] O

This proposition can be used to define [ adf for functions a of bounded vari-
ation and continuous functions f, simply by putting

[adri= 10a) - f@ata) - [ fda.
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Next we give an example that illustrates that the continuity assumption on f
in Proposition cannot be omitted in general.

Example 4.39 Let a : [-1,1] — R be given by a(t) = 1jo1(t). Let f :
[-1,1] — R be discontinuous at zero, for instance f = «a; note that f and «
share a point of discontinuity. Let II be a partition of [—1,1] whose elements
are numbered in such a way that t,,—1 <0 < t,,, let 7 = 7, € [t—1,tm]. Then
S(f,a;I1*) = f(7), and this doesn’t converge for 7 — 0.

In the annoying case of the above example, the Stieltjes integral is not defined.
By adjusting the concept of Stieltjes integral into the direction of a Lebesgue
integral, we obtain that also in this case the integral is well defined.

It follows from Proposition that « admits finite left and right limits at
all ¢ in [a,b]. By at we denote the function given by o (¢) = lim, ¢ a(u) for
t € |a,b) and ay(b) = «(b). Note that a4 is right-continuous. Let p = pq
be the signed measure (see also Section on ([a,b], B([a,b])) that is uniquely
defined by p((s,t]) = a4 (t) —ay(s) for all a < s < t < b. For measurable f one
can consider the Lebesgue integral [ fdu,. We now present a result relating
Stieltjes and Lebesgue integrals. The proposition below gives an example of
such a connection, but can be substantially generalized.

Proposition 4.40 Let f,a : [a,b] = R, f continuous and « of bounded varia-
tion. Then the Lebesgue integral [ fdu, and the Stieltjes integral [ fda are

equal, [ fdue = [ fdo
Proof Exercise 4.17] O

For p = o as above, we call the integral [ fda, defined as [ fduq, the
Lebesgue-Stieltjes integral of f w.r.t. a. Consider again Example [£.39] Now
the Lebesgue-Stieltjes integral f ada is well defined and fada =1.

4.6 [P-spaces of random variables

In this section we introduce the p-norms and the spaces of random variables
with finite p-norm. We start with a definition.

Definition 4.41 Let 1 < p < oo and X a random variable on (2, F,P). If
E|X P < oo, we write X € LP(Q, F,P) and || X||, = (E|X[)'/?.

The notation ||- || suggests that we deal with a norm. In a sense, this is correct,
but we will not prove until the end of this section. It is however obvious that
LP = LP(Q, F,P) is a vector space, since | X + Y|P < (| X| +|Y])? < 2P(|X|P +
vPP).

In the special case p = 2, we have for X, Y € £2, that | XY| = 1 ((|X|+[Y])?—
X? —Y?) has finite expectation and is thus in £!. Of course we have [E(XY)| <
E|XY|. For the latter we have the famous Cauchy-Schwarz inequality.

Proposition 4.42 Let X,Y € £2. Then XY € £! and E|XY| < || X||2||Y]]2-
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Proof If EY? = 0, then Y = 0 a.s. (Lemma 7 so also XY =0 a.s. and
there is nothing to prove. Assume then that EY? > 0 and let ¢ = E|XY|/EY?2.
One trivially has E(|X]| — ¢|Y])? > 0. But the left hand side equals EX? —
(EIXY])? 0
EY?2

Proposition tells us that X,Y € £2(2, F,P) is sufficient to guarantee that
the product XY is integrable. For independent X and Y weaker integrability
assumptions suffice and the product rule for probabilities of intersections extends
to a product rule for expectations.

Proposition 4.43 Let X,Y € £'(Q, F,P) be independent random variables.
Then XY € LY(Q, F,P) and E(XY) =EX -EY.

Proof The standard machine easily gives E(14Y) = P(A) - EY for A an event
independent of Y. Assume that X € &T. Since X is integrable we can assume
that it is finite, and thus bounded by a constant c. Since then |XY| < ¢[Y],
we obtain E[XY| < oco. If we represent X as ».. ;a;1a,, then E(XY) =
St a;P(A4;)EY readily follows and thus E(XY) = EX - EY. The proof may
be finished by letting the standard machine operate on X. O

We continue with some properties of LP-spaces. First we have monotonicity of
norms.

Proposition 4.44 Let 1 <p <r and X € L"(Q, F,P), then X € LP(Q,F,P)
and || X|[, < [|X]],.

Proof It follows from the trivial inequality |u] < 1+ |u|®, valid for u € R and
a > 1, that | X|P < 14 |X]|", by taking a = r/p, and hence X € LP(Q, F,P).
Observe that © — || is convex. We apply Jensen’s inequality to get (E| X |P)* <
E(|X|P%), from which the result follows. O

4.7 [P-spaces of functions

In the previous section we have introduced the £P-spaces for random variables
defined on a probability space (Q, F,P). In the present section, we consider
in some more generality the spaces LP(S, %, ). For completeness, we give the
definition, which is of course completely analogous to Definition

Definition 4.45 Let 1 < p < oo and f a measurable function on (S, %, p). If
p(IfIP) < oo, we write f € LP(S, %, u) and || f]], = (u(|f[*))"/7.

Occasionally, it is useful to work with ||f||, for p = co. It is defined as follows.
For f € ¥ we put

1 Flloo := inf{m € R : p({[f] > m}) = 0},

with the convention inf® = oco. It is clear that |f| < ||f]|co a.e. We write
feL£22(5,%, p) if |[flleo < oo

Here is the first of two fundamental inequalities, known as Hélder’s inequality.
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Theorem 4.46 Let p,q € [1,00], f € LP(S,X,u) and g € L4(S, X, p). If
S+ ¢ =1, then fg € L'(S, %, p) and || fglly < [|f]lpllgllq-

Proof Notice first that for p = 1 or p = oo there is basically nothing to prove.
So we assume p,q € (1,00). We give a probabilistic proof by introducing a
conveniently chosen probability measure and by using Jensen’s inequality. We
assume without loss of generality that f,g > 0 a.e. If ||f||, = 0, then f =0 a.c.
in view of Lemmal[d.11]and we have a trivial inequality. Let then 0 < ||f][, < oc.
We now define a probability measure P on ¥ by

u(f?)
Put h(s) = g(s)/f(s)P~1if f(s) > 0 and h(s) = 0 otherwise. Jensen’s inequality
gives (P(h))? < P(h?). We compute
oY)
=Ly

and

o ps0397) _ p(g9)
=T S ey

Insertion of these expressions into the above version of Jensen’s inequality yields

(u(f9))?* _ n(g?)

(u(fP))e = pu(fP)’
whence (11(fg))? < u(g?)u(fP)?~ . Take g-th roots on both sides and the result
follows. O

Remark 4.47 For p = 2 Theorem [£.46] yields the Cauchy-Schwarz inequal-
ity ||f9llx < |Ifllzllgl|2 for square integrable functions. Compare to Proposi-
tion 14.42)

We now give the second fundamental inequality, Minkowski’s inequality.

Theorem 4.48 Let f,g € LP(S,%, ) and p € [1,00]. Then ||f+g|l, <||f]l,+
[lgllp-

Proof The case p = oo is almost trivial, so we assume p € [1,00). To exclude
another triviality, we suppose [|f + g[|, > 0. Note the following elementary
relations.

[f+glP =1f +glP 7+ gl S f+glPHFL+1f + 9P gl
Now we take integrals and apply Holder’s inequality to obtain
pu(lf +glP) < (1 f +gPHFD + pdlf + glPHgl)
< (11l + lgllp) (u(| f + g P~ D)1/
= ([1f1lp + lgllp) (u(1f + g7)/4,
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because (p — 1)g = p. After dividing by (u(|f + g|P)!/?, we obtain the result,

because 1 —1/q = 1/p. O
Recall the definition of a norm on a (real) vector space X. One should have
[lz|| = 0 iff z = 0, ||azx|| = |a]]|z|| for & € R (homogeneity) and ||z + y|| <
[lz|| 4+ ||y|| (triangle inequality). For || - ||, homogeneity is obvious, the triangle

inequality has just been proved under the name Minkowski’s inequality and
we also trivially have f = 0 = ||f||, = 0. But, conversely ||f||, = 0 only
implies f = 0 a.e. This annoying fact disturbs || - ||, being called a genuine
norm. This problem can be circumvented by identifying a function f that is
zero a.e. with the zero function. The proper mathematical way of doing this is
by defining the equivalence relation f ~ g iff u({f # g}) = 0. By considering
the equivalence classes induced by this equivalence relation one gets the quotient
space LP(S, X, u) := LP(S,X, 1)/ ~. One can show that || - ||, induces a norm
on this space in the obvious way. We don’t care too much about these details
and just call || - ||, a norm and £P(S, X, 1) a normed space, thereby violating a
bit the standard mathematical language.

A desirable property of a normed space, (a version of) completeness, holds for
LP spaces. We give the proof for LP(Q, F,P).

Theorem 4.49 Let p € [1,00]. The space LP(), F,P) is complete in the fol-
lowing sense. Let (X,) be a Cauchy-sequence in LP: || X, — X,,||, — 0 for
n,m — oo. Then there exists a limit X € LP such that || X, — X||, — 0. The
limit is unique in the sense that any other limit X' satisfies || X — X'||, = 0.

Proof Assume that p € [1,00). Since (X,,) is Cauchy, for all n € N there exists
k, € N such that || X; — X,,||, < 27" if [,m > k,,. By monotonicity of the p-
norms, we then have || Xy, — X, |[1 < |[Xi,yy — Xk, ||p < 277 It follows (see
Example that E>" | Xk, — Xk, | =2, E[ Xk, — Xk,| < co. But then
Y on 1 Xk — Xk, | < 00 a.s., which implies »° (X4, ., — Xi,) < oo a.s. This is
a telescopic sum, so we obtain that lim X, exists and is finite a.s. To have a
proper random variable, we define X := limsup X, and we have X, — X a.s.

‘We have to show that X is also a limit in £P. Recall the definition of the k,,.
Take m > n and | > ky,. Then || X; — X, ||, <277, or E|X; — X, [P <2772,
We use Fatou’s lemma for m — oo and get

E|X, — X|” = Eliminf | X; — X;_ [P < liminfE| X, — X, [P <27

This shows two things. First X; — X € £P and then, since X; € LP also X € LP.
Secondly, limsup,_, ., E|X; — X|P < 27", for all n. Hence ||X; — X||, — 0.
The proof for p = o is left as Exercise O

Remark 4.50 Notice that it follows from Theorem and the discussion
preceding it, that LP (2, F,P) is a truly complete normed space, a Banach space.
The same is true for LP(S, %, p) (p € [0, oc]), for which you need Exercise [{.13]
For the special case p = 2 we obtain that L?(S, 3, u1) is a Hilbert space with the
inner product (f,g) := [ fgdu. Likewise L?(2, F,P) is a Hilbert space with
inner product (X,Y) := EXY.
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Let S be a vector space with inner product (-,-) and norm || - || defined by
l[z|]| = (z,2)'/2. Recall that an orthogonal projection on a subspace L is a
linear mapping 7 : S — L with the property that 7z = arginf{||z —y|| : y € L}.
The argument of the infimum exists if L is complete, which is partly contained
in the following theorem.

Theorem 4.51 Let S be a Hilbert space and L a closed subspace. Let © € S.
Then there exists a unique & € L such that

(i) [lz — 2|| = inf{||z —y[| : y € L}.
Moreover, the element & satisfying (i) is characterized by each the following two
properties.

(ii) [lz —yl|* = |lz — 2(|* + [|& — yl|*, Vy € L.
(iii) x — & is orthogonal to L, i.e. (x — Z,y) =0, Vy € L.

Proof Let a be the infimum in (i). For every n € N there exists x,, € L such
that ||z — z,||?> < a? + 1/n. Add up the two equalities

S(@m — :17")||2

2
2 1 2 1
= llz = 2wl + ll5 (@m = 2a)lI” +2{2 = 2, 5 (@m = a2))

[l — xm +

and

1
||z — 2, — §($m _wn)”Q

1 1
= ||z —xn||2 + H§(xm _xn)|‘2 —2(x _xnv§($m — Tp))

to get

2o~ & (@ + 20)|I? = Iz~ l? + ll7 = al? = Sl — wall’. (413)
Since the left hand side of (4.13)) is at least equal to 2a:?, one obtains by definition
of z,, and &, that %||zm, —z,[|> < = + L. Therefore (z,) is a Cauchy sequence
in L which by completeness has a limit, we call it . We now show that Z attains
the infimum. Since ||z — Z|| < ||z — x| + ||zn — ||, we get for n — oo that
||z — Z|| < o and hence we must have equality.

Suppose that there are two &1,2Z2 € L that attain the infimum. Let & =
3(&1 + &2). Then ||z — &[] < (||z — &1]] + ||z — 22]|) = «, so also & attains
the infimum. Replace in L., With 7 and z,, with Z5 to conclude that
||§71 — Zf?g” = 0. Hence .f?l = iﬁz.

We now show that the three characterizations of & are equivalent. First we
prove (i) = (iii). Consider the quadratic function f(t) = ||z — & + ty||*,t € R,
where y € L is arbitrary. The function f has minimum at ¢ = 0. Computing
f(t) explicitly gives f(t) = ||z —2||* 4+ 2t(x — 2, y) + t*||y||. A minimum at ¢t = 0
can only happen if the coefficient of ¢ vanishes, so (x — Z,y) = 0.
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The implication (iii) = (ii) follows from ||z —y||? = ||z — 2[|* + 2(x — 2, & —
y) + ||y — 2||?, since the cross term vanishes by assumption.
The implication (ii) = (i) is obvious. O

Corollary 4.52 Consider £%(Q, F,P) and let G be a sub-sigma-algebra of F.
Let X € L%(Q, F,P). Then there exists X € L2(Q, G, P) such that E(X — X)?
E(X —Y)? forall Y € £L*(,G,P). Any other X' with this property is a.s. equal
to X.

Proof The space £2(£2, F,P) is complete in the sense of Theorem and
L£2(Q,G,P) is a closed subspace. The proof of this theorem then becomes just a
copy of the proof of Theorem [4.51] the only difference is that for two minimizers
one only gets || X; — Xs|s = 0 which is equivalent to X; = X5 a.s. O

4.8 Exercises

4.1 Let (x1, 2, ...) be a sequence of nonnegative real numbers, let ¢ : N — N
be a bijection and define the sequence (y1,¥2,...) by yr = xy4). Let for each
n the n-vector y™ be given by y™ = (y1,...,yn). Consider then for each n
a sequence of numbers =" defined by x} = =z if =, is a coordinate of y™.
Otherwise put z} = 0. Show that z}! 1 z;, for every k£ as n — oo. Show that

Dhet Yk = 2hg Tk
4.2 Prove Proposition

4.3 Prove Proposition m (assume Proposition [4.14). Show also that |u(f)| <
p(f]), if f € LS, 2, p).

4.4 Prove the ‘almost everywhere’ version of Theorem by using the ‘every-
where’ version.

4.5 Here is another version of Scheffé’s lemma (Lemma [1.20). Let (f,) C
LY(S,%, 1) and assume that f, — f a.e., where f € £1(S,%, u) too. Then
w(|fr — f1) = 0 iff p(|fn]) = p(|f]). Show this. (Hint: apply Lemma to
i and f7.)

4.6 In this exercise A denotes Lebesgue measure on the Borel sets of [0,1]. Let
f:[0,1] — R be continuous. Then the Riemann integral I := fo ) dz exists
(this is standard Analysis). But also the Lebesgue integral of f exmts (Explain
why.). Construct (use the definition of the Riemann integral) an increasing
sequence of simple functions h,, with limit f satisfying h,, < f and A(h,) 1 I.
Prove that A(f) = I.

4.7 Let f : [0, oo) — R be given by f(z) = %22 for z > 0 and f(0) = 1. Show
that I : fo z)dx exists as an 1mproper Rlemann integral (i.e. the limit

limy o0 fo )dx exists and is finite), but that f ¢ £1(]0,00), B([0,00)), \).
In Exercise [5.9] you compute that I = %.

4.8 Prove Proposition [£:22] by means of the standard machinery.
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4.9 Verify that v defined in is a measure.

4.10 Prove Proposition [£:23]

4.11 Prove Proposition Hint: Use the standard machinery for h.
4.12 Give the details for Example [£.30]

4.13 Give the proof of Theorem for an arbitrary measure space LP(S, X, i)
and p € [0,00) (it requires minor modifications). Give also the proof of com-
pleteness of L>2(S, %, u).

4.14 This exercise requires knowledge of Chapter [2 Let f : [0,1] — R be
Riemann integrable and let I = fol f(z)dxz. The aim is to show that f €
L£1([0,1], Xz, A). Without loss of generality we may assume that f > 0.
(a) Exploit Riemann integrability to show that there exist a decreasing se-
quence of simple functions (u,) in 6T and an increasing sequence (£,,) in
ST such that £, < f < uy, for all n, and A(4,) 11, Muy,) | 1.
(b) Let u = limu,, and ¢ = lim/,, and put f = 1iu—gyu. Show that A({u #
0}) =0and {f # f} C {u#(}.
(c) Conclude that f € X and that pu(f) = 1.

4.15 This exercise concerns a more general version of Theorem[4.19 Let (f,) C
Y and f = limsup f,, and assume that f,(s) — f(s) for all s outside a set of
measure zero. Assume also there exist functions g, g, € ©7 such that |f,| < gx
a.e. with g,(s) — g(s) for all s outside a set of measure zero and that pu(g,) —
w(g) < oco. Show that u(|f, — f|) — 0.

4.16 Let (S, X, 1) be a measurable space, &' a sub-c-algebra of ¥ and p’ be the
restriction of p to X, Then also (S, X/, i) is a measurable space and integrals of
Y'-measurable functions can be defined according to the usual procedure. Show
that 1/ (f) = u(f), if f > 0 and X/-measurable. Show also that £(S, %, u)NY' =
LS, % ).

4.17 Prove Proposition [£.40]

4.18 Let G be an interval, X a random variable. Assume P(X € G) = 1 and
E|X| < oco. If X is not degenerate (P(X = z) < 1 for all z € G), show that
EX € IntG.

4.19 Let f € £°(S5,%, 1) and suppose that u({f # 0}) < co. We will see that
limy, o0 [ fllp = [l flloo-

(a) Show that limsup,, , ¢ [[f[l, < [|f/loc-

(b) Show that liminf, oo [|fll, > || fllec- Hint: for e > 0 it holds that u({f >

[flloc —€}) > 0.
(c) Show also that || f||, converges monotonically to || f||s if 1 is a probability
measure.
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5 Product measures

So far we have considered measure spaces (S, X, 1) and we have looked at inte-
grals of the type u(f) = [ fdu. Here f is a function of ‘one’ variable (depends
on how you count and what the underlying set S is). Suppose that we have two
measure spaces (S1,%1,u1) and (Sa, 39, pe) and a function f : S; x Sy — R.
Is it possible to integrate such a function of two variables w.r.t. some measure,
that has to be defined on some Y-algebra of S; x Ss. There is a natural way
of constructing this o-algebra and a natural construction of a measure on this
o-algebra. Here is a setup with some informal thoughts.

Take f : S; x S2 — R and assume any good notion of measurability and
integrability. Then p(f(-,s2)) := [ f(-,s2) du1 defines a function of so and so
we’d like to take the integral w.r.t. uo. We could as well have gone the other way
round (integrate first w.r.t. ug), and the questions are whether these integrals
are well defined and whether both approaches yield the same result.

Here is a simple special case, where the latter question has a negative an-
swer. We have seen that integration w.r.t. counting measure is nothing else but
addition. What we have outlined above is in this context just interchanging the
summation order. So if (ay, ) is a double array of real numbers, the above is
about whether Y > anm =, >, Gnm. Thisis obviously true if n and m
run through a finite set, but things can go wrong for indices from infinite sets.
Consider for example

1 fn=m+1

Qpm = -1 ifm=n+1
0 else.
One easily verifies ) a1, = —1, >, anm = 0, if n > 2 and hence we find

Yo Y om Gnm = —1. Similarly one shows that Y > anm = +1. In order
that interchanging of the summation order yields the same result, additional
conditions have to be imposed. We will see that > > |anm| < oo is a
sufficient condition. As a side remark we note that this case has everything
to do with a well known theorem by Riemann that says that a series of real
numbers is absolutely convergent iff it is unconditionally convergent.

5.1 Product of two measure spaces

Our aim is to construct a measure space (5,3, u) with S = S; x S;. First
we construct Y. It is natural that ‘measurable rectangles’ are in X. Let R =
{E1 X Ey: Ey € %1, E5 € ¥3}. Obviously R is a m-system, but in general not a
o-algebra on S. Therefore we define ¥ := o(R), the product o-algebra of X1 and
Y. A common notation for this product o-algebra, also used below for similar
cases, is X = ¥1 X Y.

Alternatively, one can consider the projections m; : S — S;, defined by
m;i(s1, 82) = 8;. It is easy to show that ¥ coincides with the smallest o-algebra
that makes these projections measurable.
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Next to the projections, we now consider embeddings. For fixed s; € S; we
define e;, : S3 — S by e, (s2) = (81, 82). Similarly we define e®2(s1) = (s1, 82).
One easily checks that the embeddings e;, are ¥5/X-measurable and that the
€2 are ¥; /X-measurable (Exercise. As a consequence we have the following
proposition.

Proposition 5.1 Let f : S — R be X-measurable. Then the marginal map-
pings s1 — f(s1,s2) and s — f(s1,82) are X1-, respectively Yo-measurable,
for any so € Sa, respectively s; € S7.

Proof This follows from the fact that a composition of measurable functions is
also measurable. O

Remark 5.2 The converse statement of Proposition [5.1]is in general not true.
There are functions f : S — R that are not measurable w.r.t. the product o-
algebra X, although the mappings s; — f(s1,s2) and sg — f(s1,s2) are X1-,
respectively Yo-measurable. Counterexamples are not obvious, see below for a
specific one. Fortunately, there are also conditions that are sufficient to have
measurability of f w.r.t. ¥, when measurability of the marginal functions is
given. See Exercise [5.8]

Here is a sketch of a counterexample, based on the Continuum Hypothesis,
with (S1, 31, 1) = (Sa, Xa, u2) = ([0,1], B([0,1]), A). Consider V := {0,1} and
the set W of (countable) ordinal numbers smaller than wy, the first uncountable
ordinal number. The cardinality of W is equal to ¥;, whereas {0,1}" has
cardinality 2%, The Continuum hypothesis states that there exists a bijective
mapping between V and W. Hence there also exists a bijective mapping ¢
between the interval [0,1] and W. The set W has the property that for every
z € [0,1] the element ¢(z) of W has countable many predecessors. Consider
Q = {(z,y) € [0,1]? : ¢(x) < ¢(y)}. For fixed y we let QY = {z € [0,1] :
(r,y) € Q} and for fixed z we let Q, = {y € [0,1] : (z,y) € Q}. It follows
that for every y, the set Q¥ is countable and thus Borel-measurable and it
has Lebesgue measure zero. For every x, the complement of (), is countable
and has Lebesgue measure zero, hence (), has Lebesgue measure one. For
f = 1g, we thus have that © — f(z,y) and y — f(z,y) are Borel-measurable
and that I{(x) =1 and sz(y) = 0. We see that Lemma doesn’t hold and
therefore conclude that f cannot be measurable w.r.t. the product o-algebra

B([0,1]) x B([0, 1]).

Having constructed the product o-algebra 3, we now draw our attention to
the construction of the product measure p on X, denoted by w1 X ps. We will
construct p such that the property p(E; x E2) = pq1(E1)pe(E2) holds. This
justifies the name product measure.

Until later notice we assume that the measures p; and uo are finite.

Consider a bounded Y-measurable function f. We know that the mappings
si — f(s1,82) are ¥;-measurable and therefore the integrals w.r.t. p; are well
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defined (why?). Let then

1 (s1) = / F(s1, 52)p12(ds2)
H(sa) = [ fs1.smdsn)

Lemma 5.3 Let f be a bounded ¥-measurable function. Then the mappings
Iif : S; = R are ¥;-measurable (i = 1,2). Moreover we have the identity

(1)) = pa (1), (5.1)

or, in a more appealing notation,

| snsmaas)mts) = [ ([ forsm@s)uelds). 6:2)
S Sa Sa S

Proof We use the Monotone Class Theorem, Theorem and so we have
to find a good vector space H. The obvious candidate is the collection of all
bounded ¥-measurable functions f that satisfy the assertions of the lemma.

First we notice that H is indeed a vector space, since sums of measurable
functions are measurable and by linearity of the integral. Obviously, the con-
stant functions belong to H. Then we have to show that if f,, € H, f, > 0 and
fn T f, where f is bounded, then also f € H. Of course here the Monotone
Convergence Theorem comes into play. First we notice that measurability of
the Iif follows from measurability of the Iif " for all n. Theorem yields
that the sequences Iif" (s;) are increasing and converging to Iif (si). Another
application of this theorem yields that ul(I{") converges to /11(1—{ ) and that
,LLQ(Ian) converges to /LQ(IQf). Since ,ul(I{") = [LQ(I{”) for all n, we conclude
that pq (I7) = pa(Id), whence f € H.

Next we check that H contains the indicators of sets in R. A quick com-
putation shows that for f = 1g, «g, one has I{ = 1p, p2(FE2), which is ¥;-
measurable, IJ = 1p,p1(E1), and py(I) = po(I]) = pa(By)pa(Es). Hence
f € H. By Theorem [3.6] we conclude that H coincides with the space of all
bounded ¥-measurable functions. O

It follows from Lemma that for all £ € ¥, the indicator function 1x sat-
isfies the assertions of the lemma. This shows that the following definition is
meaningful.

Definition 5.4 We define i : ¥ — [0,00) by u(E) = pa(I37) for E € .

In Theorem below (known as Fubini’s theorem) we assert that this defines
a measure on (S,X) and it also tells us how to compute integrals w.r.t. this
measure in terms of iterated integrals w.r.t. p1 and puo.

Theorem 5.5 The mapping p of Definition has the following properties.
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(i) It is a measure on (S, %). Moreover, it is the only measure on (S, X) with
the property that p(Ey x Eo) = p1(E1)u1(E2). It is therefore called the
product measure of puy and po and often written as p1 X o.

(ii) If f € ¥, then
w(f) = () = pu (1) < oo. (5:3)
(iii) If f € LY(S, X, p), then Equation is still valid and p(f) € R.

Proof (i) It is obvious that u(@) = 0. If (E,) is a disjoint sequence in ¥ with
union F, then we have 15 = lim,, Z?:1 1g,. Linearity of the integral and Mono-
tone Convergence (applied two times) show that p is o-additive. Uniqueness of
p follows from Theorem [I.15] applied to the 7-system R.

(ii) We use the standard machine. The two equalities in are by defini-
tion of p valid for f = 1p, when E € 3. Linearity of the integrals involved show
that it is true for nonnegative simple functions f and Monotone Convergence
yields the assertion for f € X+.

(iii) Of course, here we have to use the decomposition f = f+ — f~. The
tricky details are left as Exercise [5.2 O

Theorem has been proved under the standing assumption that the initial
measures p1 and pg are finite. The results extend to the case where both these
measures are o-finite. The approach is as follows. Write S; = U2, St with the
St € ¥y and p1(S]) < oo. Without loss of generality, we can take the S} disjoint.
Take a similar partition (S3) of S5. Then S = U; ;S;;, where the S;; := S} x 53,
form a countable disjoint union as well. Let ¥;; = {ENS;; : E € ¥}. On each
measurable space (S;;,%;;) the above results apply and one has e.g. identity of
the involved integrals by splitting the integration over the sets S;; and adding
up the results.

We note that if one goes beyond o-finite measures (often a good thing to
do if one wants to have counterexamples), the assertion may no longer be true.
Let S; = S3 =[0,1] and ¥ = X5 = B[0,1]. Take p; equal to Lebesgue measure
and po the counting measure, the latter is not o-finite. It is a nice exercise to
show that A := {(z,y) € S:z =y} € . Let f = 1. Obviously I (s;) = 1
and 15(32) = 0 and the two iterated integrals in are 1 and 0. So, more or
less everything above concerning product measures fails in this example.

We proceed with a few remarks on products with more than two factors. The
construction of a product measure space carries over, without any problem, to
products of more than two factors, as long as there are finitely many. This
results in product spaces of the form (S7 X ... X Sy, X1 X ... X X, i1 X .o X i)
under conditions similar to those of Theorem [5.5 The product o-algebra is
again defined as the smallest o-algebra that makes all projections measurable.
Existence of product measures is proved in just the same way as before, using an
induction argument. Note that there will be many possibilities to extend
and , since there are n! different integration orders. We leave the details to
the reader.
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Things become however more complicated, when we work with infinite prod-
ucts of measure spaces (S;, X;, pt;). In Section we treat the construction of
an infinite product of probability spaces.

The measure p in Fubini’s theorem is a product measure of two base mea-
sures, but it is possible to go beyond the setting of product measures. We
present this extension here. We consider a probability space (S,%,Q) and a
measurable space (2, F). On the latter space we have a family of probability
measures {P, : © € S} that have the property that for every F' € F the function
x +— P, (F) is measurable as a function on (5,X). Such a family is known under
various names (depending on the context), we mention Markov kernel, or tran-
sition kernel. Let f : S x 2 — R be measurable w.r.t. to the product o-algebra
> x F. We already know from Proposition that the marginal mappings of
f are measurable on the factor spaces. A version of Fubini’s theorem in the
present situation is as follows.

Theorem 5.6 There exists a unique probability measure II on (S x Q0,3 X F)
such that II(E x F) = [, P,(F)Q(dxz). Moreover, if f : S x Q — [0,00] is
¥ x F-measurable, then x — [, f(2,w)Py(dw) is ¥-measurable, and

swfdH:/g/ng(x7w)Pm(dw)@(dx).

Proof The proof can be given completely along the lines of the proofs of
Lemma and Theorem [5.5l This is Exercise (.14 U

Here is a corollary that one easily derives from the theorem.

Corollary 5.7 Consider the measure 1l in Theorem Then II(F) := TI(S x
F) = [¢P.(F)Q(dx) defines a probability measure on (2, F). Let X : Q — R
be a random variable, nonnegative or integrable w.r.t. Il. Then the expecta-
tion of X under II, EgX satisfies EgX = [(E,X Q(dx), where E, denotes

expectation under P,.

Proof Note that the measure II on (€2, F) can be considered as the image
measure of IT under the projection of S x Q onto 2. A combination of Proposi-
tion and Theorem [5.6] then gives the result. O

5.2 Further applications in Probability theory

In this section we consider real valued random variables, as well as real random
vectors. The latter require a definition. Consider a probability space (2, F,P)
and a map X : Q — E, where E is some other set. Let £ be a g-algebra on
E. If the map X is /& measurable, X is also called a random element of E.
If FE is a vector space, we call X in such a case a random vector. Notice that
this definition depends on the o-algebras at hand, which we don’t immediately
recognize in the term random vector.
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An obvious example of a vector space is R?. Suppose we have two random
variables X1, X5 : © — R. We can consider the map X = (X1, X3) : Q — R?,
defined by X (w) = (X1 (w), X2(w)) and it is natural to call X a random vector.
To justify this terminology, we need a o-algebra on R? and there are two obvious
candidates, the Borel o-algebra B(IR?) generated by the ordinary open sets (as in
Section , and, continuing our discussion of the previous section, the product
o-algebra B(R) x B(R).

Proposition 5.8 It holds that B(R?) = B(R) x B(R).

Proof The projections m; : R> — R are continuous and thus B(R?)-measurable.
Since B(R) x B(R) is the smallest o-algebra for which the projections are mea-
surable, we have B(R) x B(R) C B(R?). Conversely, if G is open in R?| it is
the countable union of (open) rectangles in R (similar to the proof of Proposi-
tion and hence G € B(R) x B(R), which yields the other inclusion. O

Remark 5.9 Observe that the proof of B(R) x B(R) C B(R?) generalizes to
the situation, where one deals with two topological spaces with the Borel sets.
For the proof of the other inclusion, we used (and needed) the fact that R is
separable under the ordinary topology. In a general setting one might have the
strict inclusion of the product o-algebra in the Borel o-algebra on the product
space (with the product topology).

We now know that there is no difference between B(R?) and B(R) x B(R). This
facilitates the use of the term 2-dimensional random vector and we have the
following easy to prove corollary.

Corollary 5.10 Let X1,X5 : © — R be given. The vector mapping X =
(X1, X2) : Q — R? is a random vector iff the X; are random variables.

Proof Exercise 5.3 O

Remark 5.11 Let X, X5 be two random variables. We already knew that
X1 + X5 is a random variable too. This also follows from the present results.
Let f : R? — R be a continuous function. Then it is also B(R?)-measurable,
and by Corollary and composition of measurable functions, f(X;, X2) is a
random variable as well. Apply this with f(z1,22) = 21 + za.

Recall that we defined in Section [3.2) the distribution, or the law, of a random
variable. Suppose that X = (X7, X5) is a random vector defined on (Q2, F,P)
with values in R%. Let E € B(R?), then

PX(E) :=P(X € E),

for E € B(R?) defines a probability measure on (R2, B(R?)), the distribution of
X, also called the joint distribution of (Xi, X5). If we take E = F; X R, then
we have PX(E; x R) = P(X; € E;) = PX1(FE;). Common terminology is to call
PX: the marginal distribution, or marginal law, of X;.
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Along with the (joint) distribution of X, we introduce the joint distribution
function F' = Fx : R? — [0, 1], given by

F(z1,22) = PY((—00,21] X (=00, 22]) = P(X1 < 21, Xz < 22).

Notice that, for instance, Fix, (1) = limg, 00 F(21,22), also denoted F(z1,00).

It may happen that there exists a nonnegative B(R?)-measurable function f
such that PX(E) = [, f d(A x X), for all E € B(R?). In that case, f is called
the (joint) density of X. The obvious marginal density fx, of X; is defined by
Ix,(z1) = [ f(z1,22) A(dz2). One similarly defines the marginal density of Xo.
Check these are indeed densities in the sense of Example

Independence (of random variables) had to do with multiplication of probabili-
ties (see Definition |3.11)), so it should in a natural way be connected to product
measures.

Proposition 5.12 Two random variables X1, Xo on (2, F,P) are independent
iff the joint distribution P&X1:X2) js the product measure PX* x PX2. This in
turn happens iff F(x1,x9) = Fx, (x1)Fx,(x2), for all z1, 25 € R. Assume further
that (X1, X2) has a joint probability density function f. Let fi and fo be the
(marginal) probability density functions of X; and X5 respectively. Then X,
and X, are independent iff f(x1,x2) = f1(x1)fo(x2) for all (x1,x2) except in a
set of A X A-measure zero.

Proof Exercise [5.4] O

The results of the present section (Proposition Corollary [5.10] Proposi-
tion [5.12)) have obvious extensions to higher dimensional situations. We leave
the formulation to the reader.

Remark 5.13 Suppose one is given a random variable X, defined on a given
(Q,F,P). Sometimes one needs an additional random variable Y having a
specified distribution. It may happen that the given probability space is not
rich enough to have such a random variable well defined. Suppose Q = {0,1}
and X (w) = w, having a Bernoulli distribution for P defined on the power set
of Q with P({1}) = p. Clearly, it is impossible to define on this 2 a random
variable having more than two different outcomes. Extending the probability
space to a suitable product space offers a way out, see Exercise from which
it even follows that X and Y are independent.

5.3 Infinite products

The extension of product spaces from finite to infinite products is a different
matter. Nevertheless, this extension is inevitable if one wants to construct
a well defined independent infinite sequence of random variables. Just recall
that we have seen that independence of two random variables has everything
to do with product measures. Hence for an (infinite) sequence of independent
random variables, one should use an infinite product of probability measures.
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For real valued random variables we have already encountered a construction
of a supporting probability space in Section [3.3] Here we continue with the
construction of a countable product of probability spaces. See also Exercise
for products of arbitrarily many factors.

Assume that we have for every n € N a probability space (Q,, Fn,Py).
Let Q = [[,2,Q, and denote by w = (wy,ws,...) a typical element of €.
The construction of the product o-algebra remains the same as before. The
projection m, : Q@ — Q, is defined by 7,(w) = w,. On the product set 2
we define the o-algebra F as the smallest one that makes all projections ,
measurable mappings (this reminds you of a subbasis of the product topol-
ogy). One can also define a multivariate projection 7 ) : 2 — | Y
by 71, n)(w) = (w1,...,wn). It follows that all multivariate projections are
F-measurable as well. A cylinder, or a measurable rectangle, is by definition the
inverse image of a measurable set in some szl Qp, endowed with the product
o-algebra F1 x - - - x F,, under the projection m(; . ). It follows that a cylinder is
of the type B, X H;C:nﬂ Q. (for some n), with B,, € F1 X+ --x F,. Such a cylin-
der will be denoted by C,. Let C be the collection of all cylinders and note that
C is an algebra. Define the mapping Py : C — [0,1] by Po(C) = [, Ps(B,), if
C = C, for some n. Verify that if one writes C' = C,,, for some m # n, it holds
that [T, Pi(B,) = [[1~, Pi(By,), which implies that Py is unambiguously de-
fined, i.e. not depending on the chosen representation of C. Verify too that P
is finitely additive on C. The next theorem states the existence of an infinite
product probability measure P, sometimes denoted by H;;o:l P,. In the proof
we use results from Section 2.2l

Theorem 5.14 There exists a unique probability measure P on (2, F) such
that P restricted to C is equal to Py. In particular,

P(Eyx - x B, x [ @) =]]Pi(E),
k=n+1 i=1

1fE16]-'Z,z:1,,n

Proof The proof is based on an application of Theorem 2.7 We proceed by
showing that Py is countably additive on C. To that end we invoke Exercise[1.9]
from which we deduce that it is sufficient to show for a decreasing sequence
of cylinders C™ with lim,,_, Po(C™) > 0, one must have C' := N2, C™ £ (.
Without loss of generality we may assume that the C™ are of the type C), as
above. If it happens that there is an N € N such that all C,, can be written
as B,, X HZO=N+1 Q,, with B,, € F1 X ... X Fn, we are done, since in this case
Po(Cp) =P1 x ... x PN (By,). We already know that P; x ... x Py is a measure
and therefore countably additive. Henceforth we assume that such an N doesn’t
exist.

For simplicity we write €, = [1,2, |, Q&, so that C,, = B, x Q,,. Typical
elements of €/ are w), and we have w = (w1,...,wn,w),). On the cylinders in
), we can define set functions P/, in the same way as Py was defined on C. Note
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that, similar to the definition of Py, the action of P}, on cylinders in 2/, only
involves product measures with finitely many factors. For every cylinder C in C,
one defines C'(wy, . ..,wy) = {w), : (w1,...,wn,w),) € C}. Then the probabilities
P! (C(ws,...,wy)) are well defined.

Since we have assumed that lim,,_,, Po(C,,) > 0 for the decreasing sequence
(Cp), there exists € > 0 such that Py(C,,) > ¢ for all n. Define

Bl = {w; : P(Cp(wr)) > %5}

It follows from Lemma that E} € F;. Then, using ‘Fubini computations’,
we obtain

Po(Cy) = / P (Co(w1)) P ()

).

1
<Pi(E,) + 55191(91 \ B,).

PG ) Palden) + [ B(Cale) i)

1
n

Since Po(Cy,) > ¢, it then follows that Py(Ej) > Ze. Since the C, form a
decreasing sequence, the same holds for the E}. Letting E! = N, E}, we get by
continuity of P; that Py(E') > %s. In particular E' is not empty and we can
choose some w} € E' for which we have P (C,,(w})) > £ for all n.

Then we repeat the above story applied to the sets C,, (w7) instead of the C,,.
So we consider the sets Cp(wi,wz) and E2(w}) = {ws : Py(Cr(wi,wz)) > =}
This results in a non-empty limit set E2(w?) C Q5 from which we select some w}
and we obtain P, (C), (wi,ws5)) > § for all n. Continuing this way we construct
a point w* = (wf,ws,...) that belongs to all C,, and therefore the intersection
N, Cy, is not empty. O

5.4 Exercises

5.1 Show that the embeddings es, are ¥o/3-measurable and that the e®* are
Y1 /¥-measurable. Also prove Proposition

5.2 Prove part (iii) of Fubini’s theorem (Theorem for f € LY(S, 3, 1) (you
already know it for f € ©1). Explain why s1 + f(s1,52) is in £1(S1, 31, 1)
for all so outside a set N of ps-measure zero and that Ig is well defined on N°€.

5.3 Prove Corollary
5.4 Prove Proposition [5.12

5.5 A two-dimensional random vector (X,Y’) is said to have a density f w.r.t.
the Lebesgue measure on B(R)? is for every set B € B(R?) one has

IP((X,Y)GB)://Bf(a:,y) dz dy.

o4



Define
fx(x)=/Rf(x,y) dy.

Show that for all B € B(R) one has
PX(B) :/ fx(x) da.
B

5.6 Let X and Y be independent random variables on some probability space
(Q, F,P). Let Fx and Fy be their distribution functions and px and py their
laws. Put Z = X +Y and Fy its distribution function.
(a) Show that Fz(z) = [, Fx(z —y) py (dy).
(b) Assume that Fx admits a density fx (w.r.t. Lebesgue measure). Show
that also F'z admits a density, which can be taken to be

fz(2) :=/fo(z—y)uy(dy).

5.7 If Z1,Z5, ... is a sequence of nonnegative random variables, then

Ei Z, = iEZk. (5.4)
k=1 k=1

(a) Show that this follows from Fubini’s theorem (as an alternative to the
arguments of Exercise[1.12). If Y37 | EZ, < oo, what is P(3_pe; Zy = 00)?

(b) Formulate a result similar to for random variables Z;, that may assume
negative values as well.

5.8 Let f be defined on R? such that for all a € R the function y — f(a,y)
is Borel measurable and such that for all b € R the function z — f(z,b) is
continuous.
(a) Show that for all a,b,c¢ € R the function (z,y) — bz + cf(a,y) is Borel-
measurable on R2.
(b) Let a =i/n, i € Z,n € N. Define

n § : ai —x n T —ajy n
f (x,y) = 1(11?,1,&;1 (.%‘)( n_ n f(a’iflﬂy) + n_ n f(az 7y))
p @i =@ @ — @i

Show that the f™ are Borel-measurable on R? and conclude that f is Borel-
measurable on R2.

5.9 Show that for ¢ > 0

> 1
/ sinze ™ doe = ——.
0 1+ ¢2

Although 2 — S22 doesn’t belong £!([0, c0), B([0,0)), A), show that one can
use Fubini’s theorem to compute the improper Riemann integral

* sinx T
de = —.
0 T 2
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5.10 Let F,G : R — R be nondecreasing and right-continuous. Similar to the
case of distribution functions, these generate measures ppr and pug on the Borel
sets satisfying e.g. ur((a,b]) = F(b) — F(a). Integrals w.r.t up are commonly
denoted by [ fdF instead of [ fdup. See also Section
(a) Use Fubini’s theorem to show the integration by parts formula, valid for
all a < b,

F@quﬂ@m@:/

(ab]

F(s—)dG(s) +/ G(s)dF(s),

(a,b]
where F(s—) = limys F'(u). Hint: integrate 1(, ;32> and split the square
into a lower and an upper triangle.

(b) The above displayed formula is not symmetric in F' and G. Show that it
can be rewritten in the symmetric form

F(b)G(b) — F(a)G(a) =

| Pls)dG) + [ Gs-) () + F.GI0) - [F.Gl(a)
(a,b] (a,b]

where [F,G|(t) = Y, ,<; AF(s)AG(s) (for t > a), with AF(s) = F(s) —
F(s—). Note that this sum involves at most countably many terms and is
finite.

5.11 Let F' be the distribution function of a nonnegative random variable X
and o > 0. Show (use Exercise for instance, or write EX® = Ef(X), with

f(@) = [y ay*~' dy) that

EX® = 04/0Oo 21— F(x))dz.

5.12 Let I be an arbitrary uncountable index set. For each ¢ there is a proba-
bility space (€2;, F;,P;). Define the product o-algebra F on [];.; € as for the
case that I is countable. Call a set C' a countable cylinder if it can be written
as a product Hie ; Ci, with C; € F; and C; a strict subset of ; for at most
countably many indices i.

(a) Show that the collection of countable cylinders is a o-algebra, that it con-
tains the measurable rectangles and that every set in F is in fact a count-
able cylinder.

(b) Let F' = [[,c; Ci € F and let Ir be the set of indices i for which Cj is a
strict subset of ;. Define P(F) := [[;c;, Pi(C;). Show that this defines
a probability measure on F with the property that P(x; '[E]) = P;(F) for
every i € I and F € F;.

5.13 Let X be a random variable, defined on some (2, F,P). Let ¥ be random
variable defined on another probability space (', F/,P'). Consider the product
space, with the product o-algebra and the product probability measure. Rede-
fine X and Y on the product space by X (w,w’) = X(w) and Y (w,w’) = Y ().
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Show that the redefined X and Y are independent and that their marginal
distributions are the same as they were originally.

5.14 Prove Theorem It is sufficient to verify that the proofs hardly differ
from those of Lemma [5.3] and Theorem [5.51
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6 Derivative of a measure

The topics of this chapter are absolute continuity and singularity of a pair of
measures. The main result is a kind of converse of Proposition known as
the Radon-Nikodym theorem, Theorem In the proof of it that we will
give, we need that a continuous map on a Hilbert space can be represented by
the inner product with a fixed element in that space. This will be shown in
Section

6.1 Linear functionals on R"

Let H = R". It is well known that every linear map 7" : H — R™ can uniquely
be represented by an m x n matrix M = M(T) via T(z) = Mz (the usual
product of matrix and a vector) , which we will reprove below for the case
m = 1. Let m = 1 and (-, -) be the usual inner product on H, (z,y) = x"y. For
this case the matrix M becomes a row vector. For y = M T € R™ one then has

T(x) = (z,y). (6.1)

Hence we can identify the mapping T with the vector y. Let H* be the set of
all linear maps on H. Then we have for this case the identification of H* with
H itself via equation .

Suppose that we know that holds. Then the kernel K of T is the space
of vectors that are orthogonal to y and the orthogonal complement of K is the
space of all vectors that are multiples of y. This last observation is the core of
the following elementary proof of .

Let us first exclude the trivial situation in which 7" = 0. Let K be the kernel
of T. Then K is a proper linear subspace of H. Take a nonzero vector z in the
orthogonal complement of K, a one-dimensional linear subspace of H. Every
vector x can be written as a sum x = Az 4+ u, with A € R and v € K. Then we
have

A= g 2 and T(z) = AT(2). (6.2)
Let y = %z Then (z,y) = %(m, z) = M\T'(z) = T'(x), as follows from 1]
Uniqueness of y is shown as follows. Let y' € H be such that T(z) = (z,y’).

Then (z,y — y') is zero for all x € H, in particular for z = y — y’. But then
y — 3y must be the zero vector.

The interesting observation is that this proof carries over to the case where one
works with continuous linear functionals on a Hilbert space, which we treat in
the next section. We will henceforth write Tz instead of T'(x).

6.2 Linear functionals on a Hilbert space

Let H be a (real) Hilbert space, a vector space over the real numbers, endowed
with an inner product (-, -), that is complete w.r.t. the norm || - || generated by
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this inner product. Let T : H — R be a continuous linear functional on H, there
is a C' > 0 such that |Tz| < C||z|| for all z € H. We denote by H* the linear
space of all continuous linear functionals on H, also called the dual space of H.
We will prove the Riesz-Fréchet theorem, which states that every continuous
linear functional on H is given by an inner product with a fixed element of H.

Theorem 6.1 Let T' € H*. Then there exists a unique element y € H such
that Tx = (x,y).

Proof Uniqueness of y follows by the same argument as in the finite dimensional
case. We given an alternative proof for the existence and exclude the trivial case
T = 0. Let K be the kernel of T'. Since T is linear and continuous, K is a closed
subspace of H and the orthogonal complement K+ of K contains a non-zero
vector u with ||u|| = 1. Let y = (Tu)u € K+, then Ty = (Tu)? = ||Ty||?. Put
z = (Tz)y— (Ty)x. Then Tz =0, so z € K and therefore (z,y) = 0. This gives
0 = (Tz){y,y) — (Ty){z,y) = (Tu)?*(Tz — (z,y)) and the result follows since
Tu # 0. (]

This theorem can be summarized as follows. The dual space H* can be identified
with H itself. Moreover, we can turn H* into a Hilbert space itself by defining an
inner product (-,-)* on H*, Let T, T’ € H* and let y,y’ the elements in H that
represent T and T" according to the theorem. Then we define (T, T')* = (y,v').
One readily shows that this defines an inner product. Let || - ||* be the norm
on H* generated by this inner product. Then H* is complete as well. Indeed,
let (T},) be a Cauchy sequence in H* with corresponding elements (y,,) in H,
satisfying T,z = (x, y,). Then ||T,, — Ton||* = ||yn — Ym||- The sequence (y,,) is
thus Cauchy in H and has a limit y. Define Tz = (z,y). Then T is obviously
linear and ||T,, — T||* = |lyn — y|| — 0. Concluding, we say that the normed
spaces (H* || - ||*) and (H, || - ||) are isomorphic.

The usual operator norm of a linear functional T" on a normed space is defined
as [|T|]" = sup,4o ‘Hj%lll It is a simple consequence of the Cauchy-Schwarz
inequality that this norm ||-||* is the same as the one in the previous paragraph.
In fact one can show that continuity of 7' as a mapping (in the usual sense) is
equivalent to finiteness of ||T'||*. Hence the constant C at the beginning of this
section satisfies C' > ||T'||*.

Remark 6.2 Suppose H = £2(S,3, 1), then H is not a genuine Hilbert space,
since || f||2 = 0 only implies f = 0 a.e. The assertion of Theorem [6.1]still holds
true, except that uniqueness has to be replaced with uniqueness a.e.

6.3 Real and complex measures

Consider a measurable space (S,X). A function p: ¥ — C is called a complex
measure if it is countably additive. Such a p is called a real or a signed measure
if it has its values in R. What we called a measure before, will in this and the
next sections sometimes be called a positive measure. In the next sections of
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this chapter a measure could be either a positive or a complex (or real) measure.
Notice that a positive measure can assume the value infinity, unlike a complex
measure, whose values lie in C (see also (6.3))).

Let p be a complex measure and E7, Fs,... be disjoint sets in ¥ with £ =
U;>1 Ei, then (by definition)
i>1

where the sum is convergent and the summation is independent of the order.
Hence the series is absolutely convergent as well, and we also have

W(B)] < 3 (B < . (6.3)
i>1

For a given set E € ¥ let II(E) be the collection of all measurable partitions
of E, countable partitions of F with elements in . If u is a complex measure,
then we define

0l(B) = sup{3_ |u(E)| : B: € m(E) and =(E) € T(E)}.

We will show below that |u is a (positive) measure on (S, ¥) with |u](S) < oo; it
is called the total variation measure (of p). Notice that always |u|(E) > |u(E)|
and that in particular u(E) = 0 as soon as |u|(E) = 0.

In the special case where p is real valued,

1
= 5 (el + )

and

1
po =Skl = n)
define two bounded positive measures such that

p=pt—p (6.4)
This decomposition of the real measure u is called the Jordan decomposition.

Theorem 6.3 Let 11 be a complex measure on (S,X), then |u| is a positive
measure on (S,X), with |u|(S) < co.

Proof To show that || is a measure, it suffices to prove countable additivity
of |u|. So let (Ay) be a sequence of disjoint sets of 3 with union A. Choose
0 <b, <|u|(A,). Let ¢ > 0 and choose countable measurable partitions (A,;)
of the A,, such that for all n

b =27 < 3 (Aug)]
J
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By summing over n and then letting ¢ — 0 we get
S b <3 [ulAn )] < |ul(A).
n n,J
Taking now the supremum over all b,, satisfying the constraints, we obtain

D lul(4n) < |ul(A).

We proceed by showing the converse of this inequality. Let (B;) be any other
measurable partition of A. Then for each fixed n, (A, N B;) is a partition of
A,,. We have

Do uBHI=0 1Y wAa N By)|
J J n
<D Iu(Ann By)l
n
<D lul(4).
Taking now the supremum over all partitions (B;), we obtain

el (A) < D Il (An)-

Next we show that |u|(S) is finite. It suffices to show that this is true for a real
measure. We claim the following fact. If E € ¥ is such that |u(E)| = oo, then
there exist disjoint A, B € ¥ such that AUB = E, |u(A)| > 1 and |p(B)| = cc.

This is proved as follows. Let m € N and choose a measurable partition
(Ep) of E such that > |u(Ey,)| > m. Then there exists N € N such that
EnN:1 |(ErR)| > m. It follows that there exists a subset J of {1,..., N} such
that either Y, u(Ep)t > m/2 or 3 o, p(E,)~ > m/2. In either case, we
have | Y -, p(Eyn)| >m/2. Let A=, c; En. Then A C E and |u(A)| > m/2.
Let then B = E \ A, for which we have by finiteness of pu, |u(B)| = |u(E) —
(A = |p(A)] — [p(E)| = m/2 — [u(E)|. Choose m > 2(1 + [u(E)|) to get
|e(B)] > 1 as well as |u(A)| > 1. Since E = AU B and |u(E)| = oo, we must
have |u(A)| = oo or |u(B)| = oo. This proves the claim (possibly after swapping
the roles of A and B).

Reasoning by contradiction, we now assume that |p|(S) = co. Let By =
S, According to our claim, By is the disjoint union of sets A; and B; with
|£(A1)| > 1 and |pu(B1)| = oo. By induction we construct a sequence (4,,) with
|1t(Ay)] > 1 and |u(B,)| = co. Let U = [J;—, Ay, which by countable additivity
of p should satisfy p(U) = >°°° | u(A,). But the construction of the A, was
such that this series cannot be convergent, yielding a contradiction. O

Integration w.r.t. a signed measure is defined as can be predicted. Let p be a
signed measure on (S,¥) and u = pu™ — p~ be its Jordan decomposition. If
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[ S — R is measurable and both [|f|du™ and [ |f|dpu~ are finite, equivalent
to [|f]d|p| < oo, we put [ fdu := [ fdut — [ fdu~. For f or pu complex
valued, one splits both in their real and imaginary parts and assume that the
corresponding real integrals are well defined. Adding up in the obvious way
yields the definition of [ fdu for this case. If all defining real integrals are
finite, one writes f € £L1(S, %, u).

For signed measures y the usual triangle inequality | [ f du| < [|f| dp is
not valid in general, think of a negative y. Instead we have the following result.

Proposition 6.4 Let y be a real measure on a measurable space (S,X) and
|| its total variation measure. Assume that f € £'(S, X, p). Then | [ f du| <

J1f1 dlul.
Proof Exercise [6.12] O

6.4 Absolute continuity and singularity

We start this section with the definition of absolute continuity and singularity
for two measures. The former is connected to Section [4.3]

Definition 6.5 Let i be a positive measure and v a complex or positive mea-
sure on a measurable space (S,X). We say that v is absolutely continuous w.r.t.
p (notation v < ), if v(E) = 0 for every E € ¥ with u(E) = 0. Two arbitrary
measures p and v on (S, X)) are called mutually singular (notation v L p) if there
exist disjoint sets F and F' in 3 such that v(A) = v(ANE) and u(A) = p(ANF)
for all A e X.

An example of absolute continuity we have seen already in the previous section:
i <K || for a complex measure p. Another example is provided by the measures
v and p of , v < p. See also Proposition below. Note that for two
mutually singular measures p and v one has v(F') = p(E) = 0, where E and F'
are as in Definition [6.5

Proposition 6.6 Let i be a positive measure and vy, vo arbitrary measures,
all defined on the same measurable space. Then the following properties hold
true.

(i) If vy L p and vo L p, then vy + vy L .
(ii) If 1y < p and vy < p, then vy + vy < p.
(iii) If vy < p and vo L p, then vy L vs.
(iv) If v < p and vy L i, then vy = 0.
Proof Exercise [6.21 O

Proposition 6.7 Let i be a positive measure and v, and vy be arbitrary real
or complex measures on (S,%). Assume that v, < p and vs L p. Put

V=, + Us. (6.5)

Suppose that v also admits the decomposition v = v, + v, with v} < p and
vl L u. Then v, = v, and V. = v,.
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Proof It follows that

Ul — Vg = Vs — Vb,
vl — v, < pand vg — v, L p (Proposition [6.6), and hence both are zero (Propo-
sition again). O

The content of Proposition is that the decomposition of v, if it exists,
is unique. We will see in Section that, given a positive measure p, such a
decomposition exists for any measure v and it is called the Lebesgue decompo-
sition of v w.r.t. u. We extend the definition of the measure v as given in
to the real and complex case.

Proposition 6.8 Let u be a positive measure on (S,%) and h a nonnegative
measurable function on S. Then the map v : ¥ — [0, 00] defined by

v(E) = p(1gh) (6.6)

is a positive measure on (S,X) that is absolutely continuous w.r.t. p. If h is
complex valued and in £(S,3, 1), then v is a complex measure.

Proof See Exercise for nonnegative h. The other case is Exercise O

The Radon-Nikodym theorem of the next section states that every o-finite mea-

sure v that is absolutely continuous w.r.t. p is of the form . We will use in
that case the notation

dv

h=—.

du

In the next section we use

Lemma 6.9 Let p be a finite positive measure and f € L(S, 3, 1), possibly
complex valued. Let A be the set of averages

1
aEzm/Efdlh

where E runs through the collection of sets £ € X with u(E) > 0. Then
p{f ¢ A}) = 0.

Proof Assume that C\ A is not the empty set (otherwise there is nothing to
prove) and let B be a closed ball in C\ A with center ¢ and radius > 0. Notice
that |c — a] > r for all @ € A. Tt is sufficient to prove that E = f~![B] has
measure zero, since C \ A is a countable union of such balls (argue as in the
proof of Proposition . Suppose that @(E) > 0. Then we would have

1
o —el < = [ 1f—d du<r

But this is a contradiction since ar € A. O
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6.5 The Radon-Nikodym theorem

As an appetizer for the Radon-Nikodym theorem (Theorem [6.10) we consider
a special case. Let S be a finite or countable set and ¥ = 2°. Let pu be
a positive o-finite measure on (5,3) and v another finite measure such that

v < p. Define h(z) = 42D if 4({z}) > 0 and zero otherwise. It is easy to

— u({=})
verify that h € £1(S, %, u) and
v(E) = p(1gh), VE C S. (6.7)

Observe that we have obtained an expression like , but now starting from
the assumption v < p. The principal theorem on absolute continuity (and
singularity) is the following.

Theorem 6.10 Let i be a positive o-finite measure and v a complex measure.
Then there exists a unique decomposition v = v, + v, and a function h €
LY(S, 3, p) such that v,(E) = p(lgh) for all E € ¥ (so vy, < p) and vs L p.
Moreover, h is unique in the sense that any other h' with this property is such
that pu({h # h'}) = 0. The function h is called the Radon-Nikodym derivative
of v, w.r.t. u and is often written as

~dy,

=4

Proof Uniqueness of the decomposition v = v, + v; is the content of Proposi-
tion Hence we proceed to show existence. Let us first assume that p(.S) < oo
and that v is positive and finite.

Consider then the positive bounded measure ¢ = v+ u. Let f € £L2(S, %, ¢).
The Cauchy-Schwarz inequality (Remark [4.47) gives

() < v(f1) < $U1F1) < (6(F2)V2(6(5))1>.

We see that the linear map f +~ v(f) is bounded on L2(S,%,¢). Hence
there exists, by virtue of the Riesz-Fréchet Theorem and Remark a
g € L2(S,%, ¢) such that for all f

v(f) = o(fg). (6.8)

Take f = 1p for any F with ¢(E) > 0. Then ¢(F) > v(E) = ¢(1gg) > 0 so
that the average ﬁ(ﬁ(lEQ) lies in € [0,1]. From Lemma @ we obtain that
#({g ¢ [0,1]}) = 0. Replacing g with glio<g<1y, We see that (6.8) still holds
and hence we may assume that 0 < g < 1.

Rewrite as
v(f(1=g)) = n(fg) (6.9)

and take f = 1;,—1} to obtain u({g = 1}) = 0. Define the positive measure v,
on X by vs(E) =v(EN{g=1}). Then vs({g < 1}) = vs(0) = 0. It follows that
vs L p. Define the measurable function

)

h
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and the measure v, on ¥ by v,(F) = p(1gh). By Proposition this indeed
defines a measure and obviously v, < pu.
1 . -1
Let f = ET%";” and note that = lim, f,, where fn = 1pn{g<1} Dop_o 9"
Apply to the f,, and apply monotone convergence to obtain

v(EN{g < 1}) = va(E).

It follows that v = v, + v, which is the desired decomposition and the function
h of is as required. Since u(h) = v,(S) < oo, we also see that h €
L1(S,3, ). Uniqueness of h is left as Exercise

If 1 is not bounded but merely o-additive and v bounded and positive we
decompose S into a measurable partition S = J,,~; Sn, with u(S;) < oo. Apply
the previous part of the proof to each of the spaces (S,,X,,) with 3, the trace
o-algebra of ¥ on S,,. This yields measures v, , and functions h,, defined on the
Sp. Put then v, (E) =3, ven(ENSy,), h=73", 15, hy. Then v4(E) = p(1gh)
and p(h) = v4(S) < co. For real measures v we apply the results to v+ and v~
and finally, if v is complex we treat the real and imaginary part separately. The
boring details are omitted. O

Remark 6.11 If v is a positive o-finite measure, then the Radon-Nikodym
theorem is still true with the exception that we only have p(hlg,) < co, where
the S, form a measurable partition of S such that v(S,,) < oo for all n. Notice
that in this case (inspect the proof above) we may still take h > 0.

Remark 6.12 The function  of Theorem [6.10}] the Radon-Nikodym derivative
of v, w.r.t. p, is also called the density of v, w.r.t. u. If A is Lebesgue measure
on (R, B) and v is the law of a random variable X that is absolutely continuous
w.r.t. A\, we have that F(x) := v((—o0,z]) = f(_oo_x] fdX, where f = 4.
Traditionally, the function f was called the density of X, and we see that calling
a Radon-Nikodym derivative a density is in agreement with this tradition, but
also extends it.

Theorem is often used for probability measures Q and IP with Q < P. Write
Z = % and note that EZ = 1. It is immediate from Proposition ‘4.23 that for
X € £Y(Q,F,Q) one has

E¢X = E[XZ], (6.11)

where Eg is used to denote expectation under the probability measure Q.

6.6 Decomposition of a distribution function

In elementary probability one often distinguishes between distribution functions
that are of pure jump type (for discrete random variables) and those that admit
an ordinary density. These can both be recognized as examples of the following
result.
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Proposition 6.13 Let F' be a distribution function, F' : R — R. Then there
exists a purely discontinuous right-continuous nondecreasing function Fy, with
lim,_, o Fy(x) = 0, a nonnegative Borel-measurable function f and a nonde-
creasing continuous function Fy with lim,_, ., Fs(x) = 0 such that the decom-
position

F=F;+ Fs+ Fye,

holds true, with Fy. defined by F,c(z) = [*_ f(y) dy. Such a decomposition is
unique.

Proof Since F is increasing, it has at most countably many discontinuities,
collected in a set D. Define

Faa)= Y AF(y).

yEDﬁ(—oo,ac]

One verifies that Fj; has the asserted properties, the set of discontinuities of F; is
also D and that F,. := F'— Fy is continuous. Up to the normalization constant 1—
F4(00), F, is a distribution function if Fj(c0) < 1 and equal to zero if Fj;(c0) = 1.
Hence there exists a subprobability measure . on B such that u.((—o0,z]) =
F.(z), Theorem According to the Radon-Nikodym theorem, we can split
e = Mae + ps, where pg. is absolutely continuous w.r.t. Lebesgue measure
A. Hence, there exists a A-a.e. unique function f in L% (R,B,\) such that

fae(B) = [, f . 0

We have already encountered two examples, where the above decomposition
consists of a single term only. If a random variable X has a discrete distribution,
there are x, k = 1,2,... with >, o, P(X = x3) = 1, F = Fy, and if the
distribution function admits a density f, then F' = F,.. Another extreme case
occurs when F is the distribution function of Exercise[6.5] then F' = F,. Think of
an example of a random variable for which all three terms in the decomposition
of Proposition [6.13] are nontrivial.

6.7 The fundamental theorem of calculus

The classical fundamental theorem of calculus states the following. If f :
[0,00) — R is continuous and F : [0,00) — R is defined by F(z) = [ f(y) dy
(as a Riemann or a Lebesgue integral), then F is (continuously) differentiable
on (0,00) and F’ = f. If the requirement that f is continuous is not satisfied,
but f € L([0,n], B[0,n],\) for all n € N, then F is still well defined, but not nec-
essarily everywhere differentiable. For instance, if f = 19 1), then F(z) =z A 1.
In this case F' is not differentiable in 1, but F'(x) = f(x) for all z € (0,00)\ {1}.
More generally, if f is piecewise continuous, f = > 7, 12, 1 2.) fi, where the
x; are increasing to infinity, 1 = 0 and the f; are continuous on the [z;_1,;],
then F' is differentiable on (0,00) \ {zo,1,...} with F” = f. In both cases the
‘exceptional set” where F' is not differentiable, has Lebesgue measure zero. Here

66



is another example. Let f = 1gnjo,00)- Then F' = 0, and trivially also F'(z) = 0
for all z > 0, equal to f(x) outside Q. In this example, F’ exists everywhere on
(0,00), but only coincides with f outside a set of Lebesgue measure zero. This
all suggests a generalization of the classical fundamental theorem of calculus,
Theorem below. We need some preparations, formulated as the next three
lemmas, but first a definition.

Definition 6.14 Let (S,X, ) be a measure space and suppose that S is en-
dowed with a topology. A set A € X is called regular if

w(A) =sup{p(K) : K € &, K is compact and K C A}.

Usually, if S is topological X is the collection of Borel sets in which case the
compact sets K in this definition automatically belong to X.

Lemma 6.15 Let i be a finite measure on the Borel sets of a finite interval
I =10,b]. Then all sets in B([0,b]) are regular. In particular, if B is Borel with
w(B) = 0, for any € > 0, there exists an open set U in [0,b] such that U D B
and u(U) < e.

Proof First one shows (Exercise that the collection of sets A in B([0, b])
that are regular as well as their complements A¢ form a o-algebra, ¥ say. Next,
every closed set in [0, b] is compact and thus automatically regular. Let then U
be open. The sets U, := {z : d(z,U¢) > 1} (d the ordinary metric) are closed
and their union is U. It follows that U is regular. Hence ¥ contains all open
(and closed) sets in [0,b] and thus ¥ = B([0, b]).

To prove the second assertion, we observe that p(B¢) = pu([0,b]) and that
B¢ is regular. Hence there is a compact set K C [0,b] such that K C B and
u(B°\ K) < e. But then the open set K¢ contains B and p(K) < e. O

Lemma 6.16 Let U be a collection of open intervals in R with bounded union
U. For allt < A\(U), there exists ¢ = ¢(t) € N and disjoint intervals V4,...,V, €
U such that t < 3> 1 | A(V;).

Proof Let t < A(U). Because U is an interval, by the continuity of A there exists
a compact interval K with K C U and A\(K) > t. Since U is an open cover of
K, there are finitely many Uy,...,U, in U such that |J;_, U; D K. Order the
U; such that the A(U;) are non-increasing. Let V; := U;. Suppose U; NV; # 0
for all 4 > 2. Write U; = (m; — §;,m; + ¢;) and Wy = (mq — 361, mq + 361). For
U;NVy # B, we have for instance m;—d; < mi+4d1, hence m;+6; < m;—086;+28; <
mq +301. Hence m; +9; € (m1 7351,7’)@1 +351) =: W;. It follows that U; C W1,
for all ¢ > 1, and hence |J!_, U; € Wy) and t < AU}, U;) < A(Wq) = 3A(W4).
In this case we set ¢ = 1.

If there is U; such that V; NU; = 0, we define Vo = Uy,, where ks is the
smallest index in {2,...,n} such that Vi N U, = 0. If (V1 UVa) N U; # 0 for all
1 > 2, we set ¢ = 2 and next to W; above, we construct Wy like W; above by
‘blowing up’ V5 by a factor 3. For i # 1, ko, we have U; # Vi,V and U;NVy # )
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or U; N Vy # 0. Tt follows, by parallel reasoning as above that U; C Wj or
U; C Wy. Hence all U; C (W; U W3) and the same holds for their union. So
AUz, Ui) S A(Wh) 4+ A(Wa) = 3(A(V1) + A(Va)).

Here is the general case. Choose recursively for ¢ > 2, V; such that V; = Uy,
where k; is the smallest integer k in {i,...,n} for which Uy N U;;ll Vi = 0.
The largest i for which this is possible is q. Then any Uy is either one of the
V; (and thus contained in the corresponding W;), or it intersects one of the
Vi, in which case it is also contained in the corresponding W;. It follows that
Ur_, Ux € UL, W;, from which the assertion follows. O

Lemma 6.17 Let p be a probability (or a finite) measure on the Borel sets of
an interval [a,b]. Let F(z) = u([a,x]) be its distribution function. If A is a
Borel subset of [a,b] with u(A) =0, then F is differentiable on a subset Ay of
A with A\(A\ Ag) =0 and F'(x) =0 for all x in Ag.

Proof A little reflection shows that it is sufficient to show that

(@ = by 4 b))
hl0 h

=0, A-a.e. on A. (6.12)

To that end it we shall show that the sets A; defined for j =1,2,... by

— 1
N; = {x € A:limsup M@ —hz +h)) > =}
hi0 h J

have Lebesgue measure zero. Indeed on the set N = U;ip satisfying A(N) = 0,
the limit in may not exist or may be different from zero. First we argue
that the N; are measurable. It is easy to verify that (z,y,h) = Lz_potn)(y)
is a measurable function of its three arguments. By the construction leading
to Fubini’s theorem (Lemma , the mapping (z,h) — fl(,;_h,w_i_h) d\ =
pu((z — h,z + h)) is measurable as well. Realizing that by the continuity of the
measure, the map h — pu((z — h,x + h)) is left continuous, for computing the
lim sup in the definition of the N; we can restrict ourself to rational sequences,
which makes the lim sup a measurable function of z. Consequently, P; is Borel-
measurable.

Let £ > 0. Since u(A) = 0, by virtue of Lemma there exists an open
V D A, with p(V) < e. Let « € P;. Then there is h > 0 such that (z —
hyz +h) C V and u((z — h,x + h)) > h/j. (Note that the latter entails
2jp((x — h,z 4+ h)) > A(x — h,x + h)).) All such intervals cover P; and if
t < A(Pj), we can choose from them according to Lemma [6.16] disjoint intervals

Ji,...,Jq all contained in V such that (here it is essential that the intervals are
disjoint)
q q q
t<3D AJ) <65 p(;) =65 Ji) < 6A(V) < 6je.
i=1 i=1 i=1
It follows that A(P;) = 0 as as claimed. O
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Here is the result we aim at, the generalized fundamental theorem of calculus.

Theorem 6.18 Let f : R — R be measurable such that [, |f| d\ < oo for
every compact subset K of R. Define for any a € R the function F : [a,00) — R
by F(x) = f(a 2] f d\. Then outside a set N of Lebesgue measure zero, F is

differentiable and F'(x) = f(x), for all x not belonging to N.

Proof The proof involves the countably many nonnegative functions f, :=
(f —r)*, r € Q. Consider the measures y, defined by p,(E) = [} f. dX and
the function F). defined by F,.(z) = f[a 2 fr dA. Tt follows that w{f<r}) =0

and by Lemma the sets B, := {f <r} N Z¢ have Lebesgue measure zero,
where Z, is the set of  where F/(z) exists and is equal to zero. It follows that
A(B) =0, where B = J,cq Br-

We investigate what happens on B¢. Let x € B¢, then x € B¢ for all r € Q.
For any r € Q with r > f(x), we must then have x € Z,. For h > 0 we have

x+h x+h
/ fd)\grh+/ £ d),

x

and we obtain

1 x+h
lim sup f/ fdx<r.
ho hJs

Letting r | f(z), we have
1 z+h
lim sup = / fdr< (o). (6.13)
ho hJs

Switching from f to —f, we obtain

1 x+h
oL S
hr}rllilonf h/a: fdx> f(z). (6.14)

A combination of Equations (6.13]) and (6.14]) shows that F is right-differentiable
at z, with right derivative f(z). By the same token, starting from

/ fdAgrh+/ £ d),
z—h z—h

for sufficiently small &, one obtains that F is left-differentiable at  with left-
derivative also equal to f(x). This finishes the proof of showing that F' is almost
everywhere differentiable. O

We can go one step further. Also functions F' that cannot be written as integrals
of f w.r.t. Lebesgue measure may be differentiable outside a set of Lebesgue
measure zero. Take for instance for F' the Cantor function of Exercise then
outside the Cantor set, F' is differentiable with F’ = 0.
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Theorem 6.19 Let F : [0,00) — R be an increasing function. Then F is dif-
ferentiable in Lebesgue almost all points of (0,00). Denote by F’ the derivative
in those points where it exists, and zero else. Then F' is integrable w.r.t. A on
any interval [0, b].

Proof Let G : [0,00) — R be defined by G(z) = F(z+), then G is right-
continuous and also increasing. Let H = F — G. Then H is zero with the
exception of at most countably many points. It follows from Lemma [6.17] that
H is differentiable with derivative zero (Lebesgue) almost everywhere on (0, 00).

We continue to show the assertion on differentiability of G on an arbitrary
interval (0,b). To avoid trivialities, we assume that G(b) > 0. Up to the nor-
malization by G(b), G is a distribution function on [0, b]. By Proposition
G can be decomposed as G = G4 + G5 + G4, where G4 and G, have a deriva-
tive almost everywhere equal to zero, again by Lemma [6.17] whereas one has
Gac(z) = [y 9(y) dy for some nonnegative integrable function g on [0,5]. Tak-
ing F' = g completes the proof of existence of a derivative on an interval (0,b).
Since ¢ is unique a.e. on an interval [0,b], we also have a.e. uniqueness of the
derivative on the whole positive real line (0,00) (take b = n with n € N and
n — 00). O

6.8 Dual spaces

Recall that the dual space of a normed space is the linear space of all bounded
linear functionals. In this section we show that for p € [1,00) the dual space of
L?(Q, F,P) is isomorphic to L4(Q, F,P) with g = p%l for all p > 1. The results
below can be extended to general LP spaces.

Theorem 6.20 Let p € [1,00). The dual space of LP(Q, F,P) is L1(2, F,P),
where % + % =1

Proof Let T': L? (), F,P) — R be a bounded linear operator. Define on F the
map v by

v(F)=T(1Fp). (6.15)
Obviously, v is by linearity of 7' an additive map and by continuity of T even
o-additive. Indeed, if F,, | 0, then |v(F,)| < ||T||P(F,)"/? | 0. Hence v is a
finite signed measure on F, that is absolute continuous w.r.t. P. It follows from
the Radon-Nikodym theorem that there is Y € L(Q, F,P) such that

v(F)=E[lpY], VFeF. (6.16)

Case 1: p = 1. We show that Y is a.s. bounded. Let F' = {Y > ¢}, for some
¢ > 0. By continuity of T, we have

cP(Y >¢) <E[rY]=[T(r)| < [[T[[[1rl = [ITI[PY > c).
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Hence, if P(Y > ¢) > 0 it follows that ||T|| > ¢. Stated otherwise ||T|| >
sup{c¢ > 0 : P(Y > ¢) > 0}. A similar argument yields ||T|| > sup{c > 0 :
P(Y < —c¢) > 0}. It follows that ||Y||eo < ||T]| < 0.

We finally show that for every X € L'(Q, F,P), it holds that T'(X) = E[XY].
By the above construction this is true for X of the form X = 1. Hence also
for (nonnegative) simple functions. Let X € L!(Q2, F,P) be arbitrary. Choose a
sequence (X,,) of simple functions such that X,, — X a.s. and |X,,| < |X]|. Then,
by dominated convergence, X,, — X in L'(Q, F,P) as well and, since Y is a.s.
bounded, we also have X,,Y — XY in L'(Q, F,P). But then T(X) = E[XY].

Case 2: p € (1,00). We start from Equation . It follows that for
every X € L>®((Q,F,P)) one has T(X) = EXY. For every n € N, put X,, =
sen(Y)|Y]9 '1g, , where E, = {|Y| < n}. Note that every X,, is bounded,
X, Y =|Y|1g, and | X,|P = |Y|91g,. We obtain

ElY|'1p, = T(Xn) < [T [|Xall, = [IT]] - (BIY|*1g,) "7,

from which it follows that (E|Y |91, )Y/ < ||T|| (here it is used that p > 1).
By letting n — oo, we obtain ||Y||; < ||T|| < 00, so Y € L1(Q, F,P).

Finally, for X € LP(Q,F,P) we put X, = X1{x|<n}, so that X, €
L>*(Q,F,P) and || X — X,||l, — 0. It follows by Holder’s inequality (used
in the fourth step) that

T(X)=T(X — X,) + T(X,)
= T(X — X,) +EX,.Y
=T(X - X,) +E(X, — X)Y + EXY
— EXY.

In both cases the random variable Y is a.s. unique. Indeed, if Y and Y’ satisfy
E[XY]=E[XY'] =T(X) for all X € LP(Q, F,P), we can choose X = sgn(Y —
Y”) to obtain this result. O

Remark 6.21 In the proof of Lemma [6.20] one actually has that ||Y||, = ||T]]
(Exercise . The Riesz-Fréchet Theorem can be applied to show that
the dual space of L?(2, F,P) is isomorphic to itself, see also Remark for the
L2(Q, F,P) case.

The dual space of L>°(Q, F,P) is less nice. Still, v as in defines a
finitely additive signed measure, even absolutely continuous w.r.t. P, but the
story basically stops at this point, v will in general not be countably addi-
tive and the Radon-Nikodym theorem cannot be applied. For some special
L (S, %, u) alternative characterizations exits. Although any X € L'(Q, F,P)
induces a bounded linear functional on L>(£2, F,P), the converse is not true
and so L'(Q, F,P) is not the dual of L>(Q, F,P). Here is a quick sketch of a
counterexample.

Take (Q,F,P) = ((—3,1),B,\) and define T by Tf = f(0). For every
o # 0 and f = 13, _c »,4-) We have T'f = 0 for all sufficiently small positive ¢.
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Suppose there is g € L*((—3, %), B,\) such that Tf = f(_l 1) fg d\. Then for
272
zg # 0 and all small

1

=% g9 dX = g(o),

[xo—¢e,z0+¢]

in view of Theorem for all zy outside a set of measure zero. Hence g = 0

a.s. and then f(_; 1y fgdA =0 for all f € L>((=%,%),B,\). But T is not
272

identically zero.

6.9 Additional results

We present some more properties of complex measures and their total variation
measure.

Proposition 6.22 Let u be a complex measure. Then p < || and the Radon-

Nikodym derivative h = % may be taken such that |h| = 1.

Proof That ;1 < || has already been observed in Section Let h be
any function as in the Radon-Nikodym theorem applied to pu < |u|. Since
|||(h1E)| = [W(E)| < |u|(E), it follows from Lemmal6.9]that [u|({|h] > 1}) = 0.
On the other hand, for A = {|h| < r} (r > 0) and a measurable partition with
elements A; of A, we have

S A = 3 (L, ) < 3 il (L, ) < il (4),

Then we find, by taking suprema over such partitions, that |u|(A) < r|u|(4).

Hence for » < 1 we find |u|(A) = 0 and we conclude that |u|({|h| < 1}) = 0.

Combining this with the previous result we get |u|({|h]| # 1}) = 0. The function

that we look for, is hl{j=1} + L{jn|21}- O
dup

Corollary 6.23 Let  be a real measure, h = Al Then for any E € ¥ we have

p(E) = |u|(1pngn=1y) and p~ (E) = |p[(1gagp=—1y) and p* L p~. Moreover,
if = py — po with positive measures iy, o, then py > pt and pg > p~. In
this sense the Jordan decomposition is minimal.

Proof The representation of u™ and p~ follows from the previous proposition.
Minimality is proved as follows. Since p < pq, we have u™(E) = p(E N {h =
1}) < m(En{h =1}) < (E). O

Proposition 6.24 If y is a positive measure and v a complex measure such
that v < pu, then |v| < p and

vl _ v
dp  dp”
Proof Exercise 6.8 O
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6.10 Exercises

6.1 Let u be a real measure on a space (5,%). Define v : ¥ — [0,00) by
v(E) =sup{u(F): F € X, F C E,u(F) > 0}. Show that v is a finite positive
measure. Give a characterization of v.

6.2 Prove Proposition

6.3 Prove a version of Proposition adapted to the case where h € L1(S, X, 1)
is complex valued.

6.4 Let X be a symmetric Bernoulli distributed random variable (P(X = 0) =
P(X = 1) = }) and Y uniformly distributed on [0, 6] (for some arbitrary 6 > 0).
Assume that X and Y are independent.
(a) Show that the laws Ly (0 > 0) of XY are not absolutely continuous w.r.t.
Lebesgue measure on R.
(b) Find a fixed dominating o-finite measure p such that L4 < p for all § and
determine the corresponding Radon-Nikodym derivatives.

6.5 Let X1, X5, ... be an iid sequence of Bernoulli random variables, defined on
some probability space (Q, F,P) with P(X; =1) = 1. Let
(oo}
X = Z 27k X, .
k=1

(a) Find the distribution of X.
(b) A completely different situation occurs when we ignore the odd numbered
random variables. Let

Y =3) 47Xy,
k=1

where the factor 3 only appears for esthetic reasons. Show that the distri-
bution function F : [0,1] — R of Y is constant on (, 3), that F(1 —z) =
1 — F(x) and that it satisfies F(x) = 2F (x/4) for z < §.

(c) Make a sketch of F' and show that F is continuous, but not absolutely
continuous w.r.t. Lebesgue measure. (Hence there is no Borel measurable

function f such that F((z) = [, 1 f(u) du, = € [0, 1]).

6.6 Let f € L£1(S,%, 1) be such that pu(lgf) = 0 for all E € ¥. Show that
p({f # 0}) = 0. Conclude that the function A in the Radon-Nikodym theorem
has the stated uniqueness property.

6.7 Let 1 and v be positive o-finite measures and ¢ an arbitrary measure on a
measurable space (S,%). Assume that ¢ < v and v < p. Show that ¢ < p
and that

d¢ _ dodv

dp  dvdp’
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6.8 Prove Proposition [6.24]

6.9 Let v and g be positive o-finite measures on (5, %) with v < p and let

h = g—z, the standing assumptions in this exercise. Show that v({h = 0}) = 0.

Show that pu({h = 0}) =0 iff p < v. What is 3—5 if this happens?

6.10 Let ¢ and v be positive o-finite measures and ¢ a complex measure on
(S,%). Assume that ¢ < p and v < p with Radon-Nikodym derivatives h and
k respectively. Let ¢ = ¢, + ¢ be the Lebesgue decomposition of ¢ w.r.t. .
Show that (v-a.e.)

dé. h
P s

6.11 Consider the measurable space (2, F) and a measurable map X :  — R"
(R™ is endowed with the usual Borel o-algebra B™). Consider two probability
measure P and Q on (©2,F) and let PX and QX be the corresponding dis-
tributions (laws) on (R",B"). Assume that PX and QX are both absolutely
continuous w.r.t. some o-finite measure (e.g. Lebesgue measure), with corre-
sponding Radon-Nikodym derivatives (in this context often called densities) f
and g respectively, so f,g : R" — [0,00). Assume that g > 0. Show that for
F = o(X) it holds that P < Q and that (look at Exercise the Radon-
Nikodym derivative here can be taken as the likelihood ratio

dP f(X(w))

“~ @ i X W)

6.12 Prove Proposition [6.4}
6.13 Show that the collection of sets ¥ in the proof of Lemmal6.15]is a o-algebra.

6.14 Show by a direct argument that [0,1] \ Q is regular, see Definition [6.14}
for the Lebesgue measure on ([0, 1], B([0, 1])).

6.15 Show the assertion on ||T'|| in Remark

6.16 Show that the two displayed formulas in Exercise [5.10] are valid for func-
tions F and G that are of bounded variation over some interval (a,b]. The
integrals should be taken in the Lebesgue-Stieltjes sense.

6.17 Let a random variable X have distribution function F' with the decompo-
sition as in Proposition [6.13
(a) Suppose that Fy = 0. Assume that EX is well defined. How would one
compute this expectation practically? See also the introductory paragraph
of Chapter [4 for an example where this occurs, and compute for that case
EX explicitly. Verify the answer by exploiting the independence of Y and
Z.
(b) As an example of the other extreme case, suppose that F' is the distribution
of Y as in Exercise so F' = F,. What is EY here?

74



7 Convergence and Uniform Integrability

In this chapter we first review a number of convergence concepts for random
variables and study how they are interrelated. The important concept of uniform
integrability shall enable us to perform a more refined analysis.

7.1 Modes of convergence

Let X, X1, Xs,... be random variables. We have the following definitions of
different modes of convergence. We will always assume that the parameter n
tends to infinity, unless stated otherwise.

Definition 7.1 Here a three fundamental convergence concepts.
(i) I P(w: X, (w) = X(w)) =1, then we say that X, converges to X almost
surely (a.s.).
(ii) I P(| X, —X| > ¢e) — 0 for all € > 0, then we say that X,, converges to X
in probability.
(iii) If E|X,, — X|? — 0 (equivalently, ||X,, — X||, — 0) for some p > 1, then
we say that X, converges to X in p-th mean, or in LP.
For these types of convergence we use the following notations: X, = X, X, L
X and X, £ x respectively.

First we study a bit more in detail almost sure convergence of X, to X. If this
type of convergence takes place we have

Plw:Ve>0:3IN:Vn > N : | X, (w) - X(w)|<e) =1
But then also (dropping the w in the notation)

foralle >0: PAN :Vn> N :|X, - X|<e)=1. (7.1)
Conversely, if (7.1)) holds, we have almost sure convergence. Notice that we can
rewrite the probability in (7.1) as P(liminf E%) = 1, with Ef = {|X,, — X| < e}.
Limits are often required to be unique in an appropriate sense. The natural
concept of uniqueness here is that of almost sure uniqueness.

Proposition 7.2 For each of the convergence concepts in Definition the
limit, when it exists, is almost surely unique. This means that if there are two
candidate limits X and X', one must have P(X = X') = 1.

Proof Suppose that X,, 23 X and X,, 23 X'. Let Qg be the set of probability
one on which X, (w) = X(w) and Qf be the set of probability one on which
Xp(w) = X'(w). Then also P(Qy N Q) = 1 and by uniqueness of limits of
real numbers we must have that X(w) = X'(w) for all w € Qg N Q. Hence
P(X=X")>P(QyNnQ) =1.
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If X, £ X and X, R X', then we have by the triangle inequality for any
e>0

P(IX — X'| > ¢) <P(|X, — X| >¢/2) + P(|X,, — X'| > /2),

and the right hand side converges to zero by assumption.

Finally we consider the third convergence concept. We need the basic in-
equality |a + b[P < 2P=1(]al? + |b|P). This allows us to write E|X — X'|P <
2r~Y(E|X,, — X|P + E|X,, — X'|P). Tt follows that E|X — X’|? = 0 and hence
that P(X = X') = 1. O

The following relations hold between the types of convergence introduced in
Definition [Z.1l

Proposition 7.3 The following implications hold.
(i) If X, *3 X, then X,, - X.
(ii) Iffor alle > 0 the series 3", P(|X,,—X| > €) is convergent, then X, 3 X.
(iii) If X, & X, then X, 5 X.
(iv) Ifp>q> 0 and X,, 5 X, then X,, 5 X.

Proof (i) Assume X,, 23 X, fixe > 0 and let A,, = {|X,, — X| > ¢}. From (7.1)
we know that P(liminf AS) = 1, so P(limsupA4,) = 0. But 4, C U,
Um271 A, and the U, form a decreasing sequence with limsup A,, as its limit.

Hence we have limsupP(4,,) < limP(U,) = 0 and so X, 5 X. An easier
argument is the following. Let Y;, = 14,. Then Y, *3 0 for every ¢ > 0.
Dominated convergence gives P(4,,) = EY,, — 0.

(ii) Fix ¢ > 0 and let E, = {|X,, — X| > €}. The first part of the
Borel-Cantelli lemma (Lemma |3.14)) gives that P(limsup E,) = 0, equivalently
P(liminf ES) = 1, but this is ju.

(iii) By Markov’s inequality we have

1
P(IX, — X| > ) = P(|X,, — X|” > &P) < —E[X, — X,
S

and the result follows.
(iv) Proposition yields || X, — X||q < || Xn — X||p- O

The next proposition gives a partial converse to Proposition (iii). Notice that
the assertion would trivially follow from the Dominated Convergence Theorem
for an a.s. converging sequence. The weaker assumption on convergence in
probability makes it slightly less trivial. In Theorem we will see a kind of
converse to Proposition [7.3{iii) for p = 1.

Proposition 7.4 Let (X,,) be a sequence of random variables that is almost
surely bounded, there is K > 0 such that P(|X,,| > K) =0, for alln. Let X be

a random variable. If X,, = X, then |X| < K a.s. and X, £ X,
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Proof The first assertion follows from P(|X| > K +¢) < P(|X,,— X| > ¢), valid
for every e > 0. Let n — oo to conclude P(|X| > K +¢) = 0, Ve > 0. Then
| X, — X| < 2K a.s., which we use to prove the second assertion. Consider for
any € >0

E| X, — X| <E|X, — X|1qx, - x|>e} + E[Xn — X[1{1x, - x|<e}
<2KP(|X, — X|>¢)+e.

By the assumed convergence in probability we obtain limsupE|X,, — X| < ¢,
true for every ¢ > 0, from which the assertion follows. O

The following result tells how to use almost sure convergence when convergence
in probability has to be established.

Proposition 7.5 There is equivalence between
(i) X, = X and
(ii) every subsequence of (X,,) contains a further subsequence that is almost
surely convergent to X.

Proof Assume that (i) holds, then for any € > 0 and any subsequence we also
have P(|X,,, — X| > €) — 0. Hence for every p € N, there is k, € N such that
P(|Xy,, — X[ >277) <277. Now we apply part (ii) of Proposition which
gives us (ii), once we have verified that > P(|X,, —X|>¢) <ooforalle > 0.
This holds since

S P( Xy, —X|>e)= Y P(Xn, —X|>e)+ Y. P(X, —X|>oe)
p

p:2=P>e p:2—P<e

where the first sum on the right hand side has finitely many terms, whereas
the second one is less than >° ., P(|X,, — X[ > 277), which is finite by
construction.

Conversely, assume that (ii) holds. We reason by contradiction. Suppose
that (i) doesn’t hold. Then there exist an € > 0 and a level § > 0 such that
along some subsequence (ny) one has

P(|X,, — X|>e¢) >4, for all k. (7.2)

But the sequence X, by assumption has an almost surely convergent subse-
quence (X, ), which, by Proposition (i), also converges in probability. This
contradicts (|7.2)). O

The following result cannot be a surprise.

Proposition 7.6 Let X, X1, X5,... be random variables and g : R — R be

a.s a.s.

continuous. If X,, =5 X, we also have g(X,) = ¢g(X) and if X, 5 X, then
also g(X,) 5 g(X).

Proof Exercise O
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Convergence, almost surely or in probability, of random vectors is defined simi-
larly. For instance, if X, X1, X2, ... are n-dimensional random vectors and || - ||
is a norm on R™ (you may also take a metric instead of a norm), then we say
that X, = X if [| X, — X]| % 0. Here we apply the definition of convergence
for real random variables to || X, — X|| (which is truly a random variable!). A
nice feature of the convergence concepts introduced above is that appropriate
convergence results for real valued random variables carry over to results for
random vectors.

Proposition 7.7 Let X, X1, Xs,... and Y,Y1,Ys,... be two sequence of ran-
dom variables, defined on a common probability space. Put Z = (X,Y) and
Zn = (Xn,Yn), n € N. Let % denote any of the three types of convergence =3,

B oand 5. IF X, 5 X and Y, 55 Y, then Z, = Z.

Proof Exercise [7.3] O

7.2 Uniform integrability

This section deals with collections of random variables that in some sense uni-
formly belong to L£1(2, F,P). First a preparatory result.

Lemma 7.8 Let X € £LY(Q, F,P) and put v(F) := E|X|1r, F € F. Then for
all € > 0 there exists § > 0, such that v(F) < e, if P(F') < 4.

Proof We reason by contradiction. If the assertion doesn’t hold, there exists
€ > 0 such that for all § > 0, there exists a set F € F with P(F) < § and
v(F) > e. And thus, for all n € N there are sets F,, € F such that P(F,) < 27"
and v(F,) > . Let FF = limsup F,,. The Borel-Cantelli Lemma states
that P(F') = 0. At the same time, we deduce from Fatou’s lemma for sets
(Exercise the contradiction that v(F') > limsup v(F,) > e. O

Remark 7.9 The assertion of Lemma [7.8] justifies what we previously called
absolute continuity (of v w.r.t. P).

The following corollary characterizes integrability of a random variable. It ex-
plains the concept of uniform integrability to be introduced in Definition

Corollary 7.10 Let X be a random variable. Then X € L}(Q, F,P) iff
A ElX[1x>x =0.
Proof Exercise [T.4l 0

Definition 7.11 Let C be a collection of random variable defined on a common
probability space (2, F,P). This collection is called uniformly integrable (UT) if

Klgnoosup{E|X|l{‘Xl>K} : X € C} =0.
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We give some rather general examples of a uniformly integrable collection C.

Example 7.12 Let C be a collection of random variables that is bounded in
LP(Q, F,P) for some p > 1. By definition, there is M > 0, such that E|X|? <
M,vX € C. Then

RYS
EIXRxiry = Ergp=rLoxisx)

| X
< BT lixisx)

M
<
= K1

Let K — 0o to obtain that C is UL

Example 7.13 The content of the present example should be intuitively ob-
vious. Let Y be a nonnegative random variable with FY < co. Let C be a
collection of random variables X with the property |X| <Y a.s. Then C is UL
Indeed, we have from |X| <Y a.s. that

ElX[1{x>xy <EY1iysk,
hence

sup{E|X|1{x|>k} : X € C} <EV1{ysky,
and the result follows from Corollary

Proposition 7.14 IfC is a finite collection of random variables in L*(Q2, F,P),
then C is UL Also the union of two UI collections is UI again.

Proof Exercise [7.6] O

The importance of the concept of uniform integrability is a consequence of the
next theorem, which contains a converse to Proposition (iii) for p = 1. Recall
also Lebesgue’s Theorem and think of the f,, as random variables X,,. The
stipulated conditions there imply that the sequence (X,,) is UI (Example[7.13)),
and it is indeed this more general property that is needed for £'-convergence.
Theorem 7.15 Let (X,,) be a sequence in £L*(Q, F,P) and X € L(Q, F,P).
1

Then X,, % X (so E|X, — X| — 0) iff

(i) X, - X and

(ii) (X,,) is uniformly integrable.

Proof Assume that E|X,, — X| — 0. Then (i) was already known from Propo-
sition To prove (ii) we consider

E|Xn|1yx, 551 <EIXn — X|+E[X[1{x, >k}
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hence for every N € N

sup E| X, [1qx, >k} < sup E[X,, — X| + sup E|X|1{x, >k} (7.3)

Let ¢ > 0 and choose N such that the first term is smaller than e, which
can be done by L!'-convergence. To control the second term, we observe that
P(|X,| > K) < sup, E|X,|/K. By L'-convergence one has sup, E|X,| < oo
and hence, by selecting K = K(§) large enough (K > sup,, E|X,|/d), one has
P(|X,| > K) < 4, for any 6 > 0. Now choose d as in Lemma [7.8] Then we get
sup, >y E|[X[1{x, >k} < &. It follows from that

sup E|Xn|1{\xn|>K} < 2e.
n>N

Next we consider the X,, for n < N. Since by Proposition these form a Ul
collection, we have for all sufficiently large K

sup E|X|1qx, >k} < 2€.
n<N

Combining the inequalities in the last two displays, we conclude that for all
large enough K

SinE‘XnH{\XnDK} < 2,

in other words, the family (X,,),>1 is UL

For the converse implication we proceed as follows. Assume (i). Instead
of (ii) we assume for the time being the stronger assumption that (X,,) is a.s.
(uniformly) bounded. Then the results follows from Proposition If (X,) is
merely Ul, we use truncation functions ¢ defined by

O () = 21z <iy +s580(2) Kqjpp> k-
These functions have the property that |¢px(v) — | < |z|1f5>k}. By the
triangle inequality we get
E[X, — X| <E[X; — ¢k (Xn)| + E|lox (Xn) — ¢k (X)| + E|gx (X) — X]|
<E[Xnlyx, >k} T Elor(Xn) — or (X)) + E[X[1{ x> K3
The first term can be made arbitrary small, by selecting K large enough in view

of the assumed uniform integrability and likewise we can control the last term
in view of Corollary The middle term converges to zero in view of the first

part of the proof, no matter what K is (verify directly that ¢x (X,,) LN o (X),
or use Proposition . This concludes the proof. (]
7.3 Exercises

7.1 Let X1,Y7,X5,Y5,... be an i.i.d. sequence whose members have a uniform
distribution on [0,1] and let f : [0,1] — [0,1] be continuous. Define Z; =
Lipx>viy-
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n 1
(a) Show that L 3" | Z; — [/ f(z)dz as.
n 1
(b) Show that E(2 7" | Z; — [o f(x)dx)* < £
(c¢) Explain why these two results are useful.

7.2 Prove Proposition
7.3 Prove Proposition [7.7]
7.4 Prove Corollary

7.5 Let C be a collection of uniformly integrable random variables. Show that
C is bounded in LY(Q,F,P), ie. sup{E|X| : X € C} < oo. Let (Q,F,P) =
([0,1], B[0,1],v) and X,,(w) = nl(0,1/n)(w). Show that {X,, : n € N} is bounded
in £1(Q, F,P), but not uniformly integrable.

7.6 Prove Proposition

7.7 Let Cq,...,C, be uniformly integrable collections of random variables on
a common probability space. Show that |J;_, Cx is uniformly integrable. (In
particular is a finite collection in £ uniformly integrable).

7.8 If C; and Cy are uniformly integrable collections in £1(Q, F,P), so is C; +
Cy = {Xl +X5: X1 €C, X0 € CQ} Show this.

7.9 Here is uniform variation on Lemma Let C be a class of random vari-
ables defined on some (9, F,P). Put vx(F) := E|X|1p, X € C, F € F. Show
that C is uniformly integrable iff the following two conditions hold.

(i) C is bounded in L.

(ii) For all € > 0 there exists § > 0, such that vx(F) <e VX € C, if P(F) < 0.

7.10 Let C be a uniformly integrable collection of random variables.
(a) Consider C, the closure of C in £!. Use Exercise to show that also C is
uniformly integrable.
(b) Let D be the convex hull of C, the smallest convex set that contains C.
Then both D and its closure in £' are uniformly integrable

7.11 In this exercise you prove (fill in the details) the following characterization:
a collection C is uniformly integrable iff there exists a function G : RT — RT
such that limy_, C8 = 00 and M := sup{EG(|X]) : X € C} < cc.

t
The necessity you prove as follows. Let e > 0 choose a = M/e and ¢ such
G(t)

that == > a for all £ > c¢. To prove uniform integrability of C you use that

|X| < %XD on the set {|X| > c}.
It is less easy to prove sufficiency. Proceed as follows. Suppose that we have a se-
quence (g,,) with go = 0 and lim,,_,, g, = c0. Define g(t) = >0~ , 1n41)(t)gn

and G(t) = [} g(s) ds. Check that lim e S = 0o

With a,(X) =P(|X| > n), it holds that EG(|X|) < 37, gnan(|X]). Further-
more, for every k € N we have f|X|>k | X|dP > Y™ a,,(X). Pick for every n

m=k “"'m
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a constant ¢, € N such that [y X[ dP <27". Then 3 7 an(X)<27"

and hence Y07 3% am(X) < 1. Choose then the sequence (g,) as the
‘inverse’ of (¢p,): gn = #{k : cx < n}.

7.12 Prove that a collection C is uniformly integrable iff there exists an in-

creasing and convez function G : Rt — RT such that lim;_ . @ = oo and

M :=sup{EG(|X|) : X € C} < co. (You may use the result of Exercise[7.11])
Let D be the closure of the convex hull of a uniformly integrable collection C
in £'. With the function G as above we have sup{EG(|X|) : X € D} = M,
whence also D is uniformly integrable.

7.13 Let p > 1 and let X, X7, Xo,... be random variables. Then X,, converges
to X in L? iff the following two conditions are satisfied.

(i) X, — X in probability,

(ii) The collection {| X, | : n € N} is uniformly integrable.

7.14 Here is an extension of Proposition but you can do the exercise now.
Let C be a uniformly integrable collection of random variables on some (Q, F, P).
Let G be a family of sub-c-algebras of . Let D = {E[X|G] : X € C, G € G}
(‘in the sense of versions’). Show that also D is uniformly integrable. (Hint:

use Exercise [7.9])

7.15 Let X, X1, X5,... be random variables that are defined on the same prob-

ability space (92, F,P). Suppose that X, % X and that there exists a random
variable Y with EY < oo such that |X,,| <Y a.s. Show that P(|X| <Y) =1

El
and that X,, = X.

7.16 Assume that X, Xo,... is an éid sequence and that X, =3 u for some
p € R. Show that E|X;| < oo and that EX; = p. Hint: Show first that
E|X;| < oo iff Y207 i P(|X,| > n) < co and use Borel-Cantelli. (This exercise is
a converse to the strong law of large numbers, Theorem )

7.17 Here is a generalisation of Fatou’s lemma. Let (X,) be a sequence of
random variables such that the negative parts (X, ) are uniformly integrable.
Show that liminf, ,. EX, > Eliminf, ., X,. Hint: show first that for given
€ > 0 there exists a < 0 such that E(X,, V —a) < EX,, + ¢ for all n.
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8 Conditional expectation

8.1 A simple, finite case

Let X be a random variable with values in {1, ...,2,} and Y a random variable
with values in {y1,...,¥m}. The conditional probability

]P(X = CL'Z'7Y = yj)

is well defined if P(Y = y;) > 0. Otherwise we define it to be zero. We write
E; for {Y = y;}. The conditional expectation Z; := E[X|E};] is then

&= miP(X = x| E;).
i

We define now a new random variable X by
X =Y i,
J

Since X = &; on each event {Y = y;}, we call X the conditional expectation
of X given Y. It has two remarkable properties. First we see that X is o(Y)-
measurable. The second property, which we prove below, is

EX1p, = EX1p,,

the expectation of X over the set E; is the same as the expectation of X over
that set. We show this by simple computation. Note first that the values of
X1g, are zero and x;, the latter reached on the event {X = 2;} N Ej; that has

probability P({X = z;} N E;). Note too that XlEj = 2;1p,. We then get
EX1p, = i,P(E;)
= Z:Bi]P’({X = i} E;)P(E;)
=> o P({X =z} NE))
Every event E € ¢(Y') is a finite union of events E;. It then follows that
EX1p =EX1g,VE € o(Y). (8.1)

The just described two properties of the conditional expectation will lie at the
heart of a more general concept, conditional expectation of a random variable
given a o-algebra, see Section

The random variable X is a.s. the only (Y )-measurable random variable that
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satisfies (8.1). Indeed, suppose that Z is J(Y)—measurableA and that EZ1p =
EX1p,VE € o(Y). Let £ = {Z > X}. Then (Z — X)1g > 0 and has
expectation zero since E € o(Y), so we have (Z — X)l{z>)2} =0 a.s. Likewise

we get (Z — X)l{z<)g} = 0 a.s. and it then follows that Z — X =0 a.s.

8.2 Conditional expectation for X € £!(Q), F,P)

Let (Q, F,P) be a probability space and G a sub-g-algebra of F. Assume that
X € LY(Q, F,P). Inspired by the results of the previous section we adopt the
following definition.

Definition 8.1 A random variable X is called a version of the conditional
expectation E[X|G], if it is G-measurable and if

EX1g =EX1s,VG €G. (8.2)

If G = o(Y), where Y is a random variable, then we usually write E[X|Y]
instead of E[X|o(Y)].

Theorem 8.2 If X € £L(Q, F,P), then a version of the conditional expectation
E[X|G] exists and moreover, any two versions are a.s. equal.

Proof For any G € G we define v (G) := EXT1g and v~ (G) := EX 15 We
have seen that v* and v~ are finite measures on the measurable space (£2,G).
Moreover, v < P and v~ < P on this space. According to the Radon-Nikodym
Theorem there exist nonnegative G-measurable functions £T and £~ such
that v(G) = E€T1g and v~ (G) = E€~1g. These functions are a.s. unique.
Then X = &+ — £ is a version of E[X|G]. O

Remark 8.3 The (1 and ¢ " in the above proof are in general not equal to the
positive and negative parts X and X~ of X. Think of a simple example.

Remark 8.4 It is common to call a given version of E[X|G] the conditional
expectation of X given G, but one should take care with this custom. In fact
one should consider E[X|G] as an equivalence class of random variables, where
equivalence Y7 ~ Y, for G-measurable functions means that P(Y; = Y3) = 1.
As such one can consider E[X|G] as an element of L(,G,P). Later on we will
often identify a version X of E[X|G] with E[X|G].

Remark 8.5 One can also define versions of conditional expectations for ran-
dom variables X with P(X € [0,00]) = 1 without requiring that EX < oo.
Again this follows from the Radon-Nikodym theorem. The definition of condi-
tional expectation can also be extended to e.g. the case where X = X+ — X~
where EX~ < oo, but EX* = co.

Let us present the most relevant properties of conditional expectation. As be-
fore, we let X € L1(Q, F,P), G a sub-o-algebra of F and X is a version of
E[X|G]. Other random variables below that are versions of a conditional expec-
tation given G are similarly denoted with a ‘hat’.
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Proposition 8.6 The following elementary properties hold.
(i) If X >0 a.s., then X>0as IfFX>Y a.s., then X>VY as.
(ii) EX = EX.
(iii) Ifa,b € R and if X and Y are versions of E[X|G] and E[Y'|G], then aX +bY
is a version of E[aX + bY|g].
(iv) If X is G-measurable, then X is a version of E[X|g].

Proof (i) Let G = {X < 0}. Then we have from that 0 > E1gX =
ElsX > 0. Hence 1(;X =0 a.s.

(ii) Take G = Q in (B.2).

(iii) Just verify that Elg(aX +bY) = Elg(aX +bY), for all G € G.

(iv) Obvious. O

We have taken some care in formulating the assertions of the previous theorem
concerning versions. Bearing this in mind and being a bit less precise at the
same time, one often phrases e.g. (iii) as E[aX + bY'|G] = aE[X|G] + VE[Y|G].
Some convergence properties are listed in the following theorem.

Theorem 8.7 The following convergence properties for conditional expectation
given a fixed sub-o-algebra hold.

(i) If (X,) Is an a.s. increasing sequence of nonnegative random variables,
then the same holds for versions (X,). If moreover X,, T X a.s., then
X, T X a.s. (monotone convergence for conditional expectations)

(ii) If (X,) is a sequence of a.s. nonnegative random variables, and (X,,) are
corresponding versions of the conditional expectations, then
liminf,, . X >/ a. s., where { is a version of the conditional expectation
of £ :=liminf,,_,, X,,. (Fatou’s lemma for conditional expectations)

(iii) If (X,,) is a sequence of random variables such that for some X one has
X, — X a.s. and if there is a random variable Y such that EY < oo and
|X,| <Y as. for all n. Then X,, — X a.s. (dominated convergence for
conditional expectations)

Proof (i) From the previous theorem we know that the X, form a.s. an in-
creasing sequence. Let X :=lim sup Xn, then X is G-measurable and X, T X
a.s. We verify that this X is a version of E[X|G]. But this follows by application
of the Monotone Convergence Theorem to both sides of E1¢X,, = ElqX,, for
all G € G.

(ii) and (iii) These properties follow by mimicking the proofs of the ordinary
versions of Fatou’s Lemma and the Dominated Convergence Theorem, Exer-

cises R.4] and R.5 O

Theorem 8.8 Additional properties of conditional expectations are as follows.

(i) If H is a sub-o-algebra of G, then any version of E[X|H] is also a version
of E[X|H] and vice versa (tower property).
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(i) If Z is G-measurable such that ZX € L£'(, F,P), then ZX is a version
of E[ZX|G]. We write ZE[X|G] = E[ZX|J].

(iii) Let X be a version of E[X|G]. If H is independent of o(X)V G, then X is
a version of E[X |GV H]. In particular, EX is a version of E[X|H] if 0(X)
and H are independent.

(iv) Let X be a G-measurable random variable and let the random variable
Y be independent of G. Assume that h € B(R?) is such that h(X,Y) €
L£Y(Q, F,P). Put h(z) = E[h(z,Y)]. Then h is a Borel function and h(X)
is a version of E[h(X,Y)|G].

(v) If ¢ : R = R is a convex function and E|c¢(X)| < oo, then ¢(X) < C,
a.s., where C is any version of E[c(X)|G]. We often write ¢(E[X|G]) <
E[e(X)|G] (Jensen’s inequality for conditional expectations).

(vi) [|X[[p < ||X|], for every p > 1.

Proof (i) Let X be a version of E[X|H]. By definition, we have E1yX =
EIHX for all H € H. But since H C G, it also holds that ElHX = ElgX,
by . Hence X is a version of E[X|H].

(ii) We give the proof for bounded Z. Certainly ZX is integrable in this
case and its conditional expectation exists. Without loss of generality we may
then even assume that Z > 0 a.s. (Add a constant ¢ to Z to have Z + ¢ > 0,
if this is not the case and the result will follow from the case of nonnegative
Z). Assume first that also X is nonnegative. If Z = 14 for some G € G, then
the result directly follows from the definition. By linearity the assertion holds
for nonnegative simple Z. For arbitrary Z > 0, we choose simple Z,, such that
Z, 1 Z. Since we know (in the sense of versions) Z,X = E[Z,X|G], we apply
Theorem (1)) to settle the case for X > 0. If X is arbitrary, linearity yields
the assertion by applying the previous results for X and X .

(iii) Tt is sufficient to show this for nonnegative X. Let G € G and H €
H. By the independence assumption, we have ElglyX = E1gX P(H) and
ElglyX = E1gX P(H). It follows that ElglyX = ElglyX, since X is
version of E[X|G]. Recall from Exercise [L.6] that the collection C := {G N H :
G € G,H € H} is a w-system that generates G V H. Observe that F — E1pX
and £ — E1 Ef( both define measures on G V H and that these measures have
been seen to coincide on C. It follows from Theorem [T that these measures
are the same. The second statement follows by taking G = {0, Q}.

(iv) We use the Monotone Class Theorem, Theorem and for simplicity of
notation we take X and Y real valued. Let V be the collection of all bounded
measurable functions for which the statement holds true. Using (iii), one easily
checks that h = 1g«¢ € V, where B, C' are Borel sets in R. The sets B x C form
a m-system that generates B(R?). The collection V is obviously a vector space
and the constant functions belong to it. Let (h,) be an increasing sequence
of nonnegative functions in V' that converge to some bounded function h. If
hn(z) = Ehyp(2,Y) and h(z) = Eh(z,Y), then we also have h,(z) 1 h(z)
for all by the Monotone Convergence Theorem. We will see that iL(X ) is
a version of E[h(X,Y)|G]. Let G € G. For all n it holds that Elgh,(X) =
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Elgh,(X,Y). Invoking the Monotone Convergence Theorem again results in
Elgh(X) = E1gh(X,Y). Since all h,(X) are G-measurable, the same holds for
h(X) and we conclude that h € V. The remainder of the proof is Exercise

(v) Since ¢ is convex, there are sequences (a,) and (b,) in R such that
c(x) = sup{anx + b, : n € N}, Vo € R. Hence for all n we have ¢(X) >
anX + b, and by the monotonicity property of conditional expectation, we
also have C > anX + b, a.s. If N, is the set of probability zero, where this
inequality is violated, then also P(N) = 0, where N = U2 | N,,. Outside N we
have C' > sup,, (a, X + by,) = ¢(X).

(vi) The statement concerning the p-norms follows upon choosing ¢(x) = |z|?
in (v) and taking expectations. O

Here is an illustrative example.

Example 8.9 Let X, X, ... be an iid sequence of integrable random variables.
Put S, = Y7 | X;, n € N. We claim that for every n the following reasonable
identity (to be interpreted in the sense of versions)

E[X1]S,] = % a.s.

holds true. Argue as follows. By symmetry we have for all sets G = {S,, € B}
the equality E1¢X; = ElgX;, for every j € {1,...,n}. Hence we obtain
E[X1]S,] = E[X;|S,] and then S,, = E[S,|S,] = Z;’:l E[X;|S,] = nE[X1]S,].
Even more is true, E[X|S,] also equals E[X;|G,,], where G,, = 0(Sy, Sn+1,--.).
To see this, observe first that G,, = o(S,,)V H,,, where H,, = 0(X;1+1, Xnt2,.-.)
and that H,, is independent of (X1, S,,)). Now apply Theorem [8.8[(iii).

Let P : LY(Q,F,P) — L'(Q,G,P) be the linear map that transforms X into
E[X|G]. If X is a version of E[X|G], then it is also a version of E[X|G]. So, we
get P2 = P, meaning that P is a projection. In the next proposition we give
this a geometric interpretation in a slightly narrower context.

Proposition 8.10 Let X € L£2(Q, F,P) and G a sub-o-algebra of F. IfX is a
version of E[X|G], then X € £2(2,G,P) and

E(X —Y)?=E(X - X)?+EX -Y)2, VY € £%(Q,G,P).
Hence, E(X —Y)? > E(X — X)2, VY € £%(0,G,P). Conditional expecta-
tions of square integrable random variables are thus orthogonal projections onto
£2(Q,G,P), in view of Corollary[4.52
Proof Exercise [R.3l U

We conclude this section with the following loose statement, whose message
should be clear from the above results. A conditional expectation is a random
variable that has properties similar to those of ordinary expectation.
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8.3 Conditional probabilities

Let FF € F and G a sub-o-algebra of F. We define P(F|G) := E[1r|G], the
conditional probability of F' given G. So a version of P(F|G) is a G-measurable
random variable P(F') that satisfies

P(FNG) = E[P(F)lg], VG € G.

Likewise, one can define conditional distributions of a random variable X. For
a Borel set B one defines PX (B|G) := P(X ~![B]|G).

Of course all versions of P(F'|G) are almost surely equal. Moreover, if Fy, Fy, ...
is a sequence of disjoint events, and IP( n) are versions of the conditional prob-
abilities, then one easily shows that y - (Fn) is a version of the conditional
probability P(U_, F,,|G). So, if P(U2, F, ) is any version of P(U2_; F,|G), then
outside a set N of probability zero, we have

n IFH Z (83)

A problem is that the set N in general depends on the sequence of events
Fy, Fy, ... Since there are usually uncountably many of such sequences, it is not
clear (and in fact not always true!, see Exercise that there is one (fixed)
set of probability zero such that outside this set for all disjoint sequences (F},)
the equality holds true. But if it does, this means that for every F' € F,
there exists a random variable P(F) that is a version of P(F|G) and such that
for all w outside a set N with P(N) = 0 the map F — P(F)(w) is a probability
measure on F. In this case, the map

FxQ3 (Fw)— P(F)(w)

is called a regular conditional probability given G.

In the above setup for regular conditional probabilities, relation is
assumed to hold outside a set N of probability zero. Of course, if N = (), this
relation holds everywhere. But also of N # {), this relation can be turned into
one that is everywhere true. Suppose that N # (). Redefine P by taking HAJ’(F ) (w)
as given on N¢, but for all w € N we take instead P(-)(w) as any fixed probability
measure on F (for instance a Dirac measure). Since we change the map P(F) on
the null set N only, we keep on having a conditional probability of F', whereas
now holds everywhere. One easily checks that the modification P(-)(-)
enjoys the following properties. For any fixed w, I@’()(w) is a probability measure,
whereas for any fixed F € F, P(F)(-) is a G-measurable function. These two
properties are often cast by saying that (F,w) — ]f”(F) (w) is a probability kernel
defined on F x €.

As mentioned before, regular conditional probabilities do not always exist.
But when it happens to be the case, conditional expectations can be computed
through integrals.
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Theorem 8.11 Let X be a (real) random variable with law PX, a probability
measure on (R, B). There exists a regular conditional distribution of X given G.

That is, there exists a probability kernel PX on B x Q with the property that
PX(B) is a version of P(X ~![B]|G).

Proof We split the proof into two parts. First we show the existence of a
conditional distribution function, after which we show that it generates a regular
conditional distribution of X given G.

We will construct a conditional distribution function on the rational num-
bers. For each ¢ € Q we select a version of P(X < ¢|G), call it G(q). Let
E., ={G(r) < G(¢)}. Assume that r > ¢. Then {X <7} D {X < ¢} and hence
G(r) > G(g) as. and so P(E,q) = 0. Hence we obtain that P(E) = 0, where
E = U,>¢Frq. Note that E is the set where the random variables G(g) fail to be
increasing in the argument g. Let Fj, = {inf,~, G(r) > G(q)}. Let {¢q1,¢2,...}
be the set of rationals strictly bigger then ¢ and let r, = inf{q,...,q.}.
Then 7, | ¢, as n — oo. Since the indicators 1;x<, } are bounded, we
have G(r,,) | G(q) a.s. It follows that P(F,;) = 0, and then P(F) = 0, where
F = UgeqFy. Note that F' is the event on which G(-) is not right-continuous.
Let then H be the set on which lim,_,. G(¢) < 1 or lim,,_+ G(¢) > 0. By a
similar argument, we have P(H) = 0. On the set o := (FU F U H)¢, the ran-
dom function G(-) has the properties of a distribution function on the rationals.
Note that Q¢ € G. Let F° be an arbitrary distribution function and define for
r €R

F(m) = 1Q8FO(:C) + 1q, iI>1f G(q).
q>x

It is easy to check that ﬁ'() is a distribution function for each hidden argument
w. Moreover, F(m) is G-measurable and since inf,~, 1ix<q) = lix<a), We
obtain that F(z) is a version of P(X < z|G). This finishes the proof of the
construction of a conditional distribution function of X given G.

For every w, the distribution function F(-)(w) generates a probability mea-
sure PX(-)(w) on (R, B(R)). Let C be the class of Borel-measurable sets B for
which PX(B) is a version of P(X € B|G). It follows that all intervals (—oo, z]
belong to C. Moreover, C is a d-system. By virtue of Dynkin’s Lemma [1.13
C = B(R). O

Proposition 8.12 Let X be a random variable and h : R — R be a Borel-
measurable function. Let PX be a regular conditional distribution of X given
G. If h(X) € LY(Q, F,P), then

/ h(z) PX (dx) (8.4)
is a version of the conditional expectation E[h(X)|G].

Proof Consider the collection H of all Borel functions h for which (8.4)) is a
version of E[h(X)|G]. Clearly, in view of Theorem the indicator functions
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1p for B € B(R) belong to H and so do linear combinations of them. If
h > 0, then we can find nonnegative simple functions h,, that convergence to h
in a monotone way. Monotone convergence for conditional expectations yields
h € H. If h is arbitrary, we split as usual h = h™ — h™ and apply the previous
step. O

Once more we emphasize that regular conditional probabilities in general don’t
exist. The general definition of conditional expectation would be pointless if
every conditional expectation could be computed by Proposition [8.12 The
good news is that in most common situations Proposition [8.12f can be applied.
In Exercise you find an explicit expression for the regular conditional
distribution of a random variable X given another random variable Y.

8.4 Exercises

8.1 Let (2, F,P) be a probability space and let A = {A4,..., A,} be a partition
of 0, where the A; belong to F. Let X € £L}(Q, F,P) and G = o(A). Show that
any version of E[X|G] is of the form Y " | a;14, and determine the a;.

8.2 Let Y be a (real) random variable or random vector on a probability space
(Q, F,P). Assume that Z is another random variable that is o(Y")-measurable.
Use the standard machine to show that there exists a Borel-measurable function
h on R such that Z = h(Y). Conclude that for integrable X it holds that
E[X|Y] = h(Y) for some Borel-measurable function h.

8.3 Prove Proposition 810}
8.4 Prove the conditional version of Fatou’s lemma, Theorem ii).
8.5 Prove the conditional Dominated Convergence theorem, Theorem [8.7](iii).

8.6 Let (X,Y) have a bivariate normal distribution with EX = ux, EY = uy,
Var X = 0%, VarY = 0} and Cov (X,Y) = c. Let

N c
X =+ 5 —py).

9y
Show that E(X — X)Y = 0. Show also (use a special property of the bivariate
normal distribution) that E(X — X)g(Y') = 0 if g is a Borel-measurable function
such that Eg(Y)? < co. Conclude that X is a version of E[X|Y].

8.7 Let X,Y € £}(Q, F,P) and assume that E[X|Y] =Y and E[Y|X] = X (or
rather, versions of them are a.s. equal). Show that P(X =Y') = 1. Hint: Start
to work on E(X — Y )1 x>, y<:) + E(X —Y)lix<. y<z) for arbitrary z € R.

8.8 Let X and Y be random variables and assume that (X,Y) admits a density
f w.r.t. Lebesgue measure on (R?, B(R?)). Let fy be the marginal density of
Y. Define f(z|y) by

f(xy)—{ P9 it fy (y) > 0

0 else.
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Assume that E|h(X)| < co. Put h(y) = Iz h(z)f(z|y) dz. Show that h(Y) is a
version of E[h(X)|Y]. Show also that

P(E) = /Ef(x|Y) da

defines a regular conditional probability on B(R) given Y. What is the excep-
tional set N of Section B3P

8.9 Consider (Q, F,P) = ([0,1], B, \), where A denotes both the Lebesgue mea-
sure on B and the outer measure as in (2.3). Let E be a subset of [0,1] for
which v(E) = A(E€) = 1 (clearly E is not A-measurable, see Exercise for
existence of such a set). Let F be the smallest o-algebra that contains B and E.
Show that F' € F iff there are By, By € B such that F' = (B; N E) U (By N E°).
For such a F we define P(F) = 1(A(B1) + A(B2)). Check that this definition is
independent of the specific By and Bs and that P is a probability measure on
F. Show that there exists no regular conditional probability P on F given B.

8.10 Consider a probability space (2, F,P). Two random variables X and
Y are called conditionally independent given a sub-o-algebra G of F if for
all bounded Borel functions f,¢g : R — R it holds that E[f(X)g(Y)|G] =
E[f(X)|GIE[g(Y)[G].

(a) Show that X and Y are conditionally independent given G iff for every
bounded measurable function f : R — R it holds that E[f(X)|c(Y)V G] =
E[f(X)|G].

(b) Show (by examples) that in general conditional independence is not implied
by independence, nor vice versa.

(¢) If X and Y are given random variables, give an example of a o-algebra G
that makes X and Y conditionally independent.

(d) Propose a definition of conditional independence of two o-algebras H; and
Ho, given G that is such that conditional independence of X and Y given
G can be derived from it as a special case.

8.11 (Holder’s inequality for conditional expectations) Let X € LP(Q, F,P) and
Y € £L9(Q, F,P), where p,q € [1,00], % + % = 1. Then
E[|XY|G] < (B[ X[PIG])/»(B[|Y|*|G])"/9. (8.5)
It is sufficient to show this for nonnegative X and Y, so assume X,Y > 0 a.s.
(a) Let U = E[XP|G] and V = E[Y?|G] and H = {U,V > 0}. Suppose that
1HE[XY|G] < 1y (B[X?|G) /P (E[Y|G])"/9). (8.6)

Show that Holder’s inequality (8.5 follows from .
(b) Show that

E[XY|F]
uv
holds for all G € G and deduce (B.6).

Ellgly <E[lgly]
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8.12 Finish the proof of Theorem (iv), i.e. show that the assertion also holds
without the boundedness condition on h.
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9 Martingales and their relatives

In this chapter we define martingales, sub- and supermartingales. In the next
chapter we formulate convergence theorems for them and see how these can be
applied to give elegant proofs of some central results in probability theory. The
power of martingales is the combination of their main defining property, that is
shared by a rich class of special cases, and the strong convergence results that
can be obtained in spite of a seemingly innocent definition.

9.1 Basic concepts and definition

As we shall see below, a martingale is a stochastic process with certain defin-
ing properties. A stochastic process, or simply a process, (in discrete time)
is nothing else but a sequence of random variables defined on some underly-
ing probability space (2, F,P). The time set is often taken as {0,1,2,...} in
which case we have e.g. a sequence of random variables X, X1, X5,.... Such
a sequence as a whole is often denoted by X. So we have X = (X,,)n>0. Un-
less otherwise stated, all process have their values in R, while the extension to
R%valued processes should be clear.

We shall need a sequence of sub-c-algebras of F, that form a filtration F.
This means that F = (F,,),>0, where each F,, is a o-algebra satisfying F,, C F,
and moreover F,, C Fp,y1, for all n > 0. The sequence F is thus increasing.
Recall that in general a union of g-algebras is not a o-algebra itself. We define
Foo = 0 (U2 o Fp). Obviously F,, C Fi for all n. If X is a stochastic process,
then one defines X := o(Xo,...,Xy). It is clear that F¥X := (FX),>0 is a
filtration.

Given a filtration F, we shall often consider F-adapted processes. A process
Y is F-adapted (or adapted to F, or just adapted), if for all n the random
variable Y;, is JF,,-measurable (Y;,, € F,). If F = FX for some process X, then
another process Y is FX-adapted, iff for all n, there exists a Borel function
fn : R — R such that Y, = f,,(Xo, ..., X,), see Exercise Obviously X
is adapted to FX.

A filtration can be interpreted as an information flow, where each F,, rep-
resents the available information up to time n. For F = FX, the information
comes from the process X and the information at time n is presented by events
in terms of Xg,..., X,.

Having introduced all the relevant underlying terminology, we are ready to
define martingales.

Definition 9.1 A stochastic process M = (My,)n>0 is called a martingale (or
F-martingale), if it is adapted to a filtration F, if M,, € £1(Q, F,P) for alln > 0
and if

E[Mp41|Fn] = M, as. (9.1

Equation (9.1)), valid for all n > 0 is called the martingale property of M.
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Remark 9.2 The equality should be read in the sense that M, is a version
of the conditional expectation E[M,1|F,]. Although we have always been
careful in formulating properties of conditional expectations in terms of version,
we will drop this care and leave it to the reader to properly interpret statements
given below concerning conditional expectations.

Remark 9.3 The definition of martingales has been given in terms of ‘one-
step-ahead’ conditional expectations. If we change in the sense that we
replace on the left hand side E[M,,41|F,] with E[M,,|F,], m > n+ 1 arbitrary,
we obtain an equivalent definition. (Use the tower property to check this!) A
similar remark applies to the definitions of sub- and supermartingales, that we
will meet shortly.

Let us give some concrete examples of martingales.

Example 9.4 Let X be a process consisting of independent random variables
X, with n > 1 and assume that X,, € £1(Q, F,P) for all n. Put Xg = 0
and S, = Y0 _o Xk = > p_, Xp. Take F = FX. Obviously, S is adapted to
F, each S, belongs to £1(2, F,P) and we have from properties of conditional
expectation (see Proposition and Theorem a.s. the following chain of
equalities.

E[Sn+1|]:n] = E[Sn + Xn+1|~7:n]
= E[Sy|Fn] + E[Xnt1|Fn)
= Sn + EXn+1.

Hence, S is a martingale iff EX,, = 0 for all n. We conclude that a martingale is
an extension of the partial sum process generated by a sequence of independent
random variables having expectation zero.

The previous example was in terms of sums. The next one involves products.

Example 9.5 Let X be a process consisting of independent random variables
X,,, with n > 1 and assume that X,, € £}(Q,F,P) for all n. Put Xq = 1
and P, = [[j_o Xx = [[4—; Xx. Take F = FX. Obviously, P is adapted to
F. We even have that each P, belongs to £!(Q2, F,P), because of the product
rule for products of independent random variables, see Proposition [1.43] From
properties of conditional expectation we obtain a.s.

E[Pn+1|]:n] = E[Pn Xn+1|~7:n}
= P, E[X 41| F0]
=P, EX, ;.

Hence, P is a martingale iff EX,, = 1 for all n.

Here is another fundamental example.
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Example 9.6 Let X be a random variable with E|X| < oo and F a filtration.
Put M,, = E[X|F,], n > 0. By the tower property (see Theorem [8.§[i)) of con-
ditional expectation we obtain E[M, 4+1|F,] = E[E[X|F,4+1]|F.] = EX|F,] =
M,,, where all equalities are to be understood in the a.s. sense. The process M
is thus a martingale.

Assume further that X € £2(Q2, F,P). We can interpret M,, as the best
prediction of X given the ‘information’ F,. Take as a measure of ‘prediction
error’ the mean square loss E(X —Y)2, Y € £2(Q, F,,,P), see Proposition
Put v, := E(M,, — X)2. One can show that the v,, are decreasing (Exercise|9.2)),
which supports our intuitive understanding that with more information one
should be able to predict better.

Next to martingales also super- and submartingales are of considerable interest.

Definition 9.7 A stochastic process X = (X, )n>0 is called a submartingale
(or F-submartingale), if it is adapted to a filtration F, if X,, € £}(Q, F,P) for
all n > 0 and if

E[X,11|Fn] = X, as. (9.2)

Inequality (9.2)), valid for all n > 0 is called the submartingale property of
X. A stochastic process X = (X,)n>0 is called a supermartingale (or F-
supermartingale), if —X is a submartingale.

The expressions and can be interpreted by saying that a martingale
follows a constant trend, whereas a submartingale displays an increasing trend.
Of course, a supermartingale fluctuates around a decreasing trend. Notice that it
also follows from that a martingale has constant expectation, EM,, = EM,,
for all n. On the other hand, a submartingale has increasing expectations, as

follows from (9.2)).

Example 9.8 We revisit the first two examples given above. In Example [0.4]
we obtain a submartingale if the X, have positive expectation, resulting in
an increasing trend, whereas a negative expectation for the X,, turns S into a
supermartingale. In Example we now restrict the X, to be positive. Then
P will become a submartingale if EX,, > 1 and a supermartingale for EX,, < 1.

If X is any process, we define the process AX by
AX,=X,—Xp_1,n> 1.

It trivially follows that X,, = Xo + Y ,_; AXy. Sometimes it is convenient to
adopt the convention AX, = X, from which we then obtain X,, =Y ;_, AX.
The martingale property of an adapted integrable process X can then be for-
mulated as E[AX,,1]|F,] = 0 a.s. for n > 0. For submartingales it holds that
E[AX4+1]|Fn] > 0 as.

If you want to interpret random variables &, as the payoffs (profits or losses, de-
pending on the sign) of your bets in the n-th game of a series, then S, = >"7'_, &
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would be your accumulated total capital after n games. Here we have AS,, = &,.
If S is a submartingale, you are playing a favorable game, and if .S is martingale
you are playing a fair game. It should be clear what an unfavorable game is. In
the next subsection we will investigate whether it is possible by playing clever
strategies to turn an unfavorable game into a favorable one.

9.2 Stopping times and martingale transforms

Somebody who would know at time n — 1 what is going to be the outcome of
a random experiment to be held at time n, is in that sense clairvoyant. He is
able to ‘predict’ this future outcome. This motivates the notion of a predictable
(also called previsible) process.

Definition 9.9 Given a filtration F, a process Y = (¥},),,>1 is called F-predict-
able (or just predictable) if Y;, € F,,_1, n > 1. A convenient additional conven-
tion is to set Yy = 0.

You may consider a predictable process Y to be a strategy, it tells you what your
action at time n is going to be, given that you use your information available
at time n — 1. In a trivial sense, you ‘perfectly’ predict Y,, at time n — 1.

Suppose that a sequence of random variables &, (with £, = 0) represents
the payoff of a game at time n when you make a unit bet, then Y, £, would be
the payoff when you bet Y, units at time n. When you are not a clairvoyant
and have no insider information, your bet Y,, cannot depend on future outcomes
&m, m > n of the game, but you are allowed to let them depend on what has
been realized before, i.e. to take Y as Fé-predictable. The accumulated, or
total, earnings up to time n are S, = > ;_, Y&, (with Sy = 0). If we let
X =300k, we get AS,, = Y,AX,,. We also have S, = >} _; Y, AX},. This
notation is a discrete time analogue of an expression like S; = fot Y, dX,. Such
an expression, for suitably defined stochastic processes with a continuous time
parameter are called stochastic integrals. Because of the analogy, a process like S
above, is sometimes called a discrete time stochastic integral, in particular when
X is a martingale. In that case one also speaks of a martingale transform. A
common notation is to write in this case S =Y - X for the process S. Note that
the ‘dot’ here is not the multiplication operator. If Z is another (predictable)
process, we have Z - S = (ZY) - X. The term martingale transform is justified
by the following proposition.

Proposition 9.10 Let X be an adapted process and Y a predictable process.
Assume that the X,, are in L1(Q, F,P) as well as the Y,AX,,. Let S =Y - X.
The following results hold.

(i) If X is martingale, so is S.

(ii) If X is a submartingale (supermartingale) and if Y is nonnegative, also S
is a submartingale (supermartingale).
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Proof Clearly, S is adapted. All three statements follow from the identity
E[AS,|Fn-1] = YLE[AX,|F,—1] a.s., which holds by virtue of Theorem ii),
and the definitions of martingale and sub-, supermartingale. O

Back to the interpretation in terms of betting and games. If you play an unfavor-
able game, the accumulated ‘gains per unit bet’” process X is a supermartingale.
A (predictable) strategy Y has to be nonnegative (negative bets are usually
not allowed). Proposition tells us that whatever strategy you play, your
accumulated gains process Y - X will still be a supermartingale, an unfavorable
game.

Although, as we have explained above, you are not able to change the nature
of the game by using predictable strategies, it is still a good question to ask for
optimal strategies. A strategy could be called optimal, if it maximizes Sy at
some fixed end time N. Questions like this are answered in the theory of optimal
stopping. We don’t treat this theory in this course, but we do pay attention
to one of the basic ingredients, stopping times, sometimes also called optional
times. A formal definition follows.

Definition 9.11 Let F be a filtration. A mapping 7': Q — {0,1,2,...} U {oco}
is called a stopping time if for all n € {0,1,2,...} it holds that {T'=n} € F,.

Let us make a few observations. Recall the inclusions F,, C F, C F hold
for all n. The event {T' = oo} can be written as (US> ({T" = n})°. Since
{T = n} € F, C Fx, we have {T = oo} € Fs. Hence the requirement
{T = n} € F, in Definition extends to n = oco.

Another observation is that T is a stopping time iff {T" < n} € F, is true
for all n € {0,1,2,...}. One implication follows from {T' < n} = Up_ {T = k},
the other from {T'=n} ={T <n}\{T <n-—1}.

The name stopping time can be justified as follows. If you bet, you want to
reach a goal, which could be trying to gain a profit of at least 1000 euro, and
you stop playing, once you have reached your goal (if it ever happens). If
your gains process is S, in this case you will stop playing at time T, where
T =inf{n > 0: S, > 1000}, with the convention inf () = co. Indeed, as we will
see in the next proposition, that describes a slightly more general situation, T’
is a stopping time if S is adapted.

Proposition 9.12 Let F be a filtration and X an adapted process. Let B € B
be a Borel set in R and let T = inf{n > 0: X,, € B}. Then T is a stopping
time.

Proof The event {T' < n} can alternatively be expressed as Uy_ {X) € B}
and here {X}, € B} € F, C F,, by adaptedness of X. O

Let T be a stopping time and n € {0,1,2,...}. Define T),(w) := T(w) A n, the
minimum of T'(w) and n. Then T, is also a stopping time. Indeed, for k < n
we have {T;, < k} = {T < k} € Fj, whereas {T,, < k} = Q for k > n. Usually
we write T' A n for Tj,.
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If X is an adapted process and T a stopping time, we define the stopped
process XT by XI'(w) := Xp(yan(w), n > 0. Note that X = X and X (w) =
X7(w)(w) for n > T(w), abbreviated X! = X on {T' < n}. This explains the
terminology.

Proposition 9.13 If X is an adapted process and T a stopping time, then X7
is adapted too. Moreover, if X is a supermartingale, so is X© and then EXT <
EXy. If X is a martingale, then X* is a martingale too and EX! = EX,.

Proof Let X be adapted. Write X1 = Y oro Lir—iy Xk + L{rsny Xy and Fp-
measurability of X! easily follows. To show the other assertions, we define the
process Y, = l{r>n}, n > 1. Note that {Y,, = 0} = {T'<n -1} € F, 1.
Hence Y is predictable. A simple computation shows that AX] = Y, AXj,
hence X7 = Xy + Y - X. The assertions now follow from Proposition m O

For a stopping time T" and an adapted process X, the obvious definition of the
random variable X7 (the value of the process at the stopping time) would be
Xr(w) = Xp)(Ww), so X = X, on {T" = n}. But since T' may assume the
value oo, there is a problem, because we often only have X, for n < co. The
problem can be circumvented by defining X7 only on {T < oo} and setting it
equal to zero outside that set, which leads to X7 = X71{7.o}. Another way
out could be to assume that we also have a random variable X, in which case
X is properly defined everywhere. Of course the problem disappears if T is
finite, or even bounded.

Example 9.14 Here is a seemingly winning strategy for a fair game. Let (§),>1
be an 4id sequence of random variable with P(§,, = £1) = % Then the process
X, X,, = > & with Xo = 0, is a martingale with EX,, = 0. For any strategy
Y, the total earnings process starting from zero is again S =Y - X. Note that
Sn = Sp_1+Y,&,. The strategy of interest is defined by the predictable process
Y, where Y,, =1—5,,_; and Y; = 1. What happens at time n if £, = 17 In that
case, Sy, = Sp—1+(1—5,-1) =1 and then Y;,41 =0, 80 S,,41 = S, = 1, and so
Sg=1for k>n. If &, =—1, weobtain S,, =S,_1 — (1 —S,-1) =25,_1 — 1.
Hence Y,+1 = 2(1 — S,—1) = 2Y,,. Tt follows that the strategy doubles, as long
as the &, are equal to —1, which results in Y,, = 2”71 on the event {{; = -+ =

&n—1 = —1} and zero on its complement. As soon as £, = 1, you stop playing
and go home with your profit S,, = 1. Let T = inf{n : S, = 1}. One checks that
P(T=n)=P¢ =-=&-1=-1,& =1) =2"" Hence P(T < c0) = 1.

Moreover St = 1. Here is the pitfall of this strategy. The last (non-zero) bet is
equal to Yp =271 =3 277115y, which assumes arbitrary large values
and has expectation EYy = Y7, 2" 'P(T = n) = oo. Therefore, you need an
infinite capital to successfully play this strategy to the very end.

We have seen an example of a martingale, S, that has expectation zero, ES,, =0
for all n > 1, whereas ESp = 1. This was essentially caused by the facts that S
is not bounded, P(S,, =1 —2") > 0, and that 7" is not bounded.
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Theorem 9.15 Let X be supermartingale and T an a.s. finite stopping time.
Then EX1 < EX( under either of the assumptions

(i) X is a.s. bounded from below by random variable Y € L1 (Q, F,P), or
(ii) T is bounded, i.e. there exists N < oo such that P(T < N) =1 or
(iii) The process AX is bounded by a constant C' and ET < oc.

If X is a martingale, then EXp = EXq under (ii) and (iii) and also under the
assumption (iv) that X is bounded.

Proof Let X be a supermartingale. We know from Proposition that X7
is a supermartingale, hence E|X 1| < oo for all n, and EX! < EX,. Note that
XT'*% Xp, since T < 00 as.

Assume (i). Then X! —Y > 0. Hence we can apply Fatou’s lemma and
Propositionto get E(X7—Y) = Elim, (X1 —Y) < liminf, . E(XI —
Y) = liminf, - EX? —EY < EXy — EY. Hence EX7 < EX,.

If we assume (ii), then we only need X7 = X%, whose expectation is at most
equal to EX( by Proposition [9.13

Finally, we assume (iii) under which we have |XI — Xy| < CT. There-
fore we can apply the Dominated Convergence Theorem to get E(X1 — Xj) =
limy,_e0 E(XT — X,) < 0.

If X is a martingale, then the assertion follows as above under (ii) and (iii),
whereas under (iv) it follows by dominated convergence. O

9.3 Doob’s decomposition

The celebrated decomposition theorem by Doob for submartingales is presented
in Theorem It says that a submartingale can be decomposed as the sum
of a predictable increasing trend and a martingale.

Theorem 9.16 Let X be an adapted process and assume that E|X,,| < oo for
all n. Then there exists a predictable process A and a martingale M such that
X, =A,+ M, a.s. for n > 1. The process A is a.s. unique in the sense that if
A’ + M’ is another additive decomposition of X with the same properties, then
P(A,, = A],,Yn > 1) = 1. Moreover, A is a.s. an increasing process iff X is a

submartingale.

Proof Note first that E|AX,,| < oo for all n. We define the predictable process
A is follows. For n > 1, we put AA,, := E[AX,,|F,,—1] (or rather, any version of
it) and A, = > ;_, AA;. That A is predictable should be immediately clear.
Knowing this, we define M, by setting My = Xy and AM,, := AX,, — AA,, for
n > 1 and finally M,, = My + 22:1 AMj,. By its definition, M is a martingale,
since E[AM,,|Fn—1] = 0 a.s. Note that AA,, > 0 a.s. if X is a submartingale, in
which case A becomes increasing. The converse statement is as easy to prove.
To prove uniqueness, we argue as follows. Since X,, = A,, + M,, = Al + M,
we have A — A, = M/ — M,, and so A’ — A becomes a predictable martingale.
These properties yield A), — A,, = E[A] — A, |Fn—1] = A,,_; — A1 as. Tt

n—1

follows that P(AA!, = AA,) =1 for each individual n. But then also P(AA] =
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AA,,Yn > 1) = 1, since it is the countable union of events with probability
one. Since A = Ap = 0, we get the assertion about unicity. O

A martingale is called square integrable if EM?2 < oo for all n.

Corollary 9.17 Let M be a square integrable martingale. Then there exists a
unique (in the sense of Theorem increasing predictable process (M) with
(M)o = 0 such that M* — (M) is a martingale. Moreover, for n > 1 the random
variable A{M),, is (a version of) the conditional variance of M, given F,_1, i.e.

A<M>TL = ]E[(Mn - E[Mn‘Fn—l])2|fn—1] = ]E[(Mn - Mn—1)2|]:n—1] a.s.

It follows that ‘Pythagoras’s theorem’ holds for square integrable martingales,

n n
EM? =E(My+ Y AM)? =EMZ + Y E(AM;)?,
k=1 k=1
Proof First we note that M? is a submartingale, see Exercise Hence the
previous proposition applies and the only thing left to prove is the statement
about the conditional variance. Since M is a martingale, we have a.s.

E[(My, — My—1)?|Fn-1] = E[M2 — 2M,, M,,_1 + M2_,|Fp_1]
= E[M;|Fma] = M4
= E[M; — My _y|Fa-1l,
which is by the proof of Theorem just the definition of A(M),,. O

The process (M) of Corollary [0.17is also called the predictable quadratic varia-
tion process of M. If M and N are two square integrable martingales, then there
exists a unique predictable process (M, N) with (M, N)y = 0, called the pre-
dictable covariation process of M and N, such that M N — (M, N) is martingale.
See Exercise

Remark 9.18 Under the conditions of Corollary it holds that EM?2 =
EMZ + E(M),,. Since (M) is an a.s. increasing process, it has an almost sure
limit (M) < oo. It follows that M is bounded in £? (sup,, EM? < oo) iff
E(M)s < 0.

9.4 Optional sampling
Let F be a filtration. For a stopping time T" we define the o-algebra
Fr={F CQ:Fn{T <n} € F, for every n}.

If S and T are stopping times with S < T, then Fg C Fp. If X is a process
with index set N, we define X7 = >0 ( X, 1{p—pn} and so Xp = Xplipeoey. If
also X is defined, we include n = oo in the last summation. In both cases X
is a well-defined random variable and even Fp-measurable (check!). All results
below are versions of the optional sampling theorem, the (sub)martingale prop-
erty of a process is, under appropriate conditions, preserved when deterministic
time indices are replaced with stopping times.
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Lemma 9.19 Let X be a submartingale and T' a bounded stopping time, T' <
N say for some N € N. Then E|Xr| < oo and

XT S E[XNl}-T} a.s. (93)

Proof Integrability of X follows from |Xr| < Zgzo | Xn|. Let F' € Fr. Then,
because F'N{T =n} € F, and the fact that X is a submartingale, we have

N
EXn1p] =Y E[Xn1pl{ir—pn)]

n=0
N

> ZE[Xn]-F]-{T:n}]
n=0
N

= ZE[XTlFl{T:n}]

n=0

=E[Xr1F],
which is what we wanted to prove. O

Theorem 9.20 Let X be a uniformly integrable martingale with a last element
Xoo, 850 X, = E[Xo|Fn] a.s. for every n. Let T and S be stopping times with
S <T. Then Xr and Xg are integrable and

(1) XT = E[XOC“FT] a.s.
(ii) Xg = E[X7|Fs] as.
Proof First we show that X7 is integrable. Notice that E|X7|lir—oy =

ElXoo[1{r=o} < E[X| < 0o. Next, because |X| is a submartingale with
last element | X |,

EIX11ircooy = O BIXn|1ir—p)

n=0

< E[Xaoll{rn)

n=0

= ]E|Xoo|1{T<oo} < 00.

We proceed with the proof of (i). Notice that T'An is a bounded stopping time
for every n. But then by Lemma it holds a.s. that

- E[Xn|-/_'.T/\n}

= XTAn-
Let now F € Fr, then FN{T < n} € Fran and by the above display, we have

E[Xoolpnir<n}] = E[XTAnlrnir<n}] = E[X11pnir<ny]-
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Let n — oo and apply the Dominated convergence theorem to get
E[Xoo]-F]-{T<oo}] = E[XTlFl{T<OO}]'

Together with the trivial identity E[Xoo1plir—oy] = E[X7r1rplir_s;] this
yields E[Xo1r| = E[X71p] and (i) is proved.
For the proof of (ii) we use (i) two times and obtain

E[X7|Fs] = E[E[Xoo| Fr]|Fs] = E[X | Fs] = Xs.
(]

Theorem 9.21 Let X be a submartingale such that X,, <0 foralln =0,1,...
and let Xoo = 0. Let T and S be stopping times with S <T. Then X7 and Xg
are integrable and Xg < E[X7|Fg] a.s.

Proof Because of Lemma [0.19 we have E[—Xrn,] < E[-X,] for every n > 0,
which implies by virtue of Fatou’s lemma 0 < E[-X71{7.5}] < 00.

Let E € Fg, then EN{S < n} € Fonn. An application of Lemma and
non-positivity of X yields

E[Xsanlel{s<n}] < E[X7AnlEl{s<n}] < E[X7AnlEl{1<n}]
and hence
E[Xs1plis<n}] < E[X7lplir<n].
The Monotone convergence theorem yields E[Xg1g] < E[Xr1g]. O

Theorem 9.22 Let X be a submartingale with a last element X, so X, <
E[Xoo|Fn] a.s. for every n. Let T and S be stopping times with S < T. Then
X7 and Xg are integrable and

(1) XT S E[Xoo‘]:T] a.s.

(11) XS S E[XT‘fs] a.s.
Proof Let M, = E[Xs|Fs]. By Theorem we get Mg = E[Mr|Fg].
Put then Y,, = X,, — M,,. Then Y is a submartingale with ¥,, < 0. From

Theorem [9.21| we get Yg < E[Yp|Fs]. Since Xy = Mp+Yr and Xg = Mg+Ys,
the result follows. O

9.5 Exercises

9.1 Let Q = {0,1}" and denote by w = (w1, ws, . ..) a typical element of Q. Let
X, : Q@ = R be defined by X,,(w) = wy, (n > 1) and put F,, = 0(X1,...,X,).
Write down the elements of F; and F5 explicitly and describe the elements of
Fp for arbitrary n. How many elements does F,, have?

9.2 Show that the sequence (v,) of Example is decreasing.
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9.3 Let X be a submartingale and f an increasing convex function. Assume that
E|f(X,)| < oo for all n. Show that f(X) = (f(X,))n>0 is a submartingale too.
If X is a martingale, then f(X) is a submartingale even if f is not increasing,
but still convex.

9.4 Let X be an adapted process and T a stopping time that is finite. Show
that X7 is F-measurable.

9.5 For every n we have a measurable function f, on R™. Let Z1,Z,,... be
independent random variables and F,, = o(Z1,...,Z,). Show that X, =
fn(Z1,..., Zy,) defines a martingale under the conditions that E|X,,| < co and
Efn(z1,. s 2n-1,2Zn) = fn-1(21,...,2n—1) for every n.

9.6 If S and T are stopping times, then also S+T, SVT and SAT are stopping
times. Show this.

9.7 Show that an adapted process X is a martingale iff E[X,, | Fn] = X, for
all n,m > 0.

9.8 Let M be a martingale such that AM is a bounded process and Y a bounded
predictable process. Let X =Y - M. Show that EXy = 0 if T is a stopping
time with finite expectation.

9.9 Let X1, X5, ... be an iid sequence of Bernoulli random variables with prob-
ability of success equal to p. Put F, = o(X1,...,X,), n > 1. Let M be a
martingale adapted to this filtration. Show that the Martingale Representation
Property holds: there exists a constant m and a predictable process Y such that
M, =m+ (Y -8S)n, n>1, where S, = >}, (X) — p).

9.10 Let X1, Xo, ... be a sequence of independent random variables with o2 =
EX? < 0o and EX,, = 0 for all n. Let the filtration generated by X and define
the martingale M by M,, = >"}'_, Xj. Determine (M).

9.11 Let M be a martingale with EM?2 < oo for every n. Let C' be a bounded
predictable process and X = C - M. Show that EX2 < oo for all n and that
(X)=C?-(M).

9.12 Let M be a martingale with EM?2 < oo for all n and T a stopping time. We
know that the stopped process M7T is a martingale too. Show that E(MI)? < oo
for all n and that (M7T),, = (M)A for every n.

9.13 Let M and N be two square integrable martingales. Show that there exists
a unique predictable process (M, N) with (M, N)o = 0 such that M N — (M, N)
is martingale. Show also that for n > 1

A(M, N), = E[AM,AN,|F,_1] a.s.
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10 Convergence theorems

The key idea behind the convergence theorems of this chapter is explained first.
Consider a sequence of real numbers (x,). Suppose that x, — = € R and
let (a,b) be any open interval containing x. Then there is N > 0 such that
xn € (a,b) for n > N. Hence there will be only finitely many fluctuations of
the sequence between values smaller than a and values larger than b. This is
obviously also true, when = ¢ (a,b). Let’s see what happens if (z,) doesn’t have
a limit. In that case, = liminf z,, < Z = limsup ,,. Let (a,b) C (z,Z). Then
there exists a subsequence (z,, ) such that x,, > b for all k, and a subsequence
(zm, ) such that z,,, < a. Hence there are infinitely many fluctuations between
values below a and values above b. We conclude that convergence of the sequence
is equivalent to have only finitely many fluctuations from below a to above b,
for any pair of real (even rational) numbers a,b with a < b. Something similar
can be said if the limit is equal to Foco.
Below we use upcrossings, these are defined next. Recall that inf ) = oco.

Definition 10.1 Let (z,) be a sequence of real numbers and N € N. Let
a < b be real numbers. Put By = inf{n > 0: z, < a}, S; = inf{n > B; :
x, > b} and then recursively for n > 2: B, = inf{k > S,_1 : 2 < a}, and
Sp = inf{k > B, : zx > b}. Then we define Uy(a,b) = max{n : S, < N}
and U(a,b) = limy_,00 Un(a,b). Un(a,b) is called the number of upcrossings
over the interval (a,b) up to time N, whereas U(a,b) is the total number of
upcrossings of the sequence (z,,) over (a,b). An upcrossing is an interval (By, Sk]
in N. A downcrossing is then an interval (Sk, Bgy1]-

It follows from the discussion above that a sequence converges, possibly with
limits +oo, iff U(a,b) < oo for all a < b. If X is a stochastic process, then
we can apply the definition of upcrossings to any sequence (X, (w)). Then all
B,, and S,, will depend on w, which we then view as mappings B,,S, : Q —
{0,1,2,...} U{o0}. The same holds for the Un(a,b) and U(a,b). In fact they
are all random variables.

10.1 Doob’s convergence theorem

The first result is that the random times B,, and S,, are stopping times, if the
underlying process X is adapted.

Proposition 10.2 Let X be an adapted process. Fix a < b. Then the B,, and
Sy are stopping times. Furthermore, Uy (a,b) is Fy-measurable and U(a,b) is
Foso-measurable.

Proof Exercise [0.11 O
We introduce the predictable process Y, defined by Y, = > ;2 1B, <n<Sy}-

Notice that Y,, takes values in {0,1} and that {By <n < S;} € F,_1, for all k
and n. Hence {Y;, = 1} € F,,_1 as well, which entails that Y is predictable. Let
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Z=Y-X.1IfS; < oo, then Zs, — Zp, > (b—a). You may think of Y as a ‘buy
low, sell high’ strategy, if X has the interpretation of a stock price. During an
upcrossing your profit will be at least b — a.

Lemma 10.3 It holds that Zn > (b— a)Un(a,b) — (Xy —a)~.

Proof We discern two cases. If N belongs to a downcrossing, then we have
Zy > (b—a)Un(a,b), since there are exactly Uy (a, b) upcrossings to the left of
N. Note that in this case we have N € (Sy,, Buy+1)- If N falls in an upcrossing,
then we can write Zy = Zp,, ,, +(ZN—ZByy 1) = ZBuy i T(XN—XBy 1) 2
(b—a)Un(a,b) + Xy —a > (b—a)Un(a,b) — (Xy — a)”. Combining the two
cases, we arrive at the assertion. O

Proposition 10.4 Let X be a supermartingale that is bounded in L' (i.e.
there is an M > 0 such that sup,, E|X,,| < M). Then for all a < b it holds that
EU(a,b) < oo and thus U(a,b) < 0o a.s.

Proof If X is a supermartingale, then so is Z by virtue of Proposition
It follows that EZy < EZy = 0. From Lemma we obtain 0 > EZy >
(b—a)EUn(a,b) —E(Xy —a)~. Hence (b — a)EUn(a,b) <sup, E(X,, —a)” <
|a| +sup,, E|X,| < |a|+ M. Since the Uy (a,b) form an increasing sequence, the
Monotone Convergence Theorem yields (b — a)EU(a,b) < |a| + M. O

Here is the first convergence result for supermartingales, Doob’s convergence
theorem.

Theorem 10.5 Let X be a supermartingale which is bounded in LY. Then
there exists a random variable Xo, € LY(Q, Fao, P) such that X,, 3 X ..

Proof Define X, := liminf X,/ — liminf X,;. Then |X.| < liminf X;F +
liminf X7 and from Fatou’s lemma we deduce that E|X.| < liminf EX;F +
liminf EX,, < 2liminfE|X,|, which is finite by the assumption that X is
bounded in £!. Note that if (X,,) has an a.s. limit, it must be a.s. equal to
Xoo. Hence, the limit -if it exists- has finite expectation and is thus a.s. finite.
Let N be the set of w’s such X, (w) doesn’t have a limit in [—oo,00]. Then
N = {liminf X,, < limsupX,}. We can write N = Us<p, a,bc0Na,p, Where
Ngp = {liminf X,, < a < b < limsup X,,}. On N, it holds that U(a,b) = cc.
But the latter event has probability zero, in view of Proposition [10.4l Hence,
N, being a countable union of events with probability zero also has probability
zero, which concludes the proof. O

Remark 10.6 Notice that the theorem only states that a.s. convergence holds,
no other type of convergence, except convergence in probability, necessarily
holds true. If X is a martingale, it is attractive to add X, to the sequence X
to obtain a process with time index set that includes infinity. It would be very
nice that the martingale property as in Remark would extend to m = oo,
ie. E[Xo|F,] = X, a.s. But this is not true in general, see Exercise In
the next section we will give necessary and sufficient conditions under which the
extended martingale property holds.
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The following corollary can be seen as a stochastic version of the elementary
result that every decreasing sequence of real numbers that is bounded from
below has a (finite) limit.

Corollary 10.7 If X is a supermartingale that is bounded from below, then
there exists a random variable Xo, € LY(Q, Fao, P) such that X,, 3 X..

Proof Take a constant ¢ such that Y,, = X,, +¢ > 0 for all n. Then Y is also
a supermartingale and E|Y,| = EY,, < EY;. Hence, by virtue of Theorem [10.5]
Y admits an a.s. limit and so does X. O

10.2 Uniformly integrable martingales and convergence

Recall the definition of a uniformly integrable collection of random variables C,
Definition and that a uniformly integrable collection C is also bounded in
L', Exercise [7.5, These facts account for half of the proof of

Theorem 10.8 Let X be a uniformly integrable supermartingale. Then there
exists a random variable X, € L(Q, Foo,P) such that X,, — X, both almost
surely and in £L'. Moreover, the extended supermartingale property holds, i.e.

E[Xoo|Frn] < X, as. (10.1)
If X is a martingale then we even have E[X | F,] = X,,.

Proof Let X be a supermartingale. Existence of X, and a.s. convergence fol-
lows from Theorem[10.5] Then £! convergence holds by virtue of Theorem
We now show (10.1). Since E[X,,|F,] < X, a.s. when m > n (Remark [9.3)), it
holds by definition of conditional expectation that E15X,, < El1¢X,,VG € F,.
From this it follows that

Elg X —ElgX, <ElgX, —ElgX,,
< E|1G(Xoo - Xm)|
S IE4|‘Xoo - Xm|7

which tends to zero for m — oo by £! convergence. We conclude that E15 X, —
ElsX, < 0. By definition of conditional expectation, also E1¢E[X|F,] —
ElgX, < 0, or Elg(E[Xw|Fn] — Xn) < 0, for all G € F,. Take G =
{E[Xwo|Fn] > X} to get Elg(E[Xoo|Frn] — X») = 0, since the integrand has
fixed sign, we obtain 16(E[Xe|Fn] — X») = 0 a.s. Hence E[X | Fn] — X, =&
1ge (E[Xoo|Fn] — Xy) < 0 and the result for supermartingales follows. When X
is martingale, one applies the same reasoning to [E1a X, — E15X,,|. O

We conclude that every uniformly integrable martingale is of the form X,, =
E[X oo |Fn], where X is the a.s. and £ limit of the X,,. In the next proposition
we present a converse statement.
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Proposition 10.9 Let £ € £1(Q, F,P) and let G be a family of sub-o-algebras
of F. Write X¢ for any version of E[¢|G]. Then the collection C = {Xg : G € G}
is uniformly integrable. In particular, if G is a filtration (F,,) and X,, := E[¢|F,],
then the process X is a uniformly integrable martingale.

Proof Let £ > 0. We have to show the existence of k > 0 such that
sup{E|Xg\1{|Xg|>k} 1 G e G} < €. (102)

We exploit the integrability of £&. Choose § as in Lemma [7.§] and k& > E|¢|/d.
By Jensen’s inequality for conditional expectations, see Theorem [8.8] we have

[ Xg| <E[[¢]19] (10.3)
and then E|Xg| < E|¢|. By Markov’s inequality, we obtain

ElXg| _ E[¢]
< J.
AR
Write G = {|Xg| > k}. Note that G € G and by (10.3) we get

P(|Xg| > k) <

ElXgllg <El¢1g <e,

in view of Lemma, This proves (10.2). For the case, where G is a filtration,
it remains to show that X is a martingale, but we have already done that in

Example O

In the next theorem we connect the results of Theorem [10.8] and Proposi-
tion It is known as Lévy’s upward convergence theorem.

Theorem 10.10 Let £ € LY(Q, F,P), F a filtration and X,, = E[¢|F,]. Then
the a.s. and L limit X, of the X,, is (a version of) E[¢|Fa].

Proof In view of preceding theorems we know of the existence of a limit X,
both in the a.s. and £' sense. To show that it is a.s. equal to E[¢{|F], we invoke
Theorem Without loss of generality we suppose that £ > 0 a.s., then also
Xoo > 0 a.s. Since both § and X, are integrable, v¢(G) := E1g€ and v (G) ==
E1¢ X define finite measures on Fi (Exercise with v¢(Q) = v () = EE.
Moreover, they coincide on the algebra (and thus a w-system!) U2, F,,, since for
G € F,, one has v¢(G) = E1¢ X, by the definition of X and v (G) = E1¢X,, by
Theorem We conclude that v¢ and v, are the same on F,. By definition
of conditional expectation, we then have v¢(G) = E1¢E[¢| Fx], VG € Foo. Since
both E[¢|Fs] and X are Foo-measurable, they must be equal. O

Next we need an extension of the concept of filtration. Recall that a filtration
is an increasing sequence of o-algebras, F,, C F,4+1. A filtration is thus growing
to the right. We extend this in the sense that we now also allow the time index
n to be negative. Hence we have F,, C F, 41 for all n € Z. Hence a filtration is
shrinking to the left. Notice that F_,, := N, <oFy is a o-algebra as well and can
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be considered as an infimum. Similarly we extend the notion of a martingale
to have negative indexes too. So, a martingale X = (X,,)nez is a sequence
of integrable random variables adapted to a filtration for which the martingale
property is valid for all n € Z. Below we need these concepts only for
n < 0. The next result is known as Lévy’s downward theorem.

Theorem 10.11 Let F be a filtration on the negative integers and X an F-
adapted martingale. Then there is a F_.,-measurable random variable X _
such that X,, — X_oo both a.s. and in £' as n — —oo. Moreover X_., =
E[X_1|F-oo]-

Proof Since X,, = E[X_4|F,] for n < —1 we have that X is uniformly inte-
grable in view of Proposition m Hence L' convergence follows from a.s. con-
vergence (Proposition , the latter to be established now. In the proof of
Theorem we used the upcrossings inequality of Lemma This applies
to the present case as well, if we shift the time over a distance of N to the left.
Denote the number of upcrossings over (a,b) in a time interval from —N to 0
by U_n(a,b). Taking expectations as in the proof of Theorem we obtain
EU_n(a,b) <E(X_1—a)” /(b—a). Hence also U_x(a,b) := limy_ oo U_n(a,b)
has finite expectation. The rest of the proof of existence of the a.s. limit is as
before. The characterization of the limit as a conditional expectation is as in
the proof of Theorem [10.8 O

In Section we will see a nice application of this theorem.

10.3 LP convergence results

In this section our aim is to specialize preceding results to the case where a
martingale X is bounded in £?, i.e. sup,, E|X,|? < oo, where p > 1. We have
already seen in Example [7.12] that X is uniformly integrable. By Theorem [10.8]
the X,, converge to a limit X, almost surely and in £!. Our goal is to establish
LP convergence, meaning || X,, — Xoo|[, — 0, equivalently E| X, — X [P — 0. Tt
turns out useful to formulate most results in terms of submartingales. Here is
the first one, containing Doob’s supremal inequality .

Proposition 10.12 Let X be a nonnegative submartingale and write X =
max{Xo,...,X,}. For A > 0 it holds that

AP(X > N) < Elx:>a Xn. (10.4)
It then follows that
AP(X: >\ <EX,. (10.5)

Proof Let T = inf{n > 0: X,, > A}. Then T is a stopping time and {X; >
A} = {T < n}. It holds that Ey := {I' = k} C {X; > A} and by the
submartingale property of X we have Elg, X; < Elg, X, since By € F.
Then we get AP(Ey) = A\Elp, < Elg, X; < Elg, X,. Equation follows
by summing over k. O
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Remark 10.13 Let &1,&,... be a sequence of independent random variables
with expectation zero and finite second moment. Let M, = > }_; & and
M} = max{|M]|,...,|M,|}. Then \>P(M; > \) < EM?, as follows by taking
X,, = M? in Proposition This can be viewed as a ‘supremum version’ of
Chebychev’s inequality.

On our path to establishing £P convergence we need the following lemma. Ob-
serve that (10.4) is of the type AP(Y > A\) < El{y> X. Such an inequality

has a surprising consequence.

Lemma 10.14 Let X and Y be nonnegative random variables for which the
inequality

AP(Y > ) < Elgy sy X (10.6)

holds for all A > 0. If X € LP(Q, F,P) for1 < p < oo, then alsoY € LP(Q, F,P)
and moreover, ||Y||, < ¢||X]||p, where ¢ = p%l, as in Holder’s inequality.

Proof We give the proof for p < oo, the case p = oo is left to the reader.
Since holds for all A > 0 we can integrate both sides after multiplication
with pAP~2. On the left we get the integral fooo pAPTIP(Y > M) d\ = EY?, in
view of Exercise On the right we compute using Fubini’s theorem (you
check that (w,\) = A" 21¢y()>x3 X (w) is jointly measurable in w and ) the
integral

oo

(o)
/ PN TPELlgy sy X dX = E/ PP 1y >y X dA
0 0

Y
:E(X/ pAPT2d))
0
=P _pxyrt.
p—1

We have established |[Y|[5 = EY? < ¢EXY?~!'. Holder’s inequality (The-
orem yields EXY?~1 < (EXP)YP(EY?)/4 = ||X|,(|[Y]],)?/? and we
obtain [[Y][2 < ¢||X|[,(|[Y][,)?/?. Would we already know that |[Y|[, < oo,
then the result follows upon dividing by (||Y||,)?/?. Here is the trick to estab-
lish that. First we truncate and consider Y;, = Y A n instead of Y. Certainly
[|Y,]|, < oo. Notice that the event {Y,, > A} is empty for n < A and equal
to {Y > A} otherwise. It follows that is valid for Y,, instead of Y. The
above reasoning thus yields that ||Y,||, < ¢||X]|,. Since Y,, 7Y we apply the
Monotone Convergence Theorem to get the result. O

Here is the result we were aiming at. Inequality (10.7) is known as Doob’s
LP-inequality.

Theorem 10.15 Let X be a nonnegative submartingale that is bounded in LP
for 1 <p < oo. Let X* = sup,, X,.

109



(i) It holds that X* € LP(Q, Foo,P) and

X7 ]p < gsup || Xa|lp, (10.7)

where q = %.

(ii) The a.s. limit Xo = lim, oo X, exists and moreover, X, £ X and
[ Xoollp = sup,, [|Xnllp = limy—s o0 [ Xnllp-

Proof (i) Put X} = max{X;,...,X,}. Combining Proposition and
Lemma we get the inequality || X*||, < ¢||Xn||p, with the right hand
side less than or equal to gsup,, || X,||,- By monotone convergence (X 1 X*)
one obtains the result.

(ii) Existence of the a.s. limit X, is guaranteed by for instance Theorem
From |X,, — Xoo| < 2X*, we get |X,, — Xoo|? < 2P(]X*|), < oo, which has
finite expectation. By the Dominated Convergence Theorem we get X, £ X
Finally, the inequalities ||Xxl|lp < |[Xoo — Xullp + sup,, || Xnll, and || X5, <
[1 X5 — Xoollp + [|Xool|p together with ||X,]|, increasing in n yield the last
assertion. O

Corollary 10.16 Let M be a martingale that is bounded in LP for p > 1. The

.. . . Yol
a.s. limit Mo, = lim,, o, M,, exists and moreover, M, = M.

Proof Again existence of My, as an a.s. limit can be deduced from e.g. Theo-
rem[10.8] Moreover, |M,, — M| < 2X*, where X* = sup,, |[M,|. An application
of the previous theorem to the nonnegative submartingale X = |M| shows that
[|X*||p < co. The rest of the proof is as in the proof of Theorem O

10.4 The strong law of large numbers

In this section we present versions of a strong law of large numbers for martin-
gales and independent sequences of random variables. We start with a simple
analytic lemma.

Lemma 10.17

(i) Let (wnk)nk>1 be a double array of nonnegative real numbers satisfy-
ing lim, oo wnr = 0 for every k > 1 and lim,_00 Yy Wnir = 1. Let
(zn) be sequence of real numbers with lim, .z, = © € R. Put z, =
> h—y WknZk. Then lim, oo Ty, = .

(ii) Let (wp)n>0 be an increasing sequence of nonnegative real numbers with
wo = 0 and w, — co. Let (z,) be a sequence of real numbers for which
the series Y, | £ is convergent. Then -3\, xy — 0.

Proof (i) Let ¢ > 0 and choose m such that |z,, — z| < & for n > m. Then we
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have for n > m

n n

(T — 2] <Y winlok — 2]+ wen — 12
k=1 k=1
n

m n
§Zwkn|xk—x|+ Z wkn|x1€—x\+|2wkn—1||x\

k=1 k=m+1 k=1

m n n
§Zwkn|xk—w|+5 Z wkn+|Zwkn—1||x|.

k=1 k=m+1 k=1

It follows from the assumptions that limsup,,_, . |Zn — 2| < e. Since € > 0 is
arbitrary the result follows.
(ii) Given n > 1, define wg, = 7’”‘;77:’“*1, for k = 1,...,n and y, =

Y hens1 - Note that y, — 0. We compute

n

- Z =3 )
€T = — w — _
w, k w, E\Yk — Yr-1

k=1

1 n
= E( — WnYn + ’;yk(wk - wkfl))

n
—Yn + Z WknYk-
k=1

Application of part (i) yields the result. O

Remark 10.18 The first part of the previous proposition is known as Toeplitz’
lemma, and the second part is known as Kronecker’s lemma. There are many
variations on the assertions of this proposition known. The special case wg, = %
for 1 < k < n yields for the first part Cesaro’s lemma.

Proposition 10.19 Let M be a square integrable martingale, EM?2 < oo for
all n. Let (M) be its predictable variation process. Then -~ M, — 0 a.s. on

(M)n
the set {{(M),, — co}.
Proof Let X be the martingale transform X = % - M. Then

+{(0M)
1
E[AX?|Fpoq] = E[AMZ|Foe
1
= A{M),
@+ oo
1 1
< — )
L+ (M1 1+ (M),
It follows that A(X), < 1+(1\/11>n_1 - 1+(}\4 — and hence that (X}, <1 for all

n. Therefore sup,, EX2 < oo (see Remark [9.18)) and X converges a.s. in view of
Theorem (and also in £? by virtue of Theorem [10.15). An application of
Kronecker’s lemma yields the assertion. O
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Corollary 10.20 Let X;, Xs,... be an independent sequence with EX; = 0
and a,% = Var X, < oo for all k. Let o, = ZZ:1 U,%. If oo, — 00, then
é ZZ:l X — 0 a.s.

Proof Let M be the martingale (the filtration should be obvious) defined by
M, = ZZ=1 Xi. It follows that (M), = «, and the assertion immediately
follows by an application of Proposition [L0.19 (]

The assertion of Corollary is the strong law for a sequence of indepen-
dent random variables with a finite second moment. If the sequence is moreover
1id, then we get %22:1 X — 0, the usual strong law of large numbers. The
assumption that an #id sequence has finite second moments can be dropped,
whereas the strong law still holds. This is the content of Theorem below,
whose proof is based on completely different arguments.

We introduce some terminology. Let X1, Xs,... be a sequence of random vari-
ables. Define 7, = 0(Xp11, Xnt2,...) and T = N2 T, T is called the tail
o-algebra of the sequence. The following proposition is known as Kolmogorov’s
0-1 law. It tells us that the tail o-algebra of an independent sequence is a.s. triv-
ial. Its proof is an easy consequence of Lévy’s theorem.

Proposition 10.21 Let F' € T, the tail o-algebra of an independent sequence.
Then P(F) € {0,1}.

Proof Put 7, = o(X1,...,X,,). Let F € T and observe the triviality F' € F.
Put & = 1p, then X,, = E[{|F,] defines a martingale whose a.s. limit (see
Theorem is equal to E[¢|Fx] = £ a.s. It is easy to show (Exercise
that F,, and 7, are independent and therefore F,, and o(§) are independent.
But then X,, = E¢ = P(F) a.s. We conclude that 1r is a.s. equal to the
constant P(F'), and then it has expectation P(F') and variance zero. So 0 =
E1% — (E1p)? = P(F) — P(F)?. The result follows. O

Example 10.22 Here is a first application. Let X7, X5, ... be an 4id sequence.
Put X,, = %ZZ=1 X and X = limsup X,,. Then for every m > 1, it holds
that X = limsup + > k1 Xk, which belongs to Tp,. It follows that X € T
and hence that X is a.s. equal to a constant in view of Exercise The same
holds for the lim inf and then also for the limit of the averages, if it exists.

All the heavy machinery that we have developed so far now pays off by having
a relatively simple proof of the Strong Law of Large Numbers for #id sequences.

Theorem 10.23 Let X1, Xo,... be an iid sequence in L'(Q, F,P). Let u =
EX; and X,, = 137 | X;. Then X,, — p a.s. and in L' as n — oco.

Proof We’d like to apply Theorem [10.11] The first thing we need is a filtration
that is defined on the negative integers. The following choice turns out be a
clever one. Let S, = >.;_, X) and put F_, = o(Sn,Spn+1,...), n > 1. Put
M_,=X, In Example we have seen that E[X;|F_,] = M_,. It follows
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from Theorem that there exists M_., such that M_, — M_., both
a.s. and in £!. We proceed by identifying the limit. From Example we
know that M_ . has to be equal to a constant a.s. But Theorem [T0.11] also tells
us that EM_ ., = EM_4, which is equal to pu. Hence M_, = p a.s. O

10.5 Exercises

10.1 Prove Proposition Show also that the process Y below that proposi-
tion is predictable.

10.2 Consider the probability space (2, F,P) with = [0,1), F the Borel
sets of [0,1) and P the Lebesgue measure. Let I} = [k27",(k 4+ 1)27") for
E=0,...,2" — 1 and F,, be the o-algebra by the I}’ for £k = 0,...,2" — 1.
Define X,, = 1 i3 2™. Show that X, is a martingale and that the conditions of
Theorem are satisfied. What is X, in this case? Do we have X,, = X
in £1?

10.3 Let X be a submartingale with sup,,»o E|X,,| < co. Show that there exists
a random variable X, such that X,, — X a.s.

10.4 Show that for a supermartingale X the condition sup{E|X,|: n € N} < co
is equivalent to the condition sup{EX, :n € N} < co.

10.5 Let Y € £1(Q, F,P) and a filtration (F,) be given. Define for all n € N
the random variable X,, = E[Y|F,]. We know that there is X, such that

X, — Xo a.s. Show that for Y € £2(Q, F,P), we have X, 52) Xo. Find a
condition such that Xo, =Y. Give also an example in which P(X, =Y) = 0.

10.6 Let X = (X,,)n<o a (backward) supermartingale.

(a) Show equivalence of the next two properties:

(i) sup,, E| X, | < oo and (ii) lim, o EX,, < c0.
(Use that x — x is convex and increasing.)

(b) Under the condition sup, E|X,| =: A < co the supermartingale X is uni-
formly integrable. To show this, you may proceed as follows (but other
solutions are equally welcome). Let € > 0 and choose K € Z such that
for all n < K one has 0 < EX,, — EXg < e. It is then sufficient to
show that (X,,)n<xk is uniformly integrable. Let ¢ > 0 be arbitrary and
F, = {|X,| > ¢}. Using the supermartingale inequality you show that

/|Xn|dIP’§/ Xx|dP + <.
FTI, F’VL

Because P(F,) < % you conclude the proof.

10.7 Suppose that Q is a probability measure on (€2, F) such that Q <« P with
dQ/dP = Z. Denote by P,, and Q,, the restrictions of P and Q to F,, (n > 1).
Show that Q,, < P,, and that

dQ,
dP,

= an
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where M,, = Ep[Z|F,].

10.8 Let M be a nonnegative martingale with EM,, = 1 for all n. Define
Qn(F)=E1pM, for F € F, (n > 1). Show that for all n > 1 and k > 1 one
has Qp4x(F) = Qu(F) for F' € F,. Assume that M is uniformly integrable.
Show that there exists a probability measure Q on Foo = o(|J,, Fn) that is
absolutely continuous w.r.t. P and that is such that for all n the restriction of
Q to F,, coincides with Q,,. Characterize dQ/dP.

10.9 Consider Theorem [10.15} Show that || X,||, is increasing in n.

10.10 Let (X,,) be a sequence of random variables with finite a.s. limit X.
Assume the existence of a random variable Y > 0 with EY < oo such that for
all n it holds that |X,,| <Y. Let (F,) be an arbitrary filtration. Hunt’s lemma
states

E[Xn|Fn] =¥ E[X|Fo].

(a) Put Z,, = supys,, | Xx — X|. Show that Z,, converges to zero, both in L'
and a.s.
(b) Show also that for n > m:

[E[X0 | Fn] — E[X|Foo]| < [E[X|Fn] — E[X|Foo]| + [E[Zm | Fn]|
(¢) Finish the proof of Hunt’s lemma.

10.11 Let M be a martingale with My = 0 and assume the existence of constants
¢k such that for all k it holds that |My — Mg_1| < ¢i. Let > 0. The Azuma-
Hoeffding inequality is
22
P(sup My > ) < exp(———=7—>
(kgn ) ( 23
Prove this inequality by the following two steps.

(a) Let ¢ > 0 and Y a random variable with P(|]Y| <¢) =1 and EY = 0. Let
f(y) = e%. Use convexity of f to obtain for y € [—c,c]

).

ct+y

) < 50 (=0 + 5

2c

f(e).

Show that Ef(Y) < coshfc < exp(36%c?).

(b) Show that EZ, < exp(36% Y.} _, c}), where Z, = exp(6M,,).

(c) Give a bound on the probability in Hoeffding’s inequality in terms of EZ,
and minimize over 6 > 0 to finish the proof.

10.12 Let Z3, Zs, ... be independent nonnegative random variables defined on
some (2, F,P) with EZ,, = 1 for all n. The process M defined by M,, =[]\, Z;
is a nonnegative martingale. We know that M., exist as an almost sure limit
of the M,.
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(a) Let R, = Z2. Show that r,, := ER,, < 1.
(b) Let N be the martingale defined by N,, =[]\, % Assume that

IIr>o (10.8)
k=1

Show that N is bounded in £2 and that consequently M is uniformly
integrable.

(c) Show that implies that EM, = 1.

(d) Show that EM., = 1 implies that holds. Hint: Reason by contra-
diction.

10.13 Let X1, X5, ... be real valued functions defined on some 2 and take F =
(X1, Xa,...). Assume there exist probability measures P and Q on (9, F),
such that the X,, are iid under both P and Q. Assume that X; admits strictly

positive densities f and g under P and Q respectively. Let Z,, = % and
M, = [1i_, Z. Use Exercise [10.12] to show that either P = Q or P L Q (in
this case ry is the same for all k). This phenomenon is known as Kakutani’s

dichotomy, or Kakutani’s alternatives.

10.14 Consider the setup of Exercise Assume that

— 0.

= 9(Xk)
Ly 75

<

Suppose one observes X, ..., X,. Consider the testing problem Hy: the densi-
ties of the X} are the fi against Hi: the density of X is f and the test that
rejects Ho if M,, > ¢, where P(M,, > ¢,) = a € (0,1) (likelihood ratio test).
Show that this test is consistent: Q(M,, < ¢,) — 0. (Side remark: the content
of the Neyman-Pearson lemma is that this test is most powerful among all test
with significance level less than or equal to «.)

10.15 Let (H,,) be a predictable sequence of random variables with EH?2 < oo
for all n. Let (g,) be a sequence with Ec2 = 1, Ee,, = 0 and ¢,, independent

of F,—1 for all n. Let M, = Zkgn Hyper, n > 0. Compute the conditional

variance process A of M. Take p > 1/2 and consider N,, = Zkgn merk.

Show that there exists a random variable N, such that N, — N4 a.s. Show

(use Kronecker’s lemma) that % has an a.s. finite limit.
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11 Local martingales and Girsanov’s theorem

The purpose of this section is to formulate and prove Girsanov’s theorem on
absolutely continuous changes of measure for discrete time processes.

11.1 Local martingales

As always we have a probability space (€2, F,P) on which all random variables
are defined. Before defining local martingales, we relax the notion of conditional
expectation of a random variable X by dropping the requirement that E|X]| is
finite. Suppose X > 0 and that G is a sub-c-algebra of F. Then there exists
a G-measurable random variable X such that EX 1 = EX 1g < o for all
G € G (Exercise . We adopt again the notation X = E[X|G] for any
version X. If X is such that E[XT|G] < oo a.s. or E[X |G| < 00 a.s., we define
X = E[Xt|G] — E[X~|G], the generalized conditional expectation of X given
G, denoted (again) E[X|G]. Note that also here we have different versions, and
that these are a.s. equal.

In what follows we work with a fixed filtration F. Without explicit reference
to it further, one should understand that an adapted (predictable) process is
adapted (predictable) w.r.t. IF, etc.

Definition 11.1 Let X be an adapted process. If there exists a sequence of
stopping times 7™ such that 7" — oo and such that the stopped processes X7
are all martingales, we call the process X a local martingale. The sequence (T™)
is called a fundamental or localizing sequence.

It is obvious that any martingale is a local martingale, but the converse is not
true, see Exercise Note also that the definition implies that X, = X
belongs to £1(, F,P). There exist alternative definitions for local martingales
that also allow for non-integrable X, but we don’t consider these.

Proposition 11.2 A real valued adapted process X is a local martingale iff
the following two assertions are hold true. (i) Xo € LY, Fo,P) and (ii)
E[| Xnt1||Fn] < 00 a.s. and E[X,4+1|Fn] = X, for all n in the sense of gen-
eralized conditional expectations.

Proof Suppose X is a local martingale and (7™) a localizing sequence. Then
(i) immediately follows and we also have E[X}"|F,_1] = X}, which yields
1{T">k71}E[Xk|]:k—1] = Xk—l]-{T">k71}~ Letting n — oo gives E[Xk|]:k_1] =
Xk—_1. From this generalized martingale property we see that the conditional
expectation E[X}|Fi_1] is finite a.s. As a consequence, one automatically has
E[| Xk| | Fr—1] < o0 a.s.

Conversely we assume (i) and (ii). Let 7" = inf{m : 21:11 E[| Xk| | Fr—1] >
n}. Then T" is a stopping time and E|X"| < E|Xo| +n < oo, so X" €
L£1(Q, F,P). Since {T™ > k} € Fr_1 we also have from (ii) with k instead of
n+1 that E[X/"|F,_1] = X[, which yields the martingale property of X7".

U
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Proposition 11.3 The following results on martingale transforms hold true.
(i) I Y is a predictable process and M a martingale, then X =Y - M is a
local martingale.
(ii) If X is a local martingale, then there exists a predictable process Y and
a martingale M such that X = Xqg+Y - M.

(iii) If Y is a predictable process and M a local martingale, then Y - M is a
local martingale.

Proof (i) Let 7" = inf{k > 0 : |Yy41| > n}. Then (T™) is a fundamental
sequence of stopping times and Y7 is a bounded process for every n. More-
over, the stopped processes M7 are martingales as well, and one easily verifies
XT" =yT" . M™T". Tt follows from Proposition that XT" is a martingale
for every n and so X is a local martingale.

(i) Let A} = {E[|X,]||Fn-1] € [k, k+ 1)}, K = 0,1,.... For every n, the
A} are disjoint and by Proposition we have P(J, A7 = Q) = 1. Put
Uy, 1= Zk>0(k+1)’3AXn1Ag. Then u,, € Fp, E|u,| < oo and E[u,|F,,—1] = 0.
Thus (M,,) with M,, = 3" | uy is a martingale with My = 0. Put then Y, =
Y oesolk+ 1)31A2 and we see that AX,, = Y,,AM,,.

(iii) From (ii) it follows that, M being a local martingale, must be of the
form M = My+Y'- M’ for a predictable process Y’ and a martingale M’. This
implies X =Y - (Y'- M) = (YY’) - M’ and the result follows from (i). O

Proposition 11.4 If X is a nonnegative local martingale with EXy < oo, then
it is a true martingale.

Proof We first show that EX} < oo for all k. Let (T™) be a localizing sequence.
By Fatou’s lemma and by the martingale property of X7~ we have

EX; < liminf EX}" = EX,.
n— o0

Furthermore, X,Zm < Zf:o X;, of which we now know that the sum in the
upper bound has finite expectation. Hence we can apply the Dominated Con-
vergence Theorem for conditional expectations to E[X} " |Fr_1] = X{ | to get
E[Xk|Fr-1] = Xg—1. O

An adapted sequence (AM,,), with n > 1, is called a local martingale difference
sequence if E[AM,,|F,,—1] = 0 (and, although redundant, E[|]AM,| |F,-1] < o0)
for all n > 1.

Proposition 11.5 Let M be an adapted process and put AM,, = M,, — M,,_1,
n > 1. Equivalent are

(i) M is a local martingale,

(ii) E|My| < 0o and (AM,,) is a local martingale difference sequence.

Proof Exercise [11.5] O
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11.2 Quadratic variation

If X and Y are two stochastic processes, their optional quadratic covariation
process [X,Y] is defined as

(X, Y], = AXyAYy.
k=1

For X =Y we write [X] instead of [X,Y]. Note the integration by parts formula
X, Yo =XYoo+ (X_-Y),+ (Y- - X) + [X,Y]n,

where the (predictable) process X_ at time n equals X,,_1, defined for n > 1.

If X and Y are square integrable martingales, we have encountered in Sec-
tion their predictable covariation process (X,Y’), which was the unique pre-
dictable process such that XY — (X,Y) is a martingale too. It follows from
the above integration by parts formula, recall that (X_ -Y) and (Y_ - X) are
martingales, that also [X,Y]— (X,Y") is a martingale. In fact, (X,Y") is also the
unique predictable process that, subtracted from [X,Y], yields a martingale,
already known from Corollary

E[AX,AY,|Fa1] = AX, V). (11.9)

This property carries over to the case where X and Y are local martingales under
the extra conditions E[AX?Z|F,_1] < co and E[AY,?|F,_;] < oo, Exercise
and under this condition, XY — (X,Y) is a local martingale.

11.3 Measure transformation

In this section we suppose that P and Q are probability measures on (2, F).
Their restrictions to F,, are denoted P,, and Q,, respectively. We will always
assume that Py = Qg, which is automatically the case if Fy is trivial. We start
with a definition whose contents are supposed to be in force throughout this
section. See Exercise for the more restrictive setting with Q < P.

Definition 11.6 The probability measure Q is called locally absolutely contin-
uous w.r.t. the probability measure P if Q,, < IP,, for all n > 0. In this case we
can define the F,-measurable random variables (Radon-Nikodym derivatives,
densities) Z,, = ‘s%f. The process Z = (Z,,)n>0 is called the density process. If
P, ~ Q, for all n, P and Q are called locally equivalent.

One easily verifies that Z is a martingale under the probability measure P. Note
that Q(Z, > 0) = 1, but P(Z,, > 0) may be less than 1, unless P,, ~ Q,,, in
which case P(F) = E‘@Z%ZlF for F € F,,. Furthermore, on the set {Z,, = 0} also
Zn_1 = 0, as follows from the martingale property of the nonnegative process
Z. Hence we can define Z,,/Z,,_1 with the understanding that it is put equal
to zero on {Z,,_1 = 0}.
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If M is martingale under P, it is usually not a martingale under Q. We
shall see below how to transform M parallel to the measure change from P to
@ such that the changed process is a martingale again, or a local martingale
in a more general setting. The following lemma generalizes Equation (6.11)) to
Equation for conditional expectations.

Lemma 11.7 Let Q < P with Radon-Nikodym derivative Z := i—%, G a sub-
o-algebra of F. Let P and @ be the restrictions of P and Q to G and let
Z = E[Z|g].

(i) It holds that Q < P, ‘;Q =7, and for Y € L£1(9,G,Q) one has EqY =

S0

E[Y Z].
(ii) Suppose X € LY(Q, F,Q). Then Q(Z > 0) =1 and a.s. under Q one has
E(XZ ~
Balx1g1 = 222 — gix (), (11.10)

where Z = %

Proof (i) Absolute continuity is trivial and the other statements follow from
EoY =E[YZ] =EE[Y Z|G] =E[YE[Z|G]] = E[Y Z].
(ii) Observe first, use (i) with Y’ =1,,_,,, that
Q(Z =0) =Eqly;_g =E[Z1,_] =0.
Take G € G and use (i) with Y = Eg[X1¢|G] to get
E[XZ1g] = Eg[X1¢]
= EqEq[X1¢|9]
= E[Z Eq[X1¢G]]
= E[Z1¢Eq[X|G]).
Since Z Eg[X|G] € G and G is arbitrary, we conclude that E[X Z|G] = Z Eg[X|G]
a.s. under P and therefore also under Q. The just proved property Q(Z > 0) =

1 allows division by Z under Q, which then yields Equation (11.10)), as also
EIXZI9] — g[xZ|g). O
Z Z

Remark 11.8 One easily shows that Z = 0 P-a.s. on the set N := {Z = 0}.
Hence E[X Z|G]1y = E[XZ1y|G] = 0 P-a.s. It also follows that Eq[X|G]1xy =0
QQ-a.s. For the conditionally normalized version of Z, Z := 27 it holds that the

conditional expectation E[Z|G] =1 a.s.
In the proof of Proposition [L1.10] we shall use the following lemma.

Lemma 11.9 Let Q be locally absolutely continuous w.r.t. P with density pro-
cess Z and let T be a stopping time. Then for F' € Fr it holds that

QF N{T < o0o}) = EZr1pnir<oot-
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Proof Exercise [I1.4 O

Proposition 11.10 Let X be an adapted process and assume Q locally abso-
lutely continuous w.r.t. P with density process Z.
(i) The process X is a martingale under Q iff the process X Z is a martingale
under P.
(ii) The process X is a local martingale under Q if the process X Z is a local
martingale under P.

(iii) If moreover P is also locally absolutely continuous w.r.t. Q, then the pro-
cess X Z is a local martingale under P if the process X is a local martingale
under Q.

Proof To prove (i) we use Lemma and recall that E[Z,|F,-1] = Zn-1.
Note that Eg|X,| < oo iff E|X,|Z, < co. We have

E[X,Z,|Fn-1]

EQ[XnLanl] = Z 1 )
n_

from which the assertion immediately follows.
(ii) Let (T™) be a localizing sequence for XZ. Then P(lim,, oo 7" < 00) =0
and then also Q(lim, 0 T < 00) = 0 by virtue of Lemma Because

X Zy = X\ ZU + X (Zh — Zrn) L ko) (11.11)

and both(!) terms on the right hand side are martingales (Exercise under
P, we can apply part (i) to deduce that X T" is a martingale under Q. Hence X
is a local martingale under Q.

(iii) Let X be a local martingale under Q and (7™) be a localizing sequence
for it. Then Q(limy, 0o T™ < 00) = 0 and by the argument in the proof of (ii)
also P(lim,, oo T™ < 00) = 0, since IP is given to be locally absolutely continuous
w.r.t. Q. Similar to Equation we have

XPzl" = XTI 2y, — Xoo(Zy — Zrn)1gsrny,s

again with two martingales under P on the right hand side, and so X Z is a local
martingale under P. O

The next theorem may be considered as Girsanov’s theorem in discrete time.

Theorem 11.11 Let M be a local martingale under P and let Q be locally
absolutely continuous w.r.t. P. The processes

1
Me=M—-=.[M,Z
7 (M, Z]

and

— 1
Q._ — .
M*:=M (M, Z)

are well defined under Q and
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(i) MQ is a local martingale under Q, and
(i) if moreover E[|AM,|Z, | Fn_1] < 0o a.s. for all n, then also M@ is a local
martingale under Q.

Proof The property Q(Z, > 0) =1 allows for division by Z,, a.s. under Q.
(i) Let us compute

AM,AZ,
Zn

(Zn, — AZy)

AMR = AM,, —
_ AM,

n

AM,
— Z 1.
7. !

Hence, by Lemma with Z = Z,,, G = F,,_1 and % = % we get
Eo[AM2|F, 1] = E[AM,|F,_1] = 0.
(ii) Recall that A(M, Z),, = E[AM,,AZ,|F,—-1] and

AMOZ), = Z, 1 AM2 + MY | AZ, + AM2AZ,.

Hence
—~ AM, Z — ~
AMOZ),, = Z,_1(AM,, — %) + M2 AZ, + AMOAZ,
n—1
—~ AM,Z
= Zp 1AM, + (M2 | — AM, Z)n >")AZn
n—1

+ AM,AZ, — AM, Z),,.

The first two terms are obviously local martingale differences under P by virtue
of Proposition whereas the same holds true for the difference AM2AZ,, —
A(M, Z),, under the stated assumption, see Section m O

The second assertion of Theorem [[1.11]is the most appealing one, since it allows
to write

—~ 1
M =M®+—— (M, Z),

where the first term is a local martingale under @Q and the second term is
predictable. This gives the (generalized) Doob decomposition of M under Q.
The terms Z and Z_ in the denominator in M@ and M@ are annoying in
the sense that they may be zero with positive P-probability, although with Q-
probability one they are strictly positive. This implies that in general M Q and
MQ are not well defined under P. Clearly, this annoyance disappears under the
additional condition that P and Q are locally equivalent. Alternatively, there
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exists another way to transform the given local martingale under P into a local
martingale under QQ in which all terms involved are also well defined under P.
We use the following notation.

Zy;
o = El{zk—1>0}'

As we observed before, on the set {Z;_1 = 0} also Z; = 0. Hence, adopting the

i 0 _ . 3 _ _Zk
convention g = 0, we may also write ay 7

Theorem 11.12 Let M be a local martingale under P and let Q be locally
absolutely continuous w.r.t. . Assume E[|AMy|ay|F,—1] < oo P-a.s. for all
n > 1. Then the process M@ defined by

MS) =M, — ZE[O&]CAMH.F]Cfﬂ
k=1

is a local martingale under Q.

Proof The proof is analogous to the proof of Theorem[IT.11] With Lemmal[I1.7]
we compute

Eo[AMy|Frn-i1] = E[AM, 0| Fpn-1]-
Hence
Eg[AMR|F,—1] = 0.
Note that we have
Eql| My |Fn-1] < [My1| + E[JAM, |y, | Fn-1] < oo,

Hence also Eg[|M2||F,_1] < oo P-a.s. and therefore M@ is a local martingale
under Q. O

Remark 11.13 Under the assumptions of Theorems[l11.11{and [11.12|one com-
putes

1
EQ[AM,|Foy] = {ZZ’”’%jO}]E[AMnAZnU-'n_l].

Hence, in this case the processes MQ and M@ are the same under Q.

In the remainder of this section we assume that P and Q are locally equivalent.
Then all Z,, are positive under P. Define the process u by o = 1 and

_ AZ,

Auy, :
a Zn—l

> —1.
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Obviously, u is a a martingale under P. One immediately checks that
Z=14+Z_-p.

Hence for any process X, we find [Z, X] = Z_ - [u, X], and if (Z, X) exists, we
even have (Z,X) = Z_ - (u, X). Under the assumptions of Theorem [11.11] (ii)
we then find the simple expression, of course meaningful under both P and Q,

M@ = M — (u, M). (11.12)

11.4 Exercises

11.1 Consider a probability space (€2, F,P). Suppose X > 0 and that G is a
sub-o-algebra of f . Then there exists a G-measurable random variable X such
that EX1g = EX1¢ for all G € G.

11.2 Consider a probability space (2, F,P) and let {A,,n > 1} be a measurable
partition of Q with P(4,,) = 27". Let (Z,) be a sequence of random variables,
independent of the A,, with P(Z, = £2") = 1. Put Y, = }1" | 14,7 for
n > 1, Y, the a.s. limit of the Y,,, as well as Xg =0 and X,, = Y if n > 1,
T" =o0- 1{U1§k§nz4k}'

(a) Show that Y, is well defined and finite a.s. What is it?

(b) Show that X! =Y, for k > 1.

(c) Show that X" is a martingale for every n.

(d) Show that X is not integrable (and hence X is not a martingale).

11.3 Prove Equation (11.9) for local martingales X and Y satisfying
E[AX2|Fi—1] < oo and E[AY,2|F;—1] < oc.

11.4 Prove Lemma [11.9
11.5 Prove Proposition [11.5

11.6 Show that the process {X7+(Zx — Zr=)1l{p>7n}, K > 0} in the proof of
Proposition [11.10]is a martingale under P.

11.7 Let Y1, Y5, ... : © — R be #d random variables that have a normal N (6, o)
distribution under a probability measure P. We use the filtration of o-algebras
Fn=0(Y1,...,Y,) and F = Fy. Clearly, M defined by M,, = >, _, (Vi — )
is a martingale, even square integrable. Let for some #; € R and n > 1

61

- 90 - n 2 2
Zn :eXp( 0_2 ;Yk‘FQ(GO —91)).
(a) Show that Z = (Z,,) is martingale. What is EZ,,?

(b) The Z, can be taken as densities, Z, = ﬁ%:. Use Theorem |11.11] or

Equation (11.12)) to determine MO,
(¢) The Q™ can be seen as restriction of a probability measure Q on (€2, F) to

Fn. Is Q < P?
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12 Weak convergence

In this chapter we encounter yet another convergence concept for random vari-
ables, weak convergence. Although the origin of the terminology is in functional
analysis, fortunately weak convergence is also weaker than the other kinds of
convergence for random variables that we have seen sofar. First we sketch a
functional analytic background of weak convergence. After that we go back to
our probabilistic environment.

Consider a complete normed vector space (X, ||-||), a Banach space, and let X*
be the vector space of all continuous linear functionals 7' : X — R, also called
the (strong) dual space of X. The operator norm of T' € X* is defined as

17 = sup{ 2 12 # 0.

||
It is known that a linear functional is continuous iff it has finite norm. Note
that we use the same symbol || - || to denote both the norm on X and the one
on X*. Tt follows that for all z € X one has |Tz| < ||T||||z||. One can show
that (X*,||-||) is a Banach space. Let (x,) be a sequence in X that converges
to z in norm, ||z, —z|| = 0. If T € X*, we then have

|Tx, — Tz| < ||T||||zn — x|| — 0. (12.1)

If a sequence (x,,) satisfies for some z € X and all T' € X*, we say that
Ty converges to x weakly.

Now we mimic the above by taking ¥ = X* as the basic space and along
with Y we consider Y*, also denoted by X**. A sequence of operators (T,,) C Y
then strongly converges to T' € Y, if ||T,, — T|| — 0. Of course, we then also
have for all y* € Y* that

ly* T, — y*T| — 0. (12.2)

Parallelling the above, we say that T}, converges weakly to 71" if holds for
all y* € Y.

Let’s have a look at some special linear operators in Y* = X**. Let T' € X*
and z € X. Define 2(T) = Txz. We can view z(-) as an element of X**, which is
easy to check. A sequence (T},) C X* which weakly converges to T' € X*, then
also satisfies for y* = z(-) and we have

|Thx — Tx| — 0, Vo € X. (12.3)

If happens, we say that T, converges to T in the weak* sense. This
convergence is by construction weaker than weak convergence, and in general
strictly weaker.

Let’s look at a more concrete situation. Consider C'(R), the space of con-
tinuous functions and we take as a norm on this space, the sup-norm, ||f|| =
sup{|f(z)| : = € R}. We take X as the subset of C(R) consisting of functions
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with finite norm. Note that every f € X is bounded. We write C,(R) for this
space. One easily checks that Cy(R) is a linear space and one can verify by a
direct argument that it is complete. This is also known from Theorem [4.49]
upon noticing that Cy(R) is a closed subspace of L>®(R, B, \).

Probability theory comes in when we look at special operators on Cp(R),
originating from probability measures on (R, B). Although in this chapter we
will confine ourselves mainly to (R, B), occasionally we will hint at a more
general context. If p is such a probability measure, we view the integral p :
f — u(f) as a linear functional. It is easy to check that every p, viewed as a
functional, has norm ||u|| = 1. Notice that the space of probability measures
on (R, B) is not a vector space, but only a convex set. The encompassing vector
space is the set of all signed finite measures. Following the above scheme, weak*
convergence for a sequence of probability measures (i) means p,(f) — u(f),
for all f € Cp(R). However, in probability theory, it has become a convention
to speak of weak convergence of a sequence of probability measures instead
of weak® convergence, partly because the above notion of weak convergence
turns out to be too strong and not useful for certain purposes, see further
down in this chapter. One may view Cy(R) as a space of test functions. Other
choices for of test functions are also possible, for instance the space of continuous
functions with compact support, Ck (R), or the space of continuous functions
that converge to zero at £oo, Co(R). One can show that for convergence of
probability measures on (R, B), the definition of convergence by using any of
these collections yields the same convergence concept. To define convergence of
a more general (signed) measures (possibly even defined on more general metric,
or even topological spaces, with the Borel o-algebra), the use of the different
test function lead to different convergence concepts. To distinguish between
these, different names are used. What we have just called weak convergence
is then called narrow convergence, whereas the name weak convergence is then
reserved for Cp(R) as the space of test functions. In fact, a theorem by Riesz
says that the dual space of Cyp(R) can be identified with the space of all signed
measures on (R, B), which makes Cy(R) in a sense more natural to work with, if
one considers weak convergence. On the other hand, we shall characterize weak
convergence of probability measures by their action on a relatively small but
rich enough collection of functions that are not in Cy(R), see Theorem

Below we will adhere to the custom followed in probability theory.

12.1 Generalities

Here is the formal definition of weak convergence of probability measures on
(R, B) and of a sequence of random variables.

Definition 12.1 Let p, p41, o, - . . be probability measures on (R, B). It is said

that p1,, converges weakly to u, and we then write p, — p, if g, (f) — p(f) for
all f € Cy(R). If X, X, Xs,... are (real) random variables (possibly defined
on different probability spaces) with distributions g, p1, fia, . . . then we say that
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X,, converges weakly to X, and write X,, — X if it holds that p, — u. In this
case, one also says that X, converges to X in distribution.

Other accepted notation for weak convergence of a sequence of random variables

is X, 4 x , one says that X,, converges to X in distribution. Later we will see
an appealing characterization of weak convergence (convergence in distribution)
in terms of distribution functions, which makes the definition less abstract. Look
at the following example, that illustrates for a special case, that there is some
reasonableness in Definition Let (z,) be a convergent sequence, suppose
with limz, = 0. Then for every f € Cp(R) one has f(z,) — f(0). Let py, be
the Dirac measure concentrated on {x,,} and p the Dirac measure concentrated
in the origin. Since p,(f) = f(z,), we see that u, — p.

One could naively think of another definition of convergence of (probability)
measures, for instance by requiring that p,(B) — u(B) for every B € B, or
even by requiring that the integrals p,(f) converge to u(f) for every bounded
measurable function. It turns out that each of these requirements is too strong
to get a useful convergence concept. One drawback of such a definition can be
illustrated by the above example with the Dirac measures. Take B = (—o0, z]
for some # > 0. Then for all n > 1/z, we have p,(B) = 1p(1) = 1 and
w(B) = 1p(0) = 1. For x < 0, we get that all measures of B are equal to
zero. But for B = (—00,0], we have p,(B) = 0 for all n, whereas u(B) = 1.
Hence convergence of p,(B) — p(B) doesn’t hold for this choice of B. If F,
is the distribution function of u, and F' that of p, then we have seen that
F,(x) = F(z), for all x € R except for x = 0.

Suppose that a random variable X has distribution p. Recall from Propo-
sition that Ef(X) = Ef o X = [ fdu. It follows that X, = X iff
Ef(X,) — Ef(X) for all f € Cp(R). Note that X and the X,, need not be
defined on the same probability space, but that an expectation doesn’t depend
on the underlying probability space, only on the law of the random variable
involved.

Next we give the relation between weak convergence and other types of conver-
gence. The proposition says that weak convergence is indeed weaker than other
types of convergence that we encountered.

Proposition 12.2 Let the random variables X, X1, X5, ... be defined on a sin-
gle probability space. If X, 3 X or if X,, — X, then X, % X. If X,, % X

and g : R — R is continuous, then also g(X,) — ¢(X). Finally, if X,, = =,
where x € R is a constant random variable, then also X, Lo
Proof Assume X, ¥ X. If f € Cy(R), then also f(X,) *3 f(X). Since

f is bounded, we can apply the Dominated Convergence Theorem to get the
assertion. The remainder of the proof is left as Exercise [12.1 O

One could guess that checking weak convergence of a sequence of random vari-
ables may be a hard job, one needs to work with all functions in Cy(R). For-
tunately there is a fine characterization in terms of distribution functions, and
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these are the objects that we are quite familiar with. As a first result, we have
the following proposition. Recall the notation F(z—) = limy, F/(y).

Proposition 12.3 Let p, i1, 2. ... be a sequence of probability measures on
(R, B) and let F, Fy, Fs, . .. be their distribution functions. Assume that i, ~ .
Then one has limsup F,,(x) < F(x) for all x € R and liminf F,,(z) > F(z—)
for all © € R. In particular, lim F,,(z) = F(x) for all x € Cp, the set of points
where F' is continuous.

Proof By definition, F(z) = pu((—00,z]) = [1(_c 4 dp, an integral of the
discontinuous function 1(_ .. In order to connect to the definition of weak
convergence, we approximate the indicator with continuous functions as follows.
Let z € R, € > 0 and define g by g(y) = 1ify <z, g(y) =0, if y > 2+ and by
linear interpolation on (x,z+¢). Then g € C3(R) and 1(_ 2] < 9 < L(— oo z4e]-
Therefore we have

Fo(2) < pnlg) < Frlz +e),
F(z) < pug) < Fz +e).

Hence, from the postulated weak convergence we have
limsup Fy, () < limsup p,(9) = p(g) < F(z +¢).

Letting ¢ | 0, we get by right-continuity of F' that limsup F,,(z) < F(z).
To prove the statement concerning the liminf we use

liminf F, (z + ¢) > liminf u, (g9) = p(g) > F(x).

Since this holds for all € R, we rename x + € as z to obtain liminf F, (z) >
F(x —¢). Let € { 0. The final statement then also follows. O

If in Proposition the limit function F' is continuous, then convergence of F,
to F' is even uniform, see Exercise [12.13] This proposition also has a converse
statement, which can be directly proved, see Exercise but we prefer to
let it follow from Skorohod’s representation theorem, Theorem [12:4] as a trivial

consequence. Note that this theorem is a subtle kind of converse to Proposi-
tion [12.2)

Theorem 12.4 Let F, Fy, Fs, ... be distribution functions satisfying F,(z) —
F(z) for all x € Cp. Then there exists a probability space (Q, F,P) and random
variables X, X1, Xo, ... defined on it such that X has distribution function F,
the X,, have distribution functions F,, and X,, *5 X.

Proof Look back at Theorem and its proof. We take ([0,1],B, ) as our
probability space and we consider the random variables X~ and X, (n > 1),
the definition of them should be clear. Along with these random variables we
also need Xt (w) = inf{z : F(z) > w} and the similarly defined X, (w). Fix
w € (0,1) and take z € Cp with z > X+ (w). Then F(z) > w and by the assumed
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convergence, eventually all F,(z) > w. It follows that z > lim sup X, (w). Since
this holds for all z € CF, we can choose a sequence of them (there is plenty
of choice, since the complement of C'r is at most countable) that decreases to
X*(w) to obtain Xt (w) > limsup X, (w). Similar reasoning yields X~ (w) <
liminf X, (w). Since X, (w) < X,/ (w), we deduce X~ (w) < liminf X,/ (w) <
limsup XM (w) < X (w). By Exercise we know that A\({X~ < X*}) =0

and we thus conclude that liminf X,/ = limsup X,) = X on {X~ = X},
which has probability one. Hence the X,, and X in the assertion can be taken
as X, = X;F and X = X+t (oras X, = X,, and X = X ). O
Corollary 12.5 Let p, 1, o, ... be probability measures on (R,B) with dis-
tribution functions F, Fy, F5, . ... Equivalence holds between

(i) F,(z) — F(z) for all x € Cr and

(ii) pin = p.

Proof In view of Proposition it is sufficient to establish (i) = (ii). This
implication follows by combining Proposition [I2.2] and Theorem [12.4] O

Here is a result that gives an appealing sufficient condition for weak convergence,
when the random variables involved admit densities.

Theorem 12.6 Consider real random variables X, X1, Xo, ... having densities
fy f1, f2,... w.r.t. Lebesgue measure A. Suppose that f, — f A-a.e. Then
X, 5 X.

Proof We apply Scheffé’s lemma, Lemma [£:20] to conclude that f, — f in
LYR,B,)\). Let g € Cyp(R). Since g is bounded, we also have f,g — fg in
LY(R,B,\) and hence X,, % X. O

The Bolzano-Weierstrafl theorem states that every bounded sequence of real
numbers has a convergent subsequence. The theorem easily generalizes to se-
quences in R™, but fails to hold for uniformly bounded sequences in R*. But
if extra properties are imposed, there can still be an affirmative answer. Some-
thing like that happens in the next theorem that is known as Helly’s selection
theorem. It is convenient to introduce the concept of defective distribution
function. Such a function, F say, has values in [0,1] is by definition right-
continuous, increasing but at least one of the two properties lim, o, F(z) =1
and lim, ,_, F(x) = 0 fails to hold. The measure p corresponding to F' on
(R, B) will then be a subprobability measure, p(R) < 1.

Theorem 12.7 Let (F),) be a sequence of distribution functions. Then there
exists a, possibly defective, distribution function F and a subsequence (Fy, )
such that F,, (x) — F(z), for all z € Cp.

Proof The proof’s main ingredients are an infinite repetition of the Bolzano-

Weierstrafl theorem combined with a Cantor diagonalization. First we restrict
ourselves to working on Q, instead of R, and exploit the countability of Q.
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Write Q = {q1, g2, - . .} and consider the F,, restricted to Q. Then the sequence
(F,.(q1)) is bounded and along some subsequence (n},) it has a limit, ¢(q;) say.
Look then at the sequence F,1(g2). Again, along some subsequence of (nt.), call
it (n?), we have a limit, ¢(¢2) say. Note that along the thinned subsequence, we
still have the limit limy_,o F)2 (1) = ¢(q1). Continue like this to construct a

nested sequence of subsequences (n{c) for which we have that limy_, o F"f; (¢:) =
¢(g;) holds for every i < j. Put ny = n}, then (ny) is a subsequence of (nf)
for every i < k. Hence for any fixed 4, eventually ny € (n%). It follows that for
arbitrary ¢ one has limyg_o iy, (¢;) = €(¢;). In this way we have constructed
a function ¢ : Q — [0,1] and by the monotonicity of the F, this function is
increasing.

In the next step we extend this function to a function F' on R that is right-
continuous, and still increasing. We put

F(z) =inf{l(q) : ¢ € Q, ¢ > x}.

Note that in general F(q) is not equal to £(q) for ¢ € Q, but the inequality
F(q) > ¢(q) always holds true. Obviously, F' is an increasing function and
by construction it is right-continuous. An explicit verification of the latter
property is as follows. Let x € R and € > 0. There is ¢ € Q with ¢ > =
such that ¢(¢) < F(z) +e. Pick y € (z,¢). Then F(y) < ¢(¢q) and we have
F(y) — F(x) < e. Note that it may happen that for instance lim,_,, F(z) < 1,
F' can be defective.

The function F' is of course the one we are aiming at. Having verified that
F is a (possibly defective) distribution function, we show that F,, () — F(x)
if z € Cp. Take such an x and let € > 0 and ¢ as above. By left-continuity of F'
at x, there is y < x such that F(z) < F(y) + . Take now r € (y,xz) N Q, then
F(y) < {(r), hence F(x) < £(r) +¢. So we have the inequalities

Uq)—e < F(x) < {(r)+e.

Then limsup F,, (z) < limF,, (¢) = 4(¢) < F(z) + ¢ and liminf F,,, (z) >
liminf F,, (r) = £(r) > F(x) — . The result follows since ¢ is arbitrary. O

Here is an example for which the limit is not a true distribution function. Let
tn be the Dirac measure concentrated on {n}. Then its distribution function
is given by F,(x) = 1}, 00)(%) and hence lim, o Fi,(z) = 0. Hence any limit
function F' in Theorem has to be the zero function, which is clearly defec-
tive.

Translated into terms concerning probability measures on (R, B), the propo-
sition seems to say that every sequence of probability measures has a weakly
converging subsequence whose limit 4 is a subprobability measure, p(R) < 1.
In topological terms this would mean that the family of probability measure
is relatively sequentially compact (w.r.t. topology generated by weak conver-
gence). But look again at the example with the Dirac measures. The integral
tn(f) is equal to f(n), which has in general no limit for n — oo, if f € Cp(R),
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although the zero measure is the only possible limit. There are a number of
ways to circumvent the problem. One of them is to replace in the definition of
weak convergence the space Cp(R) with the smaller set Cy(R). Another way-
out is to look at probability measures on the Borel sets of [—00, 00]. The space
C([—00,0]) can be identified with C[0,1] and in this space every continuous
function automatically has limits at the boundary points. For the sequence of
Dirac measures, we would then have the Dirac measure concentrated on {oo}
as the limit and weak convergence holds again.

The example with the Dirac measures also provides another insight why the
limit is only a defective distribution function, the point masses at n ‘disappear’
from R as n tends to infinity. A possible way out to prevent this phenomenon
is by requiring that all probability measures involved have probability one on
a fixed bounded set. This is too stringent, because it rules out many useful
distributions. Fortunately, a considerably weaker assumption suffices. For any
probability measure p on (R, B) it holds that limps_, o p([—M, M]) = 1. If F'is
the distribution function of 1, we equivalently have limps oo (F(M)—F(—M)) =
1. Note that F(M) — F(—M) = u((—M, M]). The next condition, tightness,

gives a uniform version of this.

Definition 12.8 A sequence of probability measures (u,) on (R, B) is called
tight, if limpsy o0 inf, pn ([—M, M]) = 1.

Remark 12.9 Note that a sequence (u,) is tight iff if every ‘tail sequence’
(ttn)n>n is tight. In order to show that a sequence is tight it is thus sufficient to
show tightness from a certain suitably chosen index on. Tightness of a sequence
is also a necessary condition for weak convergence, as we shall see later. Recall
that a distribution function F' has at most countably points of discontinuity and
that p({z}) > 0 iff = is a discontinuity point of F'. In this case {z} is called an
atom of p.

Proposition 12.10 Weak convergence and tightness are related as follows.

(i) Let () be a sequence of probability measures that weakly converges to
a probability measure p on (R, B). Then (p,) is tight.

(ii) Let (F,) be the distribution functions of a tight sequence of probabil-
ity measures (u,) on (R,B). Then there exists a (proper) distribution
function F' and a subsequence (Fy, ) such that F,, (x) — F(z), for all
x € Cp. Equivalently, there exists a probability measure p on (R, B) and
a subsequence (i, ) such that pi,, — .

Proof (i) Fix £ > 0 and choose M > 0 such that u([—M, M]) > 1 — . Since
the collection of all atoms of all u,, is at most countable, we can choose M such
that it is not an atom of any u,, and not of u. If F' and F,, are the corresponding
distribution functions, we thus have that F,,(+M) — F(£M). Hence, there is
N > 0 such that |F,(£M) — F(£M)| < € for n > N. For these n we then
have by the triangle inequality that p, ([—M, M]) > 1 —3e. Hence the sequence

(Nn)n>N is tight-
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(ii) The tightness condition means that for all € > 0 we can find M > 0 such
that g, ([—M, M]) > 1 — € for all n. Again we may assume that the singletons
M and —M are no atoms of all the probability measures involved. Take a
subsequence as in Theorem [12.7]and choose N such that |F,, (£M)—F(£M)| <
¢ for n, > N. Then F(M) = (F(M)—F,,(M))+ F,, (M) > 1—2¢ and likewise
F(—M) < 2¢. It follows that F' is not defective. O

All definitions and results so far generalize without difficulties to (weak) con-
vergence of sequences of random vectors with values in R™, although some care
must be taken in formulating the statements about convergence of distribution
functions at points where the limit is continuous. Take this for granted or verify
it, if you want. Here is a useful warning. If you know of two sequences of random
variables that X,, = X and Y,, 5 Y, it tells you a priori nothing about weak
convergence of the random vectors (X,,,Y,,), simply because nothing is known
of the joint distribution of the (X,,Y,). Under extra conditions something can
be said though.

Proposition 12.11 Assume for simplicity that all random variables below are
defined on the same space.

(i) If (X,,) and (Y;,) are independent sequences with X,, > X and Y;, =Y,
then also (X,,,Y,) = (X,Y).

(i) If (X,) and (Y,) are sequences of random variables with X,, — X and
Y,, %y, where y € R a constant, then also (X,,Y,) — (X,y).

(iii) In any of the previous cases, one also has weak convergence of (g(X,,Y,))
for a continuous g : R> — R. In particular there holds weak convergence
for X, +Y,.

Proof Exercise [12.2] O

We close this section with presenting some results that apply to a rather general
setting, probability measure defined on separable metric spaces (S, d) endowed
with the Borel o-algebra.

Weak convergence can be characterized by a great variety of properties, we
present some of them in the next theorem, known as the portmanteau theorem.
Recall that the boundary OF of a set E in a topological space is 0F = C1E \
Int E.

Theorem 12.12 Let u, 1, po, ... be probability measures on a metric space
(S,d). The following statements are equivalent.
(i) o = po.

(ii) limsup,,_, ., tn(F) < p(F) for all closed sets F'.
(iii) liminf, oo pn(G) > u(G) for all open sets G.
(iv) limy, o0 pin(E) = u(E) for all sets E with u(0F) = 0.
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Proof We start with (i)=(ii), the proof of which is similar to the one of Propo-
sition We construct a function that is one on F', and zero just a bit away
from it. Let 6 > 0. If z ¢ F, then d(x, F') > 0. Define g by

0 if d(z,F) >
9WV—{1m%FV5 if d(z, F) < 6.

The key observation is that 1r < g < 1ps, where F° = {z € S : d(z,F) < 6}
and so the rest of the proof is basically as before.

(ii)<(iii) is almost trivial. Knowing this, the implication (iii)=-(iv) is easy.

(iv)=-(i) The proof of this implication roughly follows a pattern needed in
Exercise[12.5] Let ¢ > 0, g € Cy(S) and assume that 0 < g < B for some B > 0.
Let D = {z € R: u({g = x}) > 0}. So, D is the set of atoms of g and hence it
is at most countable. Let 0 = 2y < ... < z,, = B be a finite set of points not
in D such that max{zy —xp_1 : k= 1,...,m} < e. Let I, = (x_1,2x] and
Jr = g7 '[Ix]. The continuity of g implies that 8Jy C g~ '[{zx_1,2%}]. Hence
W) = 0. Let § = Y7, oLy, Then |un(3) — u(@)] < Sy wilin (i) -
w(Jg)|, which tends to zero as n — oo by assumption. Since 0 < § — g < g, we
have 0 < pu(g) — pu(g) < e and 0 < pp(§) — pn(g) < € for all n. Use the triangle
inequality twice to obtain

limsup |pn(g) — 1(g)] < 2e.

n—oo

This finishes the proof. ]

12.2 The Central Limit Theorem

Let (Q,F,P) be a probability space. We will assume that all random vari-
ables that we encounter below are defined on this space and real valued. Let
X, X1, Xo, ... be random variables and recall that X,, — X can be cast as

Ef(X,) — Ef(X), Vf € Cy(R). (12.4)

As a matter of fact one can show that weak convergence takes place, if
holds for all bounded wuniformly continuous functions (Exercise . In the
present section we take this as our characterization of weak convergence.

Our goal is to prove Theorem [I2.16] for which we need a couple of prepara-
tory results. The approach followed in this section is based on smoothing by
convolution and small disturbances. In the sequel || f|| denotes the sup norm of
a function f.

Lemma 12.13 Let X and Y be random variables and f a bounded uniformly
continuous function. Then, for all € > 0, there exists § > 0 such that

Ef(X) —Ef(X+Y)| <e+2([f[P(Y]=9). (12.5)
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Proof Let e > 0 be given and choose 0 > 0 such that | f(z)— f(y)| < € whenever
|z —y| < d. Then

EF(X) — Ef(X +Y)| < E(Lgy <5 | F(X) = F(X +Y)))
T+ E(Ly s (FCO] + (X +V)))
< e+ 2|f]|B(IY] > 9).

O

Lemma 12.14 LetY, X, X1, X5, ... be random variables such that for all o > 0
it holds that X,, + oY % X + oY. Then also X,, % X (the 0 = 0 case).

Proof Let f be a bounded uniformly continuous function, € > 0 be given and
choose § > 0 as in the previous lemma. From ([12.5)) it follows that

EF(X) ~Bf(X +0Y)| <=+ 27| B(Y] > )

and

Ef(X,) — Ef(X, + oY) <e+2/|f]| B(Y]| > g),

Now we consider

[EF(Xa) ~ EF(X)] < [Ef(X) ~ Ef(Xo + o)
+|Ef(X, +0Y)—Ef(X +0Y)]
+[ES(X) ~ Ef(X + oY)

<2+l 7 B(Y| > )

+Ef(X, +0Y)—-Ef(X +0Y)|.

By assumption, the last term tends to zero for n — co. Letting then o | 0,
we obtain limsup,, |Ef(X,) — Ef(X)| < 2e, which finishes the proof, since ¢ is
arbitrary. O

For small o, we view X 4 oY as a perturbation of X. Let us take a standard
normally distributed random variable Y, independent of X and the X,,. Notice
that Z := X + oY given X = z has a N(z,0?) distribution. Let f be bounded
and uniformly continuous. Then Ef(X 4 oY) = EE[f(Z)|X] and

E[f(Z)|X =] = / N £e)- 1% exp( g (2~ 1)%) dz = [,(x). (12.6)
Hence
Ef( X +0Y)=Ef,(X). (12.7)
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Let p,(x) = \/2;7 exp(—52z%), the density of a N(0,0?) distributed random
variable. The function f, is obtained by convolution of f with the normal den-
sity ps. By the Dominated Convergence Theorem, one can show (Exercise
that f has derivatives of all orders given by

1w = [ T H P - 2) de. (12.8)

Hence f, is a smooth function. Write C* for the class of bounded functions
that have bounded derivatives of all orders. Examples of such function are p,
and f,. We have already weakened the requirement for weak convergence that
convergence is assumed to hold for expectations involving uniformly continuous
functions. The next step is to drastically reduce this class of functions.

Theorem 12.15 Let X, X1, X5,... be random variables. The weak conver-
gence X, % X takes place iff Ef(X,) — Ef(X), for all f € C*.

Proof Suppose that Ef(X,) — Ef(X), for all f € C*°, then it holds in par-
ticular for any f, obtained from a uniformly continuous f as in (12.6]). In view
of (12.7), we have Ef(X, + oY) — Ef(X 4 oY) for all bounded uniformly

continuous f, so X, + oY = X + oY for all ¢ > 0. Now Lemma [12.14] applies.
O

As a final preparation for the proof of the Central Limit Theorem we proceed
with some analytic technicalities that eventually lead to the crucial inequal-

ity (12.12)). Let f € C* and put
1
R(z,y) = f(z +y) = f(@) = yf'(@) = 5v°f"(@).
Replacing x and y above by independent random variables X and Y and taking

expectations, then yields

Ef(X+Y)—Ef(X)-EYEf(X)— %]EYQ Ef"(X)=ER(X,Y).

Let W be another random variable, independent of X, and assume that EW =
EY and EW? = EY?2. Then a similar equality is valid and we then obtain by
taking the difference the inequality

Ef(X+Y)-Ef(X+W)|<E[RX,Y)| +E|IR(X,W)| (12.9)

We are now going to find bounds on the remainder terms in this equation. The
mean value theorem yields for any = and y that R(x,y) = %y“?’f”’(ﬁl(x,y)) for
some 6 (z,y) between z and x + y. Alternatively, we can express R(x,y) by
another application of the mean value theorem as

R(e,) = f(z+9) = (@)~ uf () = 520" () = 592" @al ) — (),
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for some 65 (z,y) between z and x +y. Let C = max{||f”||, ||/"||}. Then we
have the estimate |R(z,y)| < Cly|?, as well as for every & > 0 the estimate

[R(z,y)| < CUylPLyyi<ey + ¥ 1qy561) < CYP(e + Lypsep)-
Hence we have the following bounds on E|R(X,Y)]:

E|R(X,Y)| < CE|Y|? (12.10)
and

E|R(X,Y)| < C(eEY? + EY?1{y|>e}). (12.11)

The proof of the Central Limit Theorem is based on the following idea. Consider
a sum of independent random variables S = Z?:l &, where n is ‘big’. If we
replace one of the ¢; by another random variable, then we can think of a small
perturbation of S and the expectation of f(S) will hardly change. This idea will
be repeatedly used, all the ¢; that sum up to S will be step by step replaced
with other, normally distributed, random variables. We assume that the £; have
finite second moments and expectation zero. Let 7,...,n, be independent
normal random variables, also independent of the {;, with expectation zero and
Enjz. = Esz». Put Z = Z}l:l 7n; and notice that also Z has a normal distribution
with variance equal to Z?:l Esz. We are interested in Ef(S) — Ef(Z). The
following notation is convenient. Put X, = Ef;ll P> j+1Mi- Notice that
S:Xn—an and Z:X1+771 and Xj —|—§] :Xj+1 —|—T]j+1 for 1 SJS n—1.
These facts and an application of yield

[Ef(S) —Ef(Z)] = [Ef (Xn + &) — Ef (X1 +m)|

= IE(éﬂXj +&5) - zlf(Xj +&)
" éf(Xj ) - ilﬂx] )l
- IE(z:;f(X] ve) - éﬂxj )l
< Z EF(X; +&) —~ EF(X; + )
< Xn:]E|R(Xj,§j)| +EIR(X;, ;). (12.12)

1

<.
Il

Theorem 12.16 (Lindeberg-Feller Central Limit Theorem) Assume for
each n € N the random variables &1, . ..,&uk, are independent with E&,; = 0
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and 2?21 Var&,; = 1. Let for every e >0

kn

Lo(e) = Y E[E e, 152}

j=1

Suppose that the Lindeberg condition holds: L,(¢) — 0 as n — oo for every
e>0. Then S, := Y5, &; -5 Z, where Z has a N(0,1) distribution.

Proof Let S, = Zf;l &nj and let m,; (j =1,...,k,, n € N) be a double array
of zero mean normal random variables, independent of all the &,;, such that also
for every n the n,; (j =1,...,k,) are independent and such that Enfu Eﬁw

Let Z,, = Z?;l Mnj- Notice that the distributions of the Z,, are all standard
normal and thus Ef(Z,) = Ef(Z) for every f in C*°. Recall Theorem [12.15
Take such f € C* and apply (12.12)) to get

[Ef(Sn) —Ef(Z)] = [Ef(Sn) —Ef(Z0)]

Fn
< D EIR(Xng, &)l + EIR(Xnj, m0j)l, (12.13)

Jj=1

with an obvious meaning of the X,,;. For the first error terms in ((12.13)) we use

the estimate of (12.11)) which yields E Y%" ) E|R(X,j,05)| < C(e + Ln(e)). In
view of the Lindeberg condition, this term can be made arbitrarily small. We
now focus on the second error term in (12.13). Let aflj = Efij = ]En?lj and

use (|12.10)) to obtain
ZE‘R njsTnj |<CZE‘T]7U| _CZU E[N(0,1) |

To finish the proof, we first observe that

max oy = max BEL; = max B, (Lje,, <o) + Ljen1>2)) < &%+ La(e).

Hence (use Z] yon;=1)

kn kn

Zafw < max oy, Za%j < (2 + Ly (e)Y/2.

j=1 j=1

And, again, this term can be made arbitrarily small, because of the Lindeberg
condition. O

12.3 Exercises

12.1 Prove the remaining assertions of Proposition [12.2
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12.2 Prove Proposition [I2.11]

12.3 Show, using the Dominated Convergence Theorem, that ((12.8]) holds.
Show also that all the derivatives are bounded functions.

12.4 Show that X,, = X iff Ef(X,,) — Ef(X) for all bounded uniformly con-
tinuous functions f. Hint: for one implication the proof of Proposition [12.3] is
instructive.

12.5 Show the implication F,(z) — F(z) for all z € Cr = p, — p of Corol-
lary without referring to the Skorohod representation. First you take for
given € > 0 a K > 0 such that F(K) — F(—K) > 1 —e. Approximate a
function f € Cy(R) on the interval [-K, K| by a piecewise constant function,
compute the integrals of this approximating function and use the convergence
of the F,(x) at continuity points of F etc.

12.6 Suppose that X,, — X and that the collection {X,,,n > 1} is uniformly
integrable (you make a minor change in the definition of this notion if the X,
are defined on different probability spaces). Use the Skorohod representation to
show that X,, = X implies EX,, — EX.

12.7 Show the following variation on Fatou’s lemma: if X,, = X, then E|X| <
liminf, o E|X,].

12.8 Show that the weak limit of a sequence of probability measures is unique.

12.9 Consider the N(u,,02) distributions, where the p, are real numbers and
the 02 nonnegative. Show that this family is tight iff the sequences (u,,) and (02)
are bounded. Under what condition do we have that the N (j,,,02) distributions
converge to a (weak) limit? What is this limit?

12.10 The classical Central Limit Theorem says that ﬁ Z?:l(Xj —u) =

N(0,1), if the X; are #id with EX; = g and 0 < Var X; = 0% < co. Show that
this follows from the Lindeberg-Feller Central Limit Theorem.

12.11 For each n we have a sequence &1, . . ., &qk,, of independent random vari-
ables with E€,; =0 and Y57, Varg,; = 1. If

kn
ZE\ﬁnj|2+5 — 0 as n — oo for some § > 0, (12.14)
j=1

then ngl €,; — N(0,1). Show that this follows from the Lindeberg-Feller
Central Limit Theorem[12.16{ Condition (|12.14)) is called Lyapunov’s condition.

12.12 Let X7, Xo, ..., X, be an iid sequence having a distribution function F', a
continuous density (w.r.t. Lebesgue measure) f. Let m be such that F(m) = %

Assume that f(m) > 0 and that n is odd, n = 2k — 1, say (k = 1(n+1)).
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(a) Show that m is the unique solution of the equation F(x) = % We call m
the median of the distribution of Xj.

(b) Let X1y = min{Xy,..., X}, X2y = min{Xy,..., X} \ {X1)}, etc. The
resulting X1y, X(2), ..., X() is called the ordered sample. The sample
median M, of Xi,..., X, is by definition X (). Show that with U,; =

1{Xj <m4n—1/2x} we have

P(n'/?(M, —m) < 2) =P(>_ Upn; > k).

J

(c) Let p, = EU,; = P(X; < m+ n=2z), b, = (npn(1 — pn)) 1/2 nj =
(Unj = pn)/bn, Zn Z _1&nj» tn = (k —npy,)/b,. Note that p, € (0,1)
for n large enough. Rewrlte the probabilities in part m as P(Z, > t,)
and show that ¢, — ¢t := =2z f(m).

(d) Show that P(Z, > t) — 1 — ®(¢), where ® is the standard normal distri-
bution.

(e) Show that P(Z,, > t,,) = ®(2f(m)x) and conclude that the Central Limit
Theorem for the sample median holds:

2f (m)n*/2(M,, —m) = N(0,1).

12.13 Consider the situation of Proposition [12.3| and assume that F' is contin-
uous. For given n € N, select zj, such that F(zx) = £ with k € {1,...,n — 1}
and take x¢g = —o00, x,, = 00.

(a) Show that for all x € R it holds that

1
|Fm(z) = F(2)] < sup [Fn(zg) = Flep)| + —
0<k<n n

(b) Deduce that sup,cp |Fm(z) — F(z)] — 0 for m — oo.
(c) Give an example (with discontinuous F') such that the convergence of F,,
to F' is not even uniform on the complement of C'r.

12.14 Prove the following generalization of Proposition A sequence ()
of probability measures on (R, B) is tight iff it is weakly sequentially compact,
i.e. any subsequence of (i, ) has a further subsequence that is weakly converging
to a probability measure p. (This equivalence is a special case of Prohorov’s
theorem for probability measures on complete separable metric spaces.)
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13 Characteristic functions

‘Characteristic functions are characteristic’. In this chapter we will explain
what this statement means and why it is true. We develop some theory for
characteristic functions, primarily with the goal to apply it to prove by other
means a Central Limit Theorem.

13.1 Definition and first properties

Let X be a random variable defined on (2, F,P). As we have seen in Chapter |3}
X induces a probability measure on (R, B), the law or distribution of X, denoted
e.g. by PX or by pu. This probability measure in turn, determines the distribu-
tion function F' of X. We have seen in Theorem that, conversely, F' also
determines PX. Hence distribution functions on R and probability measures on
(R, B) are in bijective correspondence. In this chapter we develop another such
correspondence. We start with a definition.

Definition 13.1 Let u be a probability measure on (R, B). Its characteristic
function ¢ : R — C is defined by

o(u) = / e p(da). (13.1)
R
Whenever needed, we write ¢,, instead of ¢ to express the dependence on p.

Note that in this definition we integrate a complex valued function. By splitting
a complex valued function f = g+ ih into its real part g and imaginary part h,
we define [ fdp:= [gdu+i [ hdp. For integrals of complex valued functions,
previously shown theorems are, mutatis mutandis, true. For instance, one has
| [ fdp| < [|fldu, where |- | denotes the norm of a complex number.

If X is a random variable with distribution u, then it follows from Proposi-
tion applied to h(x) = exp(iux), that ¢, can alternatively be expressed by
¢(u) = Eexp(iuX). There are many random variables sharing the same distri-
bution pu, they can even be defined on different underlying probability spaces.
We also adopt the notation ¢x to indicate that we are dealing with the charac-
teristic function of the random variable X.

Before we give some elementary properties of characteristic functions, we look
at a special case. Suppose that X admits a density f with respect to Lebesgue
measure. Then

(bX(u):/Rei“f(x)dx. (13.2)

Analysts define for f € L}(R, B, \) (A Lebesgue measure) the Fourier transform
f by

flw = [ e pa) s,
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sometimes also by dividing this expression by v27. What we thus see, is the
equality ¢x(u) = f(—u).

Proposition 13.2 Let ¢ = ¢x be the characteristic function of some random
variable X. The following hold true.

(i) ¢(0) =1, [p(u)| <1, for allu € R
(ii) ¢ is uniformly continuous on R.
(i) Gux 11(u) = b (au)e™.
(iv) ¢ is real valued and symmetric around zero, if X and —X have the same
distribution.

(v) If X and Y are independent, then ¢xyy (u) = ¢ox (u)dy (u).
(vi) IfE|X|* < oo, then ¢ € C*(R) and ¢¥ (0) = i*EX*.

Proof Properties (i), (iii) and (iv) are trivial. Consider (ii). Fixing v € R, we
consider ¢(u +t) — ¢(u) for ¢ — 0. We have

[p(u+1) — p(u)| = | /(exp(i(u + t)z) — exp(iur)) p(dz)|
< /|exp(it$) — 1] p(da).

The functions z — exp(itz) — 1 converge to zero pointwise for ¢ — 0 and are
bounded by 2. The result thus follows from dominated convergence.

Property (v) follows from the product rule for expectations of independent
random variables, Proposition [4.43

Finally, property (vi) for £ = 1 follows by an application of the Dominated
Convergence Theorem and the inequality |e'® — 1| < |z|, for € R. The other
cases can be treated similarly. O

Remark 13.3 The implication that ¢ x4y is the product of ¢x and ¢y for
independent random variables X and Y cannot simply be reversed, as shown
by the following example. Let X have a standard Cauchy distribution. From
Exercise one sees that ¢x(u) = exp(—|u|). With Y = X one computes
that exp(—2|u|) = ¢ax(u) = dx+y(u) = ¢x(u)dy(u), although in this case
X and Y are obviously not independent. Similarly, if X; = ... = X,, = X,
one has ¢, x(u) = ¢px(u)". In fact, the property that ¢,x = ¢% for all n > 1
characterizes the (scaled) Cauchy distributions, see Exercise m

For a distribution function F we define F by F(z) = 1(F(z) + F(z—)), where
F(z—) = limyy, F(y). Note that F coincides at those = where F is contin-
uous. At the points where F is not (left-)continuous, F is neither left- nor
right-continuous. One always has F(z—) < F(z) < F(z), F(z) = F(z+) and
F(z—) = ﬁ‘(x—) In particular, F completely determines F. The following
inversion theorem for characteristic functions is similar to Fourier inversion.
Note that the integration interval in is symmetric around zero. This is
essential.

140



Theorem 13.4 Let F' be a distribution function and ¢ its characteristic func-
tion. Then, for all a < b

1 T e—iua _ o—iub
lm — —° = F(b) — F(a). 13.
Jim o [ o) du = FO) - Fla) (13.3)

Proof Let a < b. We compute, using Fubini’s theorem which we will justify
below,

1 T e—iua _ e—iub

Oy : d(u) du (13.4)

- % T iu
1 T e—iua _ e—iub .
1 T _—iua _ ,—iub
=5 / / %e‘” du p(dx)
RJ-T

1 T i(z—a)u _ Li(z—b)u
=— / / ¢ i du p(dz) (13.5)
2 Jr J_1 iu

= [ Bra) ntan
R

Application of Fubini’s theorem is justified as follows. First, the integrand
in is bounded by b — a, because |el* — Y| < |x — y| for all x,y € R.
Second, the product measure A\ x p on [—T,T] x R is finite.

By splitting the integrand of Ep(x) into its real and imaginary part, we see
that the imaginary part vanishes and we are left with the real expression

Er(z) = 1 T sin(z — a)u — sin(z — b)u du
27T -7 u
_ 1 T sin(z — a)u du— 1 /T sin(z — b)u du
27T -7 u 27T -7 u
1 (TE=9) giny 1 [TE=b) giny
= v V.

2 ~T(z—a) U L —T(z—b) U

The function g given by g(s,t) = ft

s % dy is continuous in (s,t). Hence it is
bounded on any compact subset of R?. Moreover, g(s,t) — 7 as § — —oo and
t — oo. Hence g, as a function on R?, is bounded in s,z. We conclude that
also Ep(x) is bounded, as a function of 7" and z, a first ingredient to apply the
Dominated Convergence Theorem to , since p is a finite measure. The

second ingredient is E(x) := limp_ o, Er(z). From Exercise [5.9| we deduce that

> sin ax T
dz = —.
/0 ——dz sgn(a) 5

By comparing the location of z relative to a and b, we use the value of the latter
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integral to obtain

1 ifa<z<b,
E()=4 1 ifz=aorz=0,
0 else.

We thus get, using the Dominated Convergence Theorem again,

@7 = p(a,b) + guulfa,b}) = FO) - Fla).
O

Corollary 13.5 If u and v are two probability measures on (R, B) whose char-
acteristic functions are the same, then they coincide.

Proof Exercise [[3.1] O

The content of Corollary explains why characteristic functions are called
characteristic, there is a bijective correspondence between probability measures
and characteristic functions.

Theorem 13.6 If the characteristic function ¢ of a probability measure p on
(R,B) belongs to L*(R,B,\), then p admits a density f w.r.t. the Lebesgue
measure \. Moreover, f is continuous.

Proof Define

Fz) = % /]R =17 (1) du. (13.6)

Since |¢| has a finite integral, f is well defined for every x. Observe that
f is real valued, because ¢(u) = ¢(—u). An easy application of the Domi-
nated Convergence Theorem shows that f is continuous. Note first that the
limit of the integral expression in ([13.3) is equal to the (Lebesgue) integral

—iua —iub . .
L f e ——=¢ ¢(u)du, again because of dominated convergence. We use Fu-

2 iu

bini’s theorem to compute for a < b

/ab f(x)dx % /ab/Re_i“”’qS(u) dudx
%/}qu(u) /ab e T dg du

1 —iua _ ,—iub
:7/ e ey,
27 Jr iu

(u
— F(5) - Fla),

for every a and b, because of Theorem and because f: f(z) dz is continuous
in a and b. It also follows that f must be nonnegative and so it is a density. [J
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Remark 13.7 Note the duality between the expressions (13.2) and (13.6).
Apart from the presence of the minus sign in the integral and the factor 2w
in the denominator in ((13.6)), the transformations f — ¢ and ¢ — f are similar.

The characteristic function ¢ of a probability measure p on (R*, B(R¥)) is de-
fined by the k-dimensional analogue of ([13.1). We have with u,z € R*, (-,-) the
standard inner product,

o) = [ e ufaa).

Like in the real case, also here probability measures are uniquely determined
by their characteristic functions. The proof of this statement can be given as
a multi-dimensional version of Exercise As a consequence we have the
following characterization of independent random variables.

Proposition 13.8 Let X = (Xy,...,Xy) be a k-dimensional random vector.
Then X1, ..., X} are independent random variables iff ¢x(u) = Hle ox,(u;),
Vu = (u,...,u) € RF.

Proof If the X; are independent, the statement about the characteristic func-
tions is proved in the same way as Proposition m (v). If the characteristic
function ¢x factorizes as stated, the result follows by the uniqueness property
of characteristic functions. O

Remark 13.9 Let £ = 2 in the above proposition. If X; = X5 as in Re-

mark then we don’t have ¢x(u) = dx, (u1)dx,(usz) for every uy, us (you
check!), in agreement with the fact that X; and X» are not independent. But
for the special choice u; = us this product relation holds true.

13.2 Characteristic functions and weak convergence

The first result says that weak convergence of probability measures implies
pointwise convergence of their characteristic functions.

Proposition 13.10 Let p, ji1, o, - . . be probability measures on (R, B) and let
&, ¢1, b2, . .. be their characteristic functions. If ji,, — p, then ¢, (u) — ¢(u) for
every u € R.

Proof Consider for fixed u the function f(x) = €!“®. It is obviously bounded
and continuous and we obtain straight from Definition that p, (f) = u(f).

But /J'n(.f) = ¢n(u) g
Proposition 13.11 Let pj,po,... be probability measures on (R,B). Let
@1, P2, ... be the corresponding characteristic functions. Assume that the se-

quence (py,) Is tight and that for all w € R the limit ¢(u) := lim,_ o0 ¢p(u)
exists. Then there exists a probability measure i on (R,B) such that ¢ = ¢,

and fi, — 1.
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Proof Since (u,,) is tight we use Propositionto deduce that there exists a
weakly converging subsequence (p,, ) with a probability measure as limit. Call
this limit x. From Proposition we know that ¢, (u) — ¢, (u) for all u.
Hence we must have ¢, = ¢. We will now show that any convergent subsequence
of (p1,,) has p1 as a limit. Suppose that there exists a subsequence (fi,, ) with limit
p'. Then ¢,/ (u) converges to ¢,/ (u) for all u. But, since (u, ) is a subsequence
of the original sequence, by assumption the corresponding P, (u) must converge
to ¢(u) for all u. Hence we conclude that ¢, = ¢, and then p' = p.

Suppose that the whole sequence (u,) does not converge to . Then there
must exist a function f € Cy(R) such that u, (f) does not converge to u(f). So,
there is € > 0 such that for some subsequence (n},) we have

iy (f) — p(f)] > e. (13.7)

Using Proposition 12.10L the sequence (“"L-) has a further subsequence (Mng)
that has a limit probability measure p/. By the same argument as above (con-
vergence of the characteristic functions) we conclude that p”(f) = p(f). There-

fore fu,y (f) — p(f), which contradicts (13.7). O

Characteristic functions are a tool to give a rough estimate of the tail prob-
abilities of a random variable, useful to establish tightness of a sequence of
probability measures. To that end we will use the following lemma. Check first
that [ (1 — ¢(u))du € R for every a > 0.

Lemma 13.12 Let a random variable X have distribution u and characteristic
function ¢. Then for every K >0

1)K
P(IX| > 2K) < K/ (1 — 6(u)) du. (13.8)
1/K
Proof It follows from Fubini’s theorem and ffa v dy = 2511‘% that

1/K 1/K
K/ ))du = K/ ) p(dx) du
1/K 1/K

1/K
/ / ) du p(da)
1/K

2/(1_ smx/K)M(dx)

z/K
sinz/K
> / (1- ) ()
|2/ K|>2 /K
> p([-2K,2K]°).
since%< for x > 2. O

The following theorem is known as Lévy’s continuity theorem.
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Theorem 13.13 Let py, o, . . . be a sequence of probability measures on (R, B)
and ¢1, ¢, ... the corresponding characteristic functions. Assume that for all
u € R the limit ¢(u) := lim, o ¢, (u) exists. If ¢ is continuous at zero, then
there exists a probability measure p on (R, B) such that ¢ = ¢, and py, 2.

Proof We will show that under the present assumptions, the sequence (p,,) is
tight. We will use Lemma Let € > 0. Since ¢ is continuous at zero, the
same holds for ¢, and there is § > 0 such that |¢(u) + ¢(—u) — 2| < ¢ if |u| < 4.
Notice that ¢(u) + ¢(—u) is real-valued and bounded from above by 2. Hence
2251 = d(w) du= [°5(2 = $(u) - §(~u)) du € [0,252).

By the convergence of the characteristic functions (which are bounded), the
Dominated Convergence Theorem implies that for big enough n, n > N say,

5 §
/ (1= ¢pn(u))du < / (1 —¢(w)) du + de.
-5 -5
Hence, by taking n > N we have
5
/ (1= ¢pn(u))du < 26e.
-5

It now follows from Lemma [13.12|that for n > N and K =1/6

1 6
o120, 2K0) < 5 [ (1= 6 () du
< 2e.
We conclude that (g, )n>n is tight. Apply Proposition [13.11 O

Corollary 13.14 Let p, p1, pa, ... be probability measures on (R,B) and ¢,

&1, b2, ... be their corresponding characteristic functions. Then p, — p if and
only if ¢, (u) = ¢(u) for all u € R.

Proof If ¢, (u) — ¢(u) for all v € R, then we can apply Theorem
Because ¢, being a characteristic function, is continuous at zero. Hence there is
a probability to which the u,, weakly converge. But since the ¢, (u) converge to
¢(u), the limiting probability measure must be p. The converse statement we
have encountered as Proposition O

Remark 13.15 Corollary has an obvious counterpart for probability
measures on (R%, B34). The formulation is left to the reader.
13.3 The Central Limit Theorem revisited

The proof of the Theorem [12.16] that we present in this section is based on an
application of Lévy’s continuity theorem and additional properties of character-
istic functions, the first ones are contained in the following lemma.

145



Lemma 13.16 Let X be a random variable with EX? < oo and with charac-
teristic function ¢. Then

|p(u) — 1] < Emin{2, |uX]|},
1
|o(u) — 1 —iwEX| < Emin{2|ul|X]|, iuzXz}
and
1 1
|p(u) — 1 —iuEX + 5uQI[<:X2| < Emin{u?X?, 6|u|3\X|3}.

Proof Let z € R. Then [¢* — 1] < 2 and |e!” — 1| = | [ ie dy| < ||. Hence
le” — 1| < min{2, |z|}. Since

eim—l—i:z::i/ (e —1)dy,
0

T —1—ix+ x // 1) dtdy,

we arrive at the inequalities [e!” — 1 — iz| < min{2|z|, 322} and | — 1 — iz +
12?| < min{z? |z[>/6}. Replacing « with uX and taking expectations yields
the assertions. g

and

We are now ready to give the announced alternative proof of Theorem [12.16]

Proof of Theorem [12.16| Let ¢,,;(u) = Eexp(iué,;), ¢n(u) = Eexp(iuS,).
Because of independence we have

kn
w) = [[ 60

First we show that
kn

1
> (Onju) = 1) = —5u’. (13.9)
j=1

We write
kn kn 1 kn 1
D (Gns(w) = 1) =D (bus(w) = 1+ Fu’EEY) = Y Su’EE;.
=1 =1 j=1

The last term gives the desired limit, so it suffices to show that the first term
converges to zero. By virtue of Lemma we can bound its absolute value
by

Z]Emln{u ni’ g |u|3‘§nj|3}- (13.10)
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But
. 1 1
Emin{u’¢y;, lul’léns |’} < SluleBE1qe,, 1<e) + v B 1 e, 15<)-

Hence we get that the expression in ((13.10)) is majorized by

k

1 = 1

6|u|35 E E&2,; + u’Ly(e) = 6|u|35 +u*Ly(e),
i=1

which tends to é|u|36. Since ¢ is arbitrary, we have proved 1' It then also
follows that

kn

1
exp(D_(¢nj(u) = 1)) = exp(—u?). (13.11)
j=1

Recall that u +— exp(—3u?) is the characteristic function of N(0,1). Hence, by
application of Lévy’s continuity theorem and m, we are finished as soon as
we have shown that

kn

kn
H $nj(u) —exp Z Gnj(u ) — 0. (13.12)
j=1

j=1

The displayed difference is in absolute value less than

kn
> ¢ (u) — exp(dn;(u) — 1)), (13.13)
j=1

because of the following elementary result: if a; and b; are complex numbers
with norm less than or equal to one, then

n n n
[[Tai = To <> lai = bl
i=1 i=1 i=1

To apply this result we have to understand that the complex numbers involved
indeed have norm less than or equal to one. For the ¢,;(u) this is one of the
basic properties of characteristic functions. But it turns out that exp(¢,;(-)—1)
is a characteristic function as well (see Exercise .

Let M, (u) = max; |¢,;(u) — 1|. Now we use the inequality |e* — 1 — z| <
|z|2el?l (which easily follows from a Taylor expansion) with z = ¢,;(u) — 1 to

bound (13.13) by

kn
D 10n(w) = 1 exp(|n;(u) — 1)) < My (e Z |6 (w) = 1.
j=1
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From Lemma[13.16] second assertion, we get
kn 1 kn 1
jz:; | (u) — 1] < §UZ;E€3U = §u2.

2. <e?+ L,(g). Hence

On the other hand, we have max; E¢; .

mJangij — 0. (13.14)

Then by Lemma [I3.16] and Jensen’s inequality

My (u) = max ¢ (u) — 1| < max [ulE[&,] < [ul(maxEES;)!2 — 0.
J J J

This proves (13.12)) and hence it completes the proof of the theorem. O

Remark 13.17 The Lindeberg condition in the theorem is almost necessary.
One can show that if (13.14)) holds and if the weak convergence as in the theorem
takes place, then also the Lindeberg condition is satisfied.

13.4 Exercises
13.1 Prove Corollary

13.2 Let p and v be probability measures on (R, B)) having corresponding char-
acteristic functions ¢, and ¢, .

(a) Show that [, exp(—iuy)d.(y) v(dy) = [ éu (2 — u) p(dz).
(b) Assume that v is the N(0, Z5) distribution, then ¢, (u) = exp(—iu?/0?).
Let f,2 be the density of the N(0,0?) distribution. Show that

% /Rexp(*iuy)éf’u(y) exp(*%g%ﬂ)dy = /Rfaa (u — z) p(dz),

and show that the right hand side gives the density of X + Y, where
X has distribution g, Y has the N(0,0?) distribution and X and Y are
independent (see also Exercise .

(c) Write Y = oZ, with Z having the standard normal distribution (X and
Z independent). It follows that ¢, and o determine the distribution of
X +o0Z for all ¢ > 0. Show that ¢, uniquely determines . (This gives
an alternative proof of the assertion of Corollary .

13.3 Let X1, X, ... be a sequence of 4#d random variables and N a Poisson(\)
distributed random variable, independent of the X,,. Put Y = Zgil X,. Let
¢ be the characteristic function of the X,, and ¢ the characteristic function of
Y. Show that 1) = exp(Ap — A).

13.4 Verify the formulas for the characteristic functions in each of the following
cases.
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(a) dn(0,1)(u) = exp(—3u?). Hint: Show that ¢ (g 1) is a solution to d(u) =
—up(u).

(b) ON(pu,02)(u) = exp(iup —

(¢) If X has an exponential distribution with parameter A, then ¢x(u) =
A/ (A = iu).

(d) If X has a Cauchy distribution, then ¢x(u) = exp(—|u|). Show also that
X, = % > r_y X has a Cauchy distribution, if the X}, are #d and Cauchy
distributed. Hence, in this case the averages X,, have the same distribution
as X, for every n.

122)

13.5 Let ¢ be a real characteristic function with the property that ¢(nu) =
¢(u)” for all w € R and n € N. Show that for some a > 0 it holds that
o(u) = exp(—alul). Let X have characteristic function d(u) = exp(—alul). T

a > 0, show that X admits the density x — < What is the dlstrlbutlon
of X if a =07

T az+w2

13.6 Let X,, have a Bin(n, \/n) distribution (for n > )\). Show that X,, = X,
where X has a Poisson()) distribution.

13.7 Let X and Y be independent, assume that Y has a N(0, 1) distribution.
Let 0 > 0. Let ¢ be the characteristic function of X d(u) = Eexp(iuX).

(a) Show that Z = X + oY has density p(z) = W (32 (2 — X)?).
(b) Show that p(z) = 5= [ ¢(—y/o) exp(iyz/o — 3y°) dy.

13.8 Let X, X3, Xs,... be a sequence of random variables and Y a N(0,1)-
distributed random variable independent of that sequence. Let ¢,, be the char-
acteristic function of X,, and ¢ that of X. Let p, be the density of X,, + oY
and p the density of X + oY

(a) If ¢, — ¢ pointwise, then p, — p pointwise. Invoke Exercise and the
dominated convergence theorem to show this.

(b) Let f : R — R be bounded by B. Show that |[Ef(X,,+0Y)-Ef(X+0Y)| <
2B [(p(2) — pu(2))* d2.

(¢) Show that [Ef(X, +0Y)—Ef(X +0Y)| — 0 (with f bounded) if ¢, = &
pointwise.

(d) Prove Corollary |1 m X, & X iff ¢,, — ¢ pointwise.

13.9 Let Y be a random variable with a Gamma(¢, 1) distribution, so it has

density ﬁyt’le*yl{yw}, where ['(t) = Ooo yt=le7¥dy for t > 0. Put X; =

Y—t

Vit
(a) Show that X; has a density on (—+/t,00) given by

fe(x) = ﬁ(x\/f + t)tflef(w\/ﬂt).

I'(t)
(b) Show that the characteristic function ¢;(u) = Eel“X¢ of X, is given by
; 1
¢t(u) = 671”\/{ 1 iu \¢t
(- %)
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and conclude that ¢;(u) — e~ 2% as t — oo.
(c) Show that

toset 1 [
F(; Zﬂ/_ bt (u) du.

(d) Prove Stirling’s formula

lim @)

A VN
t—00 \/2re~ttt—2

13.10 Let X be a random variable defined on some probability space (2, F,P)
and let G be a sub-o-algebra of F. Let for u € R the random variable ¢(u) be
a version of E[¢“X|G]. Note that we actually have a map (u,w) — ¢(u,w).
(a) Show that the map u — ¢(u) is continuous in £ (E|¢(u+ h) — ¢(u)| — 0
for h — 0).
(b) Show that we can take the ¢(u) such that u — ¢(u,w) is continuous on a
set of probability one.
(¢) Suppose that there exists a function ¢ : R — C such that ¢(u) is a version
of E[e'“¥|G] for each u € R. Show that ¢ is the characteristic function of
X and that G and o(X) are independent.

13.11 Let X, X7, X5, ... be a sequence of d-dimensional random vectors. Show,
using Remark , that X,, — X iff for all d-dimensional column vectors a one
has a' X,, % a' X. (This equivalence is known as the Cramér-Wold device and
it reduces d-dimensional weak convergence to 1-dimensional weak convergence.)
Suppose that X has a multivariate normal distribution with mean vector p and
covariance matrix . Show that (the notation should be obvious) X,, = N (u, ¥)

iff " X,, = N(a"p,a’a), for all a € RY.

13.12 Prove the Riemann-Lebesgue lemma: If a random variable X admits a
density w.r.t. the Lebesgue measure, then lim, ,1. ¢x(u) = 0. Give a coun-
terexample to this limit result when a density doesn’t exist.

13.13 Let (X,,) be a sequence of random k-vectors such that X, 5 X for some
random vector X.
(a) Show that EX,, - EX and Cov(X,,) — Cov(X).
(b) Assuming that all X, are (multivariate) normal, show that also X is (mul-
tivariate) normal.
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14 Brownian motion

This chapter is devoted to showing the existence of Brownian motion as a well
defined mathematical object. By definition, a stochastic process X = {X; :
t > 0} with time index [0, 00) on a probability space (§2, F,P) is a collection of
random variables {w +— X;(w) : t > 0} on this probability space.

Definition 14.1 A stochastic process W is called Brownian motion or Wiener
process, if it satisfies the following properties.

(i) Wo =0,
(ii) the sample paths t — Wy(w) are continuous functions for every w € €,
(iii) the increments Wy — Wy have a normal N(0,t — s) distribution for all
t>s5>0,
(iv) for any collection 0 <ty < - - < t, the increments Wy, — Wy, ,... , Wy, —
W4, _, are independent.

The topic of this chapter is thus to show that an appropriate (€, F,P) exists
and that one can define a Brownian motion on it. As it turns out, the choice
Q ={w € C[0,00) : w(0) = 0} of real valued continuous functions on [0, c0) is
a good one. If one defines Wi(w) = w(t) for w € Q, then automatically every
t — Wi(w) = w(t) is continuous, which already settles properties (i) and (ii).

Brownian motion is perhaps the most fundamental stochastic process with a
continuous time set. The style of this chapter is to some extent expository. Some
results that we have proved in previous chapters for finite dimensional spaces
have a generalization to infinite dimensional spaces. In the present chapter these
generalizations are sometimes presented without proof.

14.1 The space C[0,0)

In this section we summarize some facts concerning the space C[0,00). For
x1, 22 € C[0,00) we define

plry,e) = 27" (max{|z1(t) — x2(t)| : 0 <t < n}Al). (14.1)

Then p defines a metric on C[0, 00) (which we use throughout this chapter) and
one can show that the metric space (C]0, 00), p) is complete and separable.

Later on we need the relatively compact subsets of C[0, 00). To describe these
we introduce the modulus of continuity m?. For each x € C[0,0), T, > 0 we
define

mT (z,6) = max{|z(t) — z(s)| : s,t € [0,T], |s — t| < &}. (14.2)

It holds that m”(-,d) is continuous and lims o m” (x,8) = 0 for each x and T.
The following characterization is known as the Arzela-Ascoli theorem.
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Theorem 14.2 A set A in C[0, 00) is relatively compact (has compact closure)
iff (i) sup{|xz(0)| : * € A} < oo and (ii) the functions in A are equicontinuous:
limg o sup{m? (z,8) :x € A} =0 for all T > 0.

Proof Assume (i) and (ii). It is sufficient to prove the existence of a sequence of
functions (x,,) C A that is uniformly convergent on every interval [0, T]. To that
end it suffices to show that for every T € N the collection Ap := {z : [0,T] —
R|z € A} contains a uniformly convergent sequence (note the subtle difference
and verify that the last statement is correct). Under conditions (i) and (i), Ap
is uniformly bounded and we can apply the same technique as in the first part
of the proof of Theorem m There exists a sequence (z,,) C Ar such that
(2,(q)) converges for every rational ¢ € [0,T]. For any given £ > 0, there exists
N(gq, ) such that |z,,(¢) —2m(q)| < £/3 for m,n > N. Since lims o m? (z,5) =0
for each = and T, there also exist § > 0 such that |z(s) —x(¢)| < /3 if [s—t| <
and s,t € [0,T]. For given t € [0,T], choose rational ¢ = ¢(¢) in [0, m] such
that |t — ¢| < 4. Since [0,T] is bounded we can select this ¢ from a finite set of
rationals ¢;, ¢ € I. Then N := max{N(qg;,¢) : i € I} is finite and for n,m > N
one has

20 (t) = 2m (O] < [2n(t) = 20 (D] + [20(q) = 2m(@)] + |2m(q) — 2m ()] <,

from which the assertion follows.

Conversely, we assume that A has compact closure A. Since the map = —
x(0) is continuous, it follows that {z(0) : x € A} is bounded, property (i).

Fix ¢ > 0. By continuity of m”(-,d), the sets Es := {z € C[0,00) :
m”(z,0) > e} (6,6 > 0) are closed and hence the intersections K; = AN Ej are
all compact. Since (\s., Es = 0, the finite intersection property of the nested
compact sets K implies that there exists dg > 0 such that Ky, = (), which
shows property (ii). O

Cylinder sets of C[0,00) have the typical form {x : (x(t1),...,z(tx)) € A},
where A € B(R¥) for some k > 1 and t1,...,t; € [0,00). A finite dimensional
projection on (C]0,00), p) is by definition of the following type: m, . 4 (z) =
(z(t1),...,x(ty)), where the ¢; are nonnegative real numbers. It is easy to
see that any finite dimensional projection is continuous (R* is endowed with
the ordinary metric). Note that cylinder sets are inverse images under finite
dimensional projections of Borel sets of R (k > 1). Let C be the collection of
all cylinder sets and B the Borel o-algebra on C|0, c0) induced by the metric p.

Let (2, F) be a measurable space. A map X : @ — C[0,00) is called a
random element of C'[0, co) if it is F/B-measurable. It then follows that my, ;0
X is a random vector in R¥, for any finite dimensional projection Ty, by, a0d
it is usually denoted by (X4,,..., X}, ). One can prove that B = ¢(C) and thus
that X is a random element of C[0,00), if all X; are real random variables.
Moreover, if P is a probability measure on (2, F) and X a random element of
C[0, 00), then the distribution PX of X on (C[0, 00), B) is completely determined
by the distributions of all k-tuples (Xy,,...,X;,) on R* (k > 1,¢; € [0,00)).
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14.2 'Weak convergence on C|0, c0)

Let (S,p) be a metric space and p, ut, u?, ... be probability measures on the
Borel o-algebra B(S). Like in the real case we say that p™ converges weakly
to p (notation p™ % p) iff for all f € Cy(S) one has limu™(f) = p(f). If
X, X' X2 ... are random variables defined on probability spaces (£, F,P) and
(Q™, F™,P") (n > 1) with values in one and the same (S, p), we say that X"
converges in distribution to X (X™ % X) if the laws u” of X™ converge weakly
to the law p of X, equivalently, iff Ef(X"™) — Ef(X) for all f € Cy(S5).

We need a generalization of tightness as given in Definition that is
applicable in the present context. Since any interval [—M, M| C R is compact,
the following is reasonable. A family of probability measures II on B(S) is
called tight if for every € > 0, there is a compact subset K of S such that
inf{u(K) : p € II} > 1 — . One can show that any single probability measure
on B(S) is tight if (S, p) is a separable and complete metric space (a Polish
space). A family of random variables with values in a metric space is called
tight if the family of their distributions is tight. Like in the real case, see
Proposition and Exercise (but much harder to prove here) there is
equivalence between relative compactness (in this context it means that every
sequence in a set of probability measures has a weakly converging subsequence)
and tightness, known as Prohorov’s theorem.

Theorem 14.3 A family II of probability measures on a complete separable
metric space is tight iff it is relatively (weakly) compact.

We will also need the following perturbation result.

Proposition 14.4 Let X', X2,... and Y',Y?,... be random sequences in a
metric space (S, p) and defined on a single probability space (Q, F,P). If X" 2
X and p(Y™,X") 50, then Y™ % X.

If we take S = C]0,00) with the metric p of the previous section, we get the
following ‘stochastic version’ of the Arzela-Ascoli theorem.

Theorem 14.5 Let pu',u?,... be a sequence of probability measures on the
space (C[0,00), B). This sequence is tight iff

)1\1%10 sup{p"({z : |z(0)] > A}) :n>1}=0 (14.3)

and

%i{rgsup{u"({:c :mT(2,8) > ¢e}):n>1} =0,YT,e > 0. (14.4)

Proof If the sequence is tight, the result is a straightforward application of
Theorem For every € > 0 we can find a compact K such that inf,, u"(K) >
1 — . But then we can find A > 0 such that for all z € K we have |z(0)| < A
and we can similarly find for given T > 0 and > 0 a Jy > 0 such that for all
0 < 0 < dp we have on K that m” (z,8) < 7.
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Conversely, assume and and let €, T > 0, T integer, be given.
Choose Ar such that sup,, u"({z : |2(0)] > Ar}) < e27T~L. For each k > 1 we
can also find §; such that sup,, u"({z : m*(z, ) > 1/k}) < e2=T~*~L1. Notice
that the sets Ay = {z : mT(z,8;) < 1/k} and Arg = {x : |z(0)] < A} are
closed and so is their intersection over both k and (integer) T', call it K. From
Theorem[14.2] we obtain that K has compact closure and it is thus compact itself.

Finally we compute p"(K°) < ZTZI ut (AT o) + ETzl 21@1 ,u”(A%,k) <e. O

We have seen that any finite dimensional projection is continuous. Hence, if
X, X1 X2 ... are random elements of (C[0, ), B) and if we assume that X" =
X, then also (Xﬁ seeey Xiy ) considered as random elements in RF converge in
distribution to (Xt ,...,Xt,). This is then true for any finite set of ¢;’s and
we say that all finite dimensional distributions of the X™ converge weakly. The
converse does not hold in general, unless one assumes tightness.

Theorem 14.6 Let X', X2 ... be random elements of C[0,00). Assume that
their collection {u', u?,...} of distributions is tight and that all finite dimen-
sional distributions of the X™ converge weakly. Then there exists a probability
measure j on (C[0,00), B) such that u" % pu.

Proof Every subsequence of (u™) is tight as well and thus has a convergent
subsequence. Different subsequences have to converge to the same limit, call it
1, since the finite dimensional distributions corresponding to these sequences
converge. Hence, if (1™) has a limit, it must be p. Suppose therefore that the
u" don’t converge. Then there is bounded and continuous f and an € > 0 such
that [p"™ (f) — u(f)| > € along a subsequence (™). No further subsequence of
this can have p as a limit which contradicts what we just showed. O

14.3 An invariance principle

Throughout this section we work with a real valued i#id sequence &1, &s, ... with
zero mean and variance o2 € (0,00) defined on a probability space (Q,F,P).
Let S = Zle & and for each integer n and t > 0

1
X = m(s[m] + (nt — [nt))[nt)41)- (14.5)

The processes X™ have continuous paths and can be considered as random
elements of C[0, 00). Notice that the increments X;* — X7 of each X™ over non-
overlapping intervals (s,t) with s = %,t = %, k < [ integers, are independent.
Since for these values of ¢t and s we also have Var (X' — X) = ¢t — s, the central
limit theorem should be helpful to understand the limit behavior.

Theorem 14.7 Let 0 = tg < t; < --- < t. Then the k-vectors of incre-
ments (X —X7,..., X{* —X}' ) converge in distribution to a random vector
(N1, ..., Ng) with independent elements N; having a N (0, t;—t;_1) distribution.
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Proof Since the term in with the £}, tends to zero in probability, we can
ignore it as a consequence of Proposition But then the conclusion for each
of the increments separately follows from the classical Central Limit Theorem
of Exercise Check that for each n the Spn,) — S, (5 = 1,..., k) are
independent to complete the proof. O

Denote by u™ the law of X™. Note that pu™({z € C[0,00) : 2(0) = 0}) = 0. We
have the following important result, whose proof is deferred to the next section.

Theorem 14.8 The sequence of probability measures (u™) is tight.
Combining Theorems and one obtains

Theorem 14.9 There exists a probability measure p* on (C0,00),B) such
that u™ = p*.

Let 2 = {w € C[0,00) : w(0) = 0}, then 2 belongs to B and p*(2) = 1. Let W
denotes the coordinate mapping process on Q) i.e. W is defined by Wi(w) = w(t)
for all ¢ > 0. Under the measure p* (p* is the law of W) this process has inde-
pendent increments over non-overlapping intervals (s,t) and these increments
have a N(0,t — s) distribution. Since by definition W is a random element of
(C10,00),B), W is thus a Wiener process and the measure p* is called Wiener
measure.

We can rephrase Theorem [14.9| as

Theorem 14.10 The processes X™ of this section converge in distribution to
a Wiener process W.

Both Theorems [14.9] and [I4.10] are known as Donsker’s invariance principle.
What we have done in this section can be summarized by saying that we have
shown the existence of a Wiener process and we have given a Functional Central
Limit Theorem.

14.4 The proof of Theorem (14.8

Consider the process S,, of Section [14.3l To prove Theorem [14.8 we use the
following results.

Lemma 14.11 Let v > 0,n > 1, N > n and n > o+/2(n — 1). The following
inequalities are valid.

P(max|S;| >7) < 2P(|Su| >~ —n) (14.6)
sn
N
P( max |Sj4x — Skl >7v) < (— +2)P(max|S;| > ~/3). (14.7)
1<j<n n i<n
0<kIN
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Proof Assume 1 < 7. Let 7 = min{j : |Sj| > 7}. Then we have to consider
P(7 < mn). Split this probability up as

P(r <n,|Sn|l > =n) +P(r <n,|Sa] <7 —n) (14.8)

and work on the second probability. It can be written as Z;le P(r = 4,5, <
~ —n) and each of the probabilities in the sum is less than or equal to P(7 =
Ji 1S — S5l > n) = P(r = 5)P(|Sn — Sj| > n). The second factor is by Cheby-
chev’s inequality less than n—lz(n — 1)02 < %, by the assumption on 7. There-
fore P(t < n,|S,| < v—1n) < iP(r < n—1). From (14.8), we then get
P(r <n) <P(|S,]| > v —n) + 2P(7 < n) and the inequality (14.6) follows.

To prove we argue as follows. Let m = [%] and consider the ‘intervals’
{pn,....,(p+1)n -1}, for p =0,...,m. N belongs to the last one. Consider
j and k for which the maximum is bigger than v. If k + j belongs to the same
interval as k, the one starting with pn, say, we certainly have |S,, — S| > /3
or |Spp—Sk+;| > /3 and so in this case there is p < m such that max;<,, |Snp—
S;| > ~/3. If k + j lies in the interval starting with (p + 1)n, we must have
|Snp — Skl > v/3 or |Sppt1) = Skaj] > 7/3 or [Sp(pt1) — Snpl > 7/3. Both cases
are contained in the event (Jyc,<,,1{maxj<n [Snp — Snptj| > 7/3}, whose
probability is less than or equal to Z;"’:ng P(max;<y |Snp — Snp+il > 7/3). By
the iid assumption all probabilities in this sum are equal to the first one and
thus the sum is equal to (m + 2)P(max;<y |S;| > v/3), which yields the result.

O

With the aid of this lemma we prove Theorem [14.§] as follows. According to
Theorem [[4.5] it is sufficient to show that

limsupP( max |X{'—X7|>¢e)=0forall T,e > 0. (14.9)
00 p>1 |s—t]<6
0<t,s<T

But since we only need tightness for all but finitely many n, we can as well
replace the ‘sup’ by a ‘limsup’. Let ¥; = U\/ﬁXf/n. Each of the probabilities
in (14.9) is less than

P( max |Y; =Y, >eovn).

|s—t|<[né]+1
0<t,s<[nT]+1

But, since Y is piecewise linear between the integer values of its arguments, the
max is attained at integer numbers. Hence we consider

P( max ‘Sj+k - Sk‘ > 60’\/’71).
0<j<[nd]+1
0<k<[nT]+1

Now we apply inequality (14.7)) and bound this probability by

[nT] +1
(g1 + P 2pa 1551 > eov/n/3). (14.10)
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In view of (14.6) (take n = 01/2[nd]) the probability in (14.10) is less than
P(|S[ns)41] > eov/n/3 — a\/2[nd)).

Now we apply the central limit theorem: 1

o4/ [nd]

a N(0,1) distribution. So for n — oo the last probability tends to P(|Z] >
£_ — \/Q) which is less than —%_EZ*4. Hence the lim sup in (|14.10)) for

Sins)+1 & Z, where Z has

3Vs (e/3—/258)%
2
n — oo is less than %I@Z“7 from which we obtain (14.9)). O

14.5 Another proof of existence of Brownian motion

In this section we prove the existence of Brownian motion by a different method.
The technique that is used in the existence proof is based on linear interpolation
properties for continuous functions.

Let a continuous function f : [0,1] — R be given with f(0) = 0. We
will construct an approximation scheme of f, consisting of continuous piecewise
linear functions. To that end we make use of the dyadic numbers in [0, 1]. Let
for each n € N the set D,, be equal to {k27™ : k = 0,...,2"}. The dyadic
numbers in [0, 1] are then the elements of US2, D,,. To simplify the notation we
write ¢t} for k27" € D,,.

The interpolation starts with fo(¢) = ¢f(1) and then we define the other f,
recursively. Suppose f,,_1 has been constructed by prescribing the values at the
points tzfl for k=0,...,2" ! and by linear interpolation between these points.
Look now at the points ¢} for £ = 0,...,2". For the even integers 2k we take
fa(th) = fuo1(t2™"). Then for the odd integers 2k — 1 we define f,(t5, ;) =
f(t5._,). We complete the construction of f,, by linear interpolation between
the points 7. Note that for m > n we have f,,(t}) = f(t}).

The above interpolation scheme can be represented in a more compact way by
using the so-called Haar functions H'. These are defined as follows. HY(¢) = 1
and for each n we define H}! for k € I(n) = {1,...,2"71} by

ﬁ i i, o <<ty
Hi(t) =9 —55- ifth <t <ty (14.11)

0 elsewhere

where o, = 272 ("1 Next we put S7'(t) = fot H}'(u) du. Note that the support
of S} is the interval [t5, ,,t3,] and that the graphs of the S} are tent shaped
with peaks of height o, at ¢5, .

Next we will show how to cast the interpolating scheme in such a way that the
Haar functions, or rather the Schauder functions S}, are involved. Observe that
not only the S}’ are tent shaped, but also the consecutive differences f,, — fr—1
on each of the intervals (tZ:%, tZ_l)! Hence they are multiples of each other and
to express the interpolation in terms of the S7 we only have to determine the
multiplication constant. The height of the peak of f,, — f,_1 on (tZ:ll,tzfl) is
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the value 7} at the midpoint 5, _,. So np = f(t5,_,) — %(f(tZ:%) + f(tzfl)).
Then we have for t € (t3,,_,,t%,) the simple formula

Ful) = Fua () = P 5700)

n

and hence we get for all ¢

ft) = foa+ S Egn). (14.12)

ag
kel(n) "

Summing Equation ((14.12)) over n leads with I(0) = {1} to the following repre-
sentation of f, on the whole interval [0, 1]:

BO=>"Y Zims,;"(t). (14.13)

m=0kel(m)

Proposition 14.12 Let f be a continuous function on [0,1]. With the f,
defined by we have ||f — fn|| = 0, where || - || denotes the sup norm.

Proof Let € > 0 and choose N such that we have |f(t) — f(s)| < € as soon as
[t —s| < 27N, It is easy to see that then Ing| < eif n > N. On the interval
[t5;. o, t5,] we have that

[F(&) = fa@I < [F() = f2p- )| + [fa(tap—1) = fu(O)] <& +m < 26
This bound holds on any of the intervals [t5, _,,t5,]. Hence ||f — f,|| = 0. O

Corollary 14.13 For arbitrary f € C[0,1] we have

=Y ?S}?, (14.14)
) m

m=0kel(m
where the infinite sum converges in the sup norm.

The method we use to prove existence of Brownian motion (and of a suitable
probability space on which it is defined) is a kind of converse of the interpolation
scheme above. We will define what is going to be Brownian motion recursively
on the time interval [0, 1] by attributing values at the dyadic numbers in [0, 1].
A crucial part of the construction is the following fact. Supposing that we have
shown that Brownian motion exists we consider the random variables W (s)
and W (t) with s < t. Draw independent of these random variables a random
variable ¢ with a standard normal distribution and define Z = (W (s)+W (t))+
%\/t —s&. Then Z also has a normal distribution, whose expectation is zero
and whose variance can be shown to be 1 (¢ + s) (this is Exercise . Hence
Z has the same distribution as W (4(¢ + s))! This fact lies at the heart of the
construction of Brownian motion by a kind of ‘inverse interpolation’ that we
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will present below.

Let, as above, I(0) = {1} and I(n) be the set {1,...,2"7 1} for n > 1. Take a
double sequence of independent standard normally distributed random variables
& that are all defined on some probability space 2 with k& € I(n) and n €
N U {0}, see Theorem or Theorem With the aid of these random
variables we are going to construct a sequence of continuous processes W™ as
follows. Let, also as above, o, = 2-3(n+1) Pyt

WO(t) = te).
For n > 1 we get the following recursive scheme
Wt = W) (14.15)

1 —1/n— n—1/n— n
Wh(tga) = 5 (W GID + W) + onl (14.16)

For other values of t we define W™(t) by linear interpolation between the values
of W™ at the points t}}. We use the Schauder functions, similar to (14.13)), for
a compact expression of the random functions W™. We have

n

WhE) =Y > S, (14.17)

m=0kel(m)

Theorem 14.14 For almost all w the functions t — W"(w,t) converge uni-
formly to a continuous function t — W (w,t) and the process W : (w,t) —
W (w,t) is Brownian motion on [0, 1].

Proof We start with the following result. If Z has a standard normal distribu-
tion and x > 0, then (Exercise [14.8])

21 1
P(|Z <4/ == exp(—=2?). 14.1
(121> 2) <2 L exp(- L) (14.18)
Let 8, = maxyecr(n) {7 Then b, := P(8, > n) < 2”_1\/g% exp(—3n?).
Observe that ) by, is convergent and that hence in virtue of the Borel-Cantelli
lemma P(limsup{f, > n}) = 0. Hence we can find a subset Q of Q with
P(Q2) = 1, such that for all w € Q there exists a natural number n(w) with
the property that all |{(w)| < n if n > n(w) and k € I(n). Consequently, for
p>n > n(w) we have

sup [W"(w, t) = WP(w,t)| < Y mopm < oo (14.19)
t

m=n+1

This shows that the sequence W (w, -) with w € Q is Cauchy in C|0, 1], so that
it converges to a continuous limit, which we call W(w,-). For w’s not in Q we
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define W(w,-) = 0. So we now have continuous functions W (w, -) for all w with
the property W(w,0) = 0.

As soon as we have verified properties (iii) and (iv) of Definition[14.1]we know
that W is a Brownian motion. We will verify these two properties at the same
time by showing that all increments A; := W (¢t;) — W (t;—1) with ¢; > t;_; are
independent N(0,t; —t;_1) distributed random variables. Thereto we will prove
that)t)he characteristic function Eexp(i}_; A;A;) is equal to exp(—3 > A5 (t; —
ti1)).

The Haar functions form a Complete Orthonormal System of L2[0,1] (see
Exercise . Hence every function f € L?[0,1] has the representation f =
S HEYHE =370 rerm(fy H ) H, where (-.-) denotes the inner prod-
uct of L?[0,1] and where the infinite sum is convergent in L2[0,1]. As a re-
sult we have for any two functions f and g in L?[0,1] the Parseval identity
(f,9) = ka(f, H}')(g, Hy!). Taking the specific choice f = 1jp, and g = 1jg 4
results in (1jo ¢, Hy') = Si(t) and t As = (Lo g, Ljo,s]) = Do p Sk (£)SE (5).

We use this property to compute the limit of Cov(W™(¢t), W"(s)). We have

Cov(W™(t),W™(s)) =E [ > D &St > &SP (s)

m=0kel(m) p=01el(p)

> Si () Sg" (),

m=0keI(m)

which converges to s At for n — oo. Since for all fixed t we have W™ (t) —
W(t) as., we have Eexp(i}_; \jA;) = lim, oo Eexp(i)_; A;AT) with AT =
Wn(t;) — W (tj—1). We compute

Eexp(i Y A7) = EBexpli 3 30 D L6 (ST (1) - Si'(t5-1)

m<n k j

= H H]Eexp(iZ)\jan(Sgb(tj) — St (tj-1)))

m<n k 7
=11 Hexp(—%(z A (S (L) — S (ti-1))%)
m<n k J

Working out the double product, we get in the exponential the sum over the
four variables i, j,m < n, k of —%)\i)\j times

Sy (t5) S5 () — SE* (85-1) SE" (8:) — SE* (85) Si" (ti—1) + S (tj-1) SE" (ti-1)

and this sum converges to exp(—2 > A5(tj —tj_1)) as n — oo. This completes
the proof. O

Having constructed Brownian motion on [0, 1], we proceed to show that it also
exists on [0,00). Take for each n € N a probability space (9, Fp,P,) that
supports a Brownian motion W™ on [0,1]. Consider then Q = [[, Q,, F =
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[L, F» and P =[], P,. Note that these Brownian motions are independent by
construction. Let w = (w1, ws, ...) and define then

W(w, ) =Y e (t) (Z Wi(wr, 1) + Wiy (Wng1, t — n)> . (14.20)
k=1

n>0

This obviously defines a process with continuous paths and for all ¢ the random
variable W (t) is the sum of independent normal random variables. It is not
hard to see that the thus defined process has independent increments. It is
immediate that EW (¢) = 0 and that Var W (t) = t.

14.6 Exercises

14.1 Consider the sequence of ‘tents’ (X™), where X7 = nt for ¢t € [0, 5],
X'=1-—ntforte [ﬁ, %], and zero elsewhere. (There is no real ‘randomness’
here, the tents don’t depend on some w, but one may think of the X™ defined
on whatever probability space, such that X*(w) is constant in w.) Show that all
finite dimensional distributions of the X™ converge, but X" does not converge

in distribution.
14.2 Show that p as in (1.1) defines a metric.

14.3 Suppose that the &; of Section [I4.3] are 4d normally distributed random
variables. Use Doob’s supremal inequality (10.5) to obtain p(max;<y, |S;| >
7) <3y

14.4 Show that a finite dimensional projection on C[0,00) (with the metric p)
is continuous.

14.5 Consider C[0, c0) with the Borel o-algebra B induced by p and some prob-
ability space (Q, F,P). If X : (Q,F) — (C[0,00),B) is measurable, then all
maps w — X;(w) are random variables. Show this, as well as its converse. For
the latter you need separability that allows you to say that the Borel o-algebra
B is a product o-algebra. See also Remark

14.6 Prove Proposition [14.4]

14.7 Show that the random variable Z = 2(W(s) + W (t)) + 2/ — s (see the
paragraph following Corollary [14.13]) has a normal distribution with mean zero
and variance equal to % (s +t).

14.8 Prove inequality (14.18)).

14.9 The Haar functions form a Complete Orthonormal System in L2[0,1].
Show first that the Haar functions are orthonormal. To prove that the sys-
tem is complete, you argue as follows. Let f be orthogonal to all Hy, , and set
F = [, f(u)du. Show that F is zero in all ¢ = k27", and therefore zero on the
whole interval. Conclude that f = 0.
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14.10 Consider the processes W™ of Section Let tq,...,tx € [0,1].
(a) Show that the sequence of random vectors (W, ..., W/") in the £?-sense
converges to (Wy,,..., Wy, ). (Hint: this sequence is Cauchy in L?).
(b) Show that it follows that (Wi, ..., W;, ) has a multivariate normal distri-

bution (see also Exercise [13.13]).

14.11 Show that for a random variable X with a N(0,0?) distribution it holds
that P(|X| < z) < z/o, for z,0 > 0.
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