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1 Stochastic processes and stopping times

In this section we review some fundamental facts from the general theory of
stochastic processes in continuous time.

1.1 Basics of general theory in continuous time

Let (Q, F,P) be a probability space. We will use a set of time instants I. When
this set is not specified, it will be [0, 00), occasionally [0, 0c], or N. Let (E, &)
another measurable space. If the set F is endowed with a metric, the Borel o-
algebra that is generated by this metric will be denoted by B(E) or BE. Mostly
E will be R or R? and & the ordinary Borel o-algebra on it.

Definition 1.1 A random element of F is a map from € into E that is F/E-
measurable. A stochastic process X with time set I is a collection {X;,t € I}
of random elements of E. For each w the map ¢t — X;(w) is called a (sample)
path, trajectory or realization of X.

Since we will mainly encounter processes where I = [0,00), we will discuss
processes whose paths are continuous, or right-continuous, or cadlag. The latter
means that all paths are right-continuous functions with finite left limits at each
t > 0. We will also encounter processes that satisfy these properties almost
surely.

Often we have to specify in which sense two (stochastic) processes are the
same. The following concepts are used.

Definition 1.2 Two real valued or R? valued processes X and Y are called
indistinguishable if the set {X; = Y;,Vt € I} contains a set of probability one
(hence the paths of indistinguishable processes are a.s. equal). They are called
modifications of each other if P(X; = Y;) = 1, for all ¢ € I. The processes
are said to have the same finite dimensional distributions if for any n-tuple
(t1,...,tn) with the ¢; € I the laws of the random vectors (X, ,..., X, ) and
(Yy,,...,Y;,) coincide.

Clearly, the first of these three concepts is the strongest, the last the weakest.
Whereas the first two definitions only make sense for processes defined on the
same probability space, for the last one this is not necessary.

Example 1.3 Let T be a nonnegative real random variable with a continuous
distribution. Let X = 0 and Y be defined by Y;(w) = 1;=7(u), t € [0,00). Then
X is a modification of Y, whereas P(X; = Y;,Vt > 0) = 0.

Proposition 1.4 Let Y be a modification of X and assume that all paths of
X and Y are right-continuous. Then X and Y are indistinguishable.

Proof. Right-continuity allows us to write {X; = Y;,Vt > 0} = {X; = Y;,Vt €
[0,00) N Q}. Since Y is a modification of X, the last set (is measurable and)
has probability one. O



Throughout the course we will need various measurability properties of stochas-
tic processes. Viewing a process X as a map from [0,00) x € into E, we call
this process measurable if X ~1(A) belongs to B[0,00) x F for all A € B(E).

Definition 1.5 A filtration F = {F;,t > 0} is a collection of sub-o-algebras
of F such that Fs C F; for all s < ¢t. We put Foo = o(F,t > 0). Given a
stochastic process X we denote by F;* the smallest o-algebra for which all X,
with s < t, are measurable and FX = {FX ¢ > 0}.

Given a filtration F for ¢ > 0 the o-algebras F;; and F;_ for t > 0 are
defined as follows. Fiy = (\,50Ft+n and Fro = o(Fi_p,h > 0). We will
call a filtration F right-continuous if F; = F;4 for all ¢ > 0, left-continuous if
Fi = Fi— for all t > 0 and continuous if it is both left- and right-continuous. A
filtration is said to satisfy the usual conditions if it is right-continuous and if Fy
contains all F-null sets. We use the notation F* for the filtration {F;4,¢ > 0}.

Definition 1.6 Given a filtration [F a process X is called F-adapted, adapted to
F, or simply adapted, if for all ¢ > 0 the random variable X; is F;-measurable.
Clearly, any process X is adapted to FX.

A process X is called progressive or progressively measurable, if for all ¢ > 0
the map (s,w) — Xs(w) from [0,¢] x Q into R is B[0,t] ® Fi-measurable. A
progressive process is always adapted (Exercise and measurable.

Proposition 1.7 Let X be a process that is (left-) or right-continuous. Then
it is measurable. Such a process is progressive if it is adapted.

Proof. We will prove the latter assertion only, the first one can be established by
a similar argument. Assume that X is right-continuous and fix ¢ > 0 (the proof
for a left-continuous process is analogous). Then, since X is right-continuous,
X is on [0,t] the pointwise limit of the X™ defined as

on

X" = Xoliy(-) + Z L((k—1)2-nt,k2-ne) () Xpo-ny-
k=1

It is easy to see that all X™ are B[0,t] x Fi-measurable, and so is their limit
X. O

1.2 Stopping times

Definition 1.8 A map T : @ — [0,00] is a called a random time, if T is a
random variable. T is called a stopping time (w.r.t. the filtration F, or an
F-stopping time) if for all ¢ > 0 the set {T <t} € F;.

If T < oo, then T is called finite and if P(T' < co) = 1 it is called a.s. finite.
Likewise we say that T is bounded if there is a K € [0, 00) such that T'(w) < K
for all w, and that T is a.s. bounded if there is a K with P(T' < K) = 1. For a



random time T" and a process X one defines on the (measurable) set {T" < oo}
the function X7 by

Xr(w) = Xp)(W).

If next to the process X we also have a random variable X, then X is defined
on the whole set 2.

The set of stopping times is closed under many operations.

Proposition 1.9 Let S,T,11,15,... be stopping times. Then all random vari-
ables SVT, SANT, S+ 1T, sup, T, are stopping times. The random variable
inf,, T,, is an F-stopping time. If a > 0, then T + a is a stopping time as well.

Proof. Exercise[1.5 O

Suppose that E is endowed with a metric d and that the £ is the Borel
o-algebraon E. Let D C FE and X a process with values in E. The hitting time
Hp is defined as Hp = inf{¢t > 0 : X; € D}. Hitting times are stopping times
under extra conditions.

Proposition 1.10 Let X be an F-adapted process. If G is an open set and X
right-continuous, then Hg is an FT-stopping time. Let F be a closed set and X
a cadlag process. Define Hp = inf{t >0: X; € For X;_ € F}, then Hp is an
F-stopping time. If X is a continuous process, then Hp is an F-stopping time.

Proof. Notice first that {Hg < t} = Us;<t{Xs € G}. Since G is open and
X is right-continuous, we may replace the latter union with Us«; seq{Xs €
G}. Hence {Hg < t} € F; and thus Hg is an F'-stopping time in view of
Exercise [[4l

Since F is closed it is the intersection N2 ; F™ of the open sets F"* = {x €
E:d(z,F) < 1}. The event {Hp <t} can be written as the union of {X, € F},
{Xi— € F} and Ny>1 Us<r,seq {Xs € F"} by an argument similar to the one
we used above. The result follows. O

Definition 1.11 For a stopping time T we define Fr as the collection {F €
Foo : FNAT < t} € F4, ¥t > 0}. Since a constant random variable T' = tg is
a stopping time, one has for this stopping time Fr = F;,. In this sense the
notation Frp is unambiguous. Similarly, we have Fry = {F € Foo : FN{T <
t} € Fiy,Vt > 0}.

In the definition of Fr one may replace Fo, by F. This leads to the same
o-algebra Fr.

Proposition 1.12 Let S and T be stopping times.
(i) For all A € Fg it holds that AN{S < T} € Fr, and if X is Fg-measurable,
then 1¢g<7y X is Fr-measurable. In particular, if S < T, then Fg C Fr.
(ij) FsNFr = Fspr and {S < T} € Fs N Fr.



Proof. [[D)] Write AN{S < T}N{T <t} as AN{S < t}N{SAt < TAt}{T < t}.
The intersection of the first two sets belongs to F; if A € Fg, the fourth one
obviously too. That the third set belongs to F; is left as Exercise The
statement concerning X follows.

It follows from the first assertion that FsNFr D Fsar. Let A € FsNFr.
Then AN{SAT <t} = (AN{S <t}) U(AN{T < t}), and this obviously
belongs to F;. From the previous assertions it follows that {S < T} € Fr. But
then we also have {S > T} € Fr and by symmetry {S < T} € Fg. Likewise
we have for every n € N that {S < T + }L} € Fgs. Taking intersections, we get
{S < T} e Fs. O

For a stopping time 7" and a stochastic process X we define the stopped process
XT by XtT = XT/\ta for t 2 0.

Proposition 1.13 Let T be a stopping time, X a progressive process. Then
Y := Xrplpoo is Fr-measurable and the stopped process X! is progressive
too.

Proof. First we show that X7 is progressive. Let ¢t > 0. The map ¢ : ([0,#] x
0, B[0,t] x Ft) — ([0,t] x Q, B[0,t] x F;) defined by ¢ : (s,w) = (T'(w) A s,w) is
measurable and so is the composition (s,w) — X (¢(s,w)) = X ()as(w), which
shows that X7 is progressive. Fubini’s theorem then says that the section map
w = Xpyae(w) is Fi-measurable.

To show that Y is Fp-measurable we have to show that {Y € B} N {T <
t} = {Xra € B} N{T <t} € F;. This has by now become obvious. O

1.3 Exercises

1.1 Let X be a measurable process on [0,00). Then the maps ¢t — X;(w) are
Borel-measurable. If E|X;| < oo for all ¢, then also ¢t — EX; is measurable
and if fOTIE|Xt| dt < oo, then fOT EX,dt = EfOT X, dt. Prove these statements.
Show also that the process fo X, ds is progressive if X is progressive.

1.2 Let X be a cadlag adapted process and A the event that X is continuous
on an interval [0,¢). Then A € F;.

1.3 Let X be a measurable process and T' a random time. Then X717, is a
random variable.

1.4 A random time T is an FT-stopping time iff for all ¢ > 0 one has {T < t} €
Fi.

1.5 Prove Proposition (1.9

1.6 Let S, T be stopping times bounded by a constant tg. Then o(S) C F;, and
{S§<T} e Fy.

1.7 Let T be a stopping time and S a random time such that S > T. If S is
Frp-measurable, then S is a stopping time too.



1.8 Let X1, X5, X3 be iid random variables, defined on the same probability
space, with expectation zero. Let G = o(X; + X2), H = o(X2 + X3) and
X=X+ X3+ X3
(a) Show that Xp¢ = E[E[X|H]|G] = 5(X1+ X2) and E[E[X|G]|H] = %(Xg—i—
X3). (Taking conditional expectation w.r.t. G and H does not commute).

(b) What happens eventually to iterated conditional expectations Xpygy =
EXucH], Xuane = E[Xuaul|G), etc.?

1.9 Let S and T be stopping times such that S < T and even S < T on the set
{S < o0}. Then Fgy C Fr.

1.10 Show that a progressive process is adapted and measurable.
1.11 Show that F* is a right-continuous filtration.

1.12 Show that F¥X is a left-continuous filtration if X is a left-continuous pro-
cess.

1.13 Let X be a process that is adapted to a filtration F. Let Y be a modification
of X. Show that also Y is adapted to F if F satisfies the usual conditions.

1.14 Show that Proposition [I.13| can be refined as follows. Under the stated
assumptions the process X7 is even progressive w.r.t. the filtration {Firr : t >

0}.

1.15 Consider F' := RI%>) and let B be the Borel o-algebra on R. Define, for
eacht >0, m : F — Rby m f = f(t), and let IT = {m, ¢ > 0}. As the o-algebra
on F we take ¥ = o(II). Consider also, on a measurable space (£2, F), a mapping
X:Q— Fandlet Xy =70X :Q — R. Show that X is F/X-measurable iff
X is F/B-measurable for all ¢ > 0.



2 Martingales in continuous time

In this section we review some properties of martingales and supermartingales.
Throughout the section we work with a fixed probability space (Q, F,P) and
a filtration F. Familiarity with the theory of martingales in discrete time is
assumed.

2.1 Generalities

We start with the definition of martingales, submartingales and supermartin-
gales in continuous time.

Definition 2.1 A real-valued process X is called a supermartingale, if it is
adapted, if all X; are integrable and E[X|F;s] < X; a.s. forallt > s. If —X is a
supermartingale, we call X a submartingale and X will be called a martingale
if it is both a submartingale and a supermartingale.

The number of upcrossings of a stochastic process X over an interval [a, b] when
time runs through a finite set F' is denoted by U([a,b]; F). Then we define
the number of upcrossings over the interval [a, b] when time runs through a set
I by U([a,b);I) := sup{U([a,b]; F) : F C I, F finite}. Note that U([a,b];I)
is Fi-measurable if X is adapted and I C [0,¢] is countable. If I is uncount-
able, I = [0,¢] say, but we also know that X has right-continuous paths, then
U([a,b];I) is still Fi-measurable as the paths of X are determined by their
values at the countably many rational time points. Fundamental properties of
(sub)martingales are collected in the following proposition.

Proposition 2.2 Let X be a submartingale with right-continuous paths. Then
(i) For all A > 0 and 0 < s < t one has Doob’s supremal inequality

AP( sup X, > \) <EX; (2.1)
s<u<t
and
AP( infq X, <=2 < IE]XtJr - EX,. (2.2)

(ii) If X is a nonnegative submartingale and p > 1, then one has Doob’s LP
inequality

p
I sup Xullp < ——[1Xtllp, (2.3)
t p

s<u<

where for random variables ¢ we put ||¢||, = (E|¢|P)}/P. In particular, if
M is a right-continuous martingale with EM? < oo for all t > 0, then

E( sup M;) < 4EM?. (2.4)

s<u<t



(iii) For the number of upcrossings U ([a, b]; [s,t]) it holds that

+
B (a, b [s. 1) < 1,

(iv) Almost every path of X is bounded on compact intervals and has no
discontinuities of the second kind (left limits exist a.s. at allt > 0). For
almost each path the set of points at which this path is discontinuous is
at most countable.

Proof. The proofs of these results are essentially the same as in the discrete
time case. The basic argument to justify this claim is to consider X restricted
to a finite set F' in the interval [s,¢]. With X restricted to such a set, the above
inequalities in [(1)| and [(ii)] are valid as we know them from discrete time theory.
Take then a sequence of such F', whose union is a dense subset of [s,t], then
the inequalities keep on being valid. By right-continuity of X we can extend
the validity of the inequalities to the whole interval [s,t]. The same reasoning

applies to [(iii)|

For argue as follows. Combining the inequalities in we see that
P(sup,<,<; |Xu| = o0) = 0, hence almost all sample paths are bounded on
intervals [s,#]. We have to show that almost all paths of X admit left lim-
its everywhere. This follows as soon as we can show that for all n the set
{liminfyyy X < limsupgy, X, for some ¢ € [0,n]} has zero probability. This set
is contained in Ua peq{U([a, b], [0,n]) = oo}. But by [(iii)] this set has zero prob-
ability. It is a fact from analysis that the set of discontinuities of the first kind
of a function is at most countable, which yields the last assertion. O

The last assertion of this proposition describes a regularity property of the
sample paths of a right-continuous submartingale. The next theorem gives a
sufficient condition that justifies the fact that we mostly restrict our attention
to cadlag submartingales. This condition is trivially satisfied for martingales.
Necessity of the condition is the subject of Exercise 2:16]

Theorem 2.3 Let X be a submartingale and let the filtration F satisfy the
usual conditions. Suppose that the function t — EX; is right-continuous on
[0,00). Then there exists a modification Y of X that has cadlag paths and that
is also a submartingale w.r.t. F.

To prepare for the proof of this theorem we present two lemmas.

Lemma 2.4 Let (G,) be a decreasing sequence of o-algebras and let (Y,,) be
a backward submartingale, i.e. a sequence of integrable random variables such
that each Y,, is a G,,-measurable and such that

If the sequence of expectations EY,, is bounded from below, then the collection
{Y,,n > 1} is uniformly integrable.



Proof. Consider the chain of (in)equalities (with n > m)

Eljy, salYnl = Ely, 52 Y, — Ely, <2V,
= -EY, + ElYn>)\Yn + ]E]-YnZ—)\Yn
_EY, + Ely, -\Yy + Ely, 5 1Y

<
< —EY, + EY,, + Eljy, 50| Y| (2.5)
Since the sequence of expectations (EY;,) has a limit and hence is Cauchy, we
choose for given € > 0 the integer m such that for all n > m we have —EY,, +
EY,, < €. By the conditional version of Jensen’s inequality we have EY, <
EY,". Since EY;, > [ for some finite I, we can conclude that E|Y,,| = 2EY,\ —

EY,, < 2EY;" — . This implies that P(|Y,,| > \) < QEY;#. Hence we can make
the expression in (2.5)) arbitrarily small for all n big enough and we can do this
uniformly in n (fill in the details). O

Lemma 2.5 Let X be a submartingale relative to a filtration F.
(i) There exists an event 2 € F with P(Q2) = 1 such that for every w € Q the
following limits exist,

X+ (w) == s¢1tiIsIéQXs(w)’ t>0 (2.6)
X (w) = s%{g{é@)(s(w), t>0. (2.7)

(i) With X, (w) and X,_(w) for w € Q as above, and arbitrary for w ¢ Q,
for instance zero, we have everywhere defined random variables X;,, X;_.
These limit random variables extend the submartingale property of X in
the following sense.

EXi |F] > Xias., t >0,
E[Xt|]:t—] > Xt— a.s., t>0.

(iii) The process {X;i,t > 0} is a submartingale relative to the filtration
F* = {Fiy,t > 0} with a.s. cadlag paths.

Proof. (i) Recall the upcrossings numbers U([a, b]; I) with a < b. Here we need
U([a,b];[0,n] N Q) and the particular values U([a, b]; [0,n] N Q)(w) for integers
n. Fixt > 0and let n > t+1,s0t € [0,n), and even ¢t € (0,n) if t > 0.
Consider the sets A7, = {w € Q : U([a,b];[0,n] N Q)(w) = oco}. If the limits
in and don’t exist, then for some a < b, which we can take rational,
it holds that w € A} ,. But each A7, has probability zero (see the proof of
Proposition [2.2(iv)), as does their union A" = Uapeq Anp- The conclusion is

that the limits in and exist on an appropriate set Q.

(ii) We proceed with the extended submartingale property. Let (¢,) be a
sequence of rational numbers in (¢, 00), monotonically decreasing to ¢ > 0. Then
{Xy,,n > 1} is a backward submartingale relative to the filtration {F;, ,n > 1},

n?



and the sequence (EX; ) is decreasing and bounded from below by EX;. Tt
follows from Lemma [2.4] that the sequence (EX, ) is uniformly integrable. The
submartingale property of X gives EX;1p < EX; 1p for all £ € F; and all
n > 1. Thanks to the just established uniform integrability and X;, — Xy
a.s., we also have the L!-convergence E|X; — X;;| — 0 and therefore also
EX: 1p — EX; 1g, hence EX;1p < EX; 1. As E € F; is arbitrary, this
establishes F[X;|F:] > X;.

The other inequality is proven similarly. Let (¢,) be a sequence of ratio-
nal numbers in (0,¢), monotonically increasing to ¢ > 0. The submartingale
property of X gives E[X|F;, ] > X, for all n. We now use Lévy’s upward
convergence theorem and X;, — X;_ a.s. to obtain E[X;|F_] > X;_.

(iil) We prove this statement by a combination of the above arguments. Take
t > s > 0 and a monotone decreasing sequence (s,,) of rational numbers in the
interval (s,t) with lims,, = s. According to the first part of (ii), E[ Xy |Fs,] >
X, a.s. Using Levy’s downward theorem, we obtain the submartingale property
E[X:+|Fs,.] > Xy as. That P-almost every path of {X,1,t > 0} is cadlag is
an immediate consequence of (i). O

Proof of Theorem [2.5 The modification sought for will be the {X;;,¢ > 0}
from Lemma[2.5] We already know it is a submartingale relative to the filtration
{Fi+,t > 0}, which is nothing else but F by assumed right continuity of the
filtration. So we only have to show that for each ¢ > 0 one has X; = X, a.s.
Let ¢ > 0 and let (g,) be a sequence of rational numbers with ¢, | t. Then
limy, 00 Xg, = X¢+ a.s. Uniform integrability implies EX,; = lim, . EX,, .
By the assumed right-continuity, lim, ., EX, = EX;, which then implies
E(X¢+ — X¢) = 0. On the other hand, Lemma ii) gives Xt > X; a.s., since
Xy is Fi-measurable. But then Xy, must be equal to X; a.s. O

2.2 Limit theorems and optional sampling

We will present some convergence results for certain random variables. For p-
P p

norm convergence we use the notation L—), not £—>, ignoring the subtle differences

between random variables in £P (), F,P) and equivalence classes in L?(Q, F,P).

This should not lead to confusion. The following two theorems are the funda-

mental convergence theorems for (sub)martingales.

Theorem 2.6 Let X be a right-continuous submartingale with sup,- EX,;" <
00. Then there exists a Fo.-measurable random variable X, with E|X | < co
such that X; ©3 X_.. If moreover X is uniformly integrable, then we also have

1
X; 5 X and E[Xo|F,] > X, a.s. for all t > 0.

Theorem 2.7 Let X be a right-continuous martingale. Then X is uniformly
integrable iff there exists an integrable random variable Z such that E[Z|F;] =

1
X, a.s. for all t > 0. In this case we have X; =3 X and X; L—> Xoo, where
Xoo = E[Z|Foo].



Proof. The proofs of these theorems are like in the discrete time case. O

We will frequently use the optional sampling theorem, Theorem for right-
continuous submartingales.

Theorem 2.8 Let X be a right-continuous submartingale with a last element
Xoo (ie. E[Xoo|Ft] > X4, a.s. for every t > 0) and let S and T' be two stopping
times such that S <T. Then Xg < E[Xr|Fs] a.s.

Proof. Put T,, = 27"[2"T + 1] and S,, = 27"[2"S + 1]. Here [z] denotes the
largest integer less than or equal to . Then the T}, and .S, are stopping times rel-
ative to the filtration {Fjo-n,k > 0} (Exercise[2.6)), T\, > S,, and they form two
non-increasing sequences with limits 7', respectively S. Notice that all T,, and
S, are at most countably valued. We can apply the optional sampling theorem
for discrete time submartingales (see Theorem to get E[Xr,|Fs,] > Xs, ,
from which we obtain that for each A € Fg C Fg,, it holds that

E1,X7, > El4Xs, . (2.8)

It similarly follows, that E[Xr,|Fr,,,] > X7,.,. Notice that the expectations
EXr, form a decreasing sequence with lower bound EXy. We can thus apply
Lemma2.4]to conclude that the collection {Xr, : n > 1} is uniformly integrable.
Of course the same holds for {Xg, : n > 1}. By right-continuity of X we get
lim, yoo X7, = X7 as. and lim, o0 X5, = Xg a.s. Uniform integrability
implies that we also have L'-convergence, hence we have from Equation
that E14 X7 > E1 4 X for all A € Fg, which is what we had to prove. O

Remark 2.9 The condition in Theorem 2.8 that X has a last element can be
replaced by restriction to bounded stopping times S < T and one also obtains
EXg < EXp. In fact, if X is a right-continuous adapted process for which
all E|X;| are finite, and if EXg < EXr for all bounded stopping times with
S < T, then X is a submartingale. This can be seen by taking ¢ > s, § = s and
T =tlp + slg. for arbitrary F' € F.

Corollary 2.10 Let X be a right-continuous submartingale and let S < T be
stopping times. Then the stopped process X' is a submartingale as well and
E[X7at|Fs] > Xgar a.s. for every t > 0.

Proof. This is Exercise [2.4] O
Here is another application of the optional sampling theorem.

Proposition 2.11 Let X be a right-continuous nonnegative supermartingale
relative to a right-continuous filtration. Let T = inf{t > 0: X; =0 or X;_ =
0}. Then X17 ) is indistinguishable from zero.

Proof. Take X = 0 as a last element of X. Let T,, = inf{t : X, < 1/n} for
n > 1. Then the T, are stopping times in view of Proposition Moreover,

10



T, <Tht1 <T, Xy, <1/non{T, < oo} and even Xp, = 0 on {7, = oo}.
From Theorem 2.8 we obtain for each stopping time S > T,

>EXrp, >EXg > 0.

S|

Put S = T +q, where ¢ is a positive rational number. It follows by taking limits
that EX744 = 0 and then by X7, > 0 also that X7, = 0 a.s., which yields
the assertion by right-continuity. O

2.3 Doob-Meyer decomposition

This section is devoted to the celebrated Doob-Meyer decomposition theorem
for continuous time submartingales, Theorem [2.17] below, as well as some of
its ramifications. The corresponding result in discrete time is relatively easy
to prove, where one needs the concept of a predictable process. This discrete
time concept has a more complicated counterpart in continuous time and is in
the present section replaced with another one, a natural process. Equivalence
between the two concepts will be discussed in Section for continuous time
processes and is the topic of Exercise 2.11]in discrete time.

Definition 2.12 Let A be an adapted process.
(i) The process A is called increasing if a.s. we have Ay = 0, t — Az(w)
is a nondecreasing right-continuous function and if EA; < oo for all t.
An increasing process is called integrable if EA,, < oo, where A, =
limtﬂoo At.
(ii) An increasing process A is called natural if for every right-continuous and
bounded martingale £ we have

E[ ¢&dA,=E [ ¢&_dA,vt>o0. (2.9)
(0,t] (0,t]

Remark 2.13 The integrals f(07t] &,dA; and f(O,t] ¢,_ dA, in Equation are
defined pathwise as Lebesgue-Stieltjes integrals (see Section forall t > 0
and hence the corresponding processes are progressive; this is further explained
in Section Furthermore, if the increasing process A is continuous, then it
is natural. This follows from the fact the paths of £ have only countably many

discontinuities (Proposition [2.2]/(iv))).

Definition 2.14 A right-continuous process is said to belong to class D if the
collection of Xp, where T runs through the set of all finite stopping times, is
uniformly integrable. A right-continuous process X is said to belong to class DL
if for all @ > 0 the collection X, where T runs through the set of all stopping
times bounded by a, is uniformly integrable.

With these definitions we can state and prove the Doob-Meyer Theorem for
submartingales. In the proof of this theorem we use the following two lemmas.

11



The first one (the Dunford-Pettis criterion) is a rather deep result in functional
analysis, of which we give a partial proof in the appendix. The second one will
also be used elsewhere.

Lemma 2.15 A collection Z of random variables defined on a probability space
(Q, F,P) is a uniformly integrable family, iff for any sequence {Z,,n > 1} C Z
there exist an increasing subsequence (ny) and a random variable Z such that
for all bounded random variables ¢ one has limy_,., EZ,, ( = EZ(. Moreover,
if G is a sub-o-algebra of F, then also limy_,~ E[E[Z,, |G]¢] = E[E[Z|G](].

Proof. See Appendix O

We extend the concept of a natural increasing process as follows. First, we
recall that a function is of bounded variation (over finite intervals), if it can be
decomposed into a difference of two increasing functions (see Appendix .
A process A is called natural and of bounded variation a.s. if it can be writ-
ten as the difference of two natural increasing processes. For such a process
Equation is thus still valid.

Lemma 2.16 Assume that the filtration satisfies the usual conditions. Let M
be a right-continuous martingale which is natural and of bounded variation a.s.
Then M is indistinguishable from a process that is constant over time.

Proof. Without loss of generality we suppose that My = 0 a.s. Write M =
A— A’, where the processes A and A’ are natural and increasing. Then we have
for any bounded right-continuous martingale ¢ and for all ¢ > 0 the equality

(this is Exercise

E& A, =E ¢ dA, =E £, dA,. (2.10)
(0,t] (0,t]

If we replace A with A’ the above equality is then of course also true and then
continues to hold if we replace A with M. So we have

E¢,M, =E €, dM,. (2.11)
(0,]

The expectation on the right hand side of is a limit of the expectations
(use the Dominated Convergence Theorem separately to integrals w.r.t. A and
A EY &, (M, — M, ), where the t;, come from a sequence of nested
partitions whose mesh tend to zero. But E)", &, (M, — M, ,) = 0, since
M is a martingale. We conclude that E& M, = 0.

Let ¢ be a bounded random variable and put & = E[(|F;], then £ is a martin-
gale. We know from Theorem [2.3] that £ admits a right continuous modification
and hence we get EM;¢ = 0. Choosing ¢ in an appropriate way (how?) we con-
clude that M; = 0 a.s. We can do this for any ¢t > 0 and then right-continuity
yields that M and the zero process are indistinguishable. O
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Theorem 2.17 Let the filtration F satisfy the usual conditions and let X be
a right-continuous submartingale of class DL. Then X can be decomposed ac-
cording to

X=A+M, (2.12)

where M is a right-continuous martingale and A a natural increasing process.
The decomposition is unique up to indistinguishability and is called Doob-
Meyer decomposition. Under the stronger condition that X is of class D , M is
even uniformly integrable and A is integrable.

Proof. We first show the uniqueness assertion. Suppose that we have next
to another decomposition X = A’ + M’ of the same type. Then B :=
A— A" = M’ — M is a right-continuous martingale that satisfies the assumptions
of Lemma [2.16| with By = 0. Hence it is indistinguishable from the zero process.

We now establish the existence of the decomposition for ¢ € [0,a] for an
arbitrary a > 0. Let Y be the process defined by Y; := X; —E[X,|F;]. Since X is
a submartingale Y; < 0 for t € [0, a]. Moreover the process Y is a submartingale
itself that has a right-continuous modification (Exercise, again denoted by
Y. From now on we work with this modification.

Consider the nested sequence of dyadic partitions II" of [0, a], II" > 7 =
j27™a, j = 0,...,2". With time restricted to II", the process Y becomes a
discrete time submartingale to which we apply the Doob decomposition (Exer-
cise [2.10)) with an increasing process A™, which results in Y = A™ + M", with

¢ = 0. Since Y, =0, we get

A?y =Y + E[AG[Fin]. (2.13)
We now make the following claim.
The family {A? : n > 1} is uniformly integrable. (2.14)

Supposing that the claim holds true, we finish the proof as follows. In view
of Lemma we can select from this family a subsequence, again denoted by
A, and we can find a random variable A, such that ECA} — EA,( for every

bounded random variable (. We now define for ¢ € [0, a] the random variable
A; as any version of

At = }/t + E[Aa|ft] (215)

The process A has a right-continuous modification on [0, a], again denoted by A.
We now show that A is increasing. Let s,t € | J,, II", s < t. Then there is ny such
that for all n > ng we have s,¢ € II". Using the second assertion of Lemma[2.15]
equations and (2.15), we obtain EC(A} — A") — E((A; — Ay). Since for
each n the A™ is increasing we get that E((A; — A,) > 0 as soon as ¢ > 0. Take
now ¢ = 1y4,54,) to conclude that A; > A, a.s. Since A is right-continuous,
we have that A is increasing on the whole interval [0,a]. It follows from the
construction that Ap = 0 a.s. (Exercise [2.12).

13



Next we show that A is natural. Let £ be a bounded and right-continuous
martingale. The discrete time process A™ is predictable (and thus natural,
Exercise [2.11)). Restricting time to II" and using the fact that Y and A as well

as Y and A" differ by a martingale (equations (2.13) and (2.15)), we get

BEAL=EY 6 (45 — AL )

J

=E) &, (Yy — Yy )
J

=E) &, (A — Ay )
J

Let n — oo to conclude that

E{oAq =E §s— dAs, (2.16)
(0,a]

by the definition of A, and the dominated convergence theorem applied to the
right hand side of the above string of equalities. Next we replace in 13
with the, at the deterministic time ¢ < a, stopped process £¢. A computation
shows that we can conclude

EftAt =E ES— dAé,Vt S Qa. (217)
(0.1]

In view of Exercise this shows that A is natural on [0,a]. The proof of the
first assertion of the theorem is finished by setting M; = E[X, — A,|F]. Clearly
M is a martingale and M; = X; — A;. Having shown that the decomposition is
valid on each interval [0, a], we invoke uniqueness to extend it to [0, c0).

If X belongs to class D, it has a last element (see Theorem and we can
repeat the above proof with a replaced by co. What is left however, is the proof
of the claim . This will be given now.

Let A > 0 be fixed. Define 7" = inf{t]_, : A?}” >Nj=1,...,2"} Aa. One
checks that the T are stopping times, bounded by a, that {T™ < a} = {A} >
A} and that we have A%, < A on this set. By the optional sampling theorem
(in discrete time) applied to one has Yprn = A%, — E[A?|Frn]. Below we
will often use that Y < 0.

To show uniform integrability, one considers E1{an- 1} Ay and with the just
mentioned facts one gets

]El{Ag>>\}AZ = ]El{Ag>>\}A?n - ]El{Ag>>\}YTn
<AP(T" < a) — ElirncayYrn. (2.18)

Let S™ = inf{t}_, : A} > %)\,j =1,...,2"} Aa. Then the S™ are bounded
J
stopping times as well with S < T™ and we have, like above, {S™ < a} =
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{A? > 1)} and A%, < i) on this set. Using Ygn = A%, — E[A?|Fsn] we
develop

_E1{5n<a}YSn = _E1{5N<a}A’g‘n +E1{S"<a}AZ

= El{gncay(Ay — Aln)
2 Elqrncay (A — Agn)

1
> SAP(T" < a).

It follows that AP(T" < a) < —2Elygn.,3Ysn. Inserting this estimate into
inequality (2.18]), we obtain

EI{A3>)\}AZ < —2E14gncayYon — Elgpn gy Y. (2.19)

The assumption that X belongs to class DL implies that both {Y7n,n > 1} and
{Ysn,n > 1} are uniformly integrable, since Y and X differ for ¢ € [0,a] by a
uniformly integrable martingale. Then we can find for all € > 0 a § > 0 such
that —E1pY7p» and —E1pYgn are smaller than € for any set F' with P(F) < 4,
uniformly in n. Since Y, = 0, we have EA} = —-EM} = -EM{} = —EY,. It
follows that P(T,, < a) < P(S™ < a) = P(A? > A\/2) < —2EY;/A. Hence for A
bigger than —2EY}/d, we can make both probabilities P(T,, < a) and P(S™ < a)
of the sets in less than ¢, uniformly in n. This shows that the family
{A : n > 1} is uniformly integrable. O

The general statement of Theorem only says that the processes A and M
can be chosen to be right-continuous. If the process X is continuous, one would
expect A and M to be continuous. This is true indeed, at least for certain
nonnegative processes, see Exercise [2.14. However a stronger result can be
proven.

Theorem 2.18 Suppose that in addition to the conditions of Theorem
the submartingale is weakly left-continuous, i.e. it is such that lim,_ . EXpn =
EXr for all bounded increasing sequences of stopping times T"™ with limit T.
Then the process A in equation is indistinguishable from a continuous
process.

Proof. We work on an interval [0, a] for some @ > 0. Then a can also be seen
as an upper bound for T and the T™. According to Theorem we have
X = A+ M. Hence, according to the optional sampling theorem we have
EATn = ]EXTn — EMTn = ]EXTn — EMa, which lmphes

EAr» T EAr. (2.20)

Since A is increasing, we know that (Ar») has as a finite limit and by the
monotone convergence theorem we can even conclude (check!) that Apn,(w) T
Arp(y)(w) for all w outside a set of probability zero. This set however, in prin-
ciple depends on the chosen sequence of stopping times, which is insufficient to
establish a.s. continuity of A.
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We proceed as follows. Assume for the time being that A is a bounded
process. As in the proof of Theorem we consider the dyadic partitions II"
of the interval [0,a]. For every n and every j = 0,...,2" — 1 we define £™7 to
be the right-continuous modification of the martingale defined by E[Asn  [F].
Then we define

2" —1

Z & (e en, 41 (0)-

The process {™ is on the whole interval [0, a] right-continuous, except possibly
at the points of the partition. Notice that we have & > A; a.s. for all t € [0, a]
with equality at the points of the partition and £"*! < £”. Since A is a natural
increasing process, we have for every n and j

e,
(st

Summing this equality over all relevant j we get

€ dA, = E/ " dA,.
(¢t

J+1] J+1]

E §rdA, =E &r dAs, for all t € [0, al. (2.21)
(0,¢] (0,¢]

We introduce the right-continuous nonnegative processes 1" defined by 7 =
(&8 — A)1pq)(t). For fixed ¢ > 0 we define the bounded stopping times
(see Proposition T" = inf{t € [0,a] : n}* > €} A a. Observe that also
T =inf{t € [0,a] : & — A; > £} A a in view of the relation between 1™ and £”
(Exercise . Since the &' are decreasing in n, we have that the sequence 7"
is increasing and thus has a limit, 7" say. Let ¢"(t) = 23;61 i laman, ) (t) and
notice that for all n and ¢ € [0,a] one has a > ¢™(t) > ¢"F1(t) > t. It follows
that lim,,_, . ¢™(T™) = T a.s. From the optional sampling theorem applied to
the martingales £™7 it follows that

B¢t =B E[Ap  [Fra]lgm s 1(T")
J
=E Z E[At;gl 1(t;r,t;+1] (T™)|Frn]
J
=EY E[Agn@n)Lgn e, ) (T™)|Frn]
J

And then

E(Agn(ny — Apn) = E(§7n — Arn)
> El{pncay(€fn — Arn)
> eP(T" < a).
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Thus

1
€
by and right-continuity and boundedness of A. But since {T" < a} =
{supseo,q) 167 — At| > €} and since holds for every e > 0, we can find

a subsequence (ny) along which sup;cg q £ — At %% 0. Since both A and
¢ are bounded, it follows from the dominated convergence theorem applied to
Equation (2.21)) and the chosen subsequence that

P(T" < a) < =E(Agn(pny — Arn) — 0 for n — oo, (2.22)

]E/ A dA, = ]E/ A,_dA,, for all t € [0, a],
(0,¢] (0,¢]

and hence
EY (AA)? = E/ (As — As_)dAg =0 for all t € [0, a]. (2.23)
t<a (0,¢]

We conclude that AA; = 0 a.s. for all t > 0 and hence, by right-continuity of
A that P(AA; =0,Vt > 0) = 1. Thus A is indistinguishable from a continuous
process.

The result has been proved under the assumption that A is bounded. If this
assumption doesn’t hold, we can introduce the stopping times S,, = inf{t >
0: Ay > m} and replace everywhere above A with the stopped process A%
which is bounded. The conclusion from the analogue of will be that the
process Aljg g, is indistinguishable from a continuous process for every m and
the final result follows by letting m — oo. O

We close this section with the following proposition.

Proposition 2.19 Let X satisfy the conditions of Theorem [2.17 with Doob-
Meyer decomposition X = A+ M and T a stopping time. Then also the stopped
process X T satisfies these conditions and its Doob-Meyer decomposition is given
by

XT=AT + MT.

Proof. That X7 also satisfies the conditions of Theorem is straightforward.
Of course, by stopping, we have X7 = AT + M™, so we only have to show that
this indeed gives us the Doob-Meyer decomposition. By the optional sampling
theorem and its Corollary the stopped process M7 is a martingale. That
the process A’ is natural, follows from the identity

& dATL = M dA, — &r(Ar — Ainr),
(0,t] (0,¢]

a similar one for | 0.4 &s— dAT valid for any bounded measurable process & and
the fact that A is natural. The uniqueness of the Doob-Meyer decomposition
then yields the result. O
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2.4 Predictable and natural processes

The decomposition in the Doob-Meyer theorem of continuous time martingales,
Theorem [2.17] differs from the Doob decomposition in discrete time by the
fact that in the former case the process A is natural and in the latter case
predictable. In Exercise [2.11] it is shown that in discrete time the notions of
predictable and natural processes coincide. The same is true in continuous
time, see Proposition below. But to appreciate the result, we first have to
define what a predictable process in continuous time is.

Definition 2.20 The predictable o-algebra P on [0,00) x R is the one that is
generated by the adapted left-continuous processes. A process is called pre-
dictable if it is P-measurable.

It is reasonable to call a left-continuous process predictable. For such a process
X we know that X; = lim, o X;, for ¢ > 0, where the ¢, satisfy ¢, < ¢
and lim, oo t, = t. One may cast this by saying that the ‘past values’ X,
‘predict’ Xy, X is a ‘predictable’ random variable. Note that in Definition [2.20
predictability is a notion of measurability.

In the general theory of stochastic processes another important role is played
by the optional o-algebra, generated by the adapted cadlag processes and by
the optional processes. Under the usual conditions this o-algebra coincides with
the one generated by the adapted right-continuous processes. The optional o-
algebra doesn’t play a role for us, but it is good to realize that every predictable
process is optional and that every optional process is progressive. More relevant
for now is the fact that any continuous adapted process is predictable.

The usual conditions on the filtration are assumed to be in force in the
remainder of this section. The main result is the proposition below. The proof
of it assumes a few facts from the general theory of stochastic processes that
are not proven in these notes.

Proposition 2.21 Let A be an increasing process. Then A is natural iff it is
predictable.

Proof. Suppose that A is natural. We will show in this first half of the proof
that it is predictable by reducing the problem to a simpler one. First we may
always suppose that A is integrable by considering the processes A™ defined by
A} = Alcny + Anlysny, then EAT = EA, < oco. If all A" are predictable,
then so is their limit A. In the next simplification we may assume that A is
also purely discontinuous. Indeed, every increasing process A can be composed
as A = A°+ A% where A€ is continuous and A¢ = Y _, AA,. Since A° is
predictable as it is continous, it is sufficient to show that A? is predictable to
conclude that the same is true for A. But A% can be seen as an at most countable
sum of processes that jump only once. It is therefore sufficient to prove the
assertion for an integrable increasing process A that is constant except for a
single jump, which is the case we shall consider now.
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Let then T be the moment that A jumps, and note that 7T is a stopping
time. For nonnegative integers n, k we consider

T™F = T1 ho-n<ap<(hinz—r) + 00 1{ap—oo}.

We can now write 4; = Aply>ry = limy o0 D oy k27" 1yspnny. It s a
crucial result in the theory for natural processes, takes this for granted, that also
the processes A™*, with A?’k = k27" 1> nky, are natural. The conclusion of
these considerations is that we have reduced our task to showing that a natural
process A of the type Ay17<; is predictable, when 7' is a stopping time. Note
that T is therefore a rather special stopping time, not an arbitrary one.

Another crucial result from the theory of natural processes, take this for
granted again, is that for such a 7', it is possible to find a sequence of stopping
times T such that 7" < T a.s., and 7" “3 T. The processes X" given by
X' = 147, <4y are left-continuous and adapted, hence predictable, and so is the
limit process X. But X; = 1;7<;; a.s., and, by right-continuity of A, we see
that X and A are indistinguishable. This finishes the first half of the proof.

In the second half we have to show that a predictable increasing process is
natural. Again the proof is divided into steps. In the first step we assume that
the predictable process A is bounded, so the limit A, is also a bounded random
variable. Consider the martingale M, M; = E[A|F:], and let X; = M; — Ay,
t > 0. Note that the process A is trivially a bounded supermartingale, and
therefore of Class D. So we can use the Doob-Meyer decomposition X = N —
B, where N is a uniformly integrable martingale and B a natural increasing
process, the latter property to be exploited below. Using that for ¢ > s one has
AZ — A2 = (A + As)(Ar — Ay), one derives by looking at a telescoping sum,
A% = f(O,oo)(At + A;_)dA;, see also Exercise 5.10 in the MTP lecture notes.
Using that A and B differ by a bounded martingale, one therefore obtains, using
Exercise [2.20

EAZ = E/ (Ae + Ap)dA; = IE/ (A; + A,_)dB,.
(0,00) (0,00)

Now we use the decomposition X = M — A and the fact that B is natural to
write

]E/ (A, + A,_)dB, = 2E M, dB; —]E/ (X, + X, )dB,.
(0,00)

(0,00) (0,00)

Let’s first consider the first term on the right hand side. Since B is natural, by
virtue of it equals 2EM ., B, which is nothing else but 2EA,, B, since
M., = A,,. For the second term, we obtain Ef((),oo)(Xt + X;_)dB, = EB2..
The result is EA%2 = 2EM,, Boo —EB2, or E(As — Boo)? = 0. Hence A, = By
a.s., and then A, = M; — X; = E[By|F:] — Xt = B;. It follows that A is
indistinguishable from B and therefore natural.

In the next step we lift the boundedness condition on A, but we let A be inte-
grable. Let S™ = inf{t > 0: A; > n}, then A" := A5" is a bounded predictable

19


https://staff.fnwi.uva.nl/p.j.c.spreij/onderwijs/master/mtp.pdf

process and, by the previous step, natural. Using the latter property, we have
for any bounded right-continuous martingale ¢ the equality E f(07 4 £ dAY =
E& AP — E& A, for n — co. We again decompose A as A = A° + A%, where A?
satisfies A = Y., AA and A° is continuous, increasing and adapted, hence
predictable and natural. The process A¢ will therefore be ignored in what fol-
lows and we can restrict attention to the case A = A% We have the equality
Ef(()’t] {sdAY =B} (0, §s1{s<sny AA;. By the dominated convergence the-
orem, this has limit equal to EZSE(O,)&] EsAAg = Ef(o,t} &sdA,. This gives the
equality E [ ©0.] &s dAs = E&t Ay, which shows that A is natural, use (2.10) again.

In this final step we let A be an arbitrary predictable increasing process. Put
A} = Al y<py + Atlysyy. Then each A", being predictable and integrable is
natural by the previous step, from which we adapt the limit procedure to show
that also A is natural. O

2.5 Exercises

2.1 Let X be a supermartingale with constant expectation. Show that X is in
fact a martingale.

2.2 Why is sup,<,<; Xy in formula (2.3) measurable?

2.3 Let F = Fo, S and T be stopping times and X an integrable random
variable. Consider the martingale defined by X; = E[X|F], t € [0, o0].
(a) Show that X! = E[X7|F].
(b) Show that E[E[X|Fr]|Fs] = E[X|Fsar]- (It follows that taking condi-
tional expectation w.r.t. Fpr and Fg are commutative operations. This is
in general not true for arbitrary o-algebras, see Exercise )

2.4 Prove Corollary To prove that X7 is a submartingale, you may want
to use the commutation property of Exercise [2.3

2.5 Suppose that F = {F;,¢t > 0} is a filtration and X is a right-continuous
process and T a stopping time. Suppose that X is martingale w.r.t. the filtration
{Fras,t > 0}. Show that X is also a martingale w.r.t. F. (Exercise [2.3] may be
helpful.)

2.6 Show that the random variables T, in the proof of Theorem [2.8] are stop-
ping times relative to the filtration {Fj-»,k > 0} and that they form a non-
increasing sequence with pointwise limit 7T'.

2.7 Show that an increasing process A is natural iff for all bounded right-
continuous martingales £ one has Ef(o,t] & dAs = E& A, for all t > 0. Hint:
Consider first a partition 0 =ty < t; < --- <t, =t and take £ constant on the
(tk—1,tx]. Then you approximate ¢ with martingales of the above type.

2.8 Show that a (right-continuous) uniformly integrable martingale is of class
D.
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2.9 Let X be a right-continuous submartingale. Show that X is of class DL if
X is nonnegative or if X = M + A, where A is an increasing process and M a
martingale.

2.10 Let X be a discrete time process on some (2, F,P), and let F = {F,,},,>0
be a filtration. Assume that X is adapted, Xo = 0 and that X, is integrable for
all n. Define the process M by My = 0 and M,, = M,,_1 + X,, — E[X,,|F,,—1 for
n > 1. Show that M is a martingale. Define then A = X — M. Show that A, is
Frn—1-measurable for all n > 1 (one says that A is predictable) and that Ay = 0.
Show that A can be taken as an increasing process iff X is a submartingale.

2.11 A discrete time process A with E|A,,| < co for all n is called natural if for
all bounded martingales £ one has EA,&, = EY 7| &—1(Ar — Ap—1).
(a) Show that a process A is natural iff for all bounded martingales one has
EY i Ac(&e — &k—1) = 0.
(b) Show that a predictable process A with E|A,| < oo for all n is natural.
(c) Show that a natural process is a.s. predictable. Hint: you have to show
that A,, = A,, a.s., where A,, is a version of E[A,|F,—1] for each n, which
you do along the following steps. First you show that for all n one has
E¢ A, = E&, 1A, = EE,A,. Fix n, take & = E[sgn(A4, — A,)|Fx] and
finish the proof.

2.12 Show that the Ag in the proof of the Doob-Meyer decomposition (Theo-

rem [2.17)) is zero a.s.

2.13 Show that (in the proof of Theorem [2.18)) T™ = inf{t € [0,a] : &' — A; >
€} A a. Hint: use that £" is right-continuous except possibly at the 5.

2.14 A continuous nonnegative submartingale satisfies the conditions of Theo-
rem Show this, assuming that the filtration satisfies the usual conditions.
(Hence the predictable process in the Doob-Meyer decomposition of X can be
taken to be continuous.)

2.15 Show (in the proof of Theorem [2.18)) the convergence ¢™(T") — T a.s.
and the convergence in (2.22)).

2.16 Suppose that X is a submartingale with right-continuous paths. Show
that ¢ — EX; is right-continuous (use Lemma .

2.17 Let N = {N; : t > 0} be a Poisson process with parameter A and let
Fi =0(Ng, s <t),t > 0. Show that N is a submartingale and that the process
A in Theorem [2.17] is given by A; = At. Note that A is continuous, which is
a consequence of Theorem m (Optional exercise: show that N is weakly
left-continuous.) Give also a decomposition of N as N = B + M, where M is
martingale and B is increasing, but not natural. Let X, = (N; — At)%. Show
that X has the same natural increasing process A.
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2.18 Here is a converse to the optional sampling theorem for martingales. Let
X be a cadlag process such that for all bounded stopping times 7' it holds that
E|Xr|,00 and EXp = EXy. Show that X is a martingale. Hint: take s < t,
A € F, and consider the stopping time (verify this property!) T = t1 sc + s14.

2.19 Let X be a right-continuous adapted process such that E|X;| < co for all
t > 0. If X is a submartingale, then (optional sampling theorem) for all bounded
stopping times S, T with S < T one has E[Xr|Fs| > Xg. Show, conversely,
that the latter inequality implies that X is a submartingale. [Hint: take S of
the form S = s14 + t1 4. and show that it is a stopping time.] Formulate and
prove also a corresponding result for martingales with one stopping time only.

2.20 Let A, B be increasing processes such that A — B is a martingale, i.e.
E[A; — Ag|Fs] = E[By — Bs|Fs), for t > s. Let Y be a nonnegative predictable
process. The purpose is to show that

IE/ Y,dA, = IE/ Y, dB; for all ¢ € [0, o0]. (2.24)
(0,t] (0,t]

(a) Fix t > 0. Assume Y is bounded and left-continuous and let n be a positive
integer. Let Y* = >0, 1(%)57%](8)}/%8. Show that is true for
Y=Y"

(b) Show that is true for bounded left-continuous Y.

(c¢) Argue that holds true for bounded nonnegative predictable processes
Y, and then also for arbitrary nonnegative predictable processes Y.
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3 Square integrable martingales

In later sections we will use properties of (continuous) square integrable martin-
gales. Throughout this section we work with a fixed probability space (2, F,P)
and a filtration I that satisfies the usual conditions.

3.1 Structural properties

Definition 3.1 A right-continuous martingale X is called square integrable if
EX? < oo for all t > 0. By M? we denote the class of all square integrable
martingales starting at zero and by M? its subclass of a.s continuous square
integrable martingales.

To study properties of M? and M? we endow these spaces with a metric and
under additional assumptions with a norm.

Definition 3.2 Let X € M?2. We define for each t > 0 || X||; = (EX?)"/?, and
[|X || = sup||X|]s. The process X is called bounded in L? if sup || X||; < cc.
For all X € M? we also define || X|| = Y02, 27"(||X||» A 1) and d(X,Y) =
[|[X — Y]] for all X,Y € M2.

Remark 3.3 If we identify processes that are indistinguishable, then (M?2,d)
becomes a metric space and on the subclass of martingales bounded in L? the
operator || - ||s becomes a norm (see Exercise [3.1)). Note that for a sequence of
processes X™ and another process X one has d(X", X) — 0 iff E(X]*—X;)? — 0
for allt > 0.

Proposition 3.4 The metric space (M?,d) is complete and M? is a closed
(w.r.t. the metric d) subspace of M? and thus complete as well.

Proof. Let (X™) be a Cauchy sequence in (M?2,d). Then for each fixed ¢ the
sequence (X;) is Cauchy in the complete space L?(Q, F;,P) and thus has a
limit, X, say (which is the L!-limit as well). We show that for s < ¢ one has
Xs = E[X}|Fs]. Consider for any A € F, the expectations E14 X, and E14X;.
The former is the limit of E14X!" and the latter the limit of E14X;". But
since each X" is a martingale, one has E1, X" = E14X;", which yields the
desired result, E14 X, = E14X;. Choosing a right-continuous modification of
the process X finishes the proof of the first assertion.

The proof of the second assertion is as follows. Let (X™) be a sequence
in M2, with limit X € M? say. We have to show that X is (almost surely)
continuous. Using inequality , we have for every € > 0 that

1
P(sup | X" — X| > ) < SE(XF — X7)* = 0, m — oo.
t<T I3

Hence, for every k € N there is my, such that P(sup,<p | X;™ — X;| > ) <27,
By the Borel-Cantelli lemma one has P(liminf{sup,<7 [X;"* — X;| < e}) = 1.
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Hence for all T > 0 and for almost all w the functions ¢t — X™* (t,w) : [0,7] = R
converge uniformly, which entails that limit functions ¢ — X (¢, w) are continuous
on each interval [0,T]. A.s. uniqueness of the limit on all these intervals with
integer T yields a.s. continuity of X on [0, c0). O

3.2 Quadratic variation

Of a martingale X € M? we know that X? is a nonnegative submartingale.
Therefore we can apply the Doob-Meyer decomposition, see Theorem [2.17] and
Exercise to obtain

X2=A+ M, (3.1)

where A is a natural increasing process and M a martingale that starts in
zero. We also know from Theorem .18 and Exercise 2.14] that A and M are
continuous if X € M2

Definition 3.5 For a process X in M? the process A in the decomposition (3.1])
is called the quadratic variation process and it is denoted by (X). So, (X) is
the unique natural increasing process that makes X? — (X) a martingale.

Proposition 3.6 Let X be a martingale in M? and T a stopping time. Then
the processes (XT) and (X)T are indistinguishable.

Proof. This is an immediate consequence of Proposition [2.19] O

The term quadratic variation process for the process (X) will be explained for
X € M? in Proposition below. We first introduce some notation. Let
IT = {to, ..., tn} be a partition of the interval [0, ¢] for some ¢ > 0 with 0 = ¢y <
-+ < t, =t. For a process X we define

n

Vi(X,ID) = > (X, — Xy, )%

j=1
Notice that V;(X,I) is Fi-measurable if X is adapted. The mesh pu(IT) of the
partition is defined by p(II) = max{|t; —t;_1],5 =1,...,n}.

For any process X we denote by mz(X,d) the modulus of continuity:
mr(X,0) =max{|X; — X;|:0< s, <T,|s —t| <d}.

If X is an a.s. continuous process, then for all 7' > 0 it holds that m¢(X,0) — 0
a.s. for 6 — 0.

The characterization of the quadratic variation process of Proposition 3.8 below
will be proved using the following lemma.
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Lemma 3.7 Let M € M2 andt > 0. Then for all t > s one has

E[(M, — M,)?|F,] = E[M; — M| F] (3.2)
and

E[(My — My)? — (M), + (M),|F] = 0. (3.3)

For all t; < --- <t, it holds that

]E[ Z (Mtj - Mtj—l)Ql‘Fti] = E[MtQ,L - Mt21|]:tz] (34)
j=it1

If M is bounded by a constant K > 0, then

E[ Z (Mtj - Mtj—l)Qlfti] < Kg' (35)

Proof. Equation follows by a simple computation and the martingale prop-
erty of M. Then Equation (3.4]) follows simply by iteration and reconditioning.
Equation follows from (3.2) and the definition of the quadratic variation
process. Finally, Equation (3.5) is an immediate consequence of . O

Proposition 3.8 Let X be in M2. Then V;(X,II) converges in probability
to (X); as p(Il) — 0: for all e > 0, > 0 there exists a § > 0 such that
P(|Vi(X,II) — (X)¢| > n) < € whenever u(IT) < 4.

Proof. Supposing that we had already proven the assertion for bounded contin-
uous martingales with bounded quadratic variation, we argue as follows. Let
X be an arbitrary element of M2 and define for each n € N the stopping times
T =inf{t > 0 :|X;| > nor (X); > n}. The T™ are stopping times in view
of Proposition Then

{IVe(X, D) = (X)i| >} C{T™ <t} UVA(X D) = (X)y| >, T > 8}

The probability on the first event on the right hand side obviously tends to zero
for n — co. The second event is contained in {|V;(XT",II) — (X)I"| > n}.
In view of Proposition we can rewrite it as {|[Vi(XT",II) — (XT");| > n}
and its probability can be made arbitrarily small, since the processes X7~ and
(X)T" = (X™") are both bounded, by what we supposed at the beginning of
the proof.

We now show that the proposition holds for bounded continuous martingales
with bounded quadratic variation. Actually we will show that we even have L?-
convergence and so we consider E(V;(X,II) — (X);)?. Take a partition IT = {0 =
tg <ty <---<t,=t}and put

k
My, = Z ((th - th—1)2 - (<X>tj - <X>tj71)).
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This gives a martingale w.r.t. the filtration with o-algebras F;,. Indeed, us-
ing , we get
E[Mk - Mk*1|]:tk—1} = E[(th - th—1)2 - (<X>tk - <X>tk—1)|]:tk,—1]
=E[X] - X2, = (X, — (Xt ) Fei]
= O7

because of (3.3]). In view of Pythagoras’s rule for square integrable martingales,
we also have

EM? = Zn:]E(Mk — My _1)2.
k=1
Since M,, = V3(X,II) — (X)), we get
E(V(X,10) — (X)0)? =By ((Xe, = X )? = (X — (X))
k
< 22 (E(th - th71)4 + ]E(<X>tk - <X>tk—1)2)
k

<2 E(Xp, — Xop )t E(me((X), p(I1)(X)e).

The second term in the last expression goes to zero in view of the bounded
convergence theorem and continuity of (X) when p(II) — 0. We henceforth
concentrate on the first term. First we bound the sum by

EY (Xo, = Xoe,)*me(X, p(ID)* = EV,(X, )my (X, w(ID)?,
k
which is by the Schwarz inequality less then (EVi(X, IT)*Em; (X, M(H))4)1/2. By
application of the dominated convergence theorem the last expectation tends to
zero if p(II) — 0, so we have finished the proof as soon as we can show that

EV;(X,I)? stays bounded. Let K > 0 be an upper bound for X. Then, a two
fold application of (3.5)) leads to the inequalities below,

2
E(Z(th - th71)2)
k
= EZ(th - th—1)4 + 2EZE[(Xt] - th71)2(th‘ - Xti71)2|fti}
k i<j
< 4K2EZ(th - th—l)z + 2K2EZ(X751 - Xti—1)2
k i
< 6K™.

This finishes the proof. O
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Having defined the quadratic variation (in Deﬁnition of a square integrable
martingale, we can also define the quadratic covariation (also called cross-
variation) between two square integrable martingales X and Y. It is the process
(X,Y) defined through the polarization formula

(X,Y) = i((x FY) - (X — ).

Notice that the quadratic covariation process is a process of a.s. bounded vari-
ation. Moreover,

Proposition 3.9 For all X,Y € M? the process (X,Y) is the unique process
that can be written as the difference of two natural increasing processes such
that the difference of XY and (X,Y) is a martingale. Moreover, if X,Y € M?2,
then the process (X,Y) is the unique continuous process of bounded variation
such that the difference of XY and such a process is a martingale.

Proof. Exercise [3.4] O

3.3 Exercises

3.1 Let X be a martingale that is bounded in L?. Then X, exists as an
a.s. limit of X;, for t — co. Show that ||X||, = (EXZ2)'/2. Show also that
{X € M? :||X||oo < 00} is a vector space and that || - ||o is a norm on this
space under the usual identification that two processes are ”the same”, if they
are indistinguishable.

3.2 Give an example of a martingale (not continuous of course), for which the
result of Proposition doesn’t hold. Hint: embed a very simple discrete time
martingale in continuous time, by defining it constant on intervals of the type
[n,n+1).

3.3 Let X,Y € M?2. Show the following statements.

(a) (X,¥) = L((X +Y) - (X) — (V).

(b) The quadratic covariation is a bilinear form.

(c) The Schwarz inequality (X,Y)? < (X),(Y); holds a.s. Hint: Show first
that on a set with probability one has for all rational a and b (a X +bY); >
0. Write this as a sum of three terms and show that the above property
extends to real a and b. Use then that this defines a nonnegative quadratic
form.

(d) If V(s,t] denotes the total variation of (X,Y") over the interval (s,t], then
a.s. forallt > s

Vs, 1] < 5 ((X)e+ (V) = (X)s = (V)s). (3.6)

N |

3.4 Prove Proposition (3.9

3.5 Let X € M? and let T be a stopping time (not necessarily finite). If
<X>T = O, then P(Xt/\T = O,Vt Z O) =1.
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3.6 If X is a martingale w.r.t. some filtration, it is also a martingale w.r.t. FX.
Let X and Y be independent processes on some (€2, F,P) and assume that both
are right-continuous martingales. Let Fy = o(Xg,Ys, s < t) and let F be the
filtration of o-algebras Fy = (5, Fo VN, where N is the collections of all
P-null sets of F. Note that P can be uniquely extended to F V A. Show that
X and Y are martingales w.r.t. FF and that (X,Y) = 0.

3.7 Let X be a nonnegative continuous process and A a continuous increasing
process such EXp < EA7r for all bounded stopping times T'. Define the process
X* by X =supg<<; Xs. Let now T' be any stopping time. Show that

1
P(X} >¢e, Ar <0) < EE((S N Ar).
Deduce Lenglart’s inequality:
1
P(X; >e¢) < g]E(é NAr) +P(Ar > 9).

Finally, let X = M?, where M € M?2. What is a good candidate for the process
A in this case?

3.8 Formulate the analogue of Proposition for the quadratic covariation
process of two martingales in M2. Prove it by using the assertion of this propo-
sition.

3.9 Consider an interval [0,¢] and let II,, = {t,..., 1} } be a partition of it with
0=ty <--- <ty =tand denote by p, its mesh: p, = max{t} —t7_; :j =
1,...,kn}. Let W be a Brownian motion and V,2 = ngl(W(t?) —W(t7_))>
Prove that E(V,2 — )% — 0 if u, — 0, and if moreover Y - | u, < 0o, then also
V2 —tas.

3.10 Let W be a Brownian motion. Let X be the square integrable martingale
defined by X; = W? — t. Show (use Proposition that (X); = 4f0t W2ds.

3.11 Let N be a Poisson process, with intensity A. Let My = N;—At. Show that
(M): = At for all t > 0. Show also that V;(M,II) — N; a.s., when p(IT) — 0.

3.12 Let M € M? have independent and stationary increments, the latter
meaning that M., — M; has the same distribution as My, — M, for all
s,t,h > 0. Show that (M), = tEM?Z.

3.13 Show that the assertion of Proposition under the same conditions, can
be strengthened to P(supg<, |Vs(X,II) — (X)s| > 1) < & whenever u(II) < 0.
[Hint: look at the proof of the proposition and use one of Doob’s inequalities.]

3.14 Let M,N € M? F € F,, for some tg > 0. Show that X defined by
X; = 1p(M; — M/°) also belongs to M? and that (X, N) = 1p(M — M N).
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4 Local martingales

In proofs of results of previous sections we reduced a relatively difficult problem
by stopping at judiciously chosen stopping times to an easier problem. This is a
standard technique and it also opens the way to define wider classes of processes
than the ones we have used thus far and that still share many properties of the
more restricted classes. In this section we assume that the underlying filtration
satisfies the usual conditions.

4.1 Localizing sequences and local martingales

Definition 4.1 A sequence of stopping times T is called a fundamental or a
localizing sequence if T™ > T™ ! for all n > 1 and if lim,, oo 7" = 00 a.s. If
C is a class of processes satisfying a certain property, then (usually) by C'°¢ we
denote the class of processes X for which there exists a fundamental sequence
of stopping times 7" such that all stopped processes X" belong to C.

In the sequel we will take for C various classes consisting of martingales with a
certain property. The first one is defined in

Definition 4.2 An adapted right-continuous process X is called a local martin-
gale if there exists a localizing sequence of stopping times 7™ such that for every
n the process XT" = {X1npt t > 0} is a martingale. The class of martingales
X with Xy = 0 a.s. is denoted by M and the class of local martingales X with
Xy = 0 a.s. is denoted by M!°¢. The subclass of continuous local martingales
X with X = 0 a.s. is denoted by M.°c.

Remark 4.3 In Definition the stopped processes are required to be martin-
gales. An alternative definition even requires uniform integrability, but one can
show that this definition is equivalent to the former one, see Proposition [£.4]

In Definition all X1 " have to be integrable. In particular for t = 0, one
obtains that X is integrable. There are other, not equivalent, definitions of
local martingales. For instance one requires only that for every n the process
XTnl{Tn>0} = {X7rnatlyrnsoy : t > 0} is a martingale. Here we see the weaker
requirement that Xoly7n-0) has to be integrable for every n. Another choice
is that one requires the processes X7 — X, to be martingales. As we will be
mainly concerned with local martingales satisfying Xy = 0 a.s., the difference
between the definitions disappears. Also in these alternative definitions one can
without loss of generality require uniform integrability.

By the optional stopping theorem, every martingale is a local martingale.
This can be seen by choosing T™ = n for all n. See also Exercise for a char-
acterization of a local martingale that makes use of the alternative definitions.

In almost all that follows we consider local martingales X with Xo = 0. We
have the following proposition.

Proposition 4.4 Let X be an adapted right-continuous process such that X, =
0 a.s. Then the following statements are equivalent.
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(i) X is a local martingale.
(ii) There exists a localizing sequence (T™) such that the processes X*  are
uniformly integrable martingales.

Proof. Exercise O

4.2 Continuous local martingales

In the sequel we will deal mainly with continuous processes. The main results
are as follows.

Proposition 4.5 If X is a continuous local martingale with Xo = 0 a.s., then
there exist a localizing sequence of stopping times T™ such that the processes
XT" are bounded martingales.

Proof. Exercise O

Recall that called a (right-continuous) martingale is called square integrable if
EX? < oo for all t > 0. Therefore we call a right-continuous adapted process X
a locally square integrable martingale if Xy = 0 and if there exists a localizing se-
quence of stopping times 7™ such that the process X7 are all square integrable
martingales. Obviously, one has that these processes are all local martingales.
If we confine ourselves to continuous processes the difference disappears.

Proposition 4.6 Let X be a continuous local martingale with Xo = 0 a.s.
Then it is also locally square integrable.

Proof. This follows immediately from Proposition [4.5] O

Some properties of local martingales are given in the next proposition.

Proposition 4.7
(i) A local martingale of class DL is a martingale.
(ii) A local martingale of class D is a uniformly integrable martingale.
(iii) Any nonnegative local martingale is a supermartingale.

Proof. Exercise O

Although local martingales X in general don’t have a finite second moment, it
is possible to define a quadratic variation process. We do this for continuous
local martingales only and the whole procedure is based on the fact that for a
localizing sequence (7™) the processes X T" have a quadratic variation process
in the sense of Section 3.2

Proposition 4.8 Let X € M. Then there exists a unique (up to indis-
tinguishability) continuous process (X) with a.s. increasing paths such that
X? —(X) € Mloe,
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Proof. Choose stopping times 7™ such that the stopped processes X7 are
bounded martingales. This is possible in view of Proposition[£.5] Then, for each
n there exists a unique natural (even continuous) increasing process A™ such that
(XT")2— A" is a martingale. For n > m we have that (X7")7" = XT" . Hence,
by the uniqueness of the Doob-Meyer decomposition, one has (A™)T" = A™,
So we can unambiguously define (X) by setting (X), = A} if t < T™. Moreover,
we have

Xinpn = (X)iare = (X[)? — A7,

which shows that for all n the process (X2)7" — (X)T" is a martingale, and
thus that X2 — (X) is a (continuous) local martingale. O

Corollary 4.9 If X and Y belong to M!°¢, then there exists a unique (up to
indistinguishability) continuous process (X,Y") with paths of bounded variation
a.s. such that XY — (X,Y) € Mloc.

Proof. Exercise O

Proposition 4.10 Let X and Y belong to M!°¢ and T a stopping time. Then
(X,Y)T = (XT,Y) = (XT,¥7).

Proof. Exercise [4.9 O

4.3 Exercises

4.1 Prove Proposition [4.4]
4.2 Prove Proposition [4.5]
4.3 Prove Proposition [4.7]
4.4 Prove Corollary

4.5 Let M € M and let S be a stopping time. Put X; = M2 and define
Xoo = liminf;, oo Xt (and (M) = limyy00(M):). Show that EXg < E(M)s.

4.6 Let M € M? satisfy the property E(M),, < oo. Deduce from Exercise
that {Mg : S a finite stopping time} is uniformly integrable and hence that M
is well defined as a.s. limit of M;. Show that EM2 = E(M ).

4.7 Let X be an adapted process and T a stopping time. Show that XTl{T>O}
is a uniformly integrable martingale iff X017~y is integrable and X T _— Xy
is a uniformly integrable martingale. (The latter property for a fundamental
sequence of stopping times is also used as definition of local martingale.)

4.8 Let M € M!°¢ satisfy the property (M)r = 0 for some stopping time 7.
Show that P(M = 0,Vt > 0) = 1. See also Exercise

4.9 Prove Proposition [£.10}

4.10 Let T™ be increasing stopping times such that 7" — oo and let M be a
process such that MT" € M for all n. Show that M € Mloc.
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5 Spaces of progressive processes

Throughout this section we work with a fixed probability space (2, F,P) that
is endowed with a filtration F that satisfies the usual conditions. All properties
below that are defined relative to a filtration (such as adaptedness) are assumed
to be defined in terms of this filtration.

5.1 Metrics for progressive processes

In this section we often work with (Lebesgue-Stieltjes) integrals w.r.t. a process
of finite variation A that satisfies Ag = 0. So, for an arbitrary process X with
the right measurability properties we will look at integrals of the form

Xi(w) dA(w), (5.1)

[0,T7]
with ¢ the integration variable and where this integral has to be evaluated w-
wise. We follow the usual convention for random variables by omitting the

variable w. But in many cases we also omit the integration variable ¢ and hence
an expression like (|5.1)) will often be denoted by

X dA.
(0,7]

We also use the notation fOT instead of f(O.T] if the process A has a.s. continuous

paths. Let M be a square integrable continuous martingale (M € M?2). Recall
that (M) is the unique continuous increasing process such that M? — (M) is a
martingale.

Definition 5.1 The Doléans measure pup on ([0,00) x ©,B([0,00)) x F) is
defined by

jar(A) = /Q/OOO La(t, ) d(M)3 () P(dw) = E/ODO 14 d(M). (5.2)

Remark 5.2 It is perhaps not immediately obvious that p,s as in Definition
indeed defines a measure on ([0, 00) x 2, B([0,00)) x F). The inner integral in
is well defined. But is the resulting expression F-measurable? The latter
is needed to have the expectation well defined. This question is similar to what
have seen when discussing natural increasing processes, see Remark It is
easy to check that the answer to the question is affirmative if A is a disjoint
union of sets of the form (a,b] x F' with F' € F. The extension of ups as a
measure to the full product o-algebra B([0,00)) x F can be guaranteed to exist
by Carathéodory’s extension theorem and requires some work. But see also
Section for another approach.

Note that in terms of the measure ujps, one can represent the expectations
EfOT X2 d(M); and Efooc X?d(M); as [ X?1jo 1xq dpas and [ X2 dpay respec-
tively. This will return in the next definition.
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Definition 5.3 For a measurable, adapted process X we define for every T' €
[0, 00)

T
| X, = (E/ X7 d(M))'/? = (/Xgl[o,T]xn dpiar)'/? (5.3)
0
and
1X1ar =D 27" A AIX]|asn)- (5.4)
n=1

We will also use
[e.¢]
X e = B [ X207 = ([ X2 apan) 2 (5:5)

Note that ||-|| a0 is nothing else but the L2-norm for the Doléans measure. We
call two measurable, adapted processes X and Y (M-)equivalent if || X —Y||pr =
0. By P we denote the class of progressive processes X for which || X||a 1 < 00
for all T € [0, 00).

Remark 5.4 Notice that, with time restricted to [0, 7], the function || - ||as,1
defines an L?-norm on the space of measurable, adapted processes if we identify
equivalent processes. Similarly, da(X,Y) := || X =Y||ar defines a metric. Notice
also that X and Y are equivalent iff fOT(X—Y)2 d(M) =0a.s. forall T € [0, 00).

In addition to the class P introduced above we also need the classes P for
T € [0,00]. These are defined in

Definition 5.5 For T < oo the class Pr is the set of processes X in P for
which X; = 0 if t > T. The class P is the subclass of processes X € P for
which Efooo X2d(M) < co.

Remark 5.6 A process X belongs to Pr iff X; = 0for ¢t > T and || X|| a7 < 00.

Remark 5.7 All the classes, norms and metrics above depend on the martin-
gale M. When other martingales than M play a role in a certain context, we
emphasize this dependence by e.g. writing Pr (M), P(M), etc.

Proposition 5.8 ForT < oo the class Pr is a Hilbert space with inner product
given by

(X,Y)r = E/OT XY d(M),

if we identify two processes X and Y that satisfy || X —Y||pr = 0.
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Proof. Let T < oo and let (X™) be a Cauchy sequence in Pr. Since Pr is
a subset of the Hilbert space L?([0,7] x Q,B([0,T]) x Fr, i), the sequence
(X™) has a limit X in this space. We have to show that X € Pr, but it is
not clear that the limit process X is progressive (a priori we can only be sure
that X is B(]0,T]) x Fr-measurable). We will replace X with an equivalent
process as follows. First we select a subsequence X™* that converges to X
almost everywhere w.r.t. up. We set Vi (w) = limsupy,_, . X;*(w). Then Y is
a progressive process, since the X™ are progressive and || X — Y|y =0,80 Y
is equivalent to X and || X™ —Y||ap,r — 0. For T' = oo the proof is similar. O

Finally we enlarge the classes Pr by dropping the requirement that the expec-
tations are finite and by relaxing the condition that M € M2. We have

Definition 5.9 Let M € M. The class P* is the equivalence class of pro-
gressive processes X such that fOT X2d(M) < oo a.s. for every T € [0, 00).

Remark 5.10 If M € M!¢ there exist a fundamental sequence of stopping
times R" such that M®" € M2. If we take X € P*, then the bounded stopping
times S™ = n Ainf{t > 0: f(f X2d(M) > n} also form a fundamental sequence.
Consider then the stopping times T = R™ A S™. These form a fundamental
sequence as well. Moreover, MT" € M? and the processes X" defined by
X' = Xy1;<ny belong to P(MT").

5.2 Simple processes

We start with a definition.

Definition 5.11 A process X is called simple if there exists a strictly increasing
sequence of real numbers ¢, with ¢t = 0 and ¢, — oo, a uniformly bounded
sequence of random variables £, with the property that &, is F; -measurable
for each n, such that

Xt = &1y (t) + Z Enl(tn tnin) (1), 1> 0.

n=0

The class of simple processes is denoted by S.

Remark 5.12 Notice that simple processes are progressive and bounded. If
M € M?, then a simple process X belongs to P = P(M).

The following lemma is crucial for the construction of the stochastic integral.

Lemma 5.13 Let X be a bounded progressive process. Then there exists a
sequence of simple processes X" such that for all T € [0,00) one has

T
lim ]E/ (X — Xp)?dt = 0. (5.6)
0

n— oo
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Proof. Suppose that we had found for each T € [0,00) a sequence of simple
processes X1 (depending on T') such that (5.6) holds. Then for all integers n
there exist integers m,, such that

n
1
IE/ (X" — X)2dt < —.
0 n
One verifies that the sequence with elements X™ = X™n™ then has the asserted
property: fix T' > 0, choose n > T and verify that

r 1
IEI/ (X — X;)2dt < =,
0 n
Therefore, we will keep T fixed in the remainder of the proof and construct a
sequence of simple processes X™ for which holds. This is relatively easy
if X is continuous. Consider the sequence of approximating processes (slightly

different from the ones we used in the proof of Proposition [1.7)

on

X" = Xolgoy(-) + Z L((k—1)2-n7 k27 () X (k—1)2- 77T
k=1

This sequence has the desired property in view of the bounded convergence
theorem.

If X is merely progressive (but bounded), we proceed by first approximat-
ing it with continuous processes to which we apply the preceding result. For
t < T we define the bounded continuous (‘primitive’) process F' by Fi(w) =

tXS w)ds for t > 0 and Fy(w) = 0 for ¢t < 0 and for each integer m
fo g

Y (w) = m(F(w) = Fio1jm(w)).

By the fundamental theorem of calculus, for each w, the set of ¢ for which ¥, (w)
does not converge to X;(w) for m — oo has Lebesgue measure zero. Hence, by

dominated convergence, we also have E fOT(th —X;)?dt — 0. By the preceding
result we can approximate each of the continuous Y by simple processes Y™™
in the sense that fOT(Y;m —Y,™™)2dt — 0. But then, with the simple processes

X™ = Y™ one has E [ (X" — X;)2dt — 0. O
The preceding lemma enables us to prove

Proposition 5.14 Let M be in M? and assume that there exists a progressive
nonnegative process f such that (M) is indistinguishable from fo fsds (the
process (M) is said to be a.s. absolutely continuous). Then the set S of simple
processes is dense in P with respect to the metric dy; defined in Remark [5.4

Proof. Let X € P and assume that X is bounded. By Lemma we can find
simple processes X" such that for all 7" > 0 it holds that E fOT (XP—X;)%dt — 0.
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But then we can select a subsequence (X™) such that X™ — X for dt x P-
almost all (¢,w). By the dominated convergence theorem we then also have for
all T > 0 that E [ (X" — X;)2f; dt — 0.

If X is not bounded we truncate it and introduce the processes X" =
X1y x)<n}- Each of these bounded processes can be approximated by sim-
ple processes in view of the previous case. The result then follows upon noticing

that E [ (X" — X)2d(M) =E [} X*1{x|sn} (M) — 0. O

Remark 5.15 The approximation results can be strengthened, the space S is
also dense in the set of measurable processes. Furthermore, if we drop the
requirement that the process (M) is a.s. absolutely continuous, the assertion
of Proposition is still true, but the proof is much more complicated. For
most, if not all, of our purposes the present version is sufficient.

5.3 Exercises

5.1 Let X be a simple process given by X; = > 7, Ek—11(t,_, 1] (1) and let
M be an element of M?2. Consider the discrete time process V defined by
Vi = ZZ:l gkfl(Mtk - Mtk—l)'
(a) Show that V' is a martingale w.r.t. an appropriate filtration G = (G,) in
discrete time.
(b) Compute A, :=> 1 E[(Vk — Vi—1)?|Gr—1].
(c) Compute also > _, E| t:"_l X2 d(M)|Gr—1] and show that this is equal to
Ap.
(d) Finally, show that V2 — A,, is a G-martingale.

5.2 Let W be a Brownian motion and let for each n a partition II" = {0 =
§,...,th =T} of [0,T] be given with p(II") — 0 for n — co. Let hy, : R - R
be defined by h,(r) = 21|_, »)(v) and put

th == Z Wt;}il 1(t;-L71 ,t?] (t)
J=1
and

Wt" = Z hn(Wt_?_l)l(tﬂ t’%](t)'

J—=1"3
j=1

Then W € S for all n. Show that W — W and W™ — W in Pr(W).
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6 Stochastic Integral

In previous sections we have already encountered integrals where both the in-
tegrand and the integrator were stochastic processes, e.g. in the definition of
a natural process. In all these cases the integrator was an increasing process
or, more general, a process with paths of bounded variation over finite inter-
vals. In the present section we will consider integrals where the integrator
is a continuous martingale. Except for trivial exceptions, these have paths
of unbounded variation so that a pathwise definition of these integrals in the
Lebesgue-Stieltjes sense cannot be given (e.g. Proposition cannot be ap-
plied). As a matter of fact, if one aims at a sensible pathwise definition of
such an integral, one finds himself in a (seemingly) hopeless position in view of
Proposition below. For integrals, over the interval [0, 1] say, defined in the
Stieltjes sense, the sums

Sih = Z h(tr)(g(tks1) — g(tr))

converge for continuous h and g of bounded variation, if we sum over the ele-
ments of partitions II = {0 =ty < --- < ¢, = 1} whose mesh u(II) tends to zero

(Proposition [C.5|).

Proposition 6.1 Suppose that the fixed function g is such that for all continu-
ous functions h one has that Sih converges, if p(II) — 0. Then g is of bounded
variation.

Proof. We view the St as linear operators on the Banach space of continu-
ous functions on [0, 1] endowed with the sup-norm || - ||. Notice that |Sh| <
A 1g9(tks1) — g(te)| = ||h]|V(g; IT), where V1(g;II) denotes the variation of
g over the partition II. Hence the operator norm ||Sp|| is less than V1 (g; II). For
any partition IT = {0 =ty < -+ < t,, = 1} we can find (by linear interpolation) a
continuous function hyy (bounded by 1) such that hr(tx) = sgn(g(tx+1) —g(tx)).
Then we have Sphy; = V1(g; ). It follows that ||Sn|| = V*(g;II). By assump-
tion, for any h we have that the sums Sih converge if p(II) — 0, so that for any
h the set with elements |Sih| (for such IT) is bounded. By the Banach-Steinhaus
theorem (Theorem [E.F)), also the ||Sr|| form a bounded set. The result follows
since we had already observed that ||Sr|| = V!(g;II). O

The function h in the above proof evaluated at points t; uses the value of g at a
‘future’ point t;41. Excluding functions that use ‘future’ information, one also
says that such functions are anticipating, is one of the ingredients that allow
us to nevertheless finding a coherent notion of the (stochastic) integral with
martingales as integrator.

6.1 Construction

The basic formula for the construction of the stochastic integral is formula (6.1)
below. We consider a process X € S as in Definition [5.11] The stochastic

37



integral, also called Ito integral of X w.r.t. M € M? is a stochastic process,
denoted by X - M, that at each time ¢ is defined to be the random variable

o0

(X M) = Z&(Mt/\ti+1 — Mipe,). (6.1)
i=0

For each ¢ € [0,00) there is a unique n = n(t) such that ¢, <t < t,,11. Hence
Equation (6.1) then takes the form

n—1

(X -M)e = &(Myy, — My,) + & (My — My,). (6.2)
=0

As in classical Lebesgue integration theory one can show that the given ex-
pression for (X - M), is independent of the chosen representation of X. Notice
that expresses (X - M); as a martingale transform. With this observation
we now present the first properties of the stochastic integral.

Proposition 6.2 For X € S and M € M? the process X - M is a continuous
square integrable martingale with initial value zero, has quadratic variation
process

eeean) = [ xEaoi., (6.3
0
and
E(X - M)? —E/th d(M).,,. (6.4)
0

Thus, for each fixed t, we can view I, : X — (X - M), as a linear operator on the
space of simple processes that are annihilated after t with values in L?(Q, F;,P)
It follows that || X -M ||, = || X||ar,+, where the first ||-||; is as in Definition|3.2 and
the second ||-|| ¢ as in Deﬁnition Hence I, is an isometry. With the pair of
‘norms’ || - || and || -||as in the same definitions, we also have || X - M|| = || X||ar-

Proof. From (6.1)) it follows that X - M is a continuous process. Consider the
identities

E[(X - M) Fs] = M)s as., (6.5)

E[(X - M), — (X - M), /X2 F| as. (6.6)

To prove and (| ., we assume without loss of generality that ¢ = ¢,
and s = t,, Then (X - M)y — (X - M)y = S0 &(M;,,, — My,). In fact, the

sequence (X - M), can be considered as a discrete time martingale transform,
and so (6.5)) follows from the one step ahead version E[§;(M;,,, — My, )| F,] = 0.

i+1
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Similarly, we have

E[(gi(Mti+l - Mti))2‘]:ti] = fl‘QE[(Mti‘Fl - Mti)2|]:ti]
= fle[<M>t7+1 - <M>t1 fh}
tita
=E[ Xo d(M)u|F,],

t;

from which (6.6 follows. We conclude that X - M € M2 and obtain the expres-
sion for its quadratic variation process. Then we also have and the
equality || X - M|, = || X||m,¢ immediately follows, as well as || X - M|| = || X||a.
Linearity of I; can be proved as in Lebesgue integration theory. O

Theorem 6.3 Let M € M?2. For all X € P, there exists a unique (up to
indistinguishability) process X -M € M? with the property || X™-M—X-M|| — 0
for every sequence (X™) in S such that || X" —X||pr — 0. Moreover, its quadratic
variation is given by . This process is called the stochastic integral or It6
integral of X w.r.t. M.

Proof. First we show existence. Let X € P. From Proposition [5.14] and Re-
mark [5.15| we know that there is a sequence of X™ € & such that ||X —X"||y —
0. By Proposition we have for each t that E((X™ - M); — (X - M);)? =
Efg(X;” — X™)2d(M), and hence || X™ - M — X" - M|| = || X™ — X"||u.
This shows that the sequence (X™ - M) is Cauchy in the complete space M2
(Proposition and thus has a limit in this space. We call it X - M. The
limit can be seen to be independent of the particular sequence (X™) by the
following familiar trick. Let (Y™) be another sequence in S converging to
X. Mix the two sequences as follows: X' Y1 X2 Y2 ... Also this sequence
converges to X. Consider the sequence of corresponding stochastic integrals
XYM YY M, X? - M,Y?-M,.... Thissequence has a unique limit in M? and
hence its subsequences (X™- M) and (Y™ M) must converge to the same limit,
which then must be X - M. The proof of is left as Exercise O

We will frequently need the following extension of Proposition [6.2

Lemma 6.4 The mapping I : P — M?, I(X) = X - M, is linear and I7 :
(Pr, || |lar) = L2(Q, Fr,P), I7(X) = (X - M), an isometry from (Pr, || - ||ar)

onto its image.

Proof. Exercise O

Remark 6.5 The theory of stochastic integration as presented here is given
for integrands X belonging to P, so for progressive processes. In discrete time
one encounters martingale transforms of the type X - M given by (X - M),, :=
ZZ:1 X AMy, with AMy = My, — My_1 and M a martingale in discrete time.
Under integrability conditions, e.g. a bounded process X, the martingale trans-
form is a martingale again, if X is predictable. Recall that the latter concept (in
discrete time) means that Xy, is Fp_1-measurable. The general continuous time

39



theory of stochastic integration has also been developed for predictable, in the
sense of Definition [2.20] integrands X when M is not necessarily continuous,
but only right-continuous. Recall that predictability of a process is a stronger
concept than being progressive. For processes X that are not predictable, but
only progressive, the martingale property of X - M usually fails to hold when
M is only a right-continuous martingale. As we have presented stochastic in-
tegrals for continuous martingales, the stronger measurability assumption on
integrands X being predictable is not necessary and the theory works well for
progressive processes X.

We continue with a further development of the theory. The proposition below
gives two alternative ways to express a stopped stochastic integral.

Proposition 6.6 Let X € P, M € M? and T a stopping time. Then
(X -MT=x-M" (6.7)
=1, X - M. (6.8)

Proof. First we prove (6.7)). If X € S, the result is trivial. For X € P, we take
X" € S such that || X™ — X||; — 0. Using the assertion for processes in S
(check this) and the linearity property of Lemma [6.4 we can write

(xX-MT—-x - M"=(X-X")-M)T — (X —Xx")-MT.

For any t > 0 we have
) AT
B((X - X" M) =B [ (x, - Xpan,

¢
<E [ (X, - X200, >0
0
Similarly,

E((X — X") MT)? =E / (Xu— XI2A(MT),
0
=] (Xu— X2 d(M)T
- IEJ/MT(XU — X™M)?2d(M),,
0

t
< IE/ (Xy — XM)2d(M), — 0,
0

This shows

6D
To prove, we first show that 1jo X - M = (1j9 7 X - M)*. From (6.7)
we have (1jo, 77X - MT = 10,71 X - M*. Hence, exploiting the linearity of the
stochastic integral in the integrator, Exercise [6.12] we obtain

LonX M- 1onX M) =1pnX -M—-1pmX -M"
=1 X - (M — MT,
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which has quadratic variation [1jomX*d(M — MT) = [1j9mX?d((M) —
(M)T) = 0. We can thus write, using again,
(X-M)" = (1o)X - M) = (X - M)" = (L X - M)"
=X -M"—1,pmX -M"
= (1 - 1[O,T])X N MT
= Liro0)X - M",

whose quadratic variation [ 1(7 o)X 2d(M)T vanishes, which proves . O

Proposition 6.7 Let X,Y € P, M € M? and S < T be stopping times. Then
E[(X - M)rae| Fs] = (X - M) gt

and

E[(X - M)rnr = (X - M)sad) (Y - M)ppr — (Y - M)gae) | Fs] =
TAt

E[ X, Y, d(M),|Fs).
SAt

Proof. The first property follows from Corollary 2.T0] The second property is
first proved for X =Y by applying Corollary [2.10|to the martingale (X - M )2 —
Jo X?d(M) and then by polarization. O

Remark 6.8 Integrals of the type (X - M)y, = fooo X dM can be defined sim-
ilarly for X € P,. The Ito isometry property then reads E(X - M)2 =
Efooc X?2d(M), which is finite by X € P.,. Furthermore, one can show the
relation (X - M); = (X1j4 - M)oo. Also properties in the next section carry
over from finite ¢ to ¢ = co under the appropriate assumptions.

From the theory in discrete time we know that the martingale transform H - M
is a martingale if H is predictable, see Section for a definition, and if M
is a martingale, provided that all relevant expectations are finite. Also this
property carries over to continuous time. But then we first have to define the
stochastic integral H - M, for a predictable process H and a cadlag martingale
M. The setup is roughly as in the present section, but we omit a detailed
treatment. Note that we have in this alternative setup the constraint that H
is a predictable process, not just progressive. This limitation of the integrands
is caused by the fact that we now allow stochastic integrals w.r.t. a larger class
of martingales than the ones with continuous paths. So, stretching the class of
integrators has to be compensated with a restriction on the class of integrands.
In Section we will see another relaxation of the stochastic integral X - M,
both X and M will be allowed to live in bigger classes, but the martingale
property of the stochastic integral has to be given up.
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6.2 Characterizations and further properties

One of the aims of this section is the computation of the quadratic covariation
between the martingales X - M and Y - N, where X € P(M), Y € P(N) and
M,N € M2. For X,Y € S this is (relatively) straightforward (Exercise
since the integrals become sums and the result is

(X-M,Y-N) = / XY d(M, N). (6.9)
0

The extension to more general X and Y will be established in a number of steps.
The first step is a result known as the Kunita- Watanabe inequality.

Proposition 6.9 Let M,N € M2, X € P(M) and Y € P(N). Let V be the
total variation process of the process (M, N). Then for t > 0,

|/0 XY d(M,N)| < (/0 |X\2d(M>)1/2(/0 YV12d(N) P as,  (6.10)

/O\XY|dV§(/O |X\2d(M>)l/2(/0 VZd(N)) Pas (6.11)

Proof. We first focus on (6.10). Observe that ((M, N); — (M, N)s)* < ((M); —
(M)s)({N); — (N),) a.s. (similar to Exercise [3.3). Assume first that X and Y’
are simple. The process X we can represent on (0,t] as >, w1, +,,,] With the
last ¢, = t. For Y we similarly have ), yx1¢, 1,.,)- It follows that

|/0 XY d{M, N)|

< Z |Ik||yk||<M7 N>tk+1 - <M7 N>tk|
<3 lerllyel (D)1 — (M) ) (N, — (N)))
k

1/2

< (Y@M, — (M) (3 (N, — (Vi)

k k
= ([ ran) ([ vEaen) .

The remainder of the proof of for arbitrary X € P(M) and Y € P(N)
follows by taking limits. This is left as Exercise [6.13

Consider then . Observe that (M, N) is absolutely continuous w.r.t.

V', with density process d(M, N)/dV taking values in {—1,1}, and then ob-

viously (d(M,N)/dV)? = 1. We use this equality to write fot | XY |dV as

3 XY sgn(XY) XN q(0f, N). Relabeling Xsgn(XY) as X and Y 22EN 5

O

Y, we simply apply (6.10).
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Lemma 6.10 Let M, N € M? and X € P(M). Then
(X - M, N) :/ X d(M, N)
0

or, in shorthand notation,
d(X -M,N)=Xd(M,N).

Proof. Choose X™ € S such that || X™ — X||ps — 0. Then we can find for every

T > 0 a subsequence, again denoted by X™, such that fOT(X" —X)2d(M) =0
a.s. But then (X" - M — X - M,N)2 < (X"-M — X - M)7(N)r — 0 a.s.
Consider then, applying the Schwarz inequality (Exercise ,

(X -M,N)yp — (X" M,N)p|?

(X = X") M,N)r|*
(X = X") - M)z (N)r

T
A 24(M) (N)g — 0.

IN

Consider too

/X” (M, N) /XdMN |/ d(M,N)?

SA(X"—XVMMHNﬁ,

where we applied the Kunita-Watanabe inequality.
For the simple X™ one relatively easily verifies (check this!) similar to Ex-
ercise [6.5] that

T
(X"-M,N>T:/O X" d(M,N).

Combined with the two previous inequalities, one now completes the proof by
taking limits for n — oo. O

Proposition 6.11 Let M,N € M2, X € P(M) and Y € P(N). Then Equa-

tion holds.

Proof. We apply Lemma twice and get
(X-M,Y-N):/ Yd(X-M,N):/ XY d(M, N),
0 0

which is the desired equality. O

We are now in the position to state an important characterization of the stochas-
tic integral. In certain books it is taken as a definition.
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Theorem 6.12 Let M € M? and X € P(M). Let I € M2 be such that
(I, N) = fo X d(M, N) for all N € M2. Then I is indistinguishable from X - M.

Proof. Since (X - M,N) = [, X d(M,N) we get (I — X - M,N) = 0 for all
N € M? by subtraction. In particular for N = I — X - M. The result follows,
since (N) = 0 implies N = 0. O

The characterization is a useful tool in the proof of the following ‘chain rule’.

Proposition 6.13 Let M € M2, X € P(M) and Y € P(X - M). Then
XY eP(M)andY - (X - M) =(XY)-M up to indistinguishability.

Proof. Since (X - M) = [, X?d(M), it immediately follows that XY € P(M).
Furthermore, for any martingale N € M? we have

(XY)- M, N) = /O'XYd<M, N)

:/O'Yd<X-M,N>

It follows from Theorem that Y - (X - M) = (XY) - M. O

The construction of the stochastic integral that we have developed here is
founded on ‘L2-theory’. We have not defined the stochastic integral w.r.t. a
continuous martingale in a pathwise way. Nevertheless, there exists a ‘pathwise-
uniqueness result’.

Proposition 6.14 Let My, My € M?, X; € P(M;) and X5 € P(Ms). Let T
be a stopping time and suppose that M{ and M{ as well as X{ and X7 are
indistinguishable. Then the same holds for (X1 - M1)T and (X, - My)T.

Proof. For any N € M2 we have that (M; — My, N)T = 0. Hence,
(X1-M)T = (Xa- My)",N) = / X, d(M{, N) —/ Xy d(M3, N)
0 0

= /0.(X1 — Xo) d(M{, N)

= /'(X1 — Xy)d(M;, N)T
0

= / (X1 — X2)1p.1y (M, N)
0
=0.

The assertion follows by application of Theorem [6.12 O
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6.3 Integration w.r.t. local martingales

In this section we extend the definition of stochastic integral into two directions.
In the first place we relax the condition that the integrator is a martingale (in
M?2) and in the second place, we put less severe restrictions on the integrand.

In this section M will be a continuous local martingale. We have

Definition 6.15 For M € M!°¢ the class P* = P*(M) is defined as the col-

lection of progressive processes X with the property that fOT X2d(M) < o0 a.s.
forall T > 0.

Recall that for local martingales the quadratic (co-)variation processes exist.

Theorem 6.16 Let M € M and X € P*(M). Then there exists a unique
local martingale, denoted by X - M, such that for all N € M!°¢ it holds that

(X - M,N) = /Xd(M, N). (6.12)

This local martingale is called the stochastic integral of X w.r.t. M. If further-
more Y € P*(N), then equality is still valid.

Proof. Define the stopping times S™ as a localizing sequence for M and T™ =
inf{t >0: M? + fot X2d(M) > n} A S™. Then the T™ also form a localizing
sequence, |[MT"| < n and XT" € P(M™"). Therefore the stochastic integrals
I" := XT" . MT" can be defined as before. It follows from e.g. Propositionm
that I"*! and I™ coincide on [0,7™]. Hence we can unambiguously define
(X - M)y as I} for any n such that 7" > t. Since (X - M)T" = I" is a
martingale, X - M is a local martingale. Furthermore, for any N € M? we have
(X-M,N)T" = (I",N) = [, X d(M,N)T". By letting n — 0o we obtain (6.12).
The uniqueness follows as in the proof of Theorem for N € M?, and then
also for N € Mloc. O

Remark 6.17 Let M € M¢ and P, be the class of progressive processes X
satisfying fooo X?2d(M) < oo a.s. Then one can also define parallel to Remark
integrals (X - M)~ by adapting the proof of Theorem

6.4 Exercises

6.1 Let (X™) be a sequence in P that converges to X w.r.t. the metric of
Definition[5.3] Show that the stochastic integrals X™- M converge to X -M w.r.t.

the metric of Deﬁnition and also that sup, <, [(X" M), —(X-M)| 5o. (The
latter convergence is called uniform convergence on compacts in probability,
abbreviated by ucp convergence, often denoted ui?)

6.2 Show, not referring to Proposition that (1 nX) - M = (X - M)T for
any finite stopping time T, M € M? and X € P(M).
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6.3 Let S and T be stopping times such that S < T and let { be a bounded Fg-
measurable random variable. Show that the process X = (1(g ) is progressive.
Let M € Mg Show that ((Cl(S,T]) . M)t = C(MT/\t — MS/\t)-

6.4 Prove the second assertion of Proposition [6.7}
6.5 Show the equality for X and Y in S.

6.6 Finish the proof of Theorem Le. show that the quadratic variation of
X - M is given by (6.3)) if M € M? and X € P(M).

6.7 Prove the linearity in Lemmal6.4} so show that (X +Y)-M and X-M+Y-M
are indistinguishable if M € M? and X,Y € P(M).

6.8 Let W be standard Brownian motion.
(a) Find a sequence of piecewise constant processes W™ such that
E [,[ |Wp— W2 dt — 0.
(b) Compute fOT W dW, and show that it ‘converges’ (in what sense?) to
%(W% —T), if we consider smaller and smaller intervals of constancy.

(c) Deduce that fOT Wi dW, = 5(Wz = T).

6.9 Let M € M°c, XY € P*(M) and a,b € R. Show that (aX +bY)- M and
a(X-M)+b(Y M) are indistinguishable.

6.10 Let W be Brownian motion and T a stopping time with ET < co. Show
(use stochastic integrals) that EWr = 0 and EW2 = ET.

6.11 Define for M € M? and X € P(M) for 0 < s < t < T the random variable
[EXAM as (X - M), — (X - M),. Show that [* X dM = ((1(,4X) - M)r.

6.12 Let M, N € M? and X € P(M)NP(N). Show that X - M + X - N and
X - (M + N) are indistinguishable.

6.13 Finish the proof of Proposition i.e. show that inequality (6.10]) holds
for all processes X € P(M) and Y € P(N). To that end you show first that
there are simple processes X™ and Y™ such that X — X and Y — Y a.e.

with respect to the measures pups and py respectively. You may assume absolute
continuity of (M) and (N).

6.14 Let C' be a finite Fy-measurable random variable and suppose that the
process X belongs to P*. Let M € M. Show that the stochastic integral
process (CX) - M is well defined and that (CX) - M =C (X - M).
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7 Semimartingales and the Ito formula

As almost always we assume also in this section that the filtration F on the
underlying probability space (92, F,P) satisfies the usual conditions.

7.1 Semimartingales

Definition 7.1 A process X is called a (continuous) semimartingale if it admits
a decomposition

X=Xo+A+M, (7.1)

where M € M!° and A is a continuous process with paths of bounded variation
(over finite intervals) and Ag = 0 a.s.

Remark 7.2 The decomposition is unique up to indistinguishability. This
follows from the fact that continuous local martingales that are of bounded vari-
ation are a.s. constant in time (Lemma. We call the semimartingale
decomposition of X.

Every continuous submartingale is a semimartingale and its semimartingale de-
composition of Definition[7.1] coincides with the Doob-Meyer decomposition. All
semimartingales in these lecture notes are continuous, sometimes emphasized by
writing that X is a (continuous) semimartingale, as in Definition

Definition 7.3 If X and Y are semimartingales with semimartingale decom-
positions X = Xg+ A+ M and Y = Yy + B+ N where M and N are local
martingales and A and B processes of bounded variation, then we define their
quadratic covariation process (X,Y) as (M, N). If X =Y, we write (X) for
(X, X), the quadratic variation process of X.

The bounded variation parts of semimartingales are thus ignored in the defi-
nition of quadratic variation and covariation. Proposition below gives an
intuitively appealing justification for this.

Let X be a semimartingale and B a continuous bounded variation process.
Then X + B is again a semimartingale, which has the same (unique) local mar-
tingale part as X. It follows that with every other semimartingale Y one has
(X + B,Y) = (X,Y). So, if one (only) changes the bounded variation part
of a semimartingale, its quadratic covariation with any other semimartingale is
unaltered. We will often use this property.

Below we will use a number of the times the concept of uniform convergence
in probability on compact sets (ucp convergence), which is defined as follows.
Suppose X" is a sequence of processes. One says that X" converges in proba-
bility on compact sets to a process X, denoted X™ P X, if for all T > 0 one
has sup,«p | XJ" — X 5 0as n — oo. Here it is tacitly understood that the
supremum is measurable.
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Proposition 7.4 The given definition of (X,Y’) for semimartingales coincides
with our intuitive understanding of quadratic covariation. If (II") is a sequence
of partitions of [0, 00) whose meshes u(II"™) tend to zero, then for every T > 0
we have

sup [V,(X, V;T1") — (X, Y )| 0,

t<T
where for any partition II we write Vi(X,Y;II) = > (Xt at — Xt int) Yent —
Yi._,at) with the summation over the ty,ty—1 € IIN[0,t]. In short, one has

V(X,y;I") 2 (X,Y).

Proof. 1t is sufficient to prove this for X = Y with Xg = 0. Let X = Xy +
A+ M according to Equation (7.I). Write V;(X, X;1I") = V,(M, M;1I") +
2Vi(A, M;T1™) + Vi(A, A;II™). Since A has paths of bounded variation and A
and M have continuous paths, the last two terms tend to zero a.s., uniformly in
t € [0,T]. We concentrate henceforth on Vi (M, M;II"). Let (T"™) be a localizing
sequence for M such that MT" as well as (MT™) are bounded by m. For given
€,0,T > 0, we can choose T™ such that P(T™ < T') < §. We thus have

P(sup [Vi (M, M;I1") — (M)¢| > ¢)
t<T

<8+ P(sup [Ve(MT™ , MT" 1) — (MT™Y,| > e, T < T™)
t<T

< &4 P(sup |[Ve(MT" , M7 ) — (MT7)| > ¢). (7.2)
t<T

Realizing, using similar arguments as in the proof of Proposition [3.8] that
V(MT",MTT 1) — (MT™) is a bounded martingale, we apply Doob’s in-
equality to show that the second term in tends to zero when the mesh
w(IT™) tends to zero. Actually, similar to the proof of Proposition one
shows L2-convergence to zero (Exercise [3.13)) pu(I") — 0. This finishes the
proof since 6 > 0 is arbitrary. (We thus obtain by almost the same techniques
an improvement of Proposition . U

Definition 7.5 A progressive process Y is called locally bounded if there exists
a localizing sequence (T™) such that the stopped processes YT" are bounded.

Clearly, all continuous processes are locally bounded and locally bounded pro-
cesses belong to P*(M) for any continuous local martingale M. Moreover, for
locally bounded processes Y and continuous processes A that are of bounded
variation, the pathwise Lebesgue-Stieltjes integrals fot Ys(w) dAs(w) are (a.s.)
defined for every ¢t > 0 and finite a.s.

Definition 7.6 Let Y be a locally bounded process and X a semimartingale
with decomposition . Then the stochastic integral of Y w.r.t. X is defined as
Y -M+ fo Y dA. Here the first integral is the stochastic integral of Theorem
and the second one is the Stieltjes integral that we just mentioned. From now
on we will use the notation fo Y dX or Y - X to denote the stochastic integral
of Y wrt. X.
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Note that, due to the uniqueness of the decomposition in Definition the
definition of Y - X is unambiguous. Moreover, Y - X is again a semimartingale
and

V- X=Y -A+Y M,

is its unique semimartingale decomposition. Indeed, Y - M is a local martingale
and Y - A has paths of bounded variation. As a matter of fact, its total variation
process V(Y - A) is given by VI(Y - A); = (|Y| - V(A))s, which is a.s. finite,
where V1(A) stands for the total variation of A, i.e. as a function of ¢, V!(A);
is the total variation of A over the interval [0, ¢].

As a consequence, for two semimartingales X; and X and two locally
bounded processes Y7 en Ya we have (Y7 - X7,Y5- Xo) = (V1Y) (M7, M), where
the M; are the local martingale parts of the X;, and then also (Y7-X;,Y3-X5) =
(V1Y) - (X1, X2). Hence we have the analogue of for stochastic integrals
w.r.t. semimartingales.

Proposition 7.7 Let Y,U be locally bounded processes and X a semimartin-
gale.
(i) If T is a stopping time, then (Y - X)T =Y - X7 = (1o 1Y) - X.
(ii) The product YU is locally bounded, Y-X is a semimartingale and U-(Y - X)
and (YU) - X are indistinguishable.

Proof. As the assertions are obvious if X itself is of bounded variation, we
only have to take care of the (local) martingale parts. But for these we have
Propositions [6.6] and that can be extended to the local martingale case by
an appropriate stopping argument. O

We continue with a result that is the counterpart of Lebesgue’s dominated
convergence theorem, now for stochastic integrals w.r.t. semimartingales.

Proposition 7.8 Let X be a continuous semimartingale and (Y™) a sequence
of progressive processes that converge to zero pointwise. If there exists a locally
bounded progressive process Y that dominates all the Y™, |Y"| <Y, then the

Y™ are locally bounded too and Y™ - X ¥ 0.

Proof. Let X = A+ M. Then sup,,| [; Y™ dA| tends to zero pointwise in
view of Lebesgue’s dominated convergence theorem. Therefore we prove the
proposition for X = M, a continuous local martingale. Choose stopping times
T™ such that each MT" is a square integrable martingale and Y7 bounded.
Then for all m and T > 0, IEfOT(Y”)2 d(MT™) — 0 for n — oo and by the
isometry property of the stochastic integral, valid since Y € P(MT"), we also
have for all T > 0 that E(Y™ - M T)% — 0 and consequently, see the proof of
Proposition we have Y - MT" "% 0 for n — co. The dependence on T™
can be removed in the same way as in the proof of Proposition O
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We close this section with a result that says that Y - X is in a good sense a limit
of sums of the type (6.2]), which was the point of departure of developing the
theory of stochastic integrals.

Corollary 7.9 LetY be a continuous adapted process and X a semimartingale.
Let II"™ be a sequence of partitions of [0,00) whose meshes tend to zero. Let

Y™ =3 Yiulap iy, ), with the tf in 11", Then Y™ - X Y - X.
Proof. Since Y is locally bounded, we can find stopping times 7™ such that
[YT"| < m and hence sup, |(Y™)7"| < m. We can therefore apply Proposi-
tion to the sequence ((Y™)T™"),>; that converges pointwise to Y7 and
with X replaced with X7™. We thus obtain Y™ - (X7™) “Py . (XT"), which

is nothing else but sup, .7 | ngTm Yy"dx — ngTm YdX| 5 0 for all T > 0.

Finally, since for each ¢ the probability P(¢ < T™) — 1, we can remove the
stopping time in the last ucp convergence. O

7.2 Integration by parts

The following (first) stochastic calculus rule is the foundation for the It6 formula
of the next section.

Proposition 7.10 Let X and Y be (continuous) semimartingales. Then
Xth:X0%+/OthY+/OtYdX+(X,Y>t a.s. (t > 0). (7.3)
A special case occurs when Y = X in which case becomes
X2 =X2+2 /Ot XdX +(X); as.(t>0). (7.4)

Proof. Tt is sufficient to prove ([7.4)), because then (|7.3)) follows by polarization.
Let then II be a subdivision of [0,¢]. Then, summing over the elements of the
subdivision, we have

XP-X3=2> X4 (Xep,, — Xo) + D _(Xey, — X)) as. (t > 0).

To the first term on the right we apply Corollary and for the second term
we use Proposition [7.4] This yields the assertion. O

If the semimartingales X and Y don’t possess a local martingale part, then ((7.3)
reduces to the familiar integration by parts formula

t t
Xth:XoYo—i—/ XdY+/ YdX as.(t>0).
0 0

Another consequence of Proposition is that we can use Equation (7.3) to
define the quadratic covariation between two semimartingales. Indeed, some
authors take this as their point of view.
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7.3 Ito’s formula

Theorem below contains the celebrated It6 formula ((7.5)), perhaps the most
famous and a certainly not to be underestimated result in stochastic analysis.

Theorem 7.11 Let X be a continuous semimartingale and f a twice continu-
ously differentiable function on R. Then f(X) is a continuous semimartingale
as well and it holds that

FIX0) = F(Xo) / FX)dX + = / FX)d(X),as. (t>0).  (75)

Before giving the proof of Theorem [7.11]} we comment on the integrals in Equa-
tion . The first integral we have to understand as a sum as in Deﬁnition
With M the local martingale part of X we therefore have to consider the inte-
gral f/(X)- M, which is well defined since f/(X) is continuous and thus locally
bounded. Moreover it is a continuous local martingale. With A the finite varia-
tion part of X, the integral fo X) dA has to be understood in the (pathwise)
Lebesgue- StleltJes sense and thus 1t becomes a process of finite variation, as
is the case for the integral [ f”(X)d(X). Hence, f(X) is a continuous semi-
martingale and its local martingale part is f/(X) - M.

Proof. The theorem is obviously true for affine functions and for f given by
f(z) = 2%, Equation reduces to . We show by induction that
is true for any monomial and hence, by linearity, for every polynomial. The
general case follows at the end.

Let f(z) = 2™ = 2" 'x. We apply the integration by parts formula
with ¥V; = X7~ ! and assume that is true for f(z) = 2"~!. We obtain

t t
Xr=Xp +/ X" tdx +/ Xdx™ 4+ (X, x" ), (7.6)
0 0
By assumption we have
t 1 t i
Xpt=xp7t +/ (n—1)X""2dX + 5/ (n—1)(n—2)X"3d(X). (7.7)
0 0

We obtain from this equation that (X"~!, X) is given by (n—1) f; X" 2d(X)
(remember that the quadratic covariation between two semimartingales is de-
termined by their local martingale parts). Inserting this result as well as ([7.7))
into and using Proposition we get the result for f(x) = 2™ and hence
for f equal to an arbitrary polynomial.

Suppose now that f is twice continuously differentiable and that X is bound-
ed, with values in [— K, K], say. Then, since f” is continuous, we can (by the
Weierstrafl approximation theorem) view it on [—K, K] as the uniform limit
of a sequence of polynomials, p!! say: for all & > 0 there is ng such that
sup_ gk [f" (@) — ph(z )| < 5, if n > ng. But then f’ is the uniform limit
of p], defined by pl, (z) = )+ J* i pll(u) du and f as the uniform limit of
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the polynomials p,, defined by p,(z) = f(-K) + ffK pl,(u) du. For the polyno-
mials p, we already know that (7.5 holds true. Write R for the difference of
the left hand side of (7.5) minus its right hand side. Then

R = F(X)) = pu(X0) ~ (F(X0) — pa(X0))
- [ - oo - 5 [ @00 - s ).
0 0

The first two differences in this equation can be made arbitrarily small by the
definition of the p,. To the first (stochastic) integral we apply Proposition
and the last integral has absolute value less than ¢(X), if n > ny.

Let now X be arbitrary and let T = inf{t > 0 : |X;| > K}. Then, certainly

XT" is bounded by K and we can apply the result of the previous step. We
have

f(XtTK) F(Xo) /f XT XTK /f// XTK >TK’

which can be rewritten as

tATH tATH
frs) = 1)+ [ pE0ax 5 [ .

We trivially have (X rx) — f(X;) a.s. and the right hand side of the previous
equation is on {t < T} (whose probability tends to 1) equal to the right hand
side of (7.5). The theorem has been proved. O

Formula (|7.5)) is often represented in differential notation, a short hand way of
writing the formula down without integrals. We write

AF(X0) = J/(X0) dXe + 57 (X) d(X).,

or merely

AF(X) = [/(X)AX + 3" (X)d(X).

If T is a finite stopping time, then one can replace ¢ in Formula ([7.5) with 7.
This substitution is then also valid for T'A ¢ for an arbitrary stopping time 7.

Remark 7.12 With minor changes in the proof one can show that also the
following multivariate extension of the Itd formula holds true. If X =
(X1,...,X4%) is a d-dimensional vector of semimartingales and f : R? — R is
twice continuously differentiable in all its arguments, then

f(Xe

X)dx' + = Z/ e axj (X)d(X", X7). (7.8)

2
Notice that in this expression we only need second order derivatives %,
1O

if the corresponding components X* and X7 of X both have a non-vanishing
martingale part. The integration by parts formula ([7.3)) is a special case of ((7.8)).
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7.4 Applications of It6’s formula

Let X be a (continuous) semimartingale with Xy = 0 and define the process Z
by Z; = Zyexp(X; — %(X)t), where Zj is an Fy-measurable random variable.
Put Y = X — 1(X), note that Z is of the form Z = f(Y) and observe that
(Y) = (X). Then an application of Itd’s formula gives (verify this!)

t
Z, =7y +/ ZdX. (7.9)
0

This is a linear (stochastic) integral equation, that doesn’t have the usual expo-
nential solution as in ordinary calculus (unless (X) = 0). The process Z with
Zy = 1 is called the Doléans exponential of X and we have in this case the
special notation

7 =E&(X). (7.10)

Notice that if X is a local martingale, Z is a local martingale as well. Later on
we will give conditions on X that ensure that Z becomes a martingale.

An application of 1t6’s formula we present in the proof of Lévy’s characterization
of Brownian motion, Proposition [7.13]

Proposition 7.13 Let M be a continuous local martingale (w.r.t. the filtration
F) with My =0 and (M); =t. Then M is a Brownian motion (w.r.t. F).

Proof. By splitting into real and imaginary part one can show that It6’s formula
also holds for complex valued semimartingales (here, by definition both the real
and the imaginary part are semimartingales). Let u € R be arbitrary and define
the process Y by Y; = exp(iudl; + %th). Applying It6’s formula, we obtain

t
0

It follows that Y is a complex valued local martingale. We stop Y at the fixed
time point 9. Then, the stopped process Y is bounded and thus a martingale
and since Y # 0 we get for all s <t < tg

BITHA] = 1.
This identity in explicit form is equal to
Elexp(iu(M; — M) + %u2(t —9))|Fs] =1,
which is valid for all ¢ > s, since tg is arbitrary. Rewriting this as
Elexp(iu(M, — M,)|F,] = exp(—5u*(1 - 5))
we conclude that M; — My is independent of F5 and has a normal distribution

with zero mean and variance ¢ — s. Since this is true for all ¢ > s we conclude
that M is a Brownian motion w.r.t. F. O
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An important generalization of Doob’s inequality is one of the Burkholder-
Davis-Gundy inequalities, Proposition below. It is stated for p > 2 and
continuous local martingales, although there are related results for 0 < p < 2
and arbitrary local martingales.

Proposition 7.14 Let p > 2. There exists a constant C, such that for all
continuous local martingales M with My = 0 and all finite stopping times T
one has

Esup |M,[? < C, E(M)5/?. (7.11)
t<T
Proof. Let us write M7 := sup,<7 |M;|. Doob’s inequality now becomes
E(My)P < (%)pE\MT\p, so we are going to analyze E|Mr[P.
Assume first that M is bounded. The function x +— |z|P is in C?(R) so we
can apply Ito’s formula to get

T 1 T
Mrl? = [ e8Pt M+ o= 1) [ 10 A

Since M is bounded, it is an honest martingale and so is the first term in the
above equation. Taking expectations, we thus get with Holder’s inequality at
the last step below

- 1 _ T p—2
BIMr P = 5p(p— DB [ 134p~2a),
< %p(p — DE(sup [M;|~*(M) )
t<T
< oo — D(EOG)P) /P (MY,

Recalling Doob’s inequality above, we get

X P \pl F\py1— 2
B0 < (25 50(p = DEMGP) /@O,
from which we obtain
« Pyl
E(MF)? < (23 2 (gp(e = DIPEODS,

which proves the assertion for bounded M.

If M is not bounded we apply the above result to M 7" where the stopping
times 7™ are such that M7" are martingales bounded by n,

E(Mfpr)? = E(MT)7)P < GEM™)E® = CE(M)Y 7. < CEM.
The result is obtained by applying Fatou’s lemma to the left hand side of the
above display. O

Remark 7.15 If in Proposition a stopping time T is not finite, one may
for instance replace the left hand side in (7.11)) with Esup,_, |M;|? and leave
the right hand side unaltered to still have a valid inequality.
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7.5 Fubini’s theorem for stochastic integrals

The main result of this section is a version of Fubini’s theorem for stochastic
integrals w.r.t. semimartingales, Theorem [7.18] In the special case where the
semimartingale is of finite variation, there is not much more to be done than
invoking the ordinary Fubini theorem. But if the semimartingale has a non
vanishing martingale part, e.g. if it is itself a (local) martingale, additional
arguments are needed.

Here are the preliminaries of this section. Apart from the usual filtered
probability space, we have an additional measure space (X, X, ). It is assumed
throughout this section that p is a finite measure. We will often consider func-
tions H : X x [0,00) X  — R, with values H(x,t,w), also written as Hy(z,w).
By H(z) we then denote the mapping (¢,w) — H(z,t,w), and the mappings
w > H(x,t,w) are denoted H¢(x). Under appropriate measurability conditions
on H, see below, H(z) will be a stochastic process and H;(x) a random variable.
To prepare for Fubini’s theorem in the present context, we need a number of
technical results. We simple write B for the Borel sets of [0, c0).

Lemma 7.16 Let Y™ : X x[0,00) x 2 — R be X x B x F-measurable for each
n. Suppose that the functions t — Y™(z,t,w) are right-continuous and that
Y"(z) is ucp-convergent to a limit process Y (z) for all x € X. Then the limit
process can be chosen to be X x B x F-measurable and a.s. right-continuous for
each x.

Proof. Let S (x) = sup,c, |Y{(x) — Y/(2)|. By right-continuity, (z,w)
Si(z,w) is X x F-measurable and the hypothesis implies S¥(z) — 0. We
will modify the S%(z) to obtain a.s. convergence. Thereto we define ng(z) = 1
and inductively

ny(x) = inf{m > max{k,n,_1(z)} : sup P(S}/(z) >27%) < 27F}.
,j>m

Note that ng(x) — oo for all z. Put Z*(z,t,w) = Y™ ) (2 ¢, w) and verify that
the Z* are measurable functions of z by the fact that the n; depend measurably
on z, which follows from the usual Fubini setup. Similar to the S%(z) above,
we define T (z) = sup,«, |Zi(x) — ZI(z)| and we have (z,w) — T¥(r,w) is
X x F-measurable, by the fact that the Z¢(x) have right-continuous paths. By
construction, we have P(T,f’kJ”m(a:) > 27F) < 27F for m > 1 and then by
Borel-Cantelli P(liminf;_,o Ex) = 1, where Ej = {T:’k+m(:r) < 27%}. Hence
eventually, for all u > 0 one has sup; ;> Ti(x) < 27F. In other words we have,
as desired, lim; j_,oo 707 (z) = 0 a.s. This entails that the existence of random
variables Z;(z) such that sup,, |Zi(z) — Z;(x)| — 0 a.s. Hence for all = there
exist a set L(z) € X xF of probability one such that for all w € L(z) we have the
uniform convergence sup,<,, |Z¢(z,w) — Zi(z,w)| — 0 and hence the functions
t — Z;(z,w) are right-continuous. By defining Y;(z,w) = 174 (w)Zi(z,w), we
obtain the desired limit. 0
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The assertion of the lemma is also true, if one replaces right-continuity with left-
continuity, continuity or cadlag. In the next proposition £ denotes the o-algebra
on [0,00) x © generated by the adapted locally bounded processes.

Proposition 7.17 Let X be a semimartingale, Xo = 0 and H : X x [0,00) X
Q — R be X x L-measurable. Then there exists Z : X x [0,00) x Q — R that
is X x B x F-measurable, such that for all x € X, t — Z;(x) is a continuous,
adapted version of H(x) - X.

Proof. We first give the proof for bounded H, then certainly H € L. Let H be
the set of bounded X x B x F-measurable processes for which the assertion holds
true. Clearly, H is a vector space and the H given by H(x,t,w) = f(x)K(t,w)
for a bounded and X-measurable f and K bounded and progressive belong to
H, as is straightforward to verify. Moreover, the H of the above product form
generate the o-algebra X' x L.

Let then (H™) C H and suppose that one has H" — H pointwise in all
the arguments for some bounded H. By Proposition we conclude that
H™(z)-X P H(z)-X. Invoking Lemma allows us to conclude the existence
of a continuous adapted version of H(z) - X that inherits the X x B x F-
measurability. So H € ‘H. Application of the Monotone class theorem concludes
the proof for bounded H.

In the last step we drop the requirement that H is bounded. For such H we
have a continuous X x Bx F-measurable version Z*(x) of H(x)1{|p(z) <k} X by

the first part of the proof. By Propositionagain we have Z*(x) = H(z)-X
The result now follows in view of Lemma [7.16] O

Here is Fubini’s theorem for stochastic integrals.

Theorem 7.18 Let X be a semimartingale, H as in Proposition and
bounded. Let Z(x) be a continuous Vel”biOH of H(z) - X for each x. Then the
process Z given by Z(w) = [y Z(z,t,w) (dx) is a continuous version of H - X,
where H is the process deﬁned by Hy(w fX (z,t,w) pu(dx). In appealing
notation, we thus have

Jo ([ meons) san= [1(f_sioman) ax.

Proof. If we decompose a stochastic integral as in Definition we can apply
the ordinary version of Fubini’s theorem to the integral w.r.t. finite variation
part. We therefore proceed under the assumption that X € M!c. For the
time being we even assume that E(X), < oo. Since p is a finite measure,
we henceforth assume, by normalization, without loss of generality that p is
a probability measure. It follows that also p x P is a probability measure on
(X x Q,X x F), which will be exploited below.

Suppose that H(z,t,w) = f(x)K(t,w) as in the proof of Proposition
Then K € £, u(|f]) < oo and Z,(z) = f(x)(K - X),. This immediately yields
[x Zi(z) p(dz) = (H- X);. By linearity this identity continues to hold for linear
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combinations of functions of the type H(z,t,w) = f(2)K(t,w). Note that these
linear combinations generate a vector space, V say.

Let now (H™) C V and assume pointwise convergence of the H™ to H. Based
on the Monotone class theorem, we will show that the result is also valid for H.
Let Z™(z) be a continuous adapted version of H™(z) - X, which exists in view
of Proposition and let Z(x) be a continuous adapted version of H(z) - X.
Then by the Cauchy-Schwarz and Doob inequalities we have

(E [ suwizi @ Zt<x>|u<dx>> <5 [ swlZp(e) - 2 p(do)
— [ Esuw|2(@) - Zi@)P (o)

X t
<4 [ BIZL () = Zula)? (o).

Of course, the right hand side is equal to

+ [ B2 @)~ 2 ntar) =4 [ B [ T (HD (@) — Ho(2))24(X), pu(da).

A threefold application of the Dominated convergence theorem (recall that H

is bounded) to the triple integral gives E ( [ sup, |Z]*(z) — Zi(z)| /L(dx))z — 0.
It then also follows that [ sup, |Z}*(x) — Z;(x)| pu(dx) is a.s. finite and the same
holds for [ |Z;(x)| u(dz). Consider now

E /X sup |27 (2) — Zu(o) nlde) < B /X sup 27 (2) — Zu(a)| p(da), - (7.12)

which tends to zero by the above. With H* = [, H*(x) u(dx) we have H™- X =
Jx 2P (z) p(dx) (recall H™ € V) and the [, Z'(z) p(dz) converge ucp-wise to

[x Zi(x) p(dz) in view of (7.12). But Proposition [7.8| yields A" - X 2LH.X
and so we must have (H-X); = [ Zy(z) p(dx). This concludes the proof under
the assumption that X € M!¢ with E(X),, < co. The general case follows by
a usual stopping time argument, Exercise [7.9 O

7.6 Exercises
7.1 The Hermite polynomials h,, are defined as

1, dn 1
hn(z) = (=1) eXP(ixz)@ GXP(*??Q)-

Let Hy(x,y) = y"*ha(z/\/5)-
(a) Show that %Hn (z,y) = nH,_1(x,y), for which you could first prove that

Z %hn(a:) = exp(uzx — FU ).

n>0
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(b) Show also that %Hn(x, y) + %%HR(L y) = 0.
(c) Show finally that for a Brownian motion W it holds that H,(W;,t) =
nfo n—1(Ws, s) dWs.

7.2 Let W be Brownian motion and X € §. Let M = X - W and Z = E(M).
Show that M and Z are martingales.

7.3 Let X and Y be (continuous) semimartingales. Show that £(X)E(Y) =
E(X+Y +(X,Y)). Deduce from this the formula £(X)/E(Y) =E(X -Y —
(X —=Y,Y)). Suppose further that X = H-Z and Y = K - Z (H and K
both satisfying appropriate conditions) for some semimartingale Z. Show that
EH -2)/EK-Z)=E(H - K)-Z), where Z =7 — K - (Z).

7.4 Let X be a strictly positive continuous semimartingale with Xy = 1 and
define the process Y by

t t
1 1 1
Y; = —dX — = d
! /O X 2/, X2 (X0-
Let the process Z be given by Z; = e¥*. Compute dZ; and show that Z = X.

7.5 Let Wy, Wy, W3 be three independent Brownian motions. Let

My = (W2, + W3, +w3,) "
Show that M = {M; : t > 1} is a local martingale with sup,>,; EM{ < oo if
0 < p < 3 (the sum of squares has a Gamma distribution!) and that M is not
a martingale. Is M uniformly integrable?

Jt> 1.

7.6 Let f : [0,00) — R be measurable, fo s)2ds < oo forallt > 0 and W a

Brownian motion. Then X; = fo s)dWs is Well defined for all ¢ > 0. Show
that X; has a normal distribution and determine its mean and variance.

7.7 Let f : R? — R be twice continuously differentiable in the first variable and
continuously differentiable in the second variable. Let X be a continuous semi-
martingale and B a continuous process of finite variation over finite intervals.
Show, depart from the formula in Remark that for t > 0

t
(X0, By) = f(Xo. By) + /O f+(X, B)dX
t 1 t
+/0 fy(X7B)dB+§/O fzz (X, B) d(X), a.s.

7.8 Let X be a strictly positive (continuous) semimartingale with standard
decomposition X = Xg+ A+ M.

(a) Show that X also admits a unique multiplicative decomposition X =
XoAM, where A a continuous positive process of finite variation over
bounded intervals and M a positive local martingale, with Ay = M,y = 1.
[Although not needed, for the uniqueness, you may use part (b).]
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(b) Express A and M in X, A and M.
(c) What extra can you say, if X is a supermartingale, of the paths of A? Are
A and M convergent in this case?

7.9 Finish the proof of Theorem by dropping the assumption E(X )., < 00
for X € Mlec.
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8 Integral representations

We assume that the underlying filtration satisfies the usual conditions. However,
in Section [8.2| we will encounter a complication and see how to repair this.

8.1 First representation

The representation result below explains a way how to view any continuous local
martingale as a stochastic integral w.r.t. a suitably defined process W that is a
Brownian motion.

Proposition 8.1 Let M be a continuous local martingale with My = 0 whose
quadratic variation process (M) is almost surely absolutely continuous, (M) can
be written as fo X, ds for some nonnegative measurable process X. Then there
exists, possibly defined on an enlarged probability space, an F-Brownian motion
W and a process Y in P*(W) such that M =Y -W (up to indistinguishability).

Proof. Let X" for n € N be defined by X{* = n((M);—(M);_1/,) (with (M), =
0 for s < 0). Then all the X™ are progressive processes and thanks to the
fundamental theorem of calculus their limit X’ for n — oo exists for Lebesgue
almost all ¢ > 0 a.s. by assumption, and is progressive as well. Hence we can
assume that X is progressive.

Suppose that X; > 0 a.s. for all ¢ > 0. Then we define f; = X{l/z and
W = f-M and we notice that f € P*(M). From the calculus rules for computing
the quadratic variation of a stochastic integral we see that (W), = t. Hence,
by Lévy’s characterization (Proposition, W (which is clearly adapted) is a
Brownian motion. By the chain rule for stochastic integrals (Proposition [6.13)
we obtain that X'/2.W is indistinguishable from M, so we can take Y = X1/2.

If X; assumes for some ¢ the value zero with positive probability, we cannot
define the process f as we did above. Let in this case (', F',P’) be another
probability space that is rich enough to support a Brownian motion B. We
consider now the product space of (2, F,P) with (€, F',P') and redefine in
the obvious way M and B (as well as the other processes that we need below)
on this product space. For instance, one has M;(w,w’) = M;(w). Notice that
everything defined on the original space now becomes independent of B. Next,
one needs a filtration on the enlarged probability space. The proper choice
is to take the family of o-algebras F; x F. Having done so, one finds for
instance that M is still a local martingale and B remains a Brownian motion.
Hence the stochastic integrals ]-{X>O}X_1/2 M and 1{x_q} - B are well defined
on the product space and 1{X>0}X_1/2 - M is a local martingale w.r.t. the
product filtration and 1;x—_oy - B a martingale. These two (local) martingales
have zero quadratic covariation, since (M, B) = 0 in view of the independence

(Exercise [3.6)).

Now we are able to define in the present situation the process W by

W = 1{X>0}X71/2 - M+ lix—o}- B.
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Observe that (W), = [i 1ixs0y X " d(M) + [; 1(x—0yd(B) = t. Hence W
is also a Brownian motion in this case. Finally, again by the chain rule for
stochastic integrals, X1/2- W = 1ixs0y - M + 1ix—y X'/? - B = 1x~0y - M.
Hence M — X'/2 - W = 1;x_qy - M has quadratic variation identically zero

and is thus indistinguishable from the zero martingale. Again we can take
Y = X1/2, O

8.2 Representation of Brownian local martingales

Suppose that on a given probability space (2, F,P) we can define a Brownian
motion W. Let FW be the filtration generated by this process. Application
of the preceding theory to situations that involve this filtration is not always
justified since this filtration doesn’t satisfy the usual conditions (one can show
that it is not right-continuous, see Exercise . However, we have

Proposition 8.2 Let F be the filtration with o-algebras F, = F}¥ V N, where
N is the collection of sets that are contained in sets of F. with zero probability.
Then F satisfies the usual conditions and W is also a Brownian motion w.r.t.
this filtration.

Remark 8.3 The proof of right-continuity involves arguments that only use the
Markovian character of Brownian motion, and hence the result can be extended
to hold for more general Markov processes. It will be given in Section [L0.3] see
also Proposition It is remarkable that the addition of the null sets to
the o-algebras of the given filtration renders the filtration right-continuous. Of
course, by adding null sets to the original filtration the distributional properties
of W don’t change.

Any process that is a martingale w.r.t. the filtration of Proposition (it will
be referred to as the augmented Brownian filtration) is called a Brownian mar-
tingale. Below, in Theorem we sharpen the result of Proposition in
the sense that the Brownian motion is now given and not constructed and that
moreover the integrand process X is progressive w.r.t. the augmented Brownian
filtration F. In the proof of that theorem we shall use the following result.

Lemma 8.4 Let T > 0 and Rt be the subset of L?(Q, Fr,P) consisting of the
random variables (X - W) for X € Pr(W) and let R be the class of stochastic
integrals X - W, where X ranges through P(W). Then Rr is a closed subspace
of L?(Q, Fr,P). Moreover, every martingale M in M? can be uniquely (up to
indistinguishability) written as the sum M = N +Z, where N € R and Z € M?
that is such that (Z, N') = 0 for every N’ € R.

Proof. Let ((X™-W)r) be a sequence in Ry C L?*(Q), Fr,P), which has a limit
in the latter space; this sequence is then also Cauchy. By the construction of
the stochastic integrals (the isometry property in particular), we have that (X™)
is Cauchy in Pr(W). But this is a complete space (Proposition and thus
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(X™) has a limit X in this space. By the isometry property again, we have that
(X™ - W)r converges in L? to (X - W)z, which is an element of Rr.

The uniqueness of the decomposition in the second assertion is established
as follows. Suppose that a given M € M? can be decomposed as N! + Z! =
N2+ Z2. Then 0 = (Z' — Z2, N? — N') = (Z' — Z?), hence the uniqueness
follows.

We now prove the existence of the decomposition on an arbitrary (but fixed)
interval [0,T]. Invoking the already established uniqueness, one can extend the
existence to [0,00). Since M7 € L2?(Q, Fr,P) and R is closed, we have the
unique decomposition My = Ny + Zp, with Ny € Ry and EZp N/, = 0 for any
N} € Ry. Let Z be the right-continuous modification of the martingale defined
by E[Z7|F:] and note that E[Nr|F;] € R¢. Then M = N+ Z on [0,T]. We now
show that (Z, N'); = 0 for t < T, where N’ € R. Equivalently, we show that
ZN' is a martingale on [0, T]. Write Nj. = (X - W)r for some X € Pp(W). Let
F € F;. Then the process Y given by Y, = 1p1( rj(u)X, is progressive and
in Pr(W), and we have (Y - W)p = 1p(Nf, — N;). (This is not immediately
obvious, since 1g is random, Exercise ) It follows that

E[1pZrN7] = E[1p Zp(Ny — N))] + E[1pZ; N{]
=E[Zr(Y - W)r] + E[1rZ,N;].

Since Zr is orthogonal in the L2-sense to Rr, the expectation E[Z7(Y -W)7] =
0. We obtain

E[1pZr Ny = E[1pZ,N]],

equivalently, E[ZpNJ.|F] = Z¢N|, since F' € F; is arbitrary. This shows that
ZN' is a martingale on [0, 7. O

Remark 8.5 In the proof of the above lemma we have not exploited the fact
that we deal with W as Brownian motion, nor did we use the special structure
of the filtration (other than it satisfies the usual conditions). The lemma can
therefore be extended to other square integrable martingales W than Brownian
motion.

However, Theorem [8.7 shows that the process Z of Lemma[8.4]in the Brownian
context is actually zero. It is known as the (Brownian) martingale representation
theorem. In its proof we use the following lemma.

Lemma 8.6 Let Z be a Brownian martingale, that is orthogonal to the space
R in Lemma Let t > 0. For any n € N and bounded Borel measurable
functions fr :R - R (k=1,...,n) one has for 0 = sy < --- < s, <t that

E(Z: [ £(Ws) =0. (8.1)
k=1
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Proof. For n = 0 this is trivial since Zy = 0. We use induction to show (8.1)).
Suppose that (8.1) holds true for a given n and suppose w.l.o.g. that s, < ¢
and let s € [s,,t]. By P, we abbreviate the product [[}_, fx(Ws,). Put for all
feR

¢(s,0) = E(Z,P,e®"").

Let the signed measure 1 on B(R) be given by u(B) = E(15(W;)Z,P,). Then,
the function 0 — ¢(s, 0) is the Fourier transform of u. Below we will show that
@(s,0) =0 for all §. From this it then follows that u is the zero measure. Take
then s = s,,41, and one has [ f,11 du = 0 for any bounded measurable function
fn+1 , which is nothing else but E( Fnr1(Ws, )ZtPn). It follows that also
holds for n replaced with n 4+ 1 and thus for all n, which then completes the
proof.

To prove that ¢(s,6) = 0 for all 6, we need two facts. First, observe that by
reconditioning and the martingale property of Z we have ¢(s,6) = EZ,P,e%"s
and by the induction assumption we have ¢(s,,6) = 0.

Second, recall that for M, N € M? one has equivalence between MN is
a martingale and (M, N) = 0. If one of these conditions hold, then, for ¢ >
s, E[My(Ny — Ng)|Fs] = E[M{N; — MsNg|Fs] — E[Ns(My — M,)|Fs] = 0. It
then follows that E[Z f; W AW, | F,,] = 0, as Z is orthogonal to stochastic
integrals w.r.t. W (Lemrﬁa. Then by reconditioning one obtains

E[Z.P, / W AV, ] = EE[Z,P, / W AW, |, ]

=E(P,E[Z, / W dW, | F,.]) = 0. (8.2)

The next step is that, similar to the proof of Proposition [7.13] we use Itd’s
formula and get

) ) 5 1 5
W = lWen 10/ e dw,, — 592/ W du. (8.3)

Sn

Multiplication of Equation (8.3) by ZsP,, taking (conditional) expectations and
using the just shown fact (8.2)), yields

E[Z,P,e":] = E[Z,,

. 1 s
P,elfWen] — 5921E[Zspn / e du).

Use the fact that we also have ¢(s,0) = E(Z,P,e"V+), Fubini and recondition-
ing to obtain

85,0 = 50.0) = 30° | 5P,V 5127, ])

which then becomes

?(s,0) = ¢(sn,0) — %92 / o(u,0) du.
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Since ¢(sn,0) = 0, the unique solution to this integral equation is the zero
solution. Hence we conclude that ¢(s,6) = 0 for all s € [s,,t] and 6, which was
our aim to show. O

Theorem 8.7 Let M be a square integrable Brownian martingale with My = 0.
Then there exists a process X € P(W) such that M = X - W. The process
X is unique in the sense that for any other process X' with the same property
one has ||X — X'||w = 0. From the presentation M = X - W it follows that all
square integrable Brownian martingales are continuous.

Proof. As a starting point we take the decomposition M = N+ Z of Lemma[38:4]
We will show that Z is indistinguishable from zero, for which we use Lemma|[8.6]
By the monotone class theorem (Exercise we conclude from that
EZ& = 0 for all bounded F}Y-measurable functions £. But then also for all
bounded ¢ that are Fi-measurable, because the two o-algebras differ only by
null sets. We conclude that Z; = 0 a.s. Since this holds true for each t sep-
arately, we have by right-continuity of Z that Z is indistinguishable from the
zero process. The uniqueness of the assertion is trivial. O

Corollary 8.8 Let M be a local martingale adapted to the augmented Brow-
nian filtration F with My = 0. Then there exists a process X € P*(W) such
that M = X - W. In particular all such local martingales are continuous.

Proof. Let (T™) be a localizing sequence for M such that the stopped processes
MT" are bounded martingales. Then we have according to Theorem the
existence of processes X™ such that M7T" = X" .W. By the uniqueness of
the representation we have that X"1(grn-1) = X"‘ll[ojnﬂ]. Hence we can
unambiguously define X; = lim,, X;* and it follows from X"1jg pn) = X1g 7]
that M; = lim,, Myap» = (X - W);. The latter integral is well defined as soon
as we know X € P*(W), which we show now.

One has, for any t > 0, (MT"), = (M) pn
the other hand,

a.s.

= (M), which is a.s. finite. On

T™At t
AT, = (M7 Y ppy = / (X™)? ds = / (X721 0.7 (s) ds.
0 0

By the relation between X™ and X, the latter integral equals

t T™ At . t
/ (X2)? 110,10 (s) ds = / (X.)2ds 5 / (X.)2ds.
0 0 0

We conclude that fOt(Xs)Q ds < o a.s., and thus X € P*(W). O

Remark 8.9 The results of Theorem 8.7 and Corollary [8-§] are not construc-
tive, only existence of the process X is asserted. In concrete cases additional
information is sometimes helpful to find this process, see for example Exer-
cise On a theoretical level, X is given by the Clark-Ocone formula, which
involves Malliavin derivatives, see the course on Advanced Topics in Stochastic
Analysis.
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8.3 Exercises

8.1 The filtration F is not right-continuous. Let Q = C[0, ) and W;(w) =
w(t) for t > 0. Fix t > 0 and let F be the set of functions w € 2 that have a
local maximum at ¢t. Show that F' € F,. Suppose that F' € F;. Since any set
G in F; is determined by the paths of functions w up to time ¢, such a set is
unchanged if we have continuous continuations of such functions after time ¢. In
particular, if w € G, then also w’ € G, where w'(s) = w(sAt)+ (s —t)T. Notice
that for any w the function w’ doesn’t have a local maximum at ¢. Conclude
that F' ¢ ‘/_'.t~

8.2 Complete the proof of Theorem by writing down the Monotone Class
argument.

8.3 The result of Theorem [8.7]is not constructive, it is not told how to construct
the process X from the given Brownian martingale M. In the following cases
you give an explicit expression for X. (If My # 0, you have to adjust this
theorem slightly.)

(a) My = W2 — cfot W, ds for a suitable constant ¢ (which one?).
(b) For some fixed time T' we have M; = E[e"T|F,] (you may assume ¢t < T).

(c) For some fixed time T we take M; = IEUOT W, ds|Fi] (you may assume
t<T).
(d) If v (sufficiently differentiable) is a solution to the backward heat equation

1 2

%(t ) + 5%(& z) =0, (8.4)
then M; = v(t, W) is a martingale. Show this to be true under a to be
specified integrability condition. Give also two examples of a martingale M
that can be written in this form. Finally, suppose that g is a measurable
function such that Eg(Wr)? < oco. Show that M; = E[g(Wr)|F] if v
satisfies the boundary condition v(T,z) = g(z).

(e) Suppose a square integrable martingale M is of the form M; = v(t, W),
where W is a standard Brownian motion and v : R? — R is continuously
differentiable in the first variable and twice continuously differentiable in
the second variable. Show that v satisfies the backward heat equation.

(f) Here is a counterexample that says that the role of the Brownian filtration
in Theorem is essential. Let on (Q, F,P) two independent Brownian
motions W and~W be defined and let the filtration consist of the o-algebras
F, = FV v F (augmented by the null sets). Let M = W (why is this
a martingale w.r.t. this filtration?) and compute the decomposition of
Lemma This shows that Z is not equal to the zero process and the
representation of Theorem is not valid.

8.4 Let M be as in Theorem Show that (M, W) is a.s. absolutely continu-
ous. Express X in terms of (M, W).
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8.5 Let & be a square integrable random variable that is ¥ -measurable, where
FYW is the o-algebra generated by a Brownian motion on [0, 00). Show that there
exists a unique process X € P(W)s such that

§E§+/000de.

8.6 The uniqueness result of Exercise 8.5 relies on X € P(W)s. For any T > 0
we define Sp = inf{t > T : W; = 0}. It is known that the St are a.s. finite
stopping times, but with infinite expectation. Take £ = 0 in Exercise Show
that ¢ = fooo 1j0,5,) AW for any T. Why is this not a contradiction?

8.7 Show the equality (Y - W)y = 1p(Nj, — N) in the proof of Lemma
(Although not necessary, you may use Exercise )
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9 Absolutely continuous change of measure

In Section we have seen that the class of semimartingales is closed under
smooth transformations; if X is a semimartingale, so is f(X) if f is twice contin-
uously differentiable. In the present section we will see that the semimartingale
property is preserved, when we change the underlying probability measure in
an absolutely continuous way. This result is absolutely not obvious. Indeed,
consider a semimartingale X with decomposition X = Xy + A + M with all
paths of A of bounded variation. Then this property of A evidently still holds,
if we change the probability measure P into any other one. But it is less clear
what happens to M. As a matter of fact, M (suppose it is a martingale under
P) will in general loose the martingale property. We will see later on that it
becomes a semimartingale and, moreover, we will be able to give its semimartin-
gale decomposition under the new probability measure.

9.1 Absolute continuity

Let (2, F) be a measurable space. We consider two measures on this space, u
and v. One says that v is absolutely continuous with respect to u (the notation
is v < p) if v(F) =0 for every F € F for which u(F) = 0. If we have both
v < pand p < v we say that p and v are equivalent and we write p ~ v. If
there exists a set g € F for which v(£29) = 0 and p(£25) = 0, then p and v are
called mutually singular.

If Z is a nonnegative measurable function on Q, then v(F) = [, Z du defines
a measure on JF that is absolutely continuous w.r.t. 4. The consequence of the
Radon-Nikodym theorem (Theorem below, stated in a more general version
than we need later on) is that this is, loosely speaking, the only case of absolute
continuity.

Theorem 9.1 Let i1 be o-finite measure on (2, F) and let v be a finite measure
on (2, F). Then we can uniquely decompose v as the sum of two measures v
and vy, where vs and p are mutually singular and vy < u. Moreover, there
exists a j-a.e. unique nonnegative Z € L' (Q, F, ) such that vo(F) = [, Z dpu.
This function is called the Radon-Nikodym derivative of vy w.r.t. p and is often
written as

dI/O

=
We will be interested in the case where o and v are probability measures, as
usual called P and Q, and will try to describe the function Z in certain cases.
Moreover, we will always assume (unless otherwise stated) that Q <« P. (See
section |F] for a proof of the Radon-Nikodym theorem for the case Q <« P,
Theorem ) Then one has Z = %, with EpZ = 1, Q(Z = 0) = 0 and
for Q ~ P also P(Z = 0) = 0. To distinguish between expectations w.r.t.
P and Q, these are often denoted by Ep and Eqg respectively. If X > 0 or
XZ e L(Q,F,P), it follows from Theorem by application of the standard
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machine that EgX = EpXZ. For conditional expectations, the corresponding
result is different.

Lemma 9.2 Let P and Q be two probability measures on (€2, F) and assume
that Q < P with Z = %. Let G be a sub-c-algebra of F, P and Q be the
restrictions of P and Q to G and let Z = E[Z|G].
(i) It holds that Q < P, % = Z, and for Y € LY(Q,G,Q) one has EgY =
E[YZ].
(ii) Suppose X € L(Q, F,Q). Then a.s. under Q one has
Ep[XZ|G] Ep[XZ|G]

Es[Z]0] =Ep[X Z|7], (9.1

Eq[X[G] =

where Z := %
Proof. (i) Absolute continuity is trivial and the other statements follow from
EoY = E[Y Z] = EE[Y Z|G] = E[YE[Z|G]] = E[Y Z].
(ii) Take G € G and use (i) with Y = Eg[X1¢|7] to get
E[XZ1¢] = Eg[X1¢]
= EqEq[X1¢|d]
= E[ZEq[X1¢|]]]
= E[Z1¢Eq[X|G])-

Since Z Eg[X|G] € G and G is arbitrary, we conclude that E[X Z|G] = Z Eq[X|G]
a.s. under P and therefore also under Q. The property (@(2 > 0) = 1 justifies
division by Z under @, which then yields Equation , as also % =
E[XZ|G]. O

The normalization (division) in is perhaps at first glance surprising, when
compared to the formula EgX = EpXZ for unconditional expectations. But
taking X =1in shows that the normalization cannot be ommitted. There
is also another justification.

Let first Z’ be a nonnegative random variable with finite expectation, then
Q/(F) := EplrZ’ defines a finite measure Q' on F, absolutely continuous w.r.t.
P, which is only a probability measure if EpZ’ = 1. If this is not the case, we can
normalize Z’' to Z = ﬁé,, in which case Q(F) := EplpZ defines a probability

. ’ . .o, .
measure since EpZ = 1, and Ep X Z = Ep%, which looks as an unconditional

version of (9.1)).

We can also perform the conditional normalization Z"” = #l,lg] to get
Ep[Z”|G] = 1. Note that one also has Z" = m = Z. Then from (9.1) and
the rules for conditional expectation we get

Ep [XZ|Q] "
Eo[X|G] = ———= = Ep|XZ"|G],

where the equality of the extreme sides is reminiscent of the unconditional rule.
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9.2 Change of measure on filtered spaces

We consider a measurable space (€2, F) together with a right-continuous filtra-
tion F = {F;,t > 0} and two probability measures P and Q defined on it. The
restrictions of P and Q to the F; will be denoted by Py and Q; respectively. Sim-
ilarly, for a stopping time 7', we will denote by P the restriction of P to Frp.
Below we will always assume that Py = Qq. If Q < P on F, then necessarily
every restriction Q; of Q to F; is absolutely continuous w.r.t. the restriction P,
of P to F; and thus we have a family of densities (Radon-Nikodym derivatives)
Zy, defined by

_ dQ
ap;

The process Z = {Z;,t > 0} is called the density process (of Q w.r.t. P). Here
is the first property.

Z

Proposition 9.3 If Q < P (on F), then the density process Z is a nonnegative
uniformly integrable martingale w.r.t. the probability measure P and Zy = 1.

Proof. Exercise (9.1 O

However, we will encounter many interesting situations, where we only have
Q¢ < Py for all t > 0 and where Z is only a martingale, but not uniformly inte-
grable. One may also envisage a reverse situation. One is given a nonnegative
martingale Z, is it then possible to find probability measures Q; (or Q) such
that Q; < Py for all ¢t (or Q@ <« P)? The answers are given in the next two
propositions.

Proposition 9.4 Let Z be a nonnegative uniformly integrable martingale un-
der the probability measure P with EpZ; = 1 (for all t). Then there exists a
probability measure Q., on F that is absolutely continuous w.r.t. P. If we de-
note by Py, respectively Qy, the restrictions of P, respectively Q.,, to F, then

3% = 7, for all t.

Proof. Notice that there exists a F.,-measurable random variable Z., such that
Ep[Zoo|Ft] = Zi as., for all t > 0. Simply define Qo on F by Qo (F) =
EplpZs. Qo is a probability measure since EpZ,, = 1. If F is also in F, then
we have by the martingale property that Q:(F) = Quo(F) = EplpZ;. O

Suppose Q is a probability measure on F with % = (. Then the Z; in Propo-
sition are given by Z; = E[(|F;] and the Z,, in the proof is E[(|Fs]. It
follows that Q and Q. coincide on F,, but may be different on F.

If we drop the uniform integrability requirement of Z in Proposition
then the conclusion can not be drawn. There will be a family of probability
measures (Q; on the F; that is consistent in the sense that the restriction of
Q; to Fs coincides with Qg for all s < ¢, but there will in general not exist a
probability measure Q on F, that is absolutely continuous w.r.t. the restriction
of P to the o-algebra F,. The best possible general result in that direction is
the following.
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Proposition 9.5 Let Q be the space of real continuous functions on [0, 00) and
let X be the coordinate process (X;(w) = w(t)) on this space. Let F = F¥X and
let P be a given probability measure on 7. Let Z be a nonnegative martingale
with EpZ; = 1. Then there exists a unique probability measure Q on (£, F=)
such that the restrictions Q; of Q to F; are absolutely continuous w.r.t. the
restrictions P; of P to F; and ‘31%: = 7.
Proof. Let A be the algebra (J,~, F;. Observe that one can define a set func-
tion Q on A unambiguously by Q(F) = EplpZ; if F € F;. The assertion of
the proposition follows from Caratheodory’s extension theorem as soon as one
has shown that Q is countably additive on A. In fact, the statement of the
proposition can be seen as a version of Kolomogorov’s extension theorem. We
omit the proof, as it is very complicated. O

Remark 9.6 Notice that in Proposition [9.5] it is not claimed that Q <« P on
]-"O)g. In general this will not happen, see Exercise

The next propositions will be crucial in what follows.

Proposition 9.7 Let P and Q be probability measures on (2, F) and Q; < P,
for allt > 0. Let Z be their density process and let X be any adapted cadlag
process. Then XZ is a martingale under P iff X is a martingale under Q. If
X7 is a local martingale under P then X is a local martingale under Q. In
the latter case equivalence holds under the extra condition that P, < Q for all
t>0.

Proof. We prove the ‘martingale version’ only. Using Lemma we have for
t > s that

Ep[ X Z¢|Fs
Bl = AR
S
from which the assertion immediately follows. The ‘local martingale’ case is left
as Exercise O

Proposition 9.8 Let P and Q be probability measures on (2, F) and Q; < P,
for allt > 0. Let Z be their density process and assume it is right-continuous.
Then Z is strictly positive Q-a.s.

Proof. Let T = inf{t > 0 : Z, = Oor Z,_ = 0}, then {inf;>0Z, = 0} =
{T < o}. Since Z is a P-martingale, we have in view of Proposition [2.
that Zi1ip<yy = 0 (P-a.s.). Then, since {T' < t} € F;, we have Q(T' < t) =
EpZi1{r<s = 0 and hence Q(T' < o0) = 0.

[t
[

O

9.3 The Girsanov theorem

In this section we will explicitly describe how the decomposition of a semi-
martingale changes under an absolutely continuous change of measure. This is
the content of what is known as Girsanov’s theorem, Theorem The stand-
ing assumption in this and the next section is that the density process Z is
continuous.
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Theorem 9.9 Let X be a continuous semimartingale on (2, F,P) w.r.t. a fil-
tration F with semimartingale decomposition X = Xg+ A+ M. Let Q be
another probability measure on (), F) such that Q; < P, for allt > 0 and with
density process Z. Then the stochastic integral Z=' - (Z, M) is well defined
under Q and X is also a continuous semimartingale on (Q, F,Q) whose local
martingale part M@ under Q is given by

Me=M-2Z71-(Z M).

Moreover, if X and Y are semimartingales (under P), then their quadratic co-
variation process (X,Y) is the same under P and Q.

Proof. Let T™ = inf{t > 0: Z; < 1/n}. On each [0,T"], the stochastic integral
Z=Y(Z, M) is P-a.s. finite and therefore also Q-a.s. finite. Since T — oo Q-a.s.
(Exercise , the process Z—1 - (Z, M) is well defined under Q.

To show that M@ is a local martingale under Q we use Proposition and
It6’s formula for products. We obtain

. TNt TNt
(MU2)T" = / M@dz + / ZAM? + (M@, Z) 1o ps
0 0

TT At T™ At
= / M4z + / ZdM,
0 0

where in the last step we used that Z x -+ =1 on [0,7},]. This shows that the
stopped processes (M@Z )Tn are local martingales under P. But then also each
(M®)T" Z is a local martingale under P (Exercise and therefore (M@)T" is
a local martingale under Q (use Proposition. Since T" — oo Q-a.s., M@ is
a local martingale under Q (Exercise [£.10), which is what we had to prove.
The statement concerning the quadratic covariation process one can prove
along the same lines (you show that (MQNQ — (M, N))Z is a local martingale
under P, where N and N@ are the local martingale parts of ¥ under P and
Q respectively), or by invoking Proposition and by noticing that addition
or subtraction of a finite variation process has no influence on the quadratic
variation. O

Girsanov’s theorem becomes simpler to prove if for all £ the measures P; and Qy
are equivalent, in which case the density process is also strictly positive P-a.s.
and can be written as a Doléans exponential.

Proposition 9.10 Let Z be a strictly positive continuous local martingale with
Zy = 1. Then there exists a unique continuous local martingale p such that
Z = &(p), i.e. Z satisfies the equation Z; = 1+ fot Zsdps, for all t > 0.

Proof. Since Z > 0 we can define Y = log Z, a semimartingale whose semi-
martingale decomposition Y = u + A satisfies ugp = Ag = 0. We apply the Ito
formula to Y and obtain

1 1
dY: = —dZ;

- _d(2),.
7, 22501< )t
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Hence

b
= 7dst
1243 /0 7.

and we observe that A = —1(u). Hence Z = exp(p — 2(u)) = £(p). Showing

the uniqueness is the content of Exercise [9.10 O

N[

Proposition 9.11 Let u be a continuous local martingale and let Z = £(p).
Let T > 0 and assume that EpZr = 1. Then Z is a martingale under P on
[0,T]. If M is a continuous local martingale under P, then M@ := M — (M, p)
is a continuous local martingale under the measure Qr defined on (2, Fr) by
% = Zr with time restricted to [0, T).

Proof. That Z is a martingale follows from Proposition and Exercise
Then we apply Theorem [9.9| and use that (Z, M) = [; Zd(u, M) to find the

representation for MQ. O

Remark 9.12 In the situation of Proposition [9.11] we have actually Py ~ Qp
and the density % = 7', alternatively given by &(—u@)p, with 4@ = pu— (u),
in agreement with the notation of Proposition Moreover, if M@ is a local
martingale under Qr over [0,7], then M© + (M@, u@) = M@ + (M@ ) is a

local martingale under P on [0, T7.

Corollary 9.13 Let W be a Brownian motion on (2, F,P) relative to a fil-
tration F. Assume that the conditions of Proposition [9.11] are in force with
p=X-W, where X € P;(W). Then the process W@ = W — [/ X,ds is a
Brownian motion on [0,T] under Qr w.r.t. the filtration {F;,t € [0,T]}.

Proof. We know from Propositionthat W< is a continuous local martingale
on [0,T]. Since the quadratic variation of this process is the same under Q as
under P (Theorem , the process W< must be a Brownian motion in view of
Lévy’s characterization (Proposition [7.13). O

Remark 9.14 The context of Corollary [9.13]is completely ‘Brownian’, e.g. the
local martingale p is a stochastic integral w.r.t. the P-Brownian motion W,
which can be justified if Corollary B8] can be applied. But the conclusion that
WQ is a Qp-Brownian motion is valid in wider situations. Just realize that the
essential ingredients in the proof are the invariance of the quadratic variation
as in Theorem and Lévy’s characterization, Proposition [7.13}

What happens in Corollary (and in a wider context a weaker version of this
property in Theorem is that the change of measure and the shift from W to
WQ compensate each other, the process W< has under Q the same distribution
as W under P. This can be seen as the counterpart in continuous time of a
similar phenomenon for Gaussian random variables. Suppose that a random
variable X has a N (0, 1) distribution (a measure on the Borel sets of R), which
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we call P. Let Q be the N(6,1) distribution as an alternative distribution of
X. Under Q one has that X© := X — 6 has a N(0,1) distribution. We see
again that the change of distribution from P to Q is such that X© has the same
distribution under Q as X has under P.
Let p be the density of X under P and ¢ the density of X under Q. In this
case one computes the Radon-Nikodym derivative on o(X) (likelihood ratio)
_dQ _ ¢(X)

: _ _ Ly
Z =T )fexp(F)X 26‘ ).

Supposing that W is a Brownian motion, we know that W has the N(0,1)
distribution. Taking the above X as W7, we can write

1 1
1
leexp(/ Gde—i/ 62 ds) = E(0- W)y,
0 0

which is a special case (at ¢ = 1) of the local martingale Z in Proposition

Corollaryonly gives us a Brownian motion W@ under Q7 on [0,T]. Suppose
that this would be the case for every 7', can we then say that W is a Brownian
motion on [0,00)? For an affirmative answer we would have to extend the
family of probability measures Qp defined on the Fr to a probability measure
on F, and as we have mentioned before this is in general impossible. But if we
content ourselves with a smaller filtration (much in the spirit of Proposition,
something is possible. In the proof below we use the o-algebras B(R[*71) and
B(RI%>)). The first one of these is by definition the smallest o-algebra that
makes the cylinder sets of RIOT] measurable. Here, a cylinder set is a set C
of the form C = {w € ROT] . (w(ty),...,w(t,)) € B}, where B is a Borel
set in R™. All the cylinder sets are obtained by letting n vary and (¢1,...,t,)
be arbitrary in [0, 7] for each n. A point (w(t1),...,w(t,)) € R™ is called a
finite-dimensional projection of w € RI%T]. The g-algebra B(R[*:>)) is similarly
defined.

Proposition 9.15 Let W be a Brownian motion on some probability space
(Q, F,P). Let F" be the filtration generated by W and let X be a process that
is progressively measurable w.r.t. FW such that fOT X2ds < oo a.s. forall T > 0.
Let p = X - W, and assume that Z = E(u) is a martingale. Then there exists
a probability measure Q on F)V such that W@ = W — fo X, ds is a Brownian
motion on (Q, FY, Q).

Proof. (sketchy) For all T', the probability measures Qr induce probability mea-
sures Q4 on (RI®71 B(RI*T])) the laws of the Brownian motion W< up to the
times T. Notice that for T’ > T the restriction of Q% to sets B x RT] with
B € B(RI®T]) coincides with Q/; so Q% is a marginal of Q.. It follows that the
finite dimensional distributions of W form a consistent family. In view of Kol-
mogorov’s theorem there exists a probability measure Q' on (R[%°), B(RI0->)))
such that the measures Q4. on (RI%T] B(RI®T1)) are marginals of Q'
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A typical set F in FY has the form F = {w : W.(w) € F'}, for some
F' € B(RI>>)). Here one needs measurability of the mapping w — W.(w),
take this for granted. So we define Q(F) = Q'(F’) and one can show that this
definition is unambiguous. This results in a probability measure on FYW. If
F € FY, then we have Q(F) = Q4(F') = Qr(F), so this Q is the one we
are after. Observe that W< is adapted to FW and let 0 < ¢; < --- < t,, be
a given arbitrary n-tuple. Then for B € B(R™) we have Q((WS, ce Wé@) €
B) = Qtn((WS,...,WS) € B). Since WY is Brownian motion on [0,,], see
Corollary the result follows. O

Remark 9.16 Consider the situation of Proposition and let FW be the
filtration generated by W. Let F, = F/V V Ny (t > 0), where N is the collec-
tion of all sets in 7V having probability zero under P. Let Q be the probability
measure as in Proposition and Qp be the probability measure of Corol-
lary It is tempting to think that the restriction of Q to the o-algebra Frp
coincides with Q7. This is in general not true. One can find sets F' in Fp for
which P(F) = 0 and hence Qr(F) = 0, although Q(F) > 0 (Exercise [0.9). It
similarly follows that the measures Q and P as defined on FYY may be mutually
singular, although for every finite 7" one has Qp ~ Pr.

9.4 The Kazamaki and Novikov conditions

The results in the previous section were based on the fact that the density pro-
cess Z had the martingale property. In the present section we will see two suffi-
cient conditions in terms of properties of Z that guarantee this. The condition
in Proposition [0.17] below is called Kazamaki’s condition, the one in Proposi-
tion is known as Nowikov’s condition. Recall that if Z = £(u) for some
p € MEC, then Z € M!°° as well and by nonnegativity it is a supermartingale,
and hence EZ; < 1 for all ¢t > 0. The two propositions that follow guarantee
that EZ; = 1, equivalently, that Z is a true martingale.

Proposition 9.17 Let p be a local martingale with o = 0 and suppose that
S = eXp(% ) is a uniformly integrable submartingale. Then £(u) is a uniformly
integrable martingale.

Proof. Let a € (0,1), put S(a) = exp(ap/(1 + a)) and consider £(ap). In what

follows we take a < 1, note that $; < 1. Verify that S(a), = Stza/(Ha) and

Elap) = E(M)“QS(a)l_az. For any set F' € F we have by Holder’s inequality for
any finite stopping time 7

2

E1r&(ap), < (BE(1),)" (E1pS(a),) ="

Since £(u) is a nonnegative local martingale, it is a nonnegative supermartingale,
see Proposition Hence EE(u)> < 1. Together with the easy to prove
fact that {S(a), : 7 a stopping time} is uniformly integrable, we obtain that
{€(ap); : T finite stopping time} is uniformly integrable too (Exercise ,

74



hence £(ap) belongs to class D. This property combined with &£(ap) being a
local martingale yields that it is actually a uniformly integrable martingale, see
Proposition Hence it has a limit £(ap)~ with expectation equal to one.
Using Holder’s inequality again and noting that £(u) exists as an a.s. limit of
a nonnegative supermartingale, we obtain

1—a?

1 = E€(am)oe < (BE(1)o0)” (ES(a)oc) (9.2)

By uniform integrability of § = exp(%,u)7 the expectations Eexp(%,ut) are
bounded. It then follows by Fatou’s lemma that ES,, < co. The trivial bound
(consider the cases S(a)oo <1 and S(a)s > 1)

S(a)oo <14+ S
yields

supES(a)oe <1+ ESy < 00,
a<l

and thus limsup, ,,(ES(a)s)™* = 1. But then we obtain from (9.2), that
E€(1)s > 1. Using the already known inequality EE (1) < 1, we conclude
that EE () = 1, from which the assertion follows. O

In the proof of Proposition we will use the following lemma.

Lemma 9.18 Let M be a uniformly integrable martingale with the additional
property that Eexp(My) < oco. Then exp(M) is a uniformly integrable sub-
martingale.

Proof. Exercise [0.12] O

Proposition 9.19 Let p be a continuous local martingale with py = 0 such
that

E expl(5 {#)oc) < 00 (9.3)

Then E(u) is a uniformly integrable martingale and Q(F) = E1pE(u) oo defines
a probability measure on Fyo.

Proof. First we show that p is of class D. It follows from the hypothesis and

Jensen’s inequality that E{u)s, < 0o. Let T be a finite stopping time. Then

Eu? < E{u)s < oo (see Exercise. It follows that the collection of these ur

is uniformly integrable and therefore y is of Class D and thus even a martingale

in view of Proposition Consequently fio exists as an a.s. and L'-limit.
We apply the Cauchy-Schwarz inequality to

exp (o) = (E()) " exp( ] (1))
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to get

Bexp(Ghee) < (BE(r)x) * (Bexp(5 () < (Eexp(G o)

Hence Eexp(3pios) < 00. It follows from Lemma that exp(3u) is a uni-
formly integrable submartingale and by Proposition we conclude that £(u)
is uniformly integrable on [0, co]. O

Remark 9.20 There also exist versions of Propositions and for a
finite time horizon T' < oo. These can easily be obtained from the presented
versions by replacing p with the stopped process u” and making the appropriate
changes.

9.5 Integral representations and change of measure

We have encountered Theorem [8.7] and Corollary where it was stated that
(local) martingales w.r.t. the Brownian filtration can be represented as stochas-
tic integrals. In this section we will see that such representations continue to
hold after an absolutely continuous change of measure. We fix a time horizon
T > 0 and recall Corollary (together with the assumptions made there),
where a process W< was constructed from a given Brownian motion W that be-
came a Brownian motion w.r.t. the given Brownian filtration under the changed
measure Q. Our aim is to show that a process M that is a local martingale w.r.t.
this Brownian filtration under the measure Q is a stochastic integral w.r.t. W<,
Under the special circumstance that the filtrations generated by W, repectively
W, coincide, this is nothing else but a reformulation of what is already known,
i.e. Theorem In general, however, these filtrations may differ, as we only
know that W< is adapted to the given Brownian filtration, and hence one may
have strict inclusions of the type o(WE2,0 < s < t) C F;. Nevertheless, we have
the following result.

Proposition 9.21 Let M be a continuous local martingale under the proba-
bility measure Q adapted to the augmented Brownian filtration F on a time
interval [0, T] with My = 0. Then there exists a process (€2 € P*(W@) such
that My = (¢€2-WQ),, 0<t < T.

Proof. Exercise [0.13] O

The above proposition is essential in Mathematical finance, where it is shown
that a financial market (with a single risky asset) driven by a given Brownian
motion is complete. The aim there is to find a so-called hedging strategy, which
tells how much to invest at every time ¢ in a certain stock to replicate the
payoff of a certain contingent claim. It turns that these (random) quantities
are intimately related to the 5,9 of Proposition because of the crucial
role played by (local) martingales under Q. This will be developed further in
Section
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9.6 Exercises
9.1 Prove Proposition [9.3]

9.2 Let X be a semimartingale on (Q, 7, P). Let Y be a locally bounded process.
Show that Y - X is invariant under an absolutely continuous change of measure.

9.3 Let (Q, F,P) be a measurable space on which is defined a Brownian motion
W. Let {PY : § € R} be a family of probability measures on F” such that for all
6 the process W defined by W = W, —6t is a Brownian motion under P?. Show
that this family of measures can be defined, and how to construct it. Suppose
that we consider # as an unknown parameter (value) and that we observe X
that under each P has the semimartingale decomposition X; = 6t + W?. Take
0, = % as estimator of 6§ when observations up to time ¢ have been made.
Show that 6, is consistent: 6, — 8, P?-a.s. for all §. Conclude that the P? are
mutually singular on FY.

9.4 Finish the proof of Proposition [9.7

9.5 Let P and Q be measure on the space (2, F) with a filtration F and assume
that Q; <« P; for all £ > 0 with density process Z. Let T be a stopping time.
Let ' =QN{T < oo} and Fr. = {F N{T < o0} : F € Fpr}. Show that with
P’ the restriction of Py to F7. (and likewise we have Q7)) that Q). <« P/, and

dQ;
d[P’i = Zr.

9.6 Let P and Q be probability measures on the space (€2, F) and assume that
Q: < P; for all t > 0. Let Z be the density process. Let T™ = inf{t : Z; < %}
Show that Q(T™ < oo) < 1 and deduce that Q(inf{Z, : t > 0} = 0) = 0 and
that Q(lim, T" = c0) = 1.

9.7 Show that the (M@)T" Z in the proof of Theorem are P-local martingales.
Hint: Verify that (MQ)T"Z, = (MOT" ZI" + [} Mg, 1(1, <5y dZq, with a well
defined stochastic integral.

9.8 Prove the claims made in Remark [0.12]

9.9 Consider the situation of Remark [9.16] Consider the density process Z =
E(W). Let F = {lim; o % = 1}. Use this set to show that the probability
measures Qr and Q restricted to Fr are different.

9.10 Show that uniqueness holds for the local martingale 1 of Proposition [9.10

9.11 Show that the process S(a) in the proof of Proposition is uniformly
integrable and that consequently the same holds for £(au).

9.12 Prove Lemma [9.18

9.13 Let M be a continuous local martingale under the probability measure Q
as in Proposition [9.21] in particular Q is equivalent to P on Fr, where T > 0 is
the time horizon. Prove this proposition along the following steps.
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(a) Show, use Proposition that MZ is a local martingale under P, and
apply Corollary to M Z, which yields the existence of a process £ €
P*(W) such that MZ = My +&-W.

(b) Use the It6 formula for products or quotients to derive that M can be
written as the sum of My and a stochastic integral w.r.t. W@, ie. M =
Mo+ €% - WO, where &F = £ — Mk if p=r-W.
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10 Stochastic differential equations

By a stochastic differential equation (sde) we mean an equation like

dX, =b(t, Xy) dt + o(t, Xy) AW, (10.1)
or

dX; = b(Xy) dt + o(Xy) AWy, (10.2)
which is sometimes abbreviated by

dX =b(X)dt + o(X)dW.

The meaning of (10.1]) is nothing else but shorthand notation for the following
stochastic integral equation

t t
Xt:X0+/ b(s,Xs)der/ (s, X.) AW, (> 0). (10.3)
0 0

Here W is a Brownian motion and b and o are Borel-measurable functions
on R? with certain additional requirements to be specified later on. The first
integral in is a pathwise Lebesgue-Stieltjes integral and the second one a
stochastic integral. Of course, both integrals should be well-defined. Examples

of stochastic differential equations have already been met in previous sections.
For instance, if X = £(W), then

t
thl—i—/ X, dW,,
0

which is of the above type.

We give an infinitesimal interpretation of the functions b and o. Suppose that
a process X can be represented as in ((10.3) and that the stochastic integral
is a square integrable martingale. Then we have that E[X;1, — X;|F] =

E| tt+h b(s, X)ds|F;]. For small h, this should ‘approximately’ be equal to

b(t, Xt)h. The conditional variance of Xy, — X; given F; is

t+h t+h
E[(/t o(s, X,) dW,)?|F] = E[/t o?(s, X,) ds|F],

which is approximated for small h by o%(t, X;)h. Hence the coefficient b in
Equation tells us something about the direction in which X; changes and
o something about the variance of the displacement. We call b the drift coeffi-
cient and o the diffusion coefficient.

A process X should be called a solution with initial condition &, if it satisfies
Equation and if Xg = £. But this phrase is insufficient for a proper
definition of the concept of a solution. In this course we will treat two differ-
ent concepts, one being strong solution, the other one weak solution, with the
emphasis on the former.
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10.1 Strong solutions

In order that the Lebesgue-Stieltjes integral and the stochastic integral in
exist, we have to impose (technical) regularity conditions on the process X that
is involved. Suppose that the process X is defined on some probability space
with a filtration. These conditions are (of course) that X is progressive (which
is the case if X is adapted and continuous) and that

t
/ (|b(s, X4)| + o (s, Xs)?) ds < 00, a.s.Vt > 0. (10.4)
0

In all what follows below, we assume that a probability space (2, F,P) is given
such that it supports a Brownian motion W and a random variable ¢ that is
independent of W. The filtration F = {F;,¢ > 0} that we will mainly work
with in the present section is the filtration generated by W and £ and then
augmented with the null sets. More precisely. We set Ff = FV VvV a(¢), N
the (P, F2 )-null sets and F; = F; VN. By previous results we know that this
filtration is right-continuous and that W is also Brownian w.r.t. it, in particular
W is adapted to this filtration and it holds that W; — W is independent of Fy
forallt > s> 0.

Definition 10.1 Given a probability space (2, F,P), a Brownian motion W
defined on it as well as a random variable ¢ independent of W, a process X
defined on this space is called a strong solution of Equation with initial
condition & if Xog =¢ a.s. and X

(i) has continuous paths a.s.

(i) is F adapted.

)
(iii) satisfies Condltlon
(iv) satisfies (10.1) a.s.

The first main result of this section, Theorem [10.2] concerns existence and
uniqueness of a strong solution to a stochastic differential equation. An essential
condition here is Lipschitz continuity of the coefficients b and o, a condition
that is already essential in the case of ordinary differential equations, which
are special cases of stochastic differential equations (take o = 0). Consider the
differential equation

= by (),

where b, (z) = 2®. For o = 1 the function b, is a Lipschitz function and the
equation has a unique solution z(t) = xge! for any initial condition z(0) = xg.
For o > 1 the function b,, is not Lipschitz for large values of z, as 27 1b, (x) —

l—a

oo for z — co. If zg > 0, then z(t) = (25~ — (o — 1)t)1/(1_a) is a solution for
t € [0,257%/(a — 1)), which explodes for t — x5~*/(a — 1). In this case there
is a problem with existence of a solution for all positive ¢.

For a < 1 the function b, is not Lipschitz for positive values of x near zero,
because 7 1b,(z) — oo for x | 0. If zp = 0 and ¢ is an arbitrary positive
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number, then z(t) = ((1 — a)(t — to)‘*)l/(lia) is a solution for ¢ > 0. In this
case there is a problem with uniqueness of a solution.

One can conclude that a Lipschitz property cannot be missed if one wants
existence and uniqueness of solutions for all ¢ > 0. This is reflected in the next
theorem.

Theorem 10.2 Assume that the coefficients b and o are Lipschitz continuous
in the second variable, i.e. there exists a constant K > 0 such that

|b(t,l‘) - b(tay)| + |O'(t,l‘) - U(tay)| < K|J} - y|7 vt € [05 00)7V$7y € Rv

and that b(-,0) and o(-,0) are locally bounded functions (i.e. they are bounded
on compacta). Then, for any initial condition ¢ with E£? < oo the Equa-
tion (10.1)) has a unique strong solution. Moreover, EX}? < oo for all t > 0.

Proof. We first prove existence of a solution on an interval [0,T]. For given
processes X and Y that are such that (10.4]) is satisfied for both of them, we
define for any ¢t > 0

Ut(X)=§+/O b(s,Xs)ds+/0 o(s, X)W,

and U (Y) likewise. Note that Equation , valid for all t > 0 with Xy =
& can now be written as X = U(X) and a solution of this equation can be
considered as some kind of a fixed point of U. By U* we denote the k-fold
composition of U. Our aim is to show that the paths of U*(£) converge uniformly
in C[0,T] with the sup norm a.s. Thereto we introduce the notation ||Z||r =
sup{|Z;| : t < T}, for any process Z. Note that this notation holds for the
present proof only. We first prove that for every T' > 0 there exists a constant
C such that

thk
E||U*(X) - UR(Y)])? < IE||X Y2, t<T. (10.5)

Fix T > 0. Since for any real numbers p, ¢ it holds that (p + ¢)? < 2(p? + ¢?),
we obtain for t < T

U(X) — Ui(Y)? <
/ b(s, X.) — b(s, Y ds)* +2( /Ot<a<s7xs>—a<s,m>dws)2,
and thus
() - U2 <
o [ 1o, 06,20 ) 5 250 ( [ (015, X) — (s, i )

u<t

2
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Take expectations and use the Cauchy-Schwarz inequality as well as a variation
on Doob’s L2-inequality (Exercise [10.1]), to obtain

E[|U(X) - UY)|[} <
t t
21E(t/ 1b(s, X,) — bs, Y,)|? ds) + 8]E(/ (0(5, X,) — o(s,Y,))? ds).
0 0
Now use the Lipschitz condition to get
t
BU(X) - UY)|} < 280K [ (X~ Y. ds)
0
t
+ 8E(K2/ (X, — Yy)?ds)
0
t
=2K?(t + 4)/ E(X, —Ys)?ds
0
t
<2K*(T + 4)/ E||X — Y| ds. (10.6)
0
Let C = 2K?(T+4). Then we have E||U(X)—U(Y)||? < CtE||X —Y||?, which
establishes (10.5) for £ = 1. Suppose that we have proved (10.5)) for some k.
Then we use induction to get from ((10.6)

t
E[lUFH(X) = UMY < C/ E[lUS(X) = UM(Y)|2ds
0

t vk k
C
gc/ ° dsE||X - Y2
o K
Ck+1tk+l

This proves . We continue the proof by using Picard iteration, i.e. we are
going to define recursively a sequence of processes X that will have a limit in
a suitable sense on any time interval [0, 7] and that limit will be the candidate
solution. We set X9 = ¢ and define X" = U(X" 1) = U*(X?) for n > 1. Notice
that by construction all the X™ have continuous paths and are F-adapted. It
follows from Equation that we have

BJIX" - X7 < X - X (107)

From the conditions on b and o we can conclude that B := E|| X! — X?||2 <
(Exercise [10.10]). By Chebychev’s inequality we have that

ACT)"
P(||X™! — X"||p > 27") < B%.

It follows from the Borel-Cantelli lemma that the set Q' = lim inf,, oo {|| X" —
X™||r < 27"} has probability one. On this set we can find for all w an integer
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n big enough such that for all m € N one has

n+m—1 n+m—1
HXn-‘rm _XnHT(w) < Z ||Xk+1 _XkHT(UJ) < Z 9~k < 9—n+l
k=n k=n

In other words, on ' the sample paths of the processes X" form a Cauchy
sequence in C[0,7T] w.r.t. the sup-norm, and thus all of them have continuous
limits. We call the limit process X (outside ' we define it as zero) and show
that this process is the solution of (10.1]) on [0, T7.

Since X[t = (U(X™); — U(X);) + U(X); for each t > 0 and certainly
X"+1 — Xt in probability, it is sufficient to show that for each t we have
convergence in probability (or stronger) of U(X™), — U(X); to zero. We look
at

U(X™), - U(X), = / (b(s, X™) — b(s, X,)) ds (10.5)

+/ (o(s, Xy) —o(s, X)) dW. (10.9)
0

We first consider the integral of (10.8). Notice that on €’ we have that || X —
X™||%(w) — 0. One thus has (again w-wise on Q')

|/ b(s, X7) (sX))ds|<K/ | XD — Xs|ds
< KT|| X" = X||r — 0.

Hence we have a.s. convergence to zero of the integral in (10.8]). Next we look
at the stochastic integral of (10.9). One has, use Exercise [10.1| again,

Hﬂé(d&Xg—d&X@ﬁMQQSEA(d&Xg—ﬂ&Xﬁﬁm

t

§K2/ E(X, — X[')*ds
0

< K*TE[|X - X"|[7

and we therefore show that E||X — X™||2. — 0, which we do as follows.

Realizing that (E|[|X"*™ — X™||2)1/2 is the L?-norm of || X"*™ — X™||p,
and noting the triangle inequality || X" — X"||7 < S 2™ XFHL - XF|p,
we apply Minkowski’s inequality and obtain

n+m—1
E[IX™ = X3 < Y0 (BIXM - XF|7)T.
k=n
Then, from (10.7]) we obtain
Bl - xo < (3 (S veymx - o, (10.10)
k=n
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Combined with the already established a.s. convergence of X™ to X in the sup-
norm, we get by application of Fatou’s lemma from that E[|X — X"||%
is also bounded from above by the right hand side of this equation and thus
converges to zero (it is the tail of a convergent series) for n — oo.

What is left is the proof of unicity on [0,7]. Suppose that we have two
solutions X and Y. Then, using the same arguments as those that led us

to ([10.6]), we obtain
E(X; — Y;)? = E(Uy(X) — Uy (Y))?

<C’/ (X, —Ys)%ds.

It follows from Gronwall’s inequality, Exercise m that E(X; — Y;)? = 0, for
all ¢ and hence, by continuity, X and Y are indistinguishable on [0, T).

A final word on existence of the solution on [0, 00). This is, as usual, estab-
lished by extension of the above solution X to [0,00) in view of the unicity of
solutions on any interval [0, 7. O

A strong solution X by definition satisfies the property that for each ¢ the
random variable X; is F;-measurable. Sets in F; are typically determined by
certain realizations of ¢ and the paths of W up to time ¢. This suggests that there
is a ‘causal relationship’ between X and (£ and) W, that should formally take the
form that X; = f(t,&, Wio ), where W) ;) stands for the map that takes the w’s
to the paths {Ws(w), s < t}. One would like the map f to have the appropriate
measurability properties. This can be accomplished when one is working with
the canonical set-up. By the canonical set-up we mean the following. We take
Q=R x C[0,00). Let w = (u, f) € Q. We define Wy(w) = f(t) and &(w) = u
A filtration on  is obtained by setting FY = o(¢, Ws,s < t). Let u be a
probability measure on R, P be the Wiener measure on C[0, o) (the unique
probability measure that makes the coordinate process a Brownian motion) and
P = PV x p. Finally, we get the filtration F by augmenting the FC with the
P-null sets of F2 . Next to the filtration F we also consider the filtration H on
C'0,00) that consists of the o-algebras H; = o(hs,s < t), where h,(f) = f(¢)
for f € C0,00) and t > 0. We state the next two theorems without proof, but
see also Exercise for a simpler versions.

Theorem 10.3 Let the canonical set-up be given. Assume that (10.1) has a
strong solution with initial condition £ (so that in particular Condition (10.4) is

satisfied). Let u be the law of . Then there exists a functional F, : Q — C0, 00)
such that for all t > 0

F ' (M) C R (10.11)

and such that F,(§,W) and X are P-indistinguishable. Moreover, if we work
on another probability space on which all the relevant processes are defined, a
strong solution of with an initial condition & is again given by F, (&, W)
with the same functional F), as above.
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If we put F(z, f) := Fj, (x, f) (where §, is the Dirac measure at x), we would
like to have X = F(&, W). There is however in general a measurability problem
with the map (x, f) — F(x, f). By putting restrictions on the coefficients this
problem disappears.

Theorem 10.4 Suppose that b and o are as in Theorem [10.2, Then a strong
solution X may be represented as X = F({,W), where F satisfies the mea-
surability property of and moreover, for each f € C[0,00), the map
x +— F(z, f) is continuous. Moreover, on any probability space that supports a
Brownian motion W and a random variable &, a strong solution X is obtained
as X = F(¢,W), with the same mapping F.

Both Theorems and give a precise engineering interpretation to strong
solutions. They formalize by the mappings F), and F' the idea of seeing a stochas-
tic differential equation as a machine that transforms inputs (Brownian motion
and initial states) into outputs (the strong solution). Moreover, we see that in
case of a strong solution, any pair (£, W) defined on an underlying probability
space produces the solution X by the fixed mapping F. This mapping is then
the mathematical representation of the machine. The machine works for any
pair of inputs (&, W).

Theorem is a classical result obtained by It6. Many refinements are pos-
sible by relaxing the conditions on b and o. One that is of particular interest
concerns the diffusion coefficient. Lipschitz continuity can be weakened to some
variation on Hélder continuity.

Proposition 10.5 Consider Equation (10.1)) and assume that b satisfies the
Lipschitz condition of Theorem |10.2, whereas for o we assume that

lo(t,2) = o(t,y)| < h(lz —yl), (10.12)

where h : [0,00) — [0, 00) is a strictly increasing function with h(0) = 0 and the
property that

|
—— du = oo.
/0 h(u)?

Then, given an initial condition £, Equation (10.1|) admits at most one strong
solution.

Proof. Take a,, (n > 1) such that

o 1
/an h(u)? du = in(n—i— 1).

Then faa"’l W du = 1. We can take a smooth disturbance of the integrand

in this integral, a nonnegative continuous function p,, with support in (@, a,—1)
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and bounded by #()2 such that faa:’l pn(u) du = 1. We consider even functions
1y, defined for all z > 0 by

onla) = vn(-2) = [ [ o) duc

Then the sequence (t,,) is increasing, |¢! (x)| < 1 and lim, ¢, (z) = |z|, by
the definition of the p,. Notice also that the 1, are in C2, since the p,, are
continuous.

Suppose that there are two strong solutions X and Y with Xy = Y. Assume
for a while the properties E|X;| < oo, Efot o(s,X5)*ds < oo for all t > 0 and
the analogous properties for Y. Consider the difference process V = X — Y.
Apply Tto’s rule to ¢, (V) and take expectations. Then the martingale term
vanishes and we are left with (use the above mentioned properties of the )

t
En(Vi) = E /0 G (V) (b(s, Xo) — b(s, Y2)) ds
]' k 12
+5E [ U000, X0) ~ (5.0 ds
t t
<K [ EVIds+ 5B [ wi0nv)ds
0 0
t
gK/ ]E\Vs|ds+%.
0

Letting n — oo, we obtain E|V;| < K fot E|Vs| ds. Indeed, the right hand side of
this inequality is obvious, and the left hand side is obtained by an application of
Fatou’s lemma, E|V;| = Elim ¢, (V) < liminf Et,,(V;). The result now follows
from the Gronwall inequality and sample path continuity under the temporary
integrability assumptions on X and Y. As usual, these assumptions can be
removed by a localization procedure. In this case one works with the stopping
times

t
T™ =inf{t > 0: | X;| + |V} Jr/ (0(s,Xs)? +0(s,Ys)?)ds > n}
0

and the stopped processes X7 and YT have all desired integrability properties.
The preceding shows that the stopped processes VT are indistinguishable from
zero, and the same is then true for V. O

With the techniques in the above proof one can also prove a comparison result
for solutions to two stochastic differential equations with the same diffusion
coefficient.

Proposition 10.6 Consider the equations

dXt = bj(t,Xt) dt + O'(t,Xt) th7 _] = 1,2,
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and let X7 be the unique two strong solutions. Assume further that the functions
b; and o are continuous, by or by satisfies the L1psch1tz condition of Theorem-
and the function o satisfies Condition (10.12)). Assume further

(1) XO < X07

(ii) by(t,z) < ba(t,x) for all (t,x) € [0,00) x R.
Then P(X} < X2Vt >0) = 1.

Proof As in the proof of Proposition [10.5| we may assume w.l.o.g. the condition
Efo 5, X7)?ds < co for all t > 0 and j = 1,2, otherwise we apply a stopping
time argument Consider the functions 1, as in that proof on [0, 00), and put
Gn = Vnljo,00). Then ¢p(x) = 27, 0 < ¢y, (2) = ¥}, (2)1[0,00)(¢) < 1. Instead of
the estimate on Ei, (V;), V; = X} — X?, we now find

Eén (Vi) <E/¢ )b (s, X1) = B (s, X2)) ds +

We now make the choice that by satisfies the Lipschitz condition. Then, on the
set {V, > 0} = {X! > X2},

bl(st;) - bQ(Sast) = bl(st;) - bl(stg) +b1(st§) - bg(S,X?)
< K(X; - X7) = KV

On the other hand, on the set {V; < 0}, we have ¢/, (V;) = 0. It then follows
that

t
t
Bou(Vi) SEK [ 6, (Vo)Ligoo) (VIVeds + .
0
Letting n — oo we obtain
t
BV <K [ Vs,
0

and another application of Gronwall’s lemma yields V," indistinguishable from
zero, which we wanted to prove. O

10.2 Weak solutions

Contrary to strong solutions, that have the interpretation of X as an output
process of a machine with inputs W and £, weak solutions are basically processes
defined on a suitable space that can be represented by a stochastic differential
equation. The underlying probability space becomes part of the weak solution,
which is formalized in Definition Moreover, there will in general not be a
‘causal relation’ as the mapping F' in Theorem between inputs (W and &)
and output (X). Even the concepts ‘inputs’ and ‘outputs’ become troublesome,
and we will see an example where it appears more natural to consider X as an
input and W as an output. A strong solution cannot exist there.
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Definition 10.7 A weak solution of Equation by definition consists of
a probability space (2, F,P), a filtration F and a pair of continuous adapted
processes (X, W) such that W is Brownian motion relative to this filtration and
moreover

(i) Condition (10.4) is satisfied

(ii) Equation (10.1)) is satisfied a.s.

Note that a strong solution to a stochastic differential equation (the proba-
bility space, the Brownian motion and the initial condition are given then) is
automatically a weak solution.

The law of X, given a certain weak solution, is called the initial distribution.
Notice that it follows from this definition that Xy and W are independent.
Related to weak solutions there are different concepts of uniqueness. For us the
most relevant one is uniqueness in law, which is defined as follows. Uniqueness
in law is said to hold if any two weak solutions ((Q,F,P), F, (X,W)) and
((Q,F P, F, (X', W) with Xy and X identically distributed are such that
also the processes X and X’ have the same distribution. The concept of weak
solution is sufficient for most ‘practical purposes’, like finding probabilities as
P(X; > 3) or expectations like EX; and the resulting answers are unambiguous
if the weak solution is unique in law. The underlying probability space becomes
irrelevant (as long as it exists), and this is much like the familiar situation in the
case of, say, a random variable Z having a standard normal distribution. Only
the distribution matters if one wants to compute P(Z > 3), not the particular
space on which Z is defined.

Next to uniqueness in law there exists the notion of pathwise uniqueness.
Suppose that the two weak solutions above are defined on the same probability
space (0, F,P) and that W = W’. It is then said that pathwise uniqueness
holds for (weak solutions to) Equation if P(Xo = X{) = 1 implies P(X; =
X[, Vt > 0). It is intuitively clear that pathwise uniqueness implies uniqueness
in law, but it is far from easy to rigorously prove this. Surprising is the fact that
the existence of weak solutions and pathwise uniqueness imply the existence (and
uniqueness) of strong solutions. This can be used to show that Equation @
admits existence of a strong solution under the conditions of Proposition [10.5

The proposition below shows that one can guarantee the existence of weak
solutions under weaker conditions than those under which existence of strong
solutions can be proved, as should be the case. The main relaxation is that we
drop the Lipschitz condition on b.

Proposition 10.8 Consider the equation
dX;: = b(t, X¢)dt + dWy, t € [0, T). (10.13)

Assume that b satisfies the growth condition |b(t,z)| < K(1+ |z|), for all t > 0,
x € R. Then, for any initial law pu, this equation has a weak solution, which is
unique in law.
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Proof. We start out with a measurable space (2, F) and a family of probability
measures P* on it. Let X be a continuous process on this space such that under
each P* the process X — x is a standard Brownian motion w.r.t. some filtration
F. The P? can be chosen to be a Brownian family, which entails that the maps
x +— P*(F') are Borel measurable for each F € F. Take this for granted. Let
IZr = exp(fOT b(s, X,)dX, — ,fo )2ds). At the end of the proof we
show that Ep: Z7 = 1 for all z. Absumlng that this is the case, we can define a
probability measure Q* on Fr by Q*(F) = Ep= Zr1p. Put

t
W =X, — X —/ b(s, Xs)ds.
0

It follows from Girsanov’s theorem that under each of the measures Q” the
process Wis a standard Brownian motion w.r.t. {F; }1<7. Define the probability
measure Q by Q(F) = [ Q*(F) u(dx). Then W is a Brownian motion under Q
as well (you check why ) and Q(Xo € B) = u(B). It follows that the probability
space (Q, F,Q) together with the filtration {F;}¢<r and the processes X and
W constitute a weak solution.

We now show that Ep. Z7 = 1 and we simply write EZ7 for the expectation
in the rest of the proof. Our goal is to conclude by application of a variant of
Novikov’s condition. The idea is to consider the process Z over a number of
small time intervals, to check that Novikov’s condition is satisfied on all of them
and then to collect the conclusions in the appropriate way.

Let N > 0 (to be specified later on), put § = T'//N and consider the processes
b" given by b} = b(t, X¢)1[(n—1)sns)(t) as well as the associated processes Z" =
E(™ - X). Suppose these are all martingales. Then E[Z)s|F(,,—1)5] = Z8L—1)5v
which is equal to one. Since we have

N
ZN5 = H Z::(;,
n=1

we obtain
N-1
EZns = E| H Z3E[Z 5| Fiv—1)s]l = E H Zns =EZ(n-1)s,
n=1 =

which can be seen to be equal to one by an induction argument. To show that
the Z™ are martingales we use Novikov’s condition. This condition is

T no
E exp (%/0 (b7)?dt) = Eexp (;/( b(t, X;)*dt) < oo

n—1)5

By the assumption on b this follows as soon as we know that

1
E exp (§6K2(1 +1X17)?) < o0,
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where || X||7 = sup{|X}| : t < T}, as in the proof of Theorem The latter
inequality follows from

Eexp (0K?(|X|3) < oo, (10.14)

which we establish now. Consider the process V given by V; = exp(36K2X?).
It follows that EV? = Eexp(§K2X2). Since X7 has a normal N(z,T') distribu-
tion, the expectation is finite for § < 1/2K?T, equivalently N > 2K2T?2. Take
such N. Since V is a positive square integrable submartingale on [0, 7], we can
apply Doob’s L2-inequality to get E||V||% < 4EV? = 4Eexp(§K2X2) < oo.
Noting that |[V|[3 = exp (6K?||X||3), we obtain . This finishes the
proof of EZp = 1.

We turn to uniqueness in law of the solutions on [0, T]. Let be given two weak
solutions (X% W?), i = 1,2, realized on their own filtered probability spaces
(QF, Fi,F PY). Define stopping times 7¢ by 7¢ = inf{t > 0 : |X}| > n} A T;
these are stopping times w.r.t. the filtration FX'. Let b%" = b(s,Xg)l[o’TfL}(s),
note that b*" is adapted to FX . Then

t t
[ mas < 8 [ 0+ X2 as
<2K/1[W (1 + (X)) ds

<2K? / 1jo,ri1(s )(1 + sup | X[?)ds

s<T

< 2K2/ Lio,i1(s)(1+n?)ds
0

<2K2T(1 + n?).
Introduce new probability measures P*" on Fi defined by

dpin 1t
Zl mo_ 7,1 i 7,1\2
P = exp(— / by AW 5 /0 (by™) ds),

and note that on {7 =T} it holds that

} T 4 1 (T ,
zzn :exp(—/ b(s,X;)dW;—§/ b(s, X1)? ds).
0 0

Because Novikov’s condition, adapted to the finite time horizon case, is
satisfied for Z2", we now have EPLZ L™ — 1, so the P“™ are indeed probability
measures. By Girsanov’s theorem, the processes Wi defined by WZ T =Wi+
fo bi™ ds are Brownian motions under the probability measures P, But then
X" = XE+WH )
u for each 7, and hence have the same distributions under P> for ¢ = 1, 2. Note
also that on {7} = T} the processes X’ and X*™" coincide.

are stopped Brownian motions with the initial condition
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Take now 0 <ty < ...tp < T and put X‘(m) = (X{,...,X; ), Wi(m) =
(Wlil, N Wg) and let B be a Borel set in R?™. Then we have

P ((X (m), W (m)) € B;m" = T) = E@,,m,ﬁ1{(Xz:(m)’wi(m))eB;Ti,n:T},
T

where the right hand side of this equation is completely in terms of X®™. It
follows that the PY({(X*(m), Wi(m)) € B} N {r®™ = T}) are the same for
i =1,2. Observe that P/(7%" = T') — 1 for n — oo, from which it now follows
that the P!((X%(m), Wi(m)) € B) are the same for i = 1,2

Hence (X!, W1) and (X2, W?), and then also X! and X2, have the same
finite dimensional distributions and are therefore identical in law on [0,7]. O

We proceed by presenting an example of a stochastic differential equation that
has a weak solution that is unique in law, but that doesn’t admit a strong
solution. This equation is known as Tanaka’s equation,

t
Xt:/ sgn(X,) dWs, (10.15)
0

where

1 ifz>0
sen(®) =9 1 fe <o

First we show that a weak solution exists. Take a (€2, F,P) on which is defined
a Brownian motion X and define

t
W, = / sgn(X,) dX,. (10.16)
0

It follows from Lévy’s characterization that also W is a Brownian motion. More-
over, one easily sees that is satisfied. However, invoking Lévy’s charac-
terization again, any weak solution to this equation must be a Brownian motion.
Hence we have uniqueness in law. Computations show that along with X also
—X is a weak solution, whose paths are just the reflected versions of the paths
of X. We see that pathwise uniqueness doesn’t hold, a first indication that ex-
istence of a strong solution is problematic. Of course, also —X is a Brownian
motion, in agreement with uniqueness in law.

We proceed by showing that assuming existence of a strong solution leads
to an absurdity. The proper argument to be used for this involves local time,
see Section where we also consider Equation anew. Here we follow
a somewhat heuristic argumentation. For the process W we have

t

t XS
Wt :/ 1{XS¢O}W dXS +/ 1{Xs:0} dXS
0 s 0

The quadratic variation of the second stochastic integral in the display has ex-
pectation equal to E fot 1x,—0yds = fg El;x, -0} ds = 0, in view of properties
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of Brownian motion. Hence we can ignore the second term and recast the ex-
pression for W; as

1/t 1
Wt = */ 1 X#0 7d(Xs2 - 8).
2 o {X# }|Xs|

All the processes involved in the right hand side of this equation are F!XI-
adapted, t — X? — t is martingale w.r.t. FIXI and so W is adapted to FIXI as

well. But a strong solution satisfies 77X C F}¥, which would lead to F;X < F*/,
an inclusion which is absurd for the Brownian motion X.

If we change the definition of sgn into sgn(z) = é—ll{x;éo}, then with this
definition, Equation admits a trivial strong solution (which one?). The
above reasoning also now applies and it follows that there is no other strong so-
lution. Moreover, X a Brownian motion is again a weak solution and uniqueness
in law doesn’t hold anymore.

10.3 Markov solutions

The main topic of this section is to show that strong solutions to stochastic
differential equations are Markov processes. For this we need the concept of
transition kernel. Tt is a function k& : R x B(R) — [0, 1] satisfying the properties

x +— k(z, A) is Borel-measurable for all A € B(R)
and
A — k(x, A) is a probability measure for all x € R.

Definition 10.9 An adapted process X is called Markov w.r.t. a filtration F
if there exists a family of transition kernels {P; s : t > s > 0} such that for all
t > s and for all bounded Borel-measurable functions f : R — R it holds that

E[f(X)|Fs] = /f(y)Pt,s(Xs,dyL (10.17)

in the sense that the right hand side is a version of the conditional expectation
on the left. If the filtration is not specified, it will be taken as FX. By a simple
change of variable, we may need ((10.17)) in the form, for s,¢ > 0,

]E[f(Xs+t)|fs] = /f(y)Ps+t,s(X37dy)'

A Markov process X is called homogeneous, if there is a family of transition
kernels {P, : u > 0} such that for all ¢ > s one has P, ; = P,_s. Such a process
is called strong Markov if for every a.s. finite stopping time 7" one has

E[f(Xr4)|Fr] = /f(y)Pt(XTa dy).
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It can be shown that an equivalent definition is obtained if the functions f in
are bounded and continuous. Another, equivalent, definition is obtained
by taking the functions f equal to the indicator of Borel sets B, which gives
P(X, € B|F,) = P, s(X;, B).

As an intermezzo we will now prove the intriguing property, already alluded
to in Remark that the augmented filtration of a Markov process is right-
continuous, so it satisfies the usual conditions. The result is true for so-called
Feller processes X, which have the properties that they have a cadlag modifica-
tion and P(X; = X;_) = 1 for every ¢ > 0. These properties are automatically
satisfied, as we only deal here with continuous processes.

Proposition 10.10 Let X be a continuous Markov process with initial law u
and let FX be the filtration generated by X, so it consists of the o-algebras
F¥ = 0(X,,s < t). Consider the probability space (2, FX P) and let N
be the collection of all p-null sets of F. Consider F, the filtration with o-
algebras F; := FX V N. Extend the probability measure P to P* on F., by
PH(F) :=P(G) for F € Fs, and G € FX such that GAF € N. Then F satisfies
the usual conditions, it is right-continuous and Jy contains all P*-null sets.

Proof. Clearly, we only have to prove right-continuity of the filtration F. To
that end, it is sufficient to show that, for every ¢t > 0,

E[Z|F] = E[Z|Fi4] ass. (10.18)

for every bounded random variable Z that is F,,-measurable, where E denotes
expectation under P#. But, since F,, only differs fron FX by P“-null sets it
is sufficient to show for bounded JF2-measurable random variables Z.
By a monotone class argument of the type as in the proof of Theorem
we can reduce this even further by establishing the equality for Z of the type
Z = H;’:l [i(Xy,), with £y < -+ < L.

Fix t > 0 and select k such that t;_; <t < ¢, with £y, = 0. For all small
h >0, also t,_1 <t+ h < t; and hence

k—
J

1T )BT T £5(Xe, ) Fern]
j=k

1

E[Z|Fiin] =

k-1

: H fj(th )gh(Xt+h),

j=1

with, see Exercise [10.20

n—1
@)= [ [ T Fralesn) P, (o dos),

j=k—1

where we have to redefine, for j = k — 1, tx_1 := t + h. It can be shown that
for h | 0 one has uniform convergence of g to g, where

n—1
o@)= [+ [ TI fraCese) Py s, dasia),

j=k—1
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where we now read t;_; := t. By Lévy’s downward theorem, we have the a.s.
convergence

E[Z|Fisn] — E[Z|Fit],

and by the right-continuity of X and the uniform convergence g, — g we also
have gp(X¢4n) — g(X:) a.s. A combination of these last facts yields (10.18)) for
our Z of product form. O

We return to the main topic of this section, Markov solutions to stochastic differ-
ential equations. Since the Markov property (especially if the involved filtration
is the one generated by the process under consideration itself) is mainly a prop-
erty of the distribution of a process, it is natural to consider weak solutions to
stochastic differential equations. However, showing (under appropriate condi-
tions) that a solution to a stochastic differential equation enjoys the Markov
property is much easier for strong solutions, on which we put the emphasis, and
therefore we confine ourselves to this case. The canonical approach to show
that weak solutions enjoy the Markov property is via what is known as the
Martingale problem, see Section [I0.4] for a basic treatment. For showing that
strong solutions have the Markov property, we don’t need this concept. The
main result of this section is Theorem [I0.12] below.

First some additional notation and definitions. If X is a (strong) solution to

[[01), then
t t
Xt:§+/ b(u,Xu)du+/ o (u, X)) AW, (10.19)
S S

with £ = X,. By X% = {X;"" : t > s} we denote the unique strong solution
(assuming that it exists) to (10.19) with X$* = z € R. Likewise, X*¢ denotes
the strong solution to (10.19) with (possibly) random initial value X¢ = ¢&.
Note that a strong solution X*¢ to is adapted to the filtration F* =
{Fi,t > s}, generated by &, the increments of W after time s and augmented
with the null sets. More precisely, with 7;"° = o (&) Vo(W,, — Wy : s <u < t)
and A the (P, F5°)-null sets we put Fy = F,;"° VN. For s = 0 we have F* = F,
as before, and W is a Brownian motion w.r.t. F.

Lemma 10.11 Assume that the conditions of Theorem are satisfied. Let
X*¢ denote the strong solution to (10.19) with initial value X$¢ = ¢, where
the random variable ¢ is F,-measurable and satisfies B2 < co. Let f : R — R
be a bounded continuous function. For such an f we define the function v£ < by

vtjis(x) =Ef(X;"). Then v{s() is continuous and E[f(X°)|F,] = vtf,s(f).

Proof. Let x be a fixed initial condition and consider X**. Since X*7 is a strong
solution with deterministic initial condition, it is adapted to the augmented
filtration generated by the increments W,, — W for u > s, which are independent
of Fs. Hence X;”* is also independent of F; and therefore E[f(X;"")|Fs] =

Ef(X;7) = vf ,(@).
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If £ assumes countably many values &;, we compute

E[f(X74)| 7] Zl{& eV ELF(X9)|F]

= Z Lie—e, 30l o(&)
j

=] ().

The general case follows by approximation. For arbitrary £ we consider for every
n a countably valued random variable £", such that £ — £. One can take for
instance " = 27"[2"¢], in which case £" < £ < ™ 4 27", We compute, using
Jensen’s inequality for conditional expectations,

E(E[f (X)) F) - EIf(X)9)| )

=E(E[f(X4) - f(X7O)F])’

<EE[(f(X7) — F(X79)*Fd

=E(f(X)%") = F(X09)) (10.20)

Now we apply Exercise that tells us that E(X;*" —X;$)2 — 0 for n — oo.
But then we also have the convergence in probability and since f is bounded
and continuous also the expresswn in ) tends to zero. Hence we have
L?-convergence of E[f(Xs’g )| Fs] to E[f (Xs’5)|}" ]. The above reasoning also
applies to a deterministic sequence (z™) with 2™ — x, and we obtain continuity

of the function vtf’ +(+). From the L2-convergence we obtain a.s. convergence of

E[f(X;¢")|F,] to BIf(X:°)|F,] along a suitably chosen subsequence. Recall
that we already proved that

ol (€M) = EBIF(X))|F).

Apply now the continuity result to the left hand side of this equation and the
a.s. convergence (along the subsequence) to the right hand side to arrive at the
desired conclusion. O

Lemma is a crucial ingredient in the proof of Theorem [10.12] below. An-
other ingredient is the use of conditional characteristic functions. For an ap-
proach avoiding the latter, see Exercise and for an approach that let the
strong Markov property follow from the ordinary Markov property, see Exer-

cise [[0.23

Theorem 10.12 Let the coefficients b and o satisfy the conditions of Theo-
rem Then the solution process is Markov. Under the additional assump-
tion that the coefficients b and o are functions of the space variable only, the
solution process is strong Markov.
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Proof. Lemma |10.11| has as a corollary that E[f(X;)|Fs] = viis(XS) for t >

s, for all bounded and continuous f, since X; = X; ’X“, see Exercise
Applying this to functions f of the form f(z) = exp(ix), we see that the
conditional characteristic function of X; given F, is a measurable function of
X, as v{’ 5(+) is continuous. It then follows that for ¢ > s and Borel sets A
the conditional probabilities P(X; € A|F;) are of the form P, 4(X,, A), where
the functions Py 4(-,-) are transition kernels. But then [ f(y)P, (X, dy) =
vis(Xs) = E[f(X:)|Fs] for bounded measurable f, as can be shown by the
‘standard machine’ in measure theory. Hence X is Markov.

To prove the strong Markov property for time homogeneous coefficients we
follow a similar procedure. We consider instead of Equation , for every
s,t >0,

s+t s+t
Xy :§+/ b(Xu)dqu/ o(Xy,) dW,. (10.21)

It is convenient to make a change of notation, which fits better the representation

in (10.21). We let {X,"* : t > 0} to be the solution of (10.21]) with X" =z (so

& = x when t = 0). We can replace s with an a.s. finite stopping time T to get

T4t T+t

b(X,) du + /T o(Xy)

XT+t=f+/

T

With this new notation, we also replace the definition of vg’ . with wii J(z) =
Ef(X;"), with X;"* as just defined. In particular, for s = T we then have
w{T(x) = ]Ef(XtT’””). The analog of the assertion of Lemma now becomes
E[f(X]%)|F,] = wtfj(g). The proof is this identity is very similar to the earlier
proof upon noticing that in the first step of the proof we use the strong Markov
property of Brownian motion, i.e. the process {Wri, — Wr, u > 0} is a Brown-
ian motion independent of Fr. Hence we can copy the first part of the present
proof to arrive at E[f(Xr4¢)|Fr] = w{T(XT), from which the strong Markov
property follows. O

10.4 The martingale problem

Here we present a brief, concise treatment of some facts concerning ‘the’ mar-
tingale problem. There are many versions of it, we restrict ourselves from the
start to continuous processes.

Consider measurable function b and ¢ as in . Let the operators L
(called generator in the context of Markov processes) acting on functions f €
C?(R) be defined by

L) = b{t, )1 (2) + 50°(0, )" (1), (10.22)

Suppose that X (together with W, etc.) is a weak solution to the SDE ((10.1])
with initial condition Xy = x € R. For twice continuously differentiable f one
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has, invoking the It6 formula, that the process M7 given by
t
M = f(X:) - £(Xo) —/ Ls(X,)ds (10.23)
0
t 1 [t
= f(Xy) — f(Xo) 7/ F1(X)b(s, Xs)ds — 5/ F(Xs)o% (s, Xs) ds
0 0

is a local martingale in M, see Exercise In fact one has

t
Mtf:/ F1(Xo)b(s, X) dW,.
0

The martingale problem turns this reasoning around, as detailed now.

Definition 10.13 Consider measurable functions b and ¢ as in Equation
and a measurable space (€2, F) on which all processes below are defined. Assume
that there exists a continuous process X defined on (2, F) and let the filtration
consist of the g-algebras F;X. If there exists a probability measure P* such that
P?(Xy = ) = 1 and such that M/ as in is a (local) martingale for
all f € C(R) (the infinitely often differentiable functions on R with compact
support), then we say that P* solves the (local) martingale problem for the
functions b and o for given = € R. This problem is said to be well posed if for
every x € R there exists a unique solution with Xy = z.

The next theorem shows the connection between weak solutions to stochastic
differential equations and the martingale problem.

Theorem 10.14 Let z € R be arbitrary and suppose that P* solves the mar-
tingale problem as in Definition Then Equation admits for every
x a weak solution X with P*(Xy = ) = 1. If the weak solution is realized on
the canonical space of continuous functions on [0, 00), then P* is the law of X.

Proof. For weak solution we need a probability space (9, F,P), with P = P,
that is rich enough to carry a Brownian motion B. If 0 = 0, then a deterministic
solution may be defined on a space that is not rich enough. In such a situation
one can always enlarge the probability space as in the proof of Proposition 8.1

Let f, € C2(R) be such that for |u| < n one has f(u) = u. Let T =

inf{t > 0: |X;| > n}. Application of (10.23)) yields

tAT™
Mt/\T" = Xt/\T" — / b(U,Xu) d’U,
0
defines a local martingale, and then for n — oo that

t
M, =X, — / b(u, X,.) du (10.24)
0

97



defines a local martingale as well, see Exercise Similarly, by taking f €

C%(R) such that in increasingly large neighbourhoods of zero one has f(u) = u?,

one finds that

t t
M, = X? — 2/ Xub(u, X,,) du —/ o?(u, X)) du
0 0

defines a local martingale too. Let 8; = fot b(u, X,,) du and consider

M? = X} — B} —2M,pB;

t t
:Mt+2/ Xub(u,Xu)du+/ % (u, X) du
0 0
t t ¢
—2/ ,Bub(u,Xu)du—Q/ Mub(u,Xu)du—Q/ By dM,,
0 0 0

t t
:Mt+/ 02(u,Xu)du72/ By dM,,
0 0

where in the last equality we use that X,, = 8, + M, according to . It
follows that M? is the sum of fot 0?(u, X,,) du and a local martingale term. Put
in different terms, (M), = fot o?(u, X,,) du.

We further argue again as in the proof of Proposition and define the
process W as

t

¢ 1
W:/lgu 7dMu+/1gu dB,.
0= ) HetwXo#0y ey , HowX)z0}

Then W is a continuous local martingale with

1
(W) = /l{a(u,Xu)#O}W d(M), + / io(u,x,)=0y du =t.

By Lévy’s characterization, Proposition the process W is a Brownian mo-
tion. Moreover, one easily verifies

t
/ U(U7Xu) qu = Mt - M07
0

and from ((10.24)) one obtains My = X and then (for all ¢)

t ¢
/ o(u, Xy)dW, — Xog = Xt — / b(u, X,,) du,
0 0

which shows that X (together with W defined on (Q, F,P*)) is a weak solution
to (10.1) with P*(Xo = x) = 1. If we choose Q = C(]0,00)), then obviously P*
is also the law of X. 0

Remark 10.15 Consider the setting of Theorem If the assertion is
strengthened to well posedness of the martingale problems, the weak solution
to is unique in law for every deterministic initial condition Xy = z. In
fact, the same is then true for every initial law u. See Exercise [10.20]
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At this point we stop our brief discussion of the martingale problem, except for
a few closing remarks. The assumption in Theorem is that the martingale
problem has a solution. One can ask under which conditions this is the case. We
only note here that there is a rich theory on this topic, that goes way beyond
the purpose of these lecture notes. Amnother application of the usefulness of
the theory of martingale problems is in establishing the Markovian character of
weak solutions to , as opposed to Theorem above, which only treats
strong solutions.

10.5 Semimartingale local time

Consider a Brownian motion defined on a probability space (€2, F,P). Recall
that W is progressive (w.r.t. it’s own filtration) and therefore the set {(¢,w) :
Wi(w) = u} is B[0,00) x F-measurable. Let L,(w) be the level-z set of W,
ie. Ly(w) = {t > 0: Wy(w) = z}, z € R. Note that L,(w) depends on the
trajectory t — Wi(w). Every set L,(w) is small in the sense of having Lebesgue
measure zero. Indeed, denoting Lebesgue measure by A, we have by Fubini’s
theorem

AL = [ [ L MP@)
Q J[0,00)

= /[ - | 1Pl
_ / P(Wi(w) = 2)A(dt) = 0.
[0,00)

The interpretation is that for any z € R a trajectory of a Brownian motion
spends zero time at the level . Of course the trajectory spends a positive
amount of time in any neighbourhood of zero. We will make this more precise.

Consider X; = |W; — x|, for a Brownian motion W, ¢t > 0 and z € R. As
the absolute value is a convex function and all EX; are finite, the process X is
a submartingale. Application of the Doob-Meyer decomposition Theorem [2.18
gives X = M + A, with M a martingale and A a continuous increasing pro-
cess. One can also try to apply the It6 formula with f(u) = |u — z|. Then
f(u) = sgn(u — z) for all u # x and we can define f’(x) arbitrary, we choose
—1. Ttd’s formula involves fot F(Wy)dW, = fot sgn(W,) dW,. There shouldn’t
be a big problem here, as W # = with probability one. The term with the
second derivative f” is obviously problematic as the sign function is not even
continuous. Taking derivatives in the sense of Schwartz distributions, we can
consider f” = 2§, (twice the Dirac measure concentrated at x) and considering
it as a function, one would have something like

t t
Wi — x| = |z —|—/ sgn(Ws — x) dW +/ 9:(Ws) ds.
0 0

This reasoning is at least suspicious. Nevertheless, it is true that in the Doob-
Meyer decomposition we can take M; = fot sgn(W, — x) dWy, but to determine
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A we need another approach, that involves local time. In fact, we can generalize
from Brownian motion to arbitrary continuous semimartingales.

Theorem 10.16 Let X be a continuous semimartingale and x € R. Then there
exists a continuous increasing adapted process L.(z), called the local time of X
at x, such that Tanaka’s formula holds,

t
| X: — x| — | Xo — x| = / sgn(Xs — x) dX, + Li(z). (10.25)
0
Moreover, L.(x) grows only when X is at the value z, i.e.

/0 1(x. 20 dLs(z) = 0. (10.26)

Proof. The proof uses It6’s formula and an approximation of the absolute value
by smooth functions. Without loss of generality, in this proof we take z = 0.
Choose a non-decreasing smooth function ¢ that is equal to —1 for x < 0 and
equal to +1 for x > 1. For instance, take ¢'(z) = cexp(— )1(0,1) and
olx)=—-1+ fo ¢'(u) du for z € (0,1) for a proper choice of c.

Put f(zx fo (nu) du. Note that f//(x) = n¢’(nz) > 0. Furthermore, f,
converges to the sign function (from below) and f,(x) converges to |z| uniformly.
The latter follows for positive = from f, (z) = Ow/\l/n ¢(nu)du+ (z — 1)* and
a similar expression for negative x.

We use It6’s formula,

1
z(l—x)

In(Xt) = fn(Xo) = /f 5)dXs + = /f” (10.27)

Denote the last term in (10.27) by L. Clearly L} is non-decreasing in ¢, and
since f” vanishes outside the interval [0,1/n], one has

t
/ Lix.¢p1/ny ALy = 0. (10.28)

0
Write X in semimartingale decomposition A + M and assume for a while that

M is bounded, as well as (M) (otherwise reach this by a stopping argument).
Consider the differences of two stochastic integrals w.r.t. M and A respectively,

[smxoav~ [ gx
/ sgn(X;) dAs / (X

Consider the first difference. For any T > 0,

and

T

T
E[/ (sen(X.) — f1(X,))dM,]? = E / (sen(X.) — £1(X.))%d(M),.

0 0
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By the convergence f/(x) — sgn(z) and boundedness of the integrand, the
right hand side of the display tends to zero for n — co. Then Doob’s maximal
inequality yields for any € > 0

Ploup| [ (sen(X) = (X)) aML > o)

T
<E /0 (sen(X,) — £(X,))2d(M), = 0.

This also yields a.s. convergence along a suitable subsequence, that we take from
now on. We turn to the a.s. convergence of fot fH(Xs)dAs to fot sgn(Xs) dAs,
which is almost straightforward. Indeed, denoting below |A| the total variation
of A, one has

| / FL(X) dA, - / sen(X,)dA,| = | / F(X,) — sgn(X.) dA,|
t
< / £1(X.) — sen(X.)] dAl,
0
T

_ / (sen(X) — £,(X,)) d[Al,

0

which tends to zero by the monotone convergence f;, 1 sgn. Note that the
convergence is uniform in ¢t < T

Rewriting , we have established a.s. uniform convergence in ¢ € [0, T
of all terms on the right hand side of

t
L? = fn(Xt) - fn(XO) - / f’I{L(XS)dXS7
0
in fact to
t
| X — | Xo] —/ sgn(X;) dXs.
0
Hence also L} converges a.s. uniformly to a limit for n — oo, call it L;, which

is then increasing and continuous in ¢t and adapted. Hence Equation (10.25))
follows.

Equation (|10.26f) is essentially a consequence of (10.28)). To see this, note
first that (10.28) implies

t
/0 1{X5¢[0,1/m]} dLZ =0, for all n > m. (1029)

We continue to reason for ‘fixed w’. View L™ as the (continuous) distribution
function of a measure on [0, t]. By the above established a.s. uniform convergence
of L™ to L, we can see this as weak convergence of the underlying measures.
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Hence for bounded lower semi-continuous (l.s.c.) functions g : [0,t] — R, one
has

t t
lim inf/ gsdL? > / gsdLs.
n—oo 0 0

Take g5 = 1{x_¢[o,1/m]}- By continuity of X, the set {s: X, ¢ [0,1/m]} is open,
and therefore g is 1.s.c. From (|10.29) it then follows that

t
/0 Lix.¢0,1/m)y dLs = 0. (10.30)

Next we apply e.g. Monotone convergence to (10.30) to deduce (10.26)).
This finishes the proof under the additional condition of boundedness of M

and (M). By the usual arguments we can circumvent this condition by using
stopping times T™ to arrive at the stopped version of (|10.25)),

t
X — 2| = Xo — 2| = / sgn(X)" — @) dX]" + L} (2).
0

Letting n — oo yields (10.25)), but we omit the further details. O

Remark 10.17 Consider a Brownian motion W. Let f : R — R be Borel
measurable and locally integrable. It can be shown that each ¢ > 0, almost
surely

/OC Li(x)f(x)dx = /0 F(Wy)ds. (10.31)

Note that one, at least, needs that the random variables L;(z) are Borel mea-
surable in x to have the integral on the left hand side well defined. In fact,
Li(x) is a.s. continuous in (¢, ), which is known as Trotter’s theorem.

A special case arises when f = 1(,) for some a < b. The equality then
takes the form

b t
/ Li(z)dz = / 1a,5) (W) ds.
a 0

Interpreting L;(x) as the amount of time W spends before ¢ at x, one has that
the first integral (a ‘sum’) can be seen as the amount of time before ¢ that W
spends in the interval (a,b). But this is precisely also reflected by the second
integral.

In case the Brownian motion is replaced with a continuous semimartingale

X, the Equality (10.31) changes into

| n@s@an= | X d(X)..

For the special choice f = 1(44), one gets again an interpretation of the time
spent in the interval (a,b) before ¢, but now with time measured according to
the ‘internal clock’ (X); instead of ordinary time ¢.
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We close this section with some remarks when dealing with a Brownian motion
W. The function |-| can be approximated with the smoother function f, defined
by

1
fe(u) = 1o g (u)2—€(u2 )+ e g (w)ul-

Then f. is everywhere differentiable and twice differentiable except in the points
u = de. A little care must thus be taken when applying the It6 formula to
fe(W). By a mollyfying argument, i.e. replacing f. with the convolution g, =
fexn, ¥n(u) = ¢'(nu) as in the proof of Theorem one arrives by a limit
argument at what would result from a careless application of the It6 formula,

t
fe(We —x) = fo(x) +/O (1[_5,5](1/1/5)1/‘;S + 1 e sgn(Ws)> dW,

1 t
+?€ ; 1[_5,8](Ws)d8

= fo(x) —i—/olsgn(VVS)dVVS
+A 1[—5,&‘](W€)(% - SgH(VVs)) dWs

1 t
+?5/0 1[7515](W3)d8.

By arguments as in the proof of Theorem [10.16] we can take limits in the L2-
sense for € | 0 to arrive at

t
Wy — x| = |z —l—/ sgn(Ws — ) dW + Li(x).
0

where

1 t
Lt(gc)zlim—/ Locmrer(Ws) ds, (10.32)
0

el0 2¢
with the limit understood in the L2-sense. Equation is the classical
definition of Brownian local time at x. The reasoning just above justifies the
existence of this limit. It can also be shown that the limit exists in the almost
sure sense, for which one can use that L;(x) is continuous in both ¢ and z. Note
that it then follows L is adapted to the augmentation of the filtration FIW1.

We close this section by returning to Equation (10.15). Take x = 0 in (10.32)
and write L; for L;(0). Note that the integral on the right hand side gives

a process adapted to the filtration FI"! and by taking a.s. convergence of the
integrals along an appropriate subsequence we obtain that L. is adapted to this
filtration as well. This implies that W, = |X;| — L, for X a weak solution to
and W defined in . Since L, and trivially also X, is adapted to
FIXT the same holds for W. This was the crucial measurability property seen
before that contradicted the existence of a strong solution to (10.15)).
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10.6 Exercises
10.1 Prove that for a continuous local martingale M it holds that

E(sup | M,|)? < 4E(M),.
s<t

10.2 Let Xg,e1,¢€9,... be a sequence of independent random variables. Suppose
that we generate a (discrete time) random process by the recursion

Xt = f(thlught)u (t 2 ]-)7

where f is a measurable function. Show that the process X is Markov: P(X;y; €
B|F{X) = P(X;11 € B|X;). Show also the stronger statement: for any bounded
and measurable function h we have

BIb(X0) 7Y = [ B0+ 1)) Fea (),
where Fy;q is the distribution function of €44 .
10.3 Consider the stochastic differential equation
dX, = 3Xx,/3 dt + 3x2/* aw,,

with initial condition Xy = 0. Give two different strong solutions to this equa-
tion.

10.4 Consider the one-dimensional equation
dXt = *aXt dt + O'th, Xo,

where a and o are real constants and Xy and W are independent.

(a) Show that a strong solution is given by X; = e~ X, + ge~ % fot e dWs.

(b) Let Xy have mean gy and variance o2 < oo. Compute p; = EX; and
o? = Var X;.

(c) If Xy moreover has a normal distribution, show that all X; have a normal
distribution as well.

(d) Xo is said to have the invariant distribution if all X; have the same distribu-
tion as Xy. Find this distribution (for existence you also need a condition

on a).

10.5 Let X be defined by X; = z¢ exp ((b*%@'z)t+O’Wt), where W is a Brownian
motion and b and o are constants. Write down a stochastic differential equation
that X satisfies. Having found this sde, you make in the sde the coefficients b
and o depending on time. How does the solution of this equation look now?

10.6 Consider the equation
dX; = (0 —aXy)dt + o/ X VOAW,, Xg = 29 > 0. (10.33)

Assume that # > 0. It admits a unique strong solution X. Show that it is
nonnegative for all ¢ > 0 (and hence dX; = (0 — aX;) dt + o/ X dW;). The
equation is known as the Cox-Ingersoll-Ross model, used in interest rate theory.
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10.7 Let W%, i =1,...,d be independent Brownian motions and let
dX! = —aX}dt + pdW;}.

Put X; = Z?:l(Xti)Q and note that X; > 0 a.s. if Xy > 0, which is assumed.

(a) Show that dX; = (dp® — 2aX;)dt + 2pXL | X} AW,

(b) Put dW, = X, /*>% | XfdW/, Wy = 0. Show that W is a Brownian
motion.

(c) Show that X satisfies Equation (10.33) by suitably choosing the parame-
ters.

(d) Suppose one can prove that X is a strong solution to (10.33). Is X unique
then?

10.8 Consider again Equation ((10.33) and assume 20 > 02 > 0 and zg > 0. In
this exercise you show that P(X; > 0, ¥t > 0) = 1. Define for z € (0, 00) (what
is called the scale function for this SDE)

s(a) = [ expl2ay/ot)y " dy.
1

Note that s(z) < 0 if z € (0,1) and that lim,_,o s(x) = —oo. Below we also
need the stopping times 7% = inf{t > 0: X; = a2} for x = 0, x = ¢ > 0 and
=DM >0, where e < xg < M, and T =T° ANTM.

(a) Show that (8 — bx)s'(x) + 30%xs” () = 0 and that

TAt
S(XT) = s(zo) + 0 / (X)X, AW,

(b) Take expectations of the squares in the above display and conclude that
ET < oo. Hint: s(X]) is bounded from above and s'(X}') is bounded from
below.

(c) Show that s(xg) = s(e)P(T° < T™) + s(M)P(T¢ > TM).

(d) Deduce that P(T° < T™) = 0 for all large M and that P(7° < oo) = 0.

10.9 Let g be a nonnegative Borel-measurable function, that is locally integrable
[() 00). Assume that g satisfies for all ¢ > 0 the inequality g(t) < a +
bfo s) ds, Whereab>0
(a) Show that g(t) < ae®. Hint (not obliged to follow): Solve the inhomoge-
neous integral equatlon

—a+b/ s)ds —p

for a nonnegative function p.
(b) Give an example of a discontinuous ¢ that satisfies the above inequalities.

10.10 Show that (cf. the proof of Theorem [10.2) E||X* — X°[|Z < cc.
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10.11 Let 7" > 0. Show that under the assumptions of Theorem it holds
that for all T > 0 there is a constant C' (depending on T') such that EX? <
C(1+E&?)exp(Ct), for all t < T.

10.12 Endow (0, c0) with the metric d defined by

telo,n]

d(z,y) = Z 27"(1 A max |x(t) — y(t)])-
n=1

Show that the Borel o-algebra B(C0, 00)) coincides with the smallest o-algebra
on C[0,00) that makes all finite dimensional projections measurable.

10.13 Let X be strong solution to (10.1) with initial value £&. Show that for
each t > 0 there is a map f : R x C[0,¢] — R that is B(R) x B(CI0,t])/B(R)-
measurable such that X;(w) = f(§(w), Wip,4(w)) for almost all w.

10.14 Let X and Y be strong solutions with possibly different initial values and
assume that the conditions of Theorem [[0.2 are in force. Show that for all T’
there is a constant D such that (notation as in the proof of the theorem)

E||X Y| < DE[Xo - Yo|*,Vt < T.

Hint: Look at the first part of the proof of Theorem [I0.2] First you use that
(a+b+c)? < 3(a® + b% + ¢?), mimic the proof and finally you use Gronwall’s
inequality.

10.15 Show that under the assumptions of Theorem also Equation (10.19)
admits a unique strong solution. What can you say about this when we replace
s with a finite stopping time T'?

10.16 If X is a strong solution of (10.1) and the assumptions of Theorem [10.2]
are in force, then the bivariate process {(X¢,t),t > 0} is strong Markov. Show
this.

10.17 If X is a (weak or strong) solution to with b and o locally bounded
measurable functions, then for all f € C2(R), the process M/ = f(X;) —
f(Xo) — fot Lsf(Xs)ds is a local martingale. Here the operators £ are defined
by Lsf(z) = b(s,x) f'(z) + 30%(s,2) f"(z) for f € C*(R). If we restrict f to be
a O$°-function, then the M/ become martingales. Show these statements.

10.18 Consider the equation

t
Xt:1+/ X, dWs.
0

(a) Apply the Picard-Lindeldf iteration scheme of the proof of Theorem
(so X? =1, etc.) and show that this results in

n - 1
Xp=>" S HE (W 1),
k=0

where the functions Hj, are those of Exercise [7.1]
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(b) Conclude by a direct argument that X* — E(W); a.s. for n — oo, for every
t>0.
(¢) Do we also have a.s. convergence, uniform over compact time intervals?

10.19 Let X be a real Markov process with associated transition kernels P; s as
in (10.17). Show the validity of the Chapman-Kolmogorov equations

Py (. A) = / Pus(y, )Py (. dy),

valid for all Borel sets A and s < ¢ < u. Show also (by induction) that these
equations generalize to the case with multiple times t; < --- < ¢, (n > 3),

n—2

Ptmtl $1, / /Pt'rutn 1 xn 1 )HPtk+1,tk(xk7dxk+1)7

k=1
with n — 2 iterated integrals.

10.20 Here we continue Exercise [10.19] In the same setting, for bounded mea-
surable functions f : R — R, show that

/f Tn) Py, 1 (21, day,)

n—2
= /"'/Ptn,tn,lf(xn)(xnfhdxtn) H Ptk+1,tk (-Tku d$k+1)7
k=1

with n—1 iterated integrals. The interpretation of the left hand side is of course
E[f (X, )| Xe, = 2]

The latter identity can be generalized to the case where instead of a single func-
tion f one has a product f(z1,...,2y,) = [[1_; fx(z) of bounded measurable
functions. Show that one then has

]E[f(th, e 7th)|Xt1 = (El}

n—1
:fl(xl)/""/Hfk-‘rl(xk'i'l)Pthrhtk(xkvdxk’-‘rl)a
k=1

and, with py, the law of Xy, ,
Ef(Xe,..., Xt)

n—1
:/f1($1)ﬂtl(d$1)/"‘/Hfk+1(xk+1)Ptk+1,tk(xk7d$k:+1)~
k=1

10.21 The use of conditional characteristic functions in the proof of Theo-
rem [[0.12] can be avoided. Show first that it follows from Lemma [[0.11] that
for € R the conditional probabilities P(X; < z|Fs) are measurable functions
of X, and deduce from this that the same holds for conditional probabilities
P(X; € A|F;), for Borel sets A.
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10.22 Consider the SDE and assume that b and o are bounded. Let
X% be the unique weak solution that starts at ¢ in z. Let 7' > ¢ and assume
that Xf,lx has a density denoted p(¢,T;x,-) which possesses all the required
differentiability properties needed below. Furthermore we consider functions
h € C?(R) with bounded support, contained in some (a, b).

(a) Use the Tté formula to give a semimartingale representation for X%* (the

integrals are of the type ftT)
(b) Show, by taking expectations and by giving some additional arguments

that
b
/h()(tT:z:y // VLip(t,u;x,y) dy du,

where

0 o?

L;f(y) = —%(b(t, y)f(y)) + 3 — (0t 9)*f(y)),

and in £5p(t, u; z,y) the t,u, x are considered as ‘parameters’.

(c) Show that ff h(y) (%p(i, T;x,y) — Lip(t,T;x, y)) dy.

(d) Conclude that a%,p(t,T;:v,y) = Lip(t,u;x,y).
The last equation is known as Kolmogorov’s forward equation and the operator
Ly is the formal adjoint of the operator L;, the generator, that we have en-
countered in ([10.22)). So, with (-,-) the usual inner product in L*(R), it holds
that (L} f,g) = (g,Lsg) for all f and g that are in C?(R) and have compact
support.

10.23 The strong Markov property of Theorem also follows from the or-
dinary Markov property, once this is assumed. In this exercise you will see and
show how. Recall that we have to show, see the proof of Theorem [10.12] for
notation, E[f(Xry¢)|Fr] = vf (Xr), which is equivalent to E[f(X74¢)14)] =
E[v{(XT)lA] for all A € Fr, where T is a finite stopping time and f a bounded
continuous function. This notation will be used below.

(a) Recall the definition of Fr and show that it follows from the ordinary

Markov property that for all integer n > 1 it holds that

n2 n2
;f Xe )l 1y(T)14] :E[;v{(Xg)l(@’%](T)lA.

(b) Show, give details, that it results from taking limits for n — oo in the
previous item that E[f(X74:)14)] = E[v] (X7)14].

(c) Complete the proof of the Markov property, by using that the v[ can be
related as in the proof of Theorem [T0.12] to the transition kernels.

10.24 Consider Equations ((10.19) and (10.34]),

t t
sz{—i—/ bS(u,X;)du+/ o (u, X2) dIVE, (10.34)
0 0
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with b°(u, x) = b(s+u,x), o°(u,x) = o(s+u,x), W = Wyy, — W, and § € F,.
Assume in this exercise that the functions b and o only depend on the space
variable, so we actually look at

t t
X; :§+/ b(X) du—|—/ o(X;)dW,.
0 0

Assume that (weak) solutions {X;"*, ¢ > 0} exist when £ = z € R. Show that,
for fixed ¢ and z the laws of all X;*” for variable s > 0 are the same. Do we
get the same result when s is replaced with an a.s. finite stopping time 77 And
also if we replace x with a square integrable random variable £ € F4?7 Same
questions for the laws of the processes {X:*", t > 0} and {X°, t > 0}.

10.25 Consider Equation (10.19) and denote its strong solution (assumed to
uniquely exist) by X*¢ for any s, & with & € F,.
(a) Let s < r < t. Show that

t t
X=X [ e dut [ ot X9 aw,,

(b) On the other hand, again with s < r < ¢, we can consider (10.34]) with
¢ = X2¢. Show that

s,& t s,& t s,€
D G R / b(u, X5 ) du+ / o(u, X35 dw,.
T I
(c) Conclude that for given r > s the flow property of strong solutions holds,
5,
for given r > s one has a.s. th’XT = th,g forall ¢t > r.
10.26 Prove the statements on weak solutions to (10.1)) made in Remark|10.15

For the one concerning a random initial condition, a part of the proof of Propo-
sition [[0.8 can be followed.
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11 Partial differential equations

The simplest example of a partial differential equation whose solutions can be
expressed in terms of a diffusion process is the heat equation

1
Up — ium =0. (11.1)

The fundamental solution of this equation for ¢ > 0 and z € R is the density of
the N(0,¢) distribution,

.%'2

plt.2) = —— exp(~ ;).

This solution is clearly not unique, u(t, ) =t + 22 is another one. For unique-
ness one needs e.g. an initial value, u(0,2) = f(x) say, with some pre-specified
function f. Leaving technicalities aside for the moment, one may check by
scrupulously interchanging differentiation and integration that

ult, z) = / F@)pt = — y) dy

satisfies Equation for t > 0. Moreover, we can write this function u as
u(t,z) = Ef(x + W;), where we extend the domain of the ¢-variable to ¢t > 0.
Notice that for t = 0 we get w(0,z) = f(«). Under appropriate conditions on
f one can show that this gives the unique solution to with the initial
condition u(0,x) = f(x).

If we fix a terminal time T', we can define v(¢,x) = u(T —t,z) for ¢ € [0, T, with
u a solution of the heat equation. Then v satisfies the backward heat equation
equation

Ve + ivm =0,
with terminal condition v(T,z) = f(z) if w(0,z) = f(z). It follows that we
have the representation v(t,z) = Ef(z + Wp_y) = Ef(z + Wr — W;). Denote
by X% a process defined on [t,00) that starts at ¢ in  and whose increments
have the same distribution as those of Brownian motion. Then we can identify
this process as X5 = x4+ W, — W, for s > t. Hence we have v(t,z) = Ef(X2").
The notation is similar to the one in Section note that X5* = z+ [ dW,,.

In this section we will look at partial differential equations that are more general
than the heat equation, with initial conditions replaced by a terminal condition.
The main result is that solutions to such equations can be represented as func-
tionals of solutions to stochastic differential equations.
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11.1 Feynman-Kac formula

Our starting point is the stochastic differential Equation (10.1). Throughout
this section we assume that the coefficients b and ¢ are continuous and that the
linear growth condition

[b(t, )| + o (t 2)] < K(1 4 |x])

is satisfied. Moreover we assume that allows for each pair (¢,2) a weak
solution involving a process (X5%),>; that is unique in law and satisfies X;"* = =
a.s. We also need the family of operators {£;,t > 0} (called generator in Markov
process language) acting on functions f € C*2([0,00) x R) defined by

Loft) = bt ) o(1,2) + 5070, 0) a1, ). (11.2)

We have already encountered this concept in Section @ Equation ,
but it is repeated here for convenience. See Exercise [10.17] for a property of
generators. The main result of this section is Theorem below, in the proof
of which we need the following lemma on moments of a solution to a stochastic
differential equation.

Lemma 11.1 Let X be (part of) a weak solution of (10.1)). Then for any finite
time T and p > 2 there is a constant C' such that

Esup | X, [P < Ce“T(1+E|X,[P).
t<T

Proof. The proof is based on an application of the Burkholder-Davis-Gundy
inequality of Proposition [7.14] See Exercise O

We now consider the Cauchy problem. Let T' > 0 and let functions f : R — R,
g,k : [0,T] x R — R be given. Find a (unique) solution v : [0,7] x R that
belongs to C*2([0,7) x R) and that is continuous on [0,7] x R such that

v + Lv = kv — g, (11.3)
where L, is the operator as in ([11.2)), now applied to v, and
o(T,-) = f. (11.4)

Next assumptions are imposed on f,g and k. They are all continuous on their
domain, k is nonnegative and f, g satisfy the following growth condition. There
exist constants L > 0 and A > 1 such that

[f(@)| + sup |g(t, )] < L(1+ [z|*Y). (11.5)
0<t<T

Theorem 11.2 Let under the stated assumptions the Equation (11.3) with
terminal Condition (11.4) have a solution v satisfying the growth condition

sup |o(t, )| < M(1+ |z[*),
0<t<T
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for some M > 0 and p > 1. Let X"* = (X1®, s > t) be the weak solution
to (10.1) starting at t in z that is unique in law. Then v admits the stochastic
representation (Feynman-Kac formula)

T
oft,z) = E[f(X57) expl(~ / K, X% du)

—I—IE[/t g(r, X*) exp(— /tr k(u, X5 du) dr]. (11.6)

on [0,T] x R and is thus unique.

Proof. In the proof we simply write X instead of X**. Let
Y = v(s, Xg) exp(— /S k(u, X,,) du) for s > t.
t
An application of It&’s formula combined with the fact that v solves yields
Y. -V, = /S v (r, X, )o(r, X,.) exp(— /T k(u, X,,) du) dW,
t t
- /S g(r, X;) exp(— /T k(u, X,,) du) dr. (11.7)
t t

Notice that Y; = v(t,z) and that Yr = f(X7)exp(— ftT k(u, X,)du). If the
stochastic integral in would be a martingale, then taking expectations
for s = T would yield the desired result. Since this martingale property is not
directly guaranteed under the prevailing assumptions, we will reach our goal by
stopping. Let T™ = inf{s > ¢ : |X,| > n}. Consider the stochastic integral
in at s =T AT". It can be written as

T

T
/ 1{T§Tn}vw(r,XTT")U(T,XTT")exp(—/ k:(u,Xgn)du)dWT.
t

t

Since v, and o are bounded on compact sets, | X" | is bounded by n and k > 0,
the integrand in the above stochastic integral is bounded and therefore the
stochastic integral has zero expectation. Therefore, if we evaluate at
s =T ANT™ and take expectations we obtain

TAT™ r
EYrarn —o(t,z) = —E/ g(r, X,) exp(—/ k(u, X,,) du)dr. (11.8)
t ¢

Consider first the left hand side of ((11.8). It can be written as the sum of

T
E(f(XT)eXp(—/t k(u, Xo) du)Lip<gny) (11.9)

and

]E(U(T",XTn)eXp(—/t ’kz(u,Xu)du)l{T>Tn}). (11.10)

112



The expression (11.9) is bounded in absolute value by LE(1 + |X7|*})in view
of (11.5)). Tt holds that E|X7|?* < CeT(1+|z|*") < oo in view of Lemma [11.1]

since we start the diffusion at ¢ in . Hence we can apply the dominated con-
vergence theorem to show that the limit of (11.9) for n — oo is equal to

Ef(Xr)exp(— /t k(u, X,) du).

The absolute value of (|11.10)) is bounded from above by
M1 +n*"P(T™ < T). (11.11)
Now,

P(T" <T)=P( sup |X,|>n)<n PE sup |X,[*.
t<s<T t<s<T
The expectation in this display is in view of Lemma [T1.1]less than or equal to
C(1 + |z|??)e®T. Hence we can bound the expression in (11.11])) from above by
M (14+n?)n=22C (1+|x|??)eCT. By choosing p > u, we see that the contribution
of vanishes for n — co. Summing up,

T
EYT/\Tn — Ef(XT) exp(—/ k‘(u, Xu) du)

Next we turn to the right hand side of (11.8]). Write it as

T T
fE/ 1i<rnyg(r, Xy) exp(f/ k(u, X,,) du) dr.
t t

The absolute value of the integrand we can bound by L(1 + |X,|*"), whose ex-
pectation is finite by another application of Lemma Hence the dominated
convergence theorem yields the result. O

Remark 11.3 The nonnegative function k that appears in the Cauchy problem
is connected with exponential killing. Suppose that we have a process X?
starting at time ¢ in & and that there is an independent random variable Y with
a standard exponential distribution. Let 9 ¢ R be a so-called coffin or cemetery
state. Then we define the process X%t by (s > t)

oo _ [ XET A [Tk, X7 du< Y
s ) if [ k(u, X5%)du>Y

Functions f defined on R will be extended to R U {0} by setting f(9) = 0. If
X% is a Markov process (solving Equation ([10.1)) for instance), then X% is a
Markov process as well. If, in the terminology of the theory of Markov processes,
X% has generator £, then X?%% has generator £F defined by LFf(t,x) =
Lef(t,x) — k(t,z) f(t,z). Furthermore we have

BJ(XP) = B (X expl— [ b, X%) du
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The above considerations enable one to connect the theory of solving the Cauchy
problem with & = 0 to solving the problem with arbitrary k& by jumping in the
representation from the process X% to X9t

11.2 Exercises

11.1 Show that the growth conditions on f and g are not needed in order to
prove Theorem if we assume instead that next to k also f and g are non-
negative. It is sufficient to point out how to modify the proof of Theorem |[11.

11.2 Consider Equation with £ = 0 and g = 0. The equation is then
called Kolmogorov’s backward equation. Let f be continuous with compact
support. Show that v/ (t,z) = Ef(X%") satisfies Kolmogorov’s backward
equation for all ¢ < T. Suppose that there exists a function p of four vari-
ables t,z,r,y such that for all f that are continuous with compact support
one has v/ (t,z) = [, f(y)p(t,z;r,y)dy and limy, 0™/ (t,2) = f(z). (Such
a function is then called fundamental solution.) Show that for fixed r,y the
function (t,z) — p(t, z;r,y) satisfies Kolmogorov’s backward equation. What
is the interpretation of the function p? Show that the solution to the Cauchy

problem (11.3]), (11.4) with & = 0 takes the form
T
o(t, ) =/Rp(t,x;T, y)f(y) dy+/ /Rp(t,x;r,y)g(r,y) dy dr.
t

11.3 Prove Lemma [[1.1l Hint: Proceed as in Exercise [[0.14] and use the Doob
and Burkholder-Davis-Gundy inequalities.

11.4 The Black-Scholes partial differential equation is
1
ve(t, ) + 50'2.%‘21)9:30@, x) + revg(t, ) = ro(t, x), (11.12)

with constants r,oc > 0. Let X be the price process of some financial asset
and T > 0 a finite time horizon. A simple contingent claim is a nonnegative
measurable function of Xp, f(Xr) say, representing the value at time T of
some derived financial product. The pricing problem is to find the right price
at any time ¢ prior to T that should be charged to trade this claim. Clearly, at
time ¢ = T, this price should be equal to f(X7). The theory of Mathematical
Finance dictates that (under the appropriate assumptions) this price is equal to
v(t, Xy), with v a solution to the Black-Scholes equation. See Section |12| for a
brief treatment of this theory, although you can already make this exercise now.
We use the boundary condition that corresponds to a European call option, i.e.
f(z) = max{z — K,0}, where K > 0 is some positive constant.
(a) Give, by using the Feynman-Kac formula, an explicit solution to the Black-
Scholes PDE with the given boundary condition.
(b) Show that this solution v satisfies |v(t,z)| < z. Is this solution unique
among all solutions that admit polynomial growth in the x variable?
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11.5 Here we consider the Cauchy problem with an initial condition. We have
the partial differential equation

up + ku = Lyu + g,

with the initial condition «(0,-) = f. Formulate sufficient conditions such that
this problem has a unique solution which is given by

ulta) = BF(X7) exp(= [ ku, X5 du)
—HE/O g(s,Xf)eXp(—/O E(u, X7) du) ds,

where X7 is the solution to (10.1)) with X§ = «.
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12 A bit of mathematical finance

The main purpose of this section is to outline how important previous results,
especially the martingale representation Theorem and the Girsanov change
of measure theorem in the version of Corollary [9.13] are fundamental tools for
topics in mathematical finance. The contents of this section form a far from
complete treatment of this field.

The starting point is a probability space (Q,F,P) on which all processes
below, in particular the Brownian motion W, are defined. As the filtration
we take the augmented Brownian filtration. We consider a simple model for
a financial market. There are two basic products for which we need models,
the bond and the stock. The bond is assumed to be non-risky and has a price
process B which is assumed to be given by the ordinary differential equation

dBt = TtBt dt, B() = ]., (121)

where r is to be interpreted as the interest rate (a short rate in financial terms)
process, and it is assumed to be a progressive process and bounded. The B; are
often interpreted as the deposits on a bank account. It follows that

t
By :exp(/ rudu).
0

The stock is the risky asset and its price process S, a positive process, is modeled
by the stochastic differential equation

dSt = Stbt de + StO't th, S() = Sg > 0, (122)
equivalently,
t t
S = 59 —|—/ Syuby, du —|—/ Sy, AW, (12.3)
0 0

where sp > 0 is the initial value and W a Brownian motion. Equation (|12.3)
has the unique strong solution

t 1 t
S; = sgexp (/ (by — 503) du —|—/ ou qu), (12.4)
0 0

under the following assumptions, valid in all what follows. The processes b and
o are assumed to be progressive and bounded, moreover it is assumed that o is
positive and bounded away from zero. These conditions ensure that the integrals
in are well defined. Equations and form together a model
of a financial market, and will be simply referred to as market. The probability
measure P determines the distribution of the stock prices through the Brownian
motion W, and is sometimes called real world measure, physical measure, or
statistical measure. In the next sections we treat two topics in mathematical
finance.
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12.1 Investment and consumption

It is possible to invest in stock and bond and this happens according to the real
valued progressive processes ¢ and 1 respectively. The pair of processes (¢, )
is referred to as an investment strategy, or an investment portfolio. Its value
process is denoted V', i.e. for every t > 0 one has

Vi = ¢St + Yy By.

We often write v for the initial wealth or initial endowment of an investor, which
should at least be such that v > V = ¢gsg + . In addition to purchasing
the stock and bond in the market, also consumption is allowed. It is assumed
that this happens at a rate ¢, a nonnegative process which is assumed to be
. . . . . t

progressive as well. The cumulative consumption up to time t is Cy = fo ¢y du.

In the theory of mathematical finance, the concept of a self financing strategy
is important, which in the current set up is said to hold if the value process V'
satisfies

d‘/t = ¢t dSt + wt dBt — Ct dt. (125)

If there is no consumption, one simply takes ¢ = 0, and (12.5) reduces to the
classical self financing condition. A combination of all dynamic representations

above, Equations (12.1)), (12.2) and (12.5)), lead to the following equation for

the evolution of the value process of a self financing strategy,
d‘/t = (’f’t‘/; — Ct) dt + (tht(bt — ’I“t) dt + ¢tStUt th (126)

One often works with discounted quantities, these are values, prices, etc. divided
by the bond prices. In particular, we are interested in the discounted value

process, V := %, the discounted stock price process, S = %, and the discounted
consumption rate ¢ := %. For instance, at time ¢ one has V, = Bltt and Vp = Vg
as By = 1. Note that

Vi = ¢St + .

By application of the quotient rule for differentiation, noting that the process

B has no martingale part, one obtains from ((12.1)) and (12.6))
AV, = —¢,dt + ¢, Sy (by — 7)) dt + ¢y Sy AW, (12.7)

equivalently,

t t t
f/t:VO—/ Eudu—f—/ ¢u5u(bu—ru)du+/ buSuou dW,.  (12.8)
0 0 0

It is assumed that a finite time horizon T is considered and to have the integrals
in (12.8) well defined at all times ¢t < T, we impose the additional conditions

T
/ ¢7S7dt < oo ass., (12.9)
0
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and
T
Cr = / c; dt < 0o a.s. (12.10)
0

Important is that an investment portfolio is such that the ensuing value pro-
cess V is nonnegative. If this takes place, the processes ¢, 1 and c are called
admissible for the initial wealth v.

An interesting, but not realistic, situation arises when b = r, in which the
middle term in disappears. Of course, it would be very coincidental if
such a relation would hold, but we can manage to obtain something similar
through a measure transformation. Put, for all 0 <t < T, 0, = % and, for
0<t<T,

t 1 t
Zt:exp(/ euqufi/ 02 du).
0 0

Under the assumptions that we made on the processes r, b, o, the Novikov con-
dition in Proposition [9.19] see also Remark for the time horizon T holds.
Therefore EZr = 1 and we can define a new probability measure Q < P on Fr
by

Q(F) =E[1pZr], F € Fr. (12.11)
By Corollary the process W, given by

WQ:W—/ 0, dt
0

is a Brownian motion under Q on the time interval [0, T]. Moreover, (12.7)) now
becomes

AV, = —¢, dt + ¢, S0 AW 2,

equivalently,

t t
Vi +/ ¢, du =V +/ buSyoy AW, (12.12)
0 0

Note that the conditions in (12.9) en (12.10) ensure that also the integrals
in (12.12)) are well defined. For an admissible strategy, the left hand side of
(12.12

2.12)) is nonnegative, whereas the right hand side is a local martingale under
Q with initial value v, which is positive, and hence a supermartingale under Q.
Exploiting the supermartingale property, by taking expectations at t = T, one
gets Eq[Vr + fOT ¢, du] < Vi < v and nonnegativity of Vp then yields

T
]EQ/ ¢y du < w. (12.13)
0

Note that we have obtained (12.13)) as a consequence of dealing with an admis-
sible strategy. Actually a converse is also true.
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Proposition 12.1 Let a consumption process ¢ be given and an initial wealth
v satisfying (12.13]). Then there exist investment strategies ¢ and v that are,
together with ¢, admissible for the initial endowment v.

Proof. The proof aims at finding explicit candidates for ¢ and v. Let D =

fOT ¢y, du, note that it has finite expectation under Q under the assumptions
made. Put, for 0 <¢ < T,

T
0, — EQ[/ eu du|Fi] + v — EgD,
t

which is nonnegative under the condition in (12.13). A simple computation
yields the alternative representation

t
Ut:EQ[D|]:t]—EQD+’U—/ Eudu,
0

and note that M given by M; = Eg[D|F:] — EgD is a martingale under Q
with My = 0. Proposition entails the existence of a process ¢2 such that
M = £2. W, Tt follows that we can write

t t
U, :/ g;?dw%v—/ Cy du,
0 0
but this is equivalent to the expression (12.12) for V; if we take

b = & (12.14)
JtSt
Note in passing that (12.9) is satisfied for this choice of ¢. As it was our aim to

find the pair (¢,1), we take along with the just found ¢
Yo =V — ¢Sy (12.15)
to complete the portfolio pair (1, @). O

Typical problems in this setting are the determining of an optimal consumption
and investment strategy. Of course this calls for a definition of an optimality
criterion. An example is the maximization of Eu(C7r), where u is a utility
function. The aim is then to find the consumption and investment portfolio
such Eu(C7) is maximal given an initial endowment v. We refrain from a
further treatment.

12.2 Option pricing

The mathematical techniques we have encountered in Section [I2.1] turn out be
also useful in the context of option pricing. An option, more general a contingent
claim, in short a claim, is a nonnegative Fp-measurable random variable. The
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best known examples are the European call option and European put options,
(St — K)* and (K — St)* respectively; here K is a nonnegative constant.
Claims have a payoff at a future date, T', and a central question is what a fair
price of such a product is at an earlier time ¢ < T, in particular at the initial
time ¢ = 0, which is our main interest. A fundamental method to determine
such a price is to compare the claim with another product whose value at time
T coincides with the claim and for which the price at ¢t = 0 is known, say v. It
follows by adoption of the law of one price, which is valid in absence of arbitrage
(see below), that this number v should also be the price of the claim at time
t=0.

The fundamental issue that arises is thus how to find this other product
of which the price v is known. This leads to the concept of hedging and we
shall make the above reasoning precise. In what follows we deal with zero
consumption, the classical situation, although inclusion of nonzero consumption
is also possible.

Let X be a given contingent claim. Let v > 0 be given, and let (¢,%) be
a portfolio process pair which is (together with zero consumption) admissible
for the initial endowment v. Let V' be the value process of the portfolio. The
pair (¢, 1) is called a hedging strategy against the contingent claim X provided
Vr = X as. and Vj = v. It is also said that the pair (¢,%) replicates, or
reproduces, the claim X. As (¢,1) has to be self financing, we obtain from

(12.5) that, recall ¢ = 0,
dV; = ¢, dS; + ¢y dBy.

It follows that if such a hedge exists, one can reach a payoff Vi equal to X with
an initial capital v. Hence there is no reason to pay more than v for the claim
at t = 0. It follows, from the buyer’s perspective that a fair price of the claim
should be the smallest v for which one can find a hedging portfolio. On the
other hand, a completed transaction needs next to a buyer also a seller. From
the seller’s perspective the fair price would be the largest such v. Hence the fair
price to be used in a transaction has to be v. The measure Q, equivalent to P,
introduced in is crucial in the next result which tells what v is. As we
have taken ¢ = 0, the strategy (¢,%) = (1,0) is trivially self financing and hence
yields that S, = so + fg 8.0, dWE2, s0 S is a local martingale under Q.
For this this reason, Q is called an equivalent local martingale measure.

Proposition 12.2 Let X be the random variable BLT and assume EgX < oo.
Then EgX is the fair price of the claim X and a hedging strategy with initial
wealth v = EgX exists.

Proof. We argue as in the proof of Proposition|12.1] recall that now consumption
is zero. So we consider, with v = EgX, U; = Eg[X|F;] and note that U; > 0.
The latter can be written as U; = EgX + fot £rdwe = fot ¢u dS,, with ¢ as in
(12.14). But this is then the discounted value V; of the hedge portfolio (¢, 1))
with v, as in . Moreover it has initial value V) = ]E@X . O
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Remark 12.3 In Proposition it has been assumed that EgX < co. A
sufficient condition for this to holds is that EX? < oo for some p > 1. See
Exercise But apart from the integrability condition, the result is true for
any claim X. One says that the market is complete, i.e. any (integrable) claim
can be hedged. Moreover, the proof of the proposition also tells us that the
discounted fair price of the claim at time ¢ is V;. The uncomfortable message,
for now, is that the hedge portfolio is not explicit, as it relies on the £2 from
Proposition which is not explicitly given either. See also Remark

Important in the above was the existence of a self financing portfolio that hedges
the claim. Self financing portfolios are also essential in the description of the no-
tion of arbitrage, and in formulating absence of it. The latter is also referred to
as viability of a (financial) market. Recall our set up, with the Equations
and for the evolution of bond and stock prices. On says that a self fi-
nancing portfolio process (¢, ) is an arbitrage opportunity over the time interval
[0, T if its value process is nonnegative and it holds that Vo =0, P(Vp > 0) =1
and P(Vp > 0) > 0. Hence, in colloquial terms, with an arbitrage opportunity
it is impossible to lose money, whereas there is a possibility to make a profit.
It is like making money out of nothing (and then without limits), and such
opportunities should be excluded to have a sensible pricing system. Here is a
result that tells when this happens.

Proposition 12.4 Suppose that a probability measure Q equivalent to P on
Fr exists such that the discounted process S is a local martingale under Q.
Then an arbitrage opportunity cannot exist, the market is arbitrage free.

Proof. Suppose that an arbitrage opportunity exists. By equivalence of the
measures, one then also has Q(Vy > 0) = 1 and Q(Vpr > 0) > 0. Note that
this implies that EqVz > 0. For a self financing portfolio, one has with
consumption zero. This shows that V' is a supermartingale under Q. Hence
EoVr < EgVp = 0, contradiction. Therefore one cannot have Q(Vy > 0) = 1
and Q(Vr > 0) > 0 and, by equivalence again, nor can it happen that P(Vy >
0) =1 and P(Vr > 0) > 0. Hence arbitrage opportunities are excluded. O

Under the assumptions on b, ¢ and r that we have made at the beginning of
this section, such an equivalent measure Q exists, see (12.11]). Hence, our model
of the market is arbitrage free. Therefore we can adopt the law of one price, as
otherwise an arbitrage opportunity would exist.

The simplest examples to which the results in this section apply are provided by
the Black-Scholes setting. Here we consider evolution of bond and stock prices
given by equations with constant coefficients. We replace the general framework

given by Equations ((12.1)) and (12.2)) by
dBt = TBt dt, BQ = 1, (1216)
and

dSt = bSt dt + O'St th, So = S0, (1217)
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where now r,b, and o > 0 are constants. One can verify that the measure Q
is well defined in this setting. Hence we are in an arbitrage free setting and
completeness is also guaranteed. The discounted stock price now satisfies

dS; = oS, AW 2, (12.18)
and hence

- 1
S, = spexp(eW2 — 50275).

We even see that S is a true martingale under Q and therefore this measure is
called an equivalent martingale measure. In this simplified set up we can make a
further step to find a hedge portfolio process, which comes in spirit close to the
setting of Exercise Suppose we have a claim of type X = h(St), satisfying
EQh(ST) < 00.

We have seen in Proposition [[2.2] that the claim can be hedged and that the
discounted value of the claim is given by V; = e "TEg[h(S1)|F;]. By the Markov
property of S, see Theorem as S is a strong solution to Equation ,
we have Eg[X|F;] = Eg[X]S:], which is a function of ¢t and S;, v(t,S;) say.
It turns out that the function ¥ is smooth enough to apply the It6 formula.
Denoting by 0y, U,,0s, the partial derivatives of v(¢,x), we obtain from

- B t ~ t ~ - 1t ~
V;:VO—&—/ at(u,su)dw/ z’)w(u,Su)dSu+§/ Baw (1, 5) A(S)a
0 0 0

_ t _ 1 _ _ t _
=V + / (ﬁt(u, Su) + 5179“3(% Su)GQSz) du + / Uy (u, Sy )o Sy, de
0 0

t
= Vo+ A +/ Uy (1, Sy )0 S, AW, (12.19)
0

By the definition of V' we know that it is a martingale, and hence the finite
variation term A; in ((12.19) vanishes. So we obtain

t
V= ¥+ / B (1, Gu)r S,y AWC
0

t
:VO+/ U (u, Sy,) dS,,.
0

For the component ¢ of the hedge portfolio we thus have, as an alternative to

1),
bu = Uz (u, Su), (12.20)

which we can compute, once we now the function v. As A; has to vanish in
(12.19) whatever u and S, are, we should have that v is a solution to the partial
differential equation

1
e (t, ) + 50%2@”(@ r) =0, (12.21)
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with boundary condition #(T, z) = e~ T h(x). Equation is known as the
Black-Scholes partial differential equation equation (for » = 0). In some (rare)
cases this equation has an analytic solution, for instance when dealing with
European call or put options. In these two cases one has o(T,z) = e " (z— K)*
and 9(T,x) = e "I (K — ). See also Exercise Note that the variable
x in is to be interpreted as a (discounted) option price. Hence z is a
positive real number.

Compared to Remark we are now in a more fortunate situation, once
we know the function ©. In Section [II] we have seen general results relating
solutions to partial differential equation to solutions to stochastic differential
equations. In particular Exercise [11.4] gives an example for the general Black-

Scholes equation (11.12f). See also Exercise which is related to Exercise

12.3 Exercices

12.1 Recall Proposition [12.2, Show that EX? < oo for some p > 1 implies that

EgX < oo. Hint: EgX = E[XZr] to which one applies Holder’s inequality,

for which you need to show that EZJ. < co. For the latter you can use that
T

Z4=E(q0 - W)rexp (3(qlqg—1) [, 62 du).

12.2 This exercise shows that there is an intimate connection between the Black-
Scholes partial differential equations and the backward heat equation. In the
set up leading to we had V; = 9(¢,S;). Equivalently, one can write
V; = v(t, St), where v is related to v by v(t,z) = e"o(t, e ""x).
(a) Show that v satisfies the Black-Scholes partial differential equation
with terminal condition v(T,z) = h(x).
(b) Show that the process ¢ as in also satisfies the relation ¢, =
v (u, Sy).
(c) Let © be a solution to and let y = log z (recall that x > 0). Define
w(t,y) = v(t,e¥). Show that w satisfies the backward heat equation

1
wt(ta y) + §U2wyy(tvy) = Oa (1222)
which is like the original backward heat equation (8.4)), but with an extra
parameter 2.
(d) Conversely, let w satisfy (12.22)) and let © for > 0 be defined by v(¢,x) =
w(t,logx). Show that this ¥ is a solution to (12.21)).
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A  Brownian motion

In this section we prove the existence of Brownian motion. The technique that
is used in the existence proof is based on linear interpolation properties for
continuous functions.

A.1 Interpolation of continuous functions

Let a continuous function f : [0,1] — R be given with f(0) = 0. We will
construct an approximation scheme of f, consisting of continuous piecewise
linear functions. To that end we make use of the dyadic numbers in [0, 1]. Let
for each n € N the set D,, be equal to {k27™ : k = 0,...,2"}. The dyadic
numbers in [0, 1] are then the elements of U52, D,,. To simplify the notation we
write ¢t} for k27" € D,,.

The interpolation starts with fo(¢) = ¢f(1) and then we define the other f,
recursively. Suppose f,,_1 has been constructed by prescribing the values at the
points tzfl for k=0,...,2" ! and by linear interpolation between these points.
Look now at the points ¢} for £ = 0,...,2". For the even integers 2k we take
fa(th) = fuo1(t2™"). Then for the odd integers 2k — 1 we define f,(t5, ;) =
f(t5._,). We complete the construction of f,, by linear interpolation between
the points 7. Note that for m > n we have f,,(t}) = f(t}).

The above interpolation scheme can be represented in a more compact way (to be
used in Section|A.2) by using the so-called Haar functions Hy'. These are defined
as follows. HY(t) =1 and for each n we define Hy for k € I(n) = {1,...,2"" 1}
by

1 .
7o Mty o ST <ty

Hl(t) =< —5— ifth  <t<ty (A1)

20,
0 elsewhere

where o, = 2721 Next we put Sp(t) = fg H}'(u) du. Note that the support
of S} is the interval [t5, _,,t3,] and that the graphs of the S} are tent shaped
with peaks of height o, at ¢5; .

Next we will show how to cast the interpolating scheme in such a way that the
Haar functions, or rather the Schauder functions S}, are involved. Observe that
not only the S}’ are tent shaped, but also the consecutive differences f,, — f,,—1
on each of the intervals (¢} ~1,¢}~"')! Hence they are multiples of each other and
to express the interpolation in terms of the S}’ we only have to determine the

multiplication constant. The height of the peak of f,, — f,_1 on (tZ:ll,tzfl) is

the value 1} at the midpoint ¢5, ;. So n} = f(t5,_,) — %(f(tz:}) + f(t’lz_l)).
Then we have for t € (t3,_,, %) the simple formula

fn(t) - fnfl(t) = Zislg(t)»

n
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and hence we get for all ¢

fult) = a0+ Y2 sy (A2)
kel(n) ™

Summing Equation (A.2) over n leads with I(0) = {1} to the following repre-
sentation of f,, on the whole interval [0, 1]:

RH=3 Y Eara. (A3)
m=0keI(m)

Proposition A.1 Let f be a continuous function on [0, 1]. With the f,, defined
by we have ||f — fu|| = 0, where || - || denotes the sup norm.

Proof. Let ¢ > 0 and choose N such that we have |f(t) — f(s)] < € as soon as
|t —s| < 27N, It is easy to see that then |n'| < e if n > N. On the interval
[thy. .t ] we have that

1) = fa(@®)] < 1F(E) = fE5 )] + [fu(t1) — fo()] <€+ < 2e.
This bound holds on any of the intervals [t5, _,,t5,]. Hence ||f — fu|| = 0. O
Corollary A.2 For arbitrary f € C[0,1] we have
S T qm
m=0kel(m)

where the infinite sum converges in the sup norm.

A.2 Existence of Brownian motion
Recall the definition of Brownian motion.

Definition A.3 A standard Brownian motion, also called Wiener process, is a
stochastic process W, defined on a probability space (2, F,P), with time index
set 7 = [0, 00) with the following properties.

(i) Wo =0,
(ii) The increments W; — W, have a normal N(0,¢ — s) distribution for all
t>s.

(iii) The increments Wy — W are independent of all W (u) with u < s < t.
(iv) The paths of W are continuous functions.
A process W is called a Brownian motion relative to a filtration [ if it is adapted
to F and a standard Brownian motion with replaced with
(iii’) The increments W; — W, are independent of Fy for all 0 < s < t.

Remark A.4 One can show that part of Definition is equivalent to
the following. For all finite sequences 0 < ty < ... < t,, the random variables
Wi, — Wi, _, (k=1,...,n) are independent.
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The method we use to prove existence of Brownian motion (and of a suitable
probability space on which it is defined) is a kind of converse of the interpolation
scheme of Section [A-1] We will define what is going to be Brownian motion
recursively on the time interval [0, 1] by attributing values at the dyadic numbers
in [0,1]. A crucial part of the construction is the following fact. Supposing that
we have shown that Brownian motion exists we consider the random variables
W, and W; with s < t. Draw independent of these random variables a random
variable ¢ with a standard normal distribution and define Z = %(Ws + W) +
%\/ t — s&. Then Z also has a normal distribution, whose expectation is zero and
whose variance can be shown to be % (¢+ s) (this is Exercise . Hence Z has
the same distribution as Wy, , ! This fact lies at the heart of the construction
of Brownian motion by a kind of ‘inverse interpolation’ that we will present
below.

Let, as in Section I(0) = {1} and I(n) be the set {1,...,2" "1} for n > 1.
Take a sequence of independent standard normally distributed random variables
&) that are all defined on some probability space Q with k € I(n) and n € NU{0}
(it is a result in probability theory that one can take for 2 a countable product
of copies of R, endowed with a product o-algebra and a product measure).
With the aid of these random variables we are going to construct a sequence of
continuous processes W™ as follows. Let, also as in Section oy = 272 (D),
Put

Wto = tf?~
For n > 1 we get the following recursive scheme
o= ng;} (A.5)
n _1 Wn—1+Wn—1 +o gn (A6)
-1~ 9 tr=! gt nSk - :

For other values of ¢t we define W;* by linear interpolation between the values
of W™ at the points ¢;}. As in Section we can use the Schauder functions
for a compact expression of the random functions W". We have

W= > &S (A7)
)

m=0kel(m

Note the similarity of this equation with (A.3)). The main result of this section
is

Theorem A.5 For almost all w the functions t — W}*(w) converge uniformly
to a continuous function t — Wy(w) and the process W : (w,t) — Wi(w) is
Brownian motion on [0, 1].

Proof. We start with the following result. If Z has a standard normal distribu-
tion and x > 0, then (Exercise |A.2))

P(|Z] > z) < \/zi exp(—%xz). (A.8)
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Let 3, = maxyeren |€f|. Then b, := P(8, > n) < 2”_1\/2% exp(—%n ).
Observe that ), by, is convergent and that hence in virtue of the Borel-Cantelli
lemma P(limsup{B, > n}) = 0. Hence we can find a subset Q of Q with
IP’(Q) = 1, such that for all w € Q there exists a natural number n(w) with
the property that all [} (w)] < n if n > n(w) and k € I(n). Consequently, for
p>n > n(w) we have

sup |W/' (w) — WF (w)] < Z MOy, < 00. (A.9)
t m=n+1

This shows that the sequence W (w) with w € Q is Cauchy in C0, 1], so that
it converges to a continuous limit, which we call W.(w). For w’s not in Q we
define W.(w) = 0. So we now have continuous functions W.(w) for all w with
the property Wy(w) = 0.

As soon as we have verified properties and of Definition we
know that W is a Brownian motion. We will verify these two properties at the
same time by showing that all increments A; := W, —W;, | with t; > t;_; are
independent N(0,t; —t;_1) distributed random variables. Thereto we will prove
that)t)he characteristic function Eexp(i_; A;A;) is equal to exp(—3 > A3 (t; —
ti_1)).

The Haar functions form a Complete Orthonormal System of L?[0,1] (see
Exercise . Hence every function f € L?[0,1] has the representation f =
ol HE Y HY = S kerm Sy Hi Y HE, where (-.-) denotes the inner prod-
uct of L?[0,1] and where the infinite sum is convergent in L2[0,1]. As a re-
sult we have for any two functions f and g in L?[0,1] the Parseval identity
(f,9) = Zn)k<f, HJ}') (g, Hy). Taking the specific choice f = 1jp and g = 1jg 4
results in (1jg g, Hy') = Sp(t) and t As = (Lo 4, Lo,5) = D2, Sk (1) Si (8).

Since for all fixed ¢ we have W;* — W, a.s., we have Eexp(i}_; A\;A;) =
lim, 0 Eexp(i)_; A;AT) with A7 = W — W[ . We compute

Eexp(i Y AA7) = Eexpli 3 3 3 A& (S (1) = 5 (1)

J m<n k j
= T TIEexp( S Mer (Si(ts) — S (t;-1)))
m<n k b
= T TLewn(-5 (- M) — STt-1))7)
m<n k j

Working out the double product, we get in the exponential the sum over the
four variables i, j,m < n, k of —%)\i)\j times

Spt(ty) St (ts) — St (tj—1)SE(t:) — Sp(t5) Sp* (ti1) + SE* (tj—1) Sk (ti-1)

and this quantity converges to t; —t;_1 as n — oo. Hence the expectation in
the display converges to exp(—3 > A3(tj —tj—1)) as m — oo. This completes
the proof. O
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Having constructed Brownian motion on [0, 1], we proceed to show that it also
exists on [0,00). Take for each n € N a probability space (9, Fn,P,) that
supports a Brownian motion W™ on [0,1]. Consider then Q = [[, Q,, F =
[L, Fn and P =[], P,,. Note that these Brownian motions are independent by
construction. Let w = (w1, ws,...) and define then

Wi(@) =D Lnsn(t) (Z W (w) + Wit (wn+1)> : (A.10)

n>0 k=1

This obviously defines a process with continuous paths and for all ¢ the random
variable W; is the sum of independent normal random variables. It is not hard
to see that the thus defined process has independent increments. It is immediate
that EW; = 0 and that Var W; = t.

A.3 Properties of Brownian motion

Although Brownian motion is a process with continuous paths, the paths are
very irregular. For instance, they are (almost surely) of unbounded variation
over nonempty intervals. This follows from the Doob-Meyer decomposition

(Theorem [2.17)) of W2, or from Proposition see also Exercise

We can say something more precise about the continuity of the sample paths
of Brownian motion.

Proposition A.6 The paths of Brownian motion are a.s. Hélder continuous of
any order vy with v < %, i.e. for almost every w and for every v € (0, %) there
exists a C > 0 such that [Wi(w) — Ws(w)| < C|t — s|” for all t and s.

Proof. (Exercise [A.4). Use that [S7(t) — Si*(s)| < 220"D|t — 5| and an in-
A9)

equality similar to . O

Having established a result on the continuity of the paths of Brownian motion,
we now turn to the question of differentiability of these paths. Proposition [A7]
says that they are nowhere differentiable.

Proposition A.7 Let D be the set {w: t — W;(w) is differentiable at some s €
(0,1)}. Then D is contained in a set of zero probability.

Proof. For positive integers j and k, let A;x(s) be the set
{w: |[W(w,s+h)—W(w,s)| <jlh|, for all h with |h] < 1/k}

and Ajr = Use(0,1) 4jk(s). Then we have the inclusion D C U, Aji- Fix j,
k and s for a while, pick n > 4k, choose w € Aji(s) and choose i such that
s € (%, ~]. Note first for [ = 1,2,3 the trivial inequalities g < HTl < %

n
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The triangle inequality and w € A;j(s) gives for I =1,2,3

i+ i+l-1
w — W, ——=
W (e, 0 = W, )
o+ 11
< IW(w,l+ )7W(w75)|+‘W(w’5)—W(w,HT)|
I+1. 1. 2041,
<—j+—j= j.
n n n

It then follows that

Ajk C Bjk = ﬂ an,

n>4k

where

Cos = ) fws Wi, = e, 2L < 2L
i=11=1,2,3 " n n
We proceed by showing that the right hand side of this inclusion has probability
zero. We use the following auxiliary result: if X has a N(0,0?%) distribution,
then P(|X| < z) < z/o (Exercise [A.5). By the independence of the increments
of Brownian motion the probability of the intersection in is the product
of the probabilities of each of the terms and this product is less then 105§%n=3/2.
Hence P(C,,;) < 1055°n~1/2 which tends to zero for n — oo, so P(B;x) = 0 and
then also P(U, ;, Bjx) = 0. The conclusion now follows from D C |J;, Ajx C

Uj,k Bijy.

A.4 Exercises

A.1 Show that the random variable Z on page [[26] has a normal distribution
with mean zero and variance equal to (s +t).

A.2 Prove inequality (A.8§]).

A3 The Haar functions form a Complete Orthonormal System in L?[0, 1]. Show
first that the Haar functions are orthonormal. To prove that the system is
complete, you argue as follows. Let f be orthogonal to all Hy, and set F' =
Jo f(u)du. Show that F'is zero in all t = k27", and therefore zero on the whole
interval. Conclude that f = 0.

A .4 Prove Proposition

A.5 Show that for a random variable X with a N(0,0?) distribution it holds
that P(|X| < z) < x/0o, for x,0 > 0.
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B Optional sampling in discrete time

Let F be a filtration in discrete time, an increasing sequence of o-algebras F,
(n=0,1,...). Recall the definition of a stopping time T', a map T :  — [0, 0]
such that {T" < n} € F, for every n. Of course T is a stopping time iff
{T =n} € F, for every n.

For a stopping time T" we define the o-algebra

Fr:={FCQ:Fn{T <n}eF, for every n}.

If S and T are stopping times with S < T, then Fg C Fp. If X is a process
with index set N, we define Xp = Y07 ( X, 1(p—p} and so X7 = Xplipcoo-
If also X, is defined, we include n = oo in the last summation. In both cases
X7 is a well-defined random variable and even Fp-measurable (check!).

NB: All (sub)martingales and stopping times below are defined with respect
to a given filtration F.

Lemma B.1 Let X be a submartingale and T' a bounded stopping time, T' < N
say for some N € N. Then E|Xr| < co and

XT S E[XNU:T} a.s.

Proof. Integrability of X follows from | Xp| < Zﬁ;o | X, |. Let F € Fr. Then,

because F'N{T =n} € F, and the fact that X is a submartingale, we have

M=

E[Xn1p] =Y E[Xn1pl{rp]

n=0

M=

E[X 151 (7—ny]

3
I
o

E[X71plip—py]

I
1[M]=

n=0
E‘XTlF}7

which is what we wanted to prove. O

Theorem B.2 Let X be a uniformly integrable martingale with a last element
Xoo, 50 X,, = E[X | Fpn] a.s. for every n. Let T and S be stopping times with
S <T. Then Xt and Xg are integrable and

(1) XT = E[Xoo‘]:T] a.s.

(ii) XS = E[XT‘]:s] a.s.

Proof. First we show that X7 is integrable. Notice that E[X7|l{p—c; =
ElXwo|lfr=oy < E|[X| < 0o0. Next, because |X| is a submartingale with
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last element | X |,

B[ X1l {reoy = > Bl Xn|lir—n)

n=0

< E[ Xl l{reny

n=0

= E[Xw|1{r<oo} < 00.

We proceed with the proof of[(i)l Notice that T'An is a bounded stopping time
for every n. But then by Lemma [B]it holds a.s. that

E[Xoo|-FT/\n] = E[E[Xoo|fn]“FT/\n]
= I['E[AXV’rL|]:T/\n}
= XT/\n~

Let now F' € Fp, then FN{T < n} € Fra, and by the above display, we have
E[Xwolrn{r<n}] = E[XTAnlrn{r<n} = E[XT1pa{1<n)]-

Let n — oo and apply the Dominated convergence theorem to get
E[Xoolrlireoy] = E[X71rlrco0y].

Together with the trivial identity E[Xoo1rlir—oey] = E[X71rlir_;] this

yields E[X o 1r] = E[X71F| and [(i)| is proved.
For the proof of we use |(1)| two times and obtain

E[X7|Fs] = E[E[ X |Fr]|Fs] = E[Xoo| Fs] = Xs.

Theorem B.3 Let X be a submartingale such that X,, <0 for allm =0,1,....
Let T and S be stopping times with S < T. Then X and Xg are integrable
and Xg < E[Xp|Fs] a.s.

Proof. Because of Lemma we have E[—Xpa,] < E[—X(] for every n > 0,
which implies by virtue of Fatou’s lemma 0 < E[-X71{7.5}] < 00.

Let E € Fg, then EN{S < n} € Fsan. Application of Lemma and
non-positivity of X yields

E[Xsanlel{s<n}] < E[X7AnlEl{s<n}] < E[X7AnlEl{1<n}]

and hence
E[Xs1pl{s<ny] < E[Xr1plirc,l.

The Monotone convergence theorem yields E[Xs1g] < E[X11g]. O
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We finish this section with the Optional sampling theorem in discrete time.

Theorem B.4 Let X be a submartingale with a last element X, so X,, <
E[Xoo|Fn] a.s. for every n. Let T and S be stopping times with S < T. Then
X7 and Xg are integrable and

(i) X1 < E[Xo|Fr] a.s.

(I'j) XS < IE[XT‘]:S] a.s.

Proof. Let M, = E[X|F,]. By Theorem [B.2] we get Mg = E[Mr|Fs]. Put
thenY,, = X,,—M,. ThenY is a submartingale with Y,, < 0. From Theorem
we get Yo < E[Yr|Fs]. Since Xp = M7 + Yr and Xg = Mg + Yg, the result
follows. O

C Functions of bounded variation, Stieltjes in-
tegrals, and increasing processes

In this section we define functions of bounded variation and review some basic
properties. Stieltjes integrals will be discussed subsequently, the relation with
Lebesgue integrals will be explained and finally we give results on integration
w.r.t. random increasing processes.

C.1 Lebesgue-Stieltjes integrals

In this section we define functions of bounded variation and review some ba-
sic properties. Stieltjes integrals will be discussed subsequently. We consider
functions defined on an interval [a,b]. Next to these we consider partitions IT
of [a,b], finite subsets {tg,...,t,} of [a,b] with the convention ¢ty < --- < t,,
and u(IT) denotes the mesh of II. Extended partitions, denoted II*, are parti-
tions II, together with additional points 7;, with t;_1 < 7; < t;. By definition
p(IT*) = p(II). Along with a function «, a partition II, we define

Vi) = Z la(t:) — a(ti—1)|,

the variation of a over the partition II.

Definition C.1 A function « is said to be of bounded variation if V1(a) :=
supy V1(a;II) < oo, the supremum taken over all partitions II. The variation
function v, : [a,b] — R is defined by ve(t) = V' (ol ).

A refinement II' of a partition II satisfies by definition the inclusion IT C II'. In
such a case, one has pu(Il') < p(Il) and V(o 1I') > V(o 10). Tt follows from
the definition of V!(«a), that there exists a sequence (II,,) of partitions (which
can be taken as successive refinements) such that V1(a;1L,,) — V().
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Example C.2 Let « be continuously differentiable and assume f; |o/(t)] dt fi-

nite. Then V(o) = f; |o/(t)| dt. This follows, since V(c; IT) can be written as
a Riemann sum

>l ()] (t: = tica),
=1

— alty)=alti-1)

where the 7; satisfy t;_1 <7, <#t; and /(%) i

Note that v, is an increasing function with v, (a) = 0 and v,(b) = V(a).
Any monotone function « is of bounded variation and in this case V!(a) =
|a(b) — a(a)| and v, (t) = |a(t) — a(a)|. Also the difference of two increasing
functions is of bounded variation. This fact has a converse.

Proposition C.3 Let a be of bounded variation. Then there exists increasing
functions v} and v, such that v} (a) = v, (a) =0, a(t) — ala) = v} (t) — v (t).
Moreover, one can choose them such that v} + v, = v,.

Proof. Define

v (1) = 5(valt) + alt) ~ afa)

0z (1) = 5 (valt) — a(t) + 0(a).

We only have to check that these functions are increasing, since the other state-
ments are obvious. Let ¢ > ¢. Then vl (') — vl (t) = $(v (') —vd (t) + a(t') —
a(t)). The difference v} (') — v (t) is the variation of a over the interval [¢, '],
which is greater than or equal to |a(t') — a(t)|. Hence v (') —vZ(t) > 0, and

O

the same holds for v, (t') — v (¢).

The decomposition in this proposition enjoys a minimality property. If w' and
w_ are increasing functions, wt(a) = w™(a) = 0 and «a(t) — aa) = w(¢) —
w™ (t), then for all ¢ > t one has wt (') —w™*(¢t) > vt () — v} (t) and w (¥') —
w™(t) > v, (t') — v, (t). This property is basically the same as its counterpart
for the Jordan decomposition of signed measures.

The following definition generalizes the concept of Riemann integral.

Definition C.4 Let f,a: [a,b] = R and IT* be an extended partition of [a, b].
Write

n

S(f,0:11) =3 f(7) (alts) — alti-1)).

i=1

We say that S(f,a) = lim, )0 S(f, a; 11*), if for all € > 0, there exists § > 0
such that p(II*) < ¢ implies |S(f, a) — S(f, a;II*)| < e. If this happens, we say
that f is integrable w.r.t. & and we commonly write [ f da for S(f, a), and call
it the Stieltjes integral of f w.r.t. a.
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Proposition C.5 Let f,a : [a,b] = R, f continuous and « of bounded varia-
tion. Then f is integrable w.r.t. a. Moreover, the triangle inequality | [ f da| <
J |f| dve holds.

Proof. To show integrability of f w.r.t. «, the idea is to compare S(f, c;II7T)
and S(f, a; II3) for two extended partitions I and IT5. By constructing another
extended partition II* that is a refinement of I and II3 in the sense that all ¢;
and ¢; from II7 and II5 belong to II*, it follows from

IS(f o 7)) =S(f, e 15)| < [S(f, o 7)) =S(f, o 1) [4+[S(f, o 1) =S (f, e 113 |

that it suffices to show that |S(f, a;IIT) — S(f, o; II5)| can be made small for
II; a refinement of II;. Let e > 0 and choose § > 0 such that |f(¢) — f(s)| < e
whenever [t —s| < ¢ (possible by uniform continuity of f). Assume that p(Il;) <
d, then also pu(Ilz) < 0. Consider first two extended partitions of IIy, II7 and
IT}, the latter with intermediate points 7/. Then

[S(f, s T07) = S(f, a5 1T < Z [f (i) = FE)] |a(ts) — o(ti-a)]

<eViyIh) <eVi(a).

In the next step we assume that Ily is obtained from II; by adding one point,
namely 7; for some 7; from the extended partition IIj. Further we assume that
IT5 contains all the intermediate points 7; from II}, whereas we also take the
intermediate points from the intervals [t;_1, 7;] and [7;,t;] both equal to 7;. It
follows that S(f, a;1I7) = S(f, o;I13). A combination of the two steps finishes
the proof. The triangle inequality for the integrals holds almost trivially. O

Proposition C.6 Let f,« : [a,b] — R, be continuous and of bounded variation.
Then the following integration by parts formula holds.

/fda+/adf — F(B)a() — fla)a(a).

Proof. Choose points t, < --- < t, in [a,b] and 7; € [t;—1,t], i =1,...,n, to
which we add 79 = a and 7,51 = b. By Abel’s summation formula, we have

n

D) (alt) —alti) =

i=1
n+1
F®)a(b) = fla)a(a) = alti) (f(7) = f(7io1)-
i=1
The result follows by application of Proposition O

This proposition can be used to define [ adf for functions a of bounded vari-
ation and continuous functions f, simply by putting

[ adri= 10a) - fl@ata) - [ fda.
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Next we give an example that illustrates that the continuity assumption on f
in Proposition cannot be omitted in general.

Example C.7 Let a : [~1,1] — R be given by «a(t) = 1j0,1)(t). Let f :
[-1,1] — R be discontinuous at zero, for instance f = «; note that f and
a share a point of discontinuity. Let IT be a partition of [—1,1] whose elements
are numbered in such a way that t,,—1 <0 < t,,, let 7 = 7, € [t—1,tm]. Then
S(f,a;I1*) = f(7), and this doesn’t converge for 7 — 0.

In the annoying case of the above example, the Stieltjes integral is not defined.
By adjusting the concept of Stieltjes integral into the direction of a Lebesgue
integral, we obtain that also in this case the integral is well defined.

It follows from Proposition that o admits finite left and right limits at
all ¢ in [a,b]. By a4 we denote the function given by ai(t) = lim, ), a(u)
for t € [a,b) and a;(b) = «(b). Note that a, is right-continuous. Let
i = fiq be the signed measure on ([a,b],B([a,b])) that is uniquely defined by
w((s,t]) = ag(t) — aq(s) for all @ < s < t < b. For measurable f one can
consider the Lebesgue integral [ f dp,. We now present a result relating Stielt-
jes and Lebesgue integrals. The proposition below gives an example of such a
connection, but can be substantially generalized.

Proposition C.8 Let f,«a : [a,b] — R, f continuous and « of bounded varia-
tion. Then the Lebesgue integral [ fdu, and the Stieltjes integral [ fda are

equal, [ fdus = [ fda.

Proof. Exercise O

For ;1 = pio as above, we call the integral [ fda, defined as [ fdpa, the
Lebesgue-Stieltjes integral of f w.r.t. a. Consider again Example [C.7] Now
the Lebesgue-Stieltjes integral [ ada is well defined and [ ada = 1.

C.2 Integration w.r.t. increasing processes

This section contains results on the measurability properties of integrals of the
type f(O,t] &5 dAg, appearing for instance in . Note that in that equation
the expectation of this integral is taken, which can only be done if the integral
is a true random variable.

The martingale ¢ is adapted and right-continuous, so ¢ is a progressive pro-
cess and therefore also a measurable process. If the increasing process in
is deterministic (not depending on w € Q, then the integral is indeed a random
variable, as this follows from the usual Fubini theorem. But if A is a random
(increasing) process, this theorem cannot be applied. Fortunately, there exists
a generalized version of this theorem, Theorem 5.6 in the MTP lecture notes
that takes care of this. Here we avoid this generalized theorem and rely on the
ordinary Fubini theorem, by application of a (random) time change.

For the time being A : [0,00) — [0,00) is a right-continuous non-decreasing
function. Define B~ (y) = inf{z : A(x) > y} = sup{z : A(z) < y}. Note that it
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may happen that B~ assumes the value infinity, so B~ : [0,00) — [0, 00]. Then
B~ is like a quantile function (in the case where A is a distribution function),
left-continuous, and, for ¢,y > 0,

B~ (y) < ciff y < A(c).
So,
{y:A(a) <y <AW®)} ={y:a < B (y) <b}.

Let X : [0,00) — R be Lebesgue measurable. Consider the integral (assumed
to be well defined), with A the Lebesgue measure,

/[0 )1{B—<s)<oo}X(B*(8))A(d8),

and note the indicator, needed since X is defined on [0,00) only. According
to the transformation formula (Equation (4.10) in MTP lecture notes), we can
rewrite this as

X d B
[0,00)

)

where AP (E) = A\(B~ € E). We proceed to identify the measure \Z .

Take E = (a, b], then we get A2 (a,b] = A({y : @ < B~ (y) < b}), which then
equals M{y : A(a) <y < A(b)}) = A(b) — A(a), where we interpret Stieltjes
integrals with respect to A as Lebesgue-Stieltjes integrals w.r.t. to the associated
measure, AZ in this case, see Section Hence

Xd B = X dA.
[0,00) [0,00)

The conclusion is that

/[0 ) ]-{B—(s)<oo}X(B_(5)) ds = o )XdA (C].2)

As an alternative to the function B~, one can define B*(y) = inf{z : A(z) >
y} = sup{z : A(x) < y}. Exercise shows how to arrive at an alternative to
(C.12) when using the function B*.

From here on we return to the setting of filtered probability space (2, F, F, P)
and we assume that A is an adapted right-continuous process with increasing
paths. And let B~, BT now denote the random counterparts of the B—, BT
above. So B~ (s) = inf{t : A(t) > s} and BT (s) = inf{t : A(t) > s}. Then
{B~(s) <t} ={s < A(t)}, which is in F; because A is adapted. Also {B(s) <
t} ={s < A(t)} € Fi. So B~ (s) a stopping time, and BT (s) is an F*-stopping
time. Note also that the mapping (s,w) — B~ (s,w) is jointly measurable.

The desired conclusion is that and are still valid, when inter-
preted as a pathwise integral in time for every w fixed for a measurable process
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X, so the mapping (t,w) — X (t,w) is jointly measurable. For this conclusion
to hold true, we need at least that for every w the mapping ¢t — X (B~ (t,w),w)
is Borel-measurable. This will be shown now, actually we will show a stronger
property.

We want that (s,w) = 1{p-(sw)<oo} X (B~ (s,w),w) is a (jointly) measur-
able mapping, in which case the ordinary Fubini theorem tells us that w —
f[O,oo) 1B (s,w)<oc} X (B™(8,w),w) ds is F-measurable. The argument we use
is much like the one in the proof of Proposition m The mapping (s,w) —
o(s,w) := (w, B~ (s,w)) is easily seen to be measurable, and the mapping w
1B (s0)<o0} X (B7(5,w),w) = 1{B(sw)<cc} X (¢(5,w),w) is F-measurable as
a composition of measurable mappings.

By similar arguments, one shows that f (0.4] X dA is Fi-measurable for pro-
gressive processes X, once the integral is well defined. The latter is certainly
the case when X is also bounded, which is the relevant situation in Section [2.3

C.3 Exercises

C.1 Prove Proposition [C1]

C.2 As an alternative to the function B~ in Section we define BT (y) =
inf{z : A(z) > y} = sup{x : A(z) < y}. Then BT > B~, and B™ is right-
continuous.

(a) Show that

Bt (y) <ciff y < A(e—) == hern A(d).
and Bt (z—) = B(z) and B(z+) = BT (z) for all z > 0.
(b) Show that the set where B and BT differ is at most countable and that it
follows from (C.12)) that also

/[O )1{B+(s)<oo}X(B+(S))dS= o )XdA. (C.13)

(c) Define the measure AB" by ABT = A(BT € E). Show that )\B+[a,b) =
A{y : a < B (y) < b}) = A(b—) — A(a—). Show also that AB" (a,b] =

A(b)—A(a) and hence AB" = AB, which also explains (C.13)) by application
of the integral transformation formula.

D Dunford-Pettis criterion

In this section we present a proof of one of the two implications in the Dunford-
Pettis characterization of uniform integrability, Lemma[2.15 Indeed, it concerns
the implication that was needed in the proof of the Doob-Meyer decomposition.
We formulate it as Proposition [D.2] below. First some additional terminology.
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Suppose that X is a Banach space. By X™* we denote the space of all
continuous linear functionals on X, it is called the dual space of X. On says
that a sequence (z,) C X converges weakly to v € X if Tx,, — Tz, as n — 00,
for all T' € X*. The corresponding topology on X is called the weak topology,
and one speaks of weakly open, weakly closed and weakly compact sets etc. This
topology is defined by neighborhoods of 0 € X of the form {z € X : |T;z| <
e, i=1,...,n}, with the T; € X*, e >0 and n € N.

It is known that if X = LP(S, X, u), its dual space X* can be identified with
L4(S,3, 1) (and we simply write X* = L9(S, X, u)), where ¢ = p/(p — 1) for
p > 1. In particular we have X* = X, when X = L?(S,%, ), which is the
Riesz-Fréchet theorem. First we present a lemma, which is a special case of
Alaoglu’s theorem.

Lemma D.1 The weak closure of the unit ball B = {x € X : ||z|]2 < 1} in
X = L*(S,%, u) is weakly compact.

Proof. The set B can be considered as a subset of [—1, +1]%, since every z € X
can be seen as a linear functional on X. Moreover, we can view the weak
topology on X as induced by the product topology on [—1,+1]%, if [-1,+1]
is endowed with the ordinary topology. By Tychonov’s theorem, [—1,+1]% is
compact in the product topology, and so is the weak closure of B as a closed
subset of [—1,+1]¥. O

We now switch to a probability space (Q,F,P). From the definition of weak
topology on L'(2, F,P) we deduce that a set U C L'(Q, F,P) is weakly se-
quentially compact, if every sequence in it has a subsequence with weak limit in
U. Stated otherwise, U is weakly sequentially compact in L'(Q, F,P), if every
sequence (X,) C U has a subsequence (X,,) such that there exists X € U
with EX,,Y — EXY, for all bounded random variables Y. This follows
since for X = L' its dual space X* = L*(Q, F,P). We also say that a set
U C LY(Q, F,P) is relatively sequentially compact if every sequence in U has a
subsequence with weak limit in L!(€2, F,P) (not necessarily in U itself). This
notion is equivalent to saying that the closure of U is weakly sequentially com-
pact. We now formulate one half of the Dunford-Pettis criterion for uniform
integrability.

Proposition D.2 Let (X,,) be a uniformly integrable sequence of random vari-
ables on (Q, F,P). Then (X,,) is relatively weakly sequentially compact.

Proof. Let k > 0 be an integer and put X% = Xnlygx,|<ky- Then for fixed
k the sequence (XF) is bounded and thus also bounded in L?(Q, F,P). By
Lemma it has a subsequence (X :k) that converges weakly in L? to a limit

Xk, We can even say more, there exists a sequence (n;) C N such that for
all k£ the sequence (X,’jj) converges weakly to X*. To see this, we argue as in
the proof of Helly’s theorem and utilize a diagonalization argument. Let k =1
and find the convergent subsequence (X}L]l.)~ Consider then (X?l;) and find the
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convergent subsequence (Xflg_). Note that also (Xiz_) is convergent. Continue
J J .
with (X3,) etc. Finally, the subsequence in N that does the job for all k is (n}),
J

for which we write (n;).

Observe that (Xffj - Xflj) has X* — X! as its weak limit in L2, but then
this is also the weak limit in L', since every bounded random variable Y is
square integrable. Hence we have E(X}; — X}, )Y — E(X* — X")Y for every
bounded Y. Take Y = sgn(X* — X'). Since with this choice for Y we have
E(X,’ji —X,llj)Y < ]E|X7’§7, —Xij |, we obtain lim inf E\X,’jj —X,ll]_| > E|XF - X1

Write E‘Xﬁ] — Xfl]| = E|an (1{|an [>1} — 1{|an |>k})|- By uniform integra-
bility this tends to zero for k,l — oo, uniformly in the n;. It then follows that
E|X* — X! — 0 as k,I — oo, in other words, (X*) is Cauchy in L' and thus
has a limit X. We will now show that this X is the one we are after.

We have to show that E(X,, — X)Y — 0 for arbitrary bounded Y. Write

E(Xy, = X)Y =EX,, 1qx, |k + E(X) — XM)Y +E(X* - X)Y.

The first of the three terms can be made arbitrary small by choosing k big
enough, uniformly in the n;, by uniform integrability. The second term tends
to zero for n; — oo by the weak convergence in L' of the Xﬁj to X%, whereas the
third term can be made arbitrary small for large enough k by the L'-convergence
of X* to X. O

E Banach-Steinhaus theorem

Let S be a topological space. Recall that a subset of S is called nowhere dense
(in S), if its closure has an empty interior. If E C S, then E denotes its closure
and intF its interior.

Definition E.1 A subset of S is said to be of the first category (in \S), if it is
a countable union of nowhere dense sets. If a set is not of the first category, it
is said to be of the second category.

The following theorem is known as Baire’s category theorem.

Theorem E.2 If S is a complete metric space, then the intersection of any
countable collection of dense open sets is dense.

Proof. Let E1, FE5,... be dense open sets and D = ﬂzozl FE,. Let By be an
arbitrary non-empty open set. We will show that DN By # 0. Select recursively
open balls B,, with radius at most % such that B,, C E,, N B,_1. This can
be done since the FE,, are dense subsets. Let ¢, be the center of B,,. Since
B, C B,_1 and the radii converge to zero, the sequence (¢,) is Cauchy. By
completeness the sequence has a limit ¢ and then ¢ € ﬂff:l B, C D. Since
trivially ¢ € By, we have D N By # (. O
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Remark E.3 Baire’s theorem also holds true for a topological space S that is
locally compact. The proof is almost the same.

Corollary E.4 A metric space S is of the second category (in itself).

Proof. Let Ey, Es, ... be open nowhere dense subsets. Let O, =S \ E,,, an open
set. Then O, D S\ intE, = S, hence O, is dense. It follows from Theorem [E.2
that (), On # 0, so J,, O, # S. But then |J,, E,, can’t be equal to S either. [

Let X and Y be Banach spaces and L a bounded linear operator from X into
Y. Recall that boundedness is equivalent to continuity. The operator norm of
L is defined by

[|L|| = sup{||Lz|| : x € X and ||z|| = 1}.

Note that we use the same symbol ||-|| for different norms. The following theorem
is known as the principle of uniform boundedness, or as the Banach-Steinhaus
theorem. Other, equivalent, formulations can be found in the literature.

Theorem E.5 Let X and Y be Banach spaces and L be a family of bounded
linear operators from X into Y. Suppose that for all x € X the set {||Lz|| : L €
L} is bounded. Then the set {||L|| : L € L} is bounded as well.

Proof. Let € > 0 be given and let X,, = {& € X : sup{||Lz|| : L € L} < ne}.
Since every L is continuous as well as || - ||, the set X,, is closed. In view
of the assumption, we have X = (J,, X,,. Since X is of the second category
(Corollary , it follows that some X,,, must have nonempty interior. Hence
there is xg € X,,, and some ¢ > 0 such that the closure of the ball B = B(z, 0)
belongs to X,,,. For every € B, we then have ||Lz|| < noe for every L € L.
Let B’ = B — xy. Then B’ is a neighborhood of zero and every y € B’ can be
written as y = x — x for some x € B. This yields ||Ly|| < 2nge, valid for every
L € L. Let now v € X be an arbitrary vector with norm one. Then we apply
the above to y := v and obtain from this

2’)1(]5
Lv|| < ,
Lol < =

valid for all L € £ and v with ||v|| = 1. But then sup; . sup,,
which is what we wanted to show.

=1 [ Lv]] < oo,

[lv

F The Radon-Nikodym theorem for absolutely
continuous probability measures

Let us first state the Radon-Nikodym theorem in the version we need it.

Theorem F.1 Consider a measurable space (£}, F) on which are defined two
probability measures Q and P. Assume Q <« P. Then there exists a P-a.s.
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unique random variable Z with P(Z > 0) = 1 and EZ = 1 such that for all
F ¢ F one has

Q(F) =E1pZ. (F.14)

Proof. Let P = 3(P+ Q) and consider T : L*(Q, F, P) — R defined by TX =
EgX. Then
ITX| < Eg|X]
< 2E; | X|
< 2(E; X%)1/2.
Hence T is a continuous linear functional on £2(£2,F, I@’), and by the Riesz-

Fréchet theorem there exist Y € L2(Q, F, I@)) such that EgX = 2E; XY =
EqoXY +EXY. Hence we have

EgX(1—Y)=EXY, (F.15)

for all X € L2(Q,F, I@’) To find a convenient property of Y, we make two
judicious choices for X in (F.15).
First we take X = 1;y>1y. We then get

0>Eqliy>13(1-Y)=Elyy> Y > P(Y > 1),

and hence P(Y > 1) = 0. By absolute continuity also Q(Y > 1) = 0.
Second, we choose X = 11y oy and get, note that X (1 —-Y) >0,

0< E@l{y<0}(l — Y) = El{y<o}y <0,

and hence P(Y < 0) =0 and Q(Y < 0) = 0. We conclude that Q(Y € [0,1)) =
P(Y €0,1)) = 1.

We now claim that the random variable Z in the assertion of the theorem is
given by

Y
Z = ﬁl[@@) (Y)

Note that Z takes its values in [0,00). Write Z = lim, Z,, with Z, = Y S,,
where S, = 1(0.1)(Y) Y72y Y and note that 0 < S, Z, < n. Let F € F. We
apply (F.15) with X = 175, to obtain, using (1 —Y)S, = 1j0,1)(Y)(1 - Y™),

Monotone convergence giVGS
Eqlplp (YY) =E1pZ. (F.16)

As Q(Y € [0,1)) = 1 one has Q(F) = Q(F N{Y € [0,1)}) = Eqlrlp,1)(Y),
and (F.14) follows from ([F.16]). Moreover, as P is a probability measure, we get
with F' = Q that EZ = 1.
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The final issue to address is the P-a.s. uniqueness of Z. Suppose Z’ is
another random variable satisfying the assertion of the theorem. Then
is also valid for any F' € F with Z replaced with Z’. Take F' = {Z > Z'}. By
subtraction one obtains El{zsz4(Z — Z’) = 0 and hence P(Z < Z') = 1. By
swapping the roles of Z and Z’, one concludes P(Z = Z’) = 1, which finishes
the proof. O
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