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1 Stochastic processes and stopping times

In this section we review some fundamental facts from the general theory of
stochastic processes in continuous time.

1.1 Basics of general theory in continuous time

Let (Ω,F ,P) be a probability space. We will use a set of time instants I. When
this set is not specified, it will be [0,∞), occasionally [0,∞], or N. Let (E, E)
another measurable space. If the set E is endowed with a metric, the Borel σ-
algebra that is generated by this metric will be denoted by B(E) or BE. Mostly
E will be R or Rd and E the ordinary Borel σ-algebra on it.

Definition 1.1 A random element of E is a map from Ω into E that is F/E-
measurable. A stochastic process X with time set I is a collection {Xt, t ∈ I}
of random elements of E. For each ω the map t 7→ Xt(ω) is called a (sample)
path, trajectory or realization of X.

Since we will mainly encounter processes where I = [0,∞), we will discuss
processes whose paths are continuous, or right-continuous, or càdlàg. The latter
means that all paths are right-continuous functions with finite left limits at each
t > 0. We will also encounter processes that satisfy these properties almost
surely.

Often we have to specify in which sense two (stochastic) processes are the
same. The following concepts are used.

Definition 1.2 Two real valued or Rd valued processes X and Y are called
indistinguishable if the set {Xt = Yt,∀t ∈ I} contains a set of probability one
(hence the paths of indistinguishable processes are a.s. equal). They are called
modifications of each other if P(Xt = Yt) = 1, for all t ∈ I. The processes
are said to have the same finite dimensional distributions if for any n-tuple
(t1, . . . , tn) with the ti ∈ I the laws of the random vectors (Xt1 , . . . , Xtn) and
(Yt1 , . . . , Ytn) coincide.

Clearly, the first of these three concepts is the strongest, the last the weakest.
Whereas the first two definitions only make sense for processes defined on the
same probability space, for the last one this is not necessary.

Example 1.3 Let T be a nonnegative real random variable with a continuous
distribution. Let X = 0 and Y be defined by Yt(ω) = 1t=T (ω), t ∈ [0,∞). Then
X is a modification of Y , whereas P(Xt = Yt,∀t ≥ 0) = 0.

Proposition 1.4 Let Y be a modification of X and assume that all paths of
X and Y are right-continuous. Then X and Y are indistinguishable.

Proof. Right-continuity allows us to write {Xt = Yt,∀t ≥ 0} = {Xt = Yt,∀t ∈
[0,∞) ∩ Q}. Since Y is a modification of X, the last set (is measurable and)
has probability one.
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Throughout the course we will need various measurability properties of stochas-
tic processes. Viewing a process X as a map from [0,∞) × Ω into E, we call
this process measurable if X−1(A) belongs to B[0,∞)×F for all A ∈ B(E).

Definition 1.5 A filtration F = {Ft, t ≥ 0} is a collection of sub-σ-algebras
of F such that Fs ⊂ Ft for all s ≤ t. We put F∞ = σ(Ft, t ≥ 0). Given a
stochastic process X we denote by FX

t the smallest σ-algebra for which all Xs,
with s ≤ t, are measurable and FX = {FX

t , t ≥ 0}.
Given a filtration F for t ≥ 0 the σ-algebras Ft+ and Ft− for t > 0 are

defined as follows. Ft+ =
⋂

h>0 Ft+h and Ft− = σ(Ft−h, h > 0). We will
call a filtration F right-continuous if Ft = Ft+ for all t ≥ 0, left-continuous if
Ft = Ft− for all t > 0 and continuous if it is both left- and right-continuous. A
filtration is said to satisfy the usual conditions if it is right-continuous and if F0

contains all F-null sets. We use the notation F+ for the filtration {Ft+, t ≥ 0}.

Definition 1.6 Given a filtration F a process X is called F-adapted, adapted to
F, or simply adapted, if for all t ≥ 0 the random variable Xt is Ft-measurable.
Clearly, any process X is adapted to FX .

A process X is called progressive or progressively measurable, if for all t ≥ 0
the map (s, ω) 7→ Xs(ω) from [0, t] × Ω into R is B[0, t] ⊗ Ft-measurable. A
progressive process is always adapted (Exercise 1.10) and measurable.

Proposition 1.7 Let X be a process that is (left-) or right-continuous. Then
it is measurable. Such a process is progressive if it is adapted.

Proof. We will prove the latter assertion only, the first one can be established by
a similar argument. Assume that X is right-continuous and fix t > 0 (the proof
for a left-continuous process is analogous). Then, since X is right-continuous,
X is on [0, t] the pointwise limit of the Xn defined as

Xn = X01{0}(·) +
2n∑
k=1

1((k−1)2−nt,k2−nt](·)Xk2−nt.

It is easy to see that all Xn are B[0, t] × Ft-measurable, and so is their limit
X.

1.2 Stopping times

Definition 1.8 A map T : Ω → [0,∞] is a called a random time, if T is a
random variable. T is called a stopping time (w.r.t. the filtration F, or an
F-stopping time) if for all t ≥ 0 the set {T ≤ t} ∈ Ft.

If T < ∞, then T is called finite and if P(T < ∞) = 1 it is called a.s. finite.
Likewise we say that T is bounded if there is a K ∈ [0,∞) such that T (ω) ≤ K
for all ω, and that T is a.s. bounded if there is a K with P(T ≤ K) = 1. For a
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random time T and a process X one defines on the (measurable) set {T < ∞}
the function XT by

XT (ω) = XT (ω)(ω).

If next to the process X we also have a random variable X∞, then XT is defined
on the whole set Ω.

The set of stopping times is closed under many operations.

Proposition 1.9 Let S, T, T1, T2, . . . be stopping times. Then all random vari-
ables S ∨ T , S ∧ T , S + T , supn Tn are stopping times. The random variable
infn Tn is an F+-stopping time. If a > 0, then T + a is a stopping time as well.

Proof. Exercise 1.5.

Suppose that E is endowed with a metric d and that the E is the Borel
σ-algebra on E. Let D ⊂ E and X a process with values in E. The hitting time
HD is defined as HD = inf{t ≥ 0 : Xt ∈ D}. Hitting times are stopping times
under extra conditions.

Proposition 1.10 Let X be an F-adapted process. If G is an open set and X
right-continuous, then HG is an F+-stopping time. Let F be a closed set and X
a càdlàg process. Define H̃F = inf{t ≥ 0 : Xt ∈ F or Xt− ∈ F}, then H̃F is an
F-stopping time. If X is a continuous process, then HF is an F-stopping time.

Proof. Notice first that {HG < t} = ∪s<t{Xs ∈ G}. Since G is open and
X is right-continuous, we may replace the latter union with ∪s<t,s∈Q{Xs ∈
G}. Hence {HG < t} ∈ Ft and thus HG is an F+-stopping time in view of
Exercise 1.4.

Since F is closed it is the intersection ∩∞
n=1F

n of the open sets Fn = {x ∈
E : d(x, F ) < 1

n}. The event {H̃F ≤ t} can be written as the union of {Xt ∈ F},
{Xt− ∈ F} and ∩n≥1 ∪s<t,s∈Q {Xs ∈ Fn} by an argument similar to the one
we used above. The result follows.

Definition 1.11 For a stopping time T we define FT as the collection {F ∈
F∞ : F ∩ {T ≤ t} ∈ Ft,∀t ≥ 0}. Since a constant random variable T ≡ t0 is
a stopping time, one has for this stopping time FT = Ft0 . In this sense the
notation FT is unambiguous. Similarly, we have FT+ = {F ∈ F∞ : F ∩ {T ≤
t} ∈ Ft+,∀t ≥ 0}.

In the definition of FT one may replace F∞ by F . This leads to the same
σ-algebra FT .

Proposition 1.12 Let S and T be stopping times.
(i) For all A ∈ FS it holds that A∩{S ≤ T} ∈ FT , and if X is FS-measurable,

then 1{S≤T}X is FT -measurable. In particular, if S ≤ T , then FS ⊂ FT .

(ii) FS ∩ FT = FS∧T and {S ≤ T} ∈ FS ∩ FT .

3



Proof. (i) Write A∩{S ≤ T}∩{T ≤ t} as A∩{S ≤ t}∩{S∧t ≤ T ∧t}∩{T ≤ t}.
The intersection of the first two sets belongs to Ft if A ∈ FS , the fourth one
obviously too. That the third set belongs to Ft is left as Exercise 1.6. The
statement concerning X follows.

(ii) It follows from the first assertion that FS∩FT ⊃ FS∧T . Let A ∈ FS∩FT .
Then A ∩ {S ∧ T ≤ t} = (A ∩ {S ≤ t}) ∪ (A ∩ {T ≤ t}), and this obviously
belongs to Ft. From the previous assertions it follows that {S ≤ T} ∈ FT . But
then we also have {S > T} ∈ FT and by symmetry {S < T} ∈ FS . Likewise
we have for every n ∈ N that {S < T + 1

n} ∈ FS . Taking intersections, we get
{S ≤ T} ∈ FS .

For a stopping time T and a stochastic process X we define the stopped process
XT by XT

t = XT∧t, for t ≥ 0.

Proposition 1.13 Let T be a stopping time, X a progressive process. Then
Y := XT1T<∞ is FT -measurable and the stopped process XT is progressive
too.

Proof. First we show that XT is progressive. Let t > 0. The map ϕ : ([0, t] ×
Ω,B[0, t]×Ft) → ([0, t]×Ω,B[0, t]×Ft) defined by ϕ : (s, ω) → (T (ω)∧ s, ω) is
measurable and so is the composition (s, ω) 7→ X(ϕ(s, ω)) = XT (ω)∧s(ω), which
shows that XT is progressive. Fubini’s theorem then says that the section map
ω 7→ XT (ω)∧t(ω) is Ft-measurable.

To show that Y is FT -measurable we have to show that {Y ∈ B} ∩ {T ≤
t} = {XT∧t ∈ B} ∩ {T ≤ t} ∈ Ft. This has by now become obvious.

1.3 Exercises

1.1 Let X be a measurable process on [0,∞). Then the maps t 7→ Xt(ω) are
Borel-measurable. If E|Xt| < ∞ for all t, then also t 7→ EXt is measurable

and if
∫ T

0
E|Xt|dt <∞, then

∫ T

0
EXt dt = E

∫ T

0
Xt dt. Prove these statements.

Show also that the process
∫ ·
0
Xs ds is progressive if X is progressive.

1.2 Let X be a càdlàg adapted process and A the event that X is continuous
on an interval [0, t). Then A ∈ Ft.

1.3 Let X be a measurable process and T a random time. Then XT1T<∞ is a
random variable.

1.4 A random time T is an F+-stopping time iff for all t > 0 one has {T < t} ∈
Ft.

1.5 Prove Proposition 1.9.

1.6 Let S, T be stopping times bounded by a constant t0. Then σ(S) ⊂ Ft0 and
{S ≤ T} ∈ Ft0 .

1.7 Let T be a stopping time and S a random time such that S ≥ T . If S is
FT -measurable, then S is a stopping time too.
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1.8 Let X1, X2, X3 be iid random variables, defined on the same probability
space, with expectation zero. Let G = σ(X1 + X2), H = σ(X2 + X3) and
X = X1 +X2 +X3.

(a) Show that XHG := E[E[X|H]|G] = 1
2 (X1+X2) and E[E[X|G]|H] = 1

2 (X2+
X3). (Taking conditional expectation w.r.t. G and H does not commute).

(b) What happens eventually to iterated conditional expectations XHGH =
E[XHG|H], XHGHG = E[XHGH |G], etc.?

1.9 Let S and T be stopping times such that S ≤ T and even S < T on the set
{S <∞}. Then FS+ ⊂ FT .

1.10 Show that a progressive process is adapted and measurable.

1.11 Show that F+ is a right-continuous filtration.

1.12 Show that FX is a left-continuous filtration if X is a left-continuous pro-
cess.

1.13 LetX be a process that is adapted to a filtration F. Let Y be a modification
of X. Show that also Y is adapted to F if F satisfies the usual conditions.

1.14 Show that Proposition 1.13 can be refined as follows. Under the stated
assumptions the process XT is even progressive w.r.t. the filtration {Ft∧T : t ≥
0}.

1.15 Consider F := R[0,∞) and let B be the Borel σ-algebra on R. Define, for
each t ≥ 0, πt : F → R by πtf = f(t), and let Π = {πt, t ≥ 0}. As the σ-algebra
on F we take Σ = σ(Π). Consider also, on a measurable space (Ω,F), a mapping
X : Ω → F and let Xt = πt ◦X : Ω → R. Show that X is F/Σ-measurable iff
Xt is F/B-measurable for all t ≥ 0.
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2 Martingales in continuous time

In this section we review some properties of martingales and supermartingales.
Throughout the section we work with a fixed probability space (Ω,F ,P) and
a filtration F. Familiarity with the theory of martingales in discrete time is
assumed.

2.1 Generalities

We start with the definition of martingales, submartingales and supermartin-
gales in continuous time.

Definition 2.1 A real-valued process X is called a supermartingale, if it is
adapted, if all Xt are integrable and E[Xt|Fs] ≤ Xs a.s. for all t ≥ s. If −X is a
supermartingale, we call X a submartingale and X will be called a martingale
if it is both a submartingale and a supermartingale.

The number of upcrossings of a stochastic process X over an interval [a, b] when
time runs through a finite set F is denoted by U([a, b];F ). Then we define
the number of upcrossings over the interval [a, b] when time runs through a set
I by U([a, b]; I) := sup{U([a, b];F ) : F ⊂ I, F finite}. Note that U([a, b]; I)
is Ft-measurable if X is adapted and I ⊂ [0, t] is countable. If I is uncount-
able, I = [0, t] say, but we also know that X has right-continuous paths, then
U([a, b]; I) is still Ft-measurable as the paths of X are determined by their
values at the countably many rational time points. Fundamental properties of
(sub)martingales are collected in the following proposition.

Proposition 2.2 Let X be a submartingale with right-continuous paths. Then
(i) For all λ > 0 and 0 ≤ s ≤ t one has Doob’s supremal inequality

λP( sup
s≤u≤t

Xu ≥ λ) ≤ EX+
t (2.1)

and

λP( inf
s≤u≤t

Xu ≤ −λ) ≤ EX+
t − EXs. (2.2)

(ii) If X is a nonnegative submartingale and p > 1, then one has Doob’s Lp

inequality

|| sup
s≤u≤t

Xu||p ≤ p

p− 1
||Xt||p, (2.3)

where for random variables ξ we put ||ξ||p = (E|ξ|p)1/p. In particular, if
M is a right-continuous martingale with EM2

t <∞ for all t > 0, then

E( sup
s≤u≤t

M2
u) ≤ 4EM2

t . (2.4)
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(iii) For the number of upcrossings U([a, b]; [s, t]) it holds that

EU([a, b]; [s, t]) ≤ EX+
t + |a|
b− a

.

(iv) Almost every path of X is bounded on compact intervals and has no
discontinuities of the second kind (left limits exist a.s. at all t > 0). For
almost each path the set of points at which this path is discontinuous is
at most countable.

Proof. The proofs of these results are essentially the same as in the discrete
time case. The basic argument to justify this claim is to consider X restricted
to a finite set F in the interval [s, t]. With X restricted to such a set, the above
inequalities in (i) and (ii) are valid as we know them from discrete time theory.
Take then a sequence of such F , whose union is a dense subset of [s, t], then
the inequalities keep on being valid. By right-continuity of X we can extend
the validity of the inequalities to the whole interval [s, t]. The same reasoning
applies to (iii).

For (iv) we argue as follows. Combining the inequalities in (i), we see that
P(sups≤u≤t |Xu| = ∞) = 0, hence almost all sample paths are bounded on
intervals [s, t]. We have to show that almost all paths of X admit left lim-
its everywhere. This follows as soon as we can show that for all n the set
{lim infs↑tXs < lim sups↑tXs, for some t ∈ [0, n]} has zero probability. This set
is contained in ∪a,b∈Q{U([a, b], [0, n]) = ∞}. But by (iii) this set has zero prob-
ability. It is a fact from analysis that the set of discontinuities of the first kind
of a function is at most countable, which yields the last assertion.

The last assertion of this proposition describes a regularity property of the
sample paths of a right-continuous submartingale. The next theorem gives a
sufficient condition that justifies the fact that we mostly restrict our attention
to càdlàg submartingales. This condition is trivially satisfied for martingales.
Necessity of the condition is the subject of Exercise 2.16.

Theorem 2.3 Let X be a submartingale and let the filtration F satisfy the
usual conditions. Suppose that the function t 7→ EXt is right-continuous on
[0,∞). Then there exists a modification Y of X that has càdlàg paths and that
is also a submartingale w.r.t. F.

To prepare for the proof of this theorem we present two lemmas.

Lemma 2.4 Let (Gn) be a decreasing sequence of σ-algebras and let (Yn) be
a backward submartingale, i.e. a sequence of integrable random variables such
that each Yn is a Gn-measurable and such that

E[Ym|Gn] ≥ Yn,∀n ≥ m.

If the sequence of expectations EYn is bounded from below, then the collection
{Yn, n ≥ 1} is uniformly integrable.
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Proof. Consider the chain of (in)equalities (with n ≥ m)

E1|Yn|>λ|Yn| = E1Yn>λYn − E1Yn<−λYn

= −EYn + E1Yn>λYn + E1Yn≥−λYn

≤ −EYn + E1Yn>λYm + E1Yn≥−λYm

≤ −EYn + EYm + E1|Yn|>λ|Ym|. (2.5)

Since the sequence of expectations (EYn) has a limit and hence is Cauchy, we
choose for given ε > 0 the integer m such that for all n > m we have −EYn +
EYm < ε. By the conditional version of Jensen’s inequality we have EY +

n ≤
EY +

1 . Since EYn ≥ l for some finite l, we can conclude that E|Yn| = 2EY +
n −

EYn ≤ 2EY +
1 − l. This implies that P(|Yn| > λ) ≤ 2EY +

1 −l
λ . Hence we can make

the expression in (2.5) arbitrarily small for all n big enough and we can do this
uniformly in n (fill in the details).

Lemma 2.5 Let X be a submartingale relative to a filtration F.
(i) There exists an event Ω̃ ∈ F with P(Ω̃) = 1 such that for every ω ∈ Ω the

following limits exist,

Xt+(ω) := lim
s↓t,s∈Q

Xs(ω), t ≥ 0 (2.6)

Xt−(ω) := lim
s↑t,s∈Q

Xs(ω), t > 0. (2.7)

(ii) With Xt+(ω) and Xt−(ω) for ω ∈ Ω̃ as above, and arbitrary for ω /∈ Ω̃,
for instance zero, we have everywhere defined random variables Xt+, Xt−.
These limit random variables extend the submartingale property of X in
the following sense.

E[Xt+|Ft] ≥ Xt a.s., t ≥ 0,

E[Xt|Ft−] ≥ Xt− a.s., t > 0.

(iii) The process {Xt+, t ≥ 0} is a submartingale relative to the filtration
F+ = {Ft+, t ≥ 0} with a.s. càdlàg paths.

Proof. (i) Recall the upcrossings numbers U([a, b]; I) with a < b. Here we need
U([a, b]; [0, n] ∩ Q) and the particular values U([a, b]; [0, n] ∩ Q)(ω) for integers
n. Fix t ≥ 0 and let n > t + 1, so t ∈ [0, n), and even t ∈ (0, n) if t > 0.
Consider the sets An

a,b = {ω ∈ Ω : U([a, b]; [0, n] ∩ Q)(ω) = ∞}. If the limits
in (2.6) and (2.7) don’t exist, then for some a < b, which we can take rational,
it holds that ω ∈ An

a,b. But each An
a,b has probability zero (see the proof of

Proposition 2.2(iv)), as does their union An =
⋃

a,b∈QA
n
a,b. The conclusion is

that the limits in (2.6) and (2.7) exist on an appropriate set Ω̃.
(ii) We proceed with the extended submartingale property. Let (tn) be a

sequence of rational numbers in (t,∞), monotonically decreasing to t ≥ 0. Then
{Xtn , n ≥ 1} is a backward submartingale relative to the filtration {Ftn , n ≥ 1},
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and the sequence (EXtn) is decreasing and bounded from below by EXt. It
follows from Lemma 2.4 that the sequence (EXtn) is uniformly integrable. The
submartingale property of X gives EXt1E ≤ EXtn1E for all E ∈ Ft and all
n ≥ 1. Thanks to the just established uniform integrability and Xtn → Xt+

a.s., we also have the L1-convergence E|Xtn − Xt+| → 0 and therefore also
EXtn1E → EXt+1E , hence EXt1E ≤ EXt+1E . As E ∈ Ft is arbitrary, this
establishes E[Xt+|Ft] ≥ Xt.

The other inequality is proven similarly. Let (tn) be a sequence of ratio-
nal numbers in (0, t), monotonically increasing to t > 0. The submartingale
property of X gives E[Xt|Ftn ] ≥ Xtn for all n. We now use Lévy’s upward
convergence theorem and Xtn → Xt− a.s. to obtain E[Xt|Ft−] ≥ Xt−.

(iii) We prove this statement by a combination of the above arguments. Take
t > s ≥ 0 and a monotone decreasing sequence (sn) of rational numbers in the
interval (s, t) with lim sn = s. According to the first part of (ii), E[Xt+|Fsn ] ≥
Xsn a.s. Using Levy’s downward theorem, we obtain the submartingale property
E[Xt+|Fs+ ] ≥ Xs+ a.s. That P-almost every path of {Xt+, t ≥ 0} is càdlàg is
an immediate consequence of (i).

Proof of Theorem 2.3. The modification sought for will be the {Xt+, t ≥ 0}
from Lemma 2.5. We already know it is a submartingale relative to the filtration
{Ft+, t ≥ 0}, which is nothing else but F by assumed right continuity of the
filtration. So we only have to show that for each t ≥ 0 one has Xt = Xt+ a.s.
Let t ≥ 0 and let (qn) be a sequence of rational numbers with qn ↓ t. Then
limn→∞Xqn = Xt+ a.s. Uniform integrability implies EXt+ = limn→∞ EXqn .
By the assumed right-continuity, limn→∞ EXqn = EXt, which then implies
E(Xt+ −Xt) = 0. On the other hand, Lemma 2.5(ii) gives Xt+ ≥ Xt a.s., since
Xt+ is Ft-measurable. But then Xt+ must be equal to Xt a.s. □

2.2 Limit theorems and optional sampling

We will present some convergence results for certain random variables. For p-

norm convergence we use the notation
Lp

→, not
Lp

→, ignoring the subtle differences
between random variables in Lp(Ω,F ,P) and equivalence classes in Lp(Ω,F ,P).
This should not lead to confusion. The following two theorems are the funda-
mental convergence theorems for (sub)martingales.

Theorem 2.6 Let X be a right-continuous submartingale with supt≥0 EX
+
t <

∞. Then there exists a F∞-measurable random variable X∞ with E|X∞| <∞
such that Xt

a.s.→ X∞. If moreover X is uniformly integrable, then we also have

Xt
L1

→ X∞ and E[X∞|Ft] ≥ Xt a.s. for all t ≥ 0.

Theorem 2.7 Let X be a right-continuous martingale. Then X is uniformly
integrable iff there exists an integrable random variable Z such that E[Z|Ft] =

Xt a.s. for all t ≥ 0. In this case we have Xt
a.s.→ X∞ and Xt

L1

→ X∞, where
X∞ = E[Z|F∞].
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Proof. The proofs of these theorems are like in the discrete time case.

We will frequently use the optional sampling theorem, Theorem 2.8, for right-
continuous submartingales.

Theorem 2.8 Let X be a right-continuous submartingale with a last element
X∞ (i.e. E[X∞|Ft] ≥ Xt, a.s. for every t ≥ 0) and let S and T be two stopping
times such that S ≤ T . Then XS ≤ E[XT |FS ] a.s.

Proof. Put Tn = 2−n[2nT + 1] and Sn = 2−n[2nS + 1]. Here [x] denotes the
largest integer less than or equal to x. Then the Tn and Sn are stopping times rel-
ative to the filtration {Fk2−n , k ≥ 0} (Exercise 2.6), Tn ≥ Sn, and they form two
non-increasing sequences with limits T , respectively S. Notice that all Tn and
Sn are at most countably valued. We can apply the optional sampling theorem
for discrete time submartingales (see Theorem B.4) to get E[XTn

|FSn
] ≥ XSn

,
from which we obtain that for each A ∈ FS ⊂ FSn

it holds that

E1AXTn
≥ E1AXSn

. (2.8)

It similarly follows, that E[XTn |FTn+1 ] ≥ XTn+1 . Notice that the expectations
EXTn

form a decreasing sequence with lower bound EX0. We can thus apply
Lemma 2.4 to conclude that the collection {XTn

: n ≥ 1} is uniformly integrable.
Of course the same holds for {XSn

: n ≥ 1}. By right-continuity of X we get
limn→∞XTn = XT a.s. and limn→∞XSn = XS a.s. Uniform integrability
implies that we also have L1-convergence, hence we have from Equation (2.8)
that E1AXT ≥ E1AXS for all A ∈ FS , which is what we had to prove.

Remark 2.9 The condition in Theorem 2.8 that X has a last element can be
replaced by restriction to bounded stopping times S ≤ T and one also obtains
EXS ≤ EXT . In fact, if X is a right-continuous adapted process for which
all E|Xt| are finite, and if EXS ≤ EXT for all bounded stopping times with
S ≤ T , then X is a submartingale. This can be seen by taking t > s, S = s and
T = t1F + s1F c for arbitrary F ∈ Fs.

Corollary 2.10 Let X be a right-continuous submartingale and let S ≤ T be
stopping times. Then the stopped process XT is a submartingale as well and
E[XT∧t|FS ] ≥ XS∧t a.s. for every t ≥ 0.

Proof. This is Exercise 2.4.

Here is another application of the optional sampling theorem.

Proposition 2.11 Let X be a right-continuous nonnegative supermartingale
relative to a right-continuous filtration. Let T = inf{t > 0 : Xt = 0 or Xt− =
0}. Then X1[T,∞) is indistinguishable from zero.

Proof. Take X∞ = 0 as a last element of X. Let Tn = inf{t : Xt < 1/n} for
n ≥ 1. Then the Tn are stopping times in view of Proposition 1.10. Moreover,

10



Tn ≤ Tn+1 ≤ T , XTn ≤ 1/n on {Tn < ∞} and even XTn = 0 on {Tn = ∞}.
From Theorem 2.8 we obtain for each stopping time S ≥ Tn

1

n
≥ EXTn

≥ EXS ≥ 0.

Put S = T +q, where q is a positive rational number. It follows by taking limits
that EXT+q = 0 and then by XT+q ≥ 0 also that XT+q = 0 a.s., which yields
the assertion by right-continuity.

2.3 Doob-Meyer decomposition

This section is devoted to the celebrated Doob-Meyer decomposition theorem
for continuous time submartingales, Theorem 2.17 below, as well as some of
its ramifications. The corresponding result in discrete time is relatively easy
to prove, where one needs the concept of a predictable process. This discrete
time concept has a more complicated counterpart in continuous time and is in
the present section replaced with another one, a natural process. Equivalence
between the two concepts will be discussed in Section 2.4 for continuous time
processes and is the topic of Exercise 2.11 in discrete time.

Definition 2.12 Let A be an adapted process.
(i) The process A is called increasing if a.s. we have A0 = 0, t → At(ω)

is a nondecreasing right-continuous function and if EAt < ∞ for all t.
An increasing process is called integrable if EA∞ < ∞, where A∞ =
limt→∞At.

(ii) An increasing process A is called natural if for every right-continuous and
bounded martingale ξ we have

E
∫
(0,t]

ξs dAs = E
∫
(0,t]

ξs− dAs,∀t ≥ 0. (2.9)

Remark 2.13 The integrals
∫
(0,t]

ξs dAs and
∫
(0,t]

ξs− dAs in Equation (2.9) are

defined pathwise as Lebesgue-Stieltjes integrals (see Section C.1) for all t ≥ 0
and hence the corresponding processes are progressive; this is further explained
in Section C.2. Furthermore, if the increasing process A is continuous, then it
is natural. This follows from the fact the paths of ξ have only countably many
discontinuities (Proposition 2.2 (iv)).

Definition 2.14 A right-continuous process is said to belong to class D if the
collection of XT , where T runs through the set of all finite stopping times, is
uniformly integrable. A right-continuous process X is said to belong to class DL
if for all a > 0 the collection XT , where T runs through the set of all stopping
times bounded by a, is uniformly integrable.

With these definitions we can state and prove the Doob-Meyer Theorem 2.17 for
submartingales. In the proof of this theorem we use the following two lemmas.
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The first one (the Dunford-Pettis criterion) is a rather deep result in functional
analysis, of which we give a partial proof in the appendix. The second one will
also be used elsewhere.

Lemma 2.15 A collection Z of random variables defined on a probability space
(Ω,F ,P) is a uniformly integrable family, iff for any sequence {Zn, n ≥ 1} ⊂ Z
there exist an increasing subsequence (nk) and a random variable Z such that
for all bounded random variables ζ one has limk→∞ EZnk

ζ = EZζ. Moreover,
if G is a sub-σ-algebra of F , then also limk→∞ E[E[Znk

|G]ζ] = E[E[Z|G]ζ].

Proof. See Appendix D.

We extend the concept of a natural increasing process as follows. First, we
recall that a function is of bounded variation (over finite intervals), if it can be
decomposed into a difference of two increasing functions (see Appendix C.1).
A process A is called natural and of bounded variation a.s. if it can be writ-
ten as the difference of two natural increasing processes. For such a process
Equation (2.9) is thus still valid.

Lemma 2.16 Assume that the filtration satisfies the usual conditions. Let M
be a right-continuous martingale which is natural and of bounded variation a.s.
Then M is indistinguishable from a process that is constant over time.

Proof. Without loss of generality we suppose that M0 = 0 a.s. Write M =
A−A′, where the processes A and A′ are natural and increasing. Then we have
for any bounded right-continuous martingale ξ and for all t ≥ 0 the equality
(this is Exercise 2.7)

EξtAt = E
∫
(0,t]

ξs− dAs = E
∫
(0,t]

ξs dAs. (2.10)

If we replace A with A′ the above equality is then of course also true and then
continues to hold if we replace A with M . So we have

EξtMt = E
∫
(0,t]

ξs− dMs. (2.11)

The expectation on the right hand side of (2.11) is a limit of the expectations
(use the Dominated Convergence Theorem separately to integrals w.r.t. A and
A′) E

∑
k ξtk−1

(Mtk − Mtk−1
), where the tk come from a sequence of nested

partitions whose mesh tend to zero. But E
∑

k ξtk−1
(Mtk −Mtk−1

) = 0, since
M is a martingale. We conclude that EξtMt = 0.

Let ζ be a bounded random variable and put ξt ≡ E[ζ|Ft], then ξ is a martin-
gale. We know from Theorem 2.3 that ξ admits a right continuous modification
and hence we get EMtζ = 0. Choosing ζ in an appropriate way (how?) we con-
clude that Mt = 0 a.s. We can do this for any t ≥ 0 and then right-continuity
yields that M and the zero process are indistinguishable.
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Theorem 2.17 Let the filtration F satisfy the usual conditions and let X be
a right-continuous submartingale of class DL. Then X can be decomposed ac-
cording to

X = A+M, (2.12)

where M is a right-continuous martingale and A a natural increasing process.
The decomposition (2.12) is unique up to indistinguishability and is called Doob-
Meyer decomposition. Under the stronger condition that X is of class D , M is
even uniformly integrable and A is integrable.

Proof. We first show the uniqueness assertion. Suppose that we have next
to (2.12) another decomposition X = A′ +M ′ of the same type. Then B :=
A−A′ =M ′−M is a right-continuous martingale that satisfies the assumptions
of Lemma 2.16 with B0 = 0. Hence it is indistinguishable from the zero process.

We now establish the existence of the decomposition for t ∈ [0, a] for an
arbitrary a > 0. Let Y be the process defined by Yt := Xt−E[Xa|Ft]. SinceX is
a submartingale Yt ≤ 0 for t ∈ [0, a]. Moreover the process Y is a submartingale
itself that has a right-continuous modification (Exercise 2.16), again denoted by
Y . From now on we work with this modification.

Consider the nested sequence of dyadic partitions Πn of [0, a], Πn ∋ tnj =
j2−na, j = 0, . . . , 2n. With time restricted to Πn, the process Y becomes a
discrete time submartingale to which we apply the Doob decomposition (Exer-
cise 2.10) with an increasing process An, which results in Y = An +Mn, with
An

0 = 0. Since Ya = 0, we get

An
tnj

= Ytnj + E[An
a |Ftnj

]. (2.13)

We now make the following claim.

The family {An
a : n ≥ 1} is uniformly integrable. (2.14)

Supposing that the claim holds true, we finish the proof as follows. In view
of Lemma 2.15 we can select from this family a subsequence, again denoted by
An

a , and we can find a random variable Aa such that EζAn
a → EAaζ for every

bounded random variable ζ. We now define for t ∈ [0, a] the random variable
At as any version of

At = Yt + E[Aa|Ft]. (2.15)

The process A has a right-continuous modification on [0, a], again denoted by A.
We now show that A is increasing. Let s, t ∈

⋃
n Π

n, s < t. Then there is n0 such
that for all n ≥ n0 we have s, t ∈ Πn. Using the second assertion of Lemma 2.15,
equations (2.13) and (2.15), we obtain Eζ(An

t − An
s ) → Eζ(At − As). Since for

each n the An is increasing we get that Eζ(At−As) ≥ 0 as soon as ζ ≥ 0. Take
now ζ = 1{As>At} to conclude that At ≥ As a.s. Since A is right-continuous,
we have that A is increasing on the whole interval [0, a]. It follows from the
construction that A0 = 0 a.s. (Exercise 2.12).

13



Next we show that A is natural. Let ξ be a bounded and right-continuous
martingale. The discrete time process An is predictable (and thus natural,
Exercise 2.11). Restricting time to Πn and using the fact that Y and A as well
as Y and An differ by a martingale (equations (2.13) and (2.15)), we get

EξaAn
a = E

∑
j

ξtnj−1
(An

tnj
−An

tnj−1
)

= E
∑
j

ξtnj−1
(Ytnj − Ytnj−1

)

= E
∑
j

ξtnj−1
(Atnj

−Atnj−1
)

Let n→ ∞ to conclude that

EξaAa = E
∫
(0,a]

ξs− dAs, (2.16)

by the definition of Aa and the dominated convergence theorem applied to the
right hand side of the above string of equalities. Next we replace in (2.16) ξ
with the, at the deterministic time t ≤ a, stopped process ξt. A computation
shows that we can conclude

EξtAt = E
∫
(0,t]

ξs− dAs,∀t ≤ a. (2.17)

In view of Exercise 2.7 this shows that A is natural on [0, a]. The proof of the
first assertion of the theorem is finished by settingMt = E[Xa−Aa|Ft]. Clearly
M is a martingale and Mt = Xt −At. Having shown that the decomposition is
valid on each interval [0, a], we invoke uniqueness to extend it to [0,∞).

If X belongs to class D, it has a last element (see Theorem 2.6) and we can
repeat the above proof with a replaced by ∞. What is left however, is the proof
of the claim (2.14). This will be given now.

Let λ > 0 be fixed. Define Tn = inf{tnj−1 : An
tnj
> λ, j = 1, . . . , 2n} ∧ a. One

checks that the Tn are stopping times, bounded by a, that {Tn < a} = {An
a >

λ} and that we have An
Tn ≤ λ on this set. By the optional sampling theorem

(in discrete time) applied to (2.13) one has YTn = An
Tn −E[An

a |FTn ]. Below we
will often use that Y ≤ 0.

To show uniform integrability, one considers E1{An
a>λ}A

n
a and with the just

mentioned facts one gets

E1{An
a>λ}A

n
a = E1{An

a>λ}A
n
Tn − E1{An

a>λ}YTn

≤ λP(Tn < a)− E1{Tn<a}YTn . (2.18)

Let Sn = inf{tnj−1 : An
tnj
> 1

2λ, j = 1, . . . , 2n} ∧ a. Then the Sn are bounded

stopping times as well with Sn ≤ Tn and we have, like above, {Sn < a} =
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{An
a > 1

2λ} and An
Sn ≤ 1

2λ on this set. Using YSn = An
Sn − E[An

a |FSn ] we
develop

−E1{Sn<a}YSn = −E1{Sn<a}A
n
Sn + E1{Sn<a}A

n
a

= E1{Sn<a}(A
n
a −An

Sn)

≥ E1{Tn<a}(A
n
a −An

Sn)

≥ 1

2
λP(Tn < a).

It follows that λP(Tn < a) ≤ −2E1{Sn<a}YSn . Inserting this estimate into
inequality (2.18), we obtain

E1{An
a>λ}A

n
a ≤ −2E1{Sn<a}YSn − E1{Tn<a}YTn . (2.19)

The assumption that X belongs to class DL implies that both {YTn , n ≥ 1} and
{YSn , n ≥ 1} are uniformly integrable, since Y and X differ for t ∈ [0, a] by a
uniformly integrable martingale. Then we can find for all ε > 0 a δ > 0 such
that −E1FYTn and −E1FYSn are smaller than ε for any set F with P(F ) < δ,
uniformly in n. Since Ya = 0, we have EAn

a = −EMn
a = −EMn

0 = −EY0. It
follows that P(Tn < a) ≤ P(Sn < a) = P(An

a > λ/2) ≤ −2EY0/λ. Hence for λ
bigger than −2EY0/δ, we can make both probabilities P(Tn < a) and P(Sn < a)
of the sets in (2.19) less than δ, uniformly in n. This shows that the family
{An

a : n ≥ 1} is uniformly integrable.

The general statement of Theorem 2.17 only says that the processes A and M
can be chosen to be right-continuous. If the process X is continuous, one would
expect A and M to be continuous. This is true indeed, at least for certain
nonnegative processes, see Exercise 2.14. However a stronger result can be
proven.

Theorem 2.18 Suppose that in addition to the conditions of Theorem 2.17
the submartingale is weakly left-continuous, i.e. it is such that limn→∞ EXTn =
EXT for all bounded increasing sequences of stopping times Tn with limit T .
Then the process A in equation (2.12) is indistinguishable from a continuous
process.

Proof. We work on an interval [0, a] for some a > 0. Then a can also be seen
as an upper bound for T and the Tn. According to Theorem 2.17 we have
X = A + M . Hence, according to the optional sampling theorem we have
EATn = EXTn − EMTn = EXTn − EMa, which implies

EATn ↑ EAT . (2.20)

Since A is increasing, we know that (ATn) has as a finite limit and by the
monotone convergence theorem we can even conclude (check!) that ATn(ω)(ω) ↑
AT (ω)(ω) for all ω outside a set of probability zero. This set however, in prin-
ciple depends on the chosen sequence of stopping times, which is insufficient to
establish a.s. continuity of A.
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We proceed as follows. Assume for the time being that A is a bounded
process. As in the proof of Theorem 2.17 we consider the dyadic partitions Πn

of the interval [0, a]. For every n and every j = 0, . . . , 2n − 1 we define ξn,j to
be the right-continuous modification of the martingale defined by E[Atnj+1

|Ft].
Then we define

ξnt =

2n−1∑
j=0

ξn,jt 1(tnj ,t
n
j+1]

(t).

The process ξn is on the whole interval [0, a] right-continuous, except possibly
at the points of the partition. Notice that we have ξnt ≥ At a.s. for all t ∈ [0, a]
with equality at the points of the partition and ξn+1 ≤ ξn. Since A is a natural
increasing process, we have for every n and j

E
∫
(tnj ,t

n
j+1]

ξns dAs = E
∫
(tnj ,t

n
j+1]

ξns− dAs.

Summing this equality over all relevant j we get

E
∫
(0,t]

ξns dAs = E
∫
(0,t]

ξns− dAs, for all t ∈ [0, a]. (2.21)

We introduce the right-continuous nonnegative processes ηn defined by ηnt =
(ξnt+ − At)1[0,a)(t). For fixed ε > 0 we define the bounded stopping times
(see Proposition 1.10) Tn = inf{t ∈ [0, a] : ηnt > ε} ∧ a. Observe that also
Tn = inf{t ∈ [0, a] : ξnt −At > ε} ∧ a in view of the relation between ηn and ξn

(Exercise 2.13). Since the ξnt are decreasing in n, we have that the sequence Tn

is increasing and thus has a limit, T say. Let ϕn(t) =
∑2n−1

j=0 tnj+11(tnj ,t
n
j+1]

(t) and

notice that for all n and t ∈ [0, a] one has a ≥ ϕn(t) ≥ ϕn+1(t) ≥ t. It follows
that limn→∞ ϕn(Tn) = T a.s. From the optional sampling theorem applied to
the martingales ξn,j it follows that

EξnTn = E
∑
j

E[Atnj+1
|FTn ]1(tnj ,t

n
j+1]

(Tn)

= E
∑
j

E[Atnj+1
1(tnj ,t

n
j+1]

(Tn)|FTn ]

= E
∑
j

E[Aϕn(Tn)1(tnj ,t
n
j+1]

(Tn)|FTn ]

= EAϕn(Tn).

And then

E(Aϕn(Tn) −ATn) = E(ξnTn −ATn)

≥ E1{Tn<a}(ξ
n
Tn −ATn)

≥ εP(Tn < a).
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Thus

P(Tn < a) ≤ 1

ε
E(Aϕn(Tn) −ATn) → 0 for n→ ∞, (2.22)

by (2.20) and right-continuity and boundedness of A. But since {Tn < a} =
{supt∈[0,a] |ξnt − At| > ε} and since (2.22) holds for every ε > 0, we can find

a subsequence (nk) along which supt∈[0,a] |ξnt − At|
a.s.→ 0. Since both A and

ξ are bounded, it follows from the dominated convergence theorem applied to
Equation (2.21) and the chosen subsequence that

E
∫
(0,t]

As dAs = E
∫
(0,t]

As− dAs, for all t ∈ [0, a],

and hence

E
∑
t≤a

(∆At)
2 = E

∫
(0,t]

(As −As−) dAs = 0 for all t ∈ [0, a]. (2.23)

We conclude that ∆At = 0 a.s. for all t ≥ 0 and hence, by right-continuity of
A that P(∆At = 0,∀t ≥ 0) = 1. Thus A is indistinguishable from a continuous
process.

The result has been proved under the assumption that A is bounded. If this
assumption doesn’t hold, we can introduce the stopping times Sm = inf{t ≥
0 : At > m} and replace everywhere above A with the stopped process ASm

which is bounded. The conclusion from the analogue of (2.23) will be that the
process A1[0,Sm] is indistinguishable from a continuous process for every m and
the final result follows by letting m→ ∞.

We close this section with the following proposition.

Proposition 2.19 Let X satisfy the conditions of Theorem 2.17 with Doob-
Meyer decomposition X = A+M and T a stopping time. Then also the stopped
process XT satisfies these conditions and its Doob-Meyer decomposition is given
by

XT = AT +MT .

Proof. That XT also satisfies the conditions of Theorem 2.17 is straightforward.
Of course, by stopping, we have XT = AT +MT , so we only have to show that
this indeed gives us the Doob-Meyer decomposition. By the optional sampling
theorem and its Corollary 2.10, the stopped process MT is a martingale. That
the process AT is natural, follows from the identity∫

(0,t]

ξs dA
T
s =

∫
(0,t]

ξTs dAs − ξT (At −At∧T ),

a similar one for
∫
(0,t]

ξs− dAT
s , valid for any bounded measurable process ξ and

the fact that A is natural. The uniqueness of the Doob-Meyer decomposition
then yields the result.
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2.4 Predictable and natural processes

The decomposition in the Doob-Meyer theorem of continuous time martingales,
Theorem 2.17, differs from the Doob decomposition in discrete time by the
fact that in the former case the process A is natural and in the latter case
predictable. In Exercise 2.11 it is shown that in discrete time the notions of
predictable and natural processes coincide. The same is true in continuous
time, see Proposition 2.21 below. But to appreciate the result, we first have to
define what a predictable process in continuous time is.

Definition 2.20 The predictable σ-algebra P on [0,∞) × R is the one that is
generated by the adapted left-continuous processes. A process is called pre-
dictable if it is P-measurable.

It is reasonable to call a left-continuous process predictable. For such a process
X we know that Xt = limn→∞Xtn for t > 0, where the tn satisfy tn < t
and limn→∞ tn = t. One may cast this by saying that the ‘past values’ Xtn

‘predict’ Xt, Xt is a ‘predictable’ random variable. Note that in Definition 2.20
predictability is a notion of measurability.

In the general theory of stochastic processes another important role is played
by the optional σ-algebra, generated by the adapted càdlàg processes and by
the optional processes. Under the usual conditions this σ-algebra coincides with
the one generated by the adapted right-continuous processes. The optional σ-
algebra doesn’t play a role for us, but it is good to realize that every predictable
process is optional and that every optional process is progressive. More relevant
for now is the fact that any continuous adapted process is predictable.

The usual conditions on the filtration are assumed to be in force in the
remainder of this section. The main result is the proposition below. The proof
of it assumes a few facts from the general theory of stochastic processes that
are not proven in these notes.

Proposition 2.21 Let A be an increasing process. Then A is natural iff it is
predictable.

Proof. Suppose that A is natural. We will show in this first half of the proof
that it is predictable by reducing the problem to a simpler one. First we may
always suppose that A is integrable by considering the processes An defined by
An

t = At1{t<n} + An1{t≥n}, then EAn
∞ = EAn < ∞. If all An are predictable,

then so is their limit A. In the next simplification we may assume that A is
also purely discontinuous. Indeed, every increasing process A can be composed
as A = Ac + Ad, where Ac is continuous and Ad

t =
∑

s≤t ∆As. Since Ac is

predictable as it is continous, it is sufficient to show that Ad is predictable to
conclude that the same is true for A. But Ad can be seen as an at most countable
sum of processes that jump only once. It is therefore sufficient to prove the
assertion for an integrable increasing process A that is constant except for a
single jump, which is the case we shall consider now.
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Let then T be the moment that A jumps, and note that T is a stopping
time. For nonnegative integers n, k we consider

Tn,k = T1{k2−n≤AT<(k+1)2−n} +∞ · 1{AT=∞}.

We can now write At = AT1{t≥T} = limn→∞
∑n

k=0 k2
−n1{t≥Tn,k}. It is a

crucial result in the theory for natural processes, takes this for granted, that also
the processes An,k, with An,k

t = k2−n1{t≥Tn,k}, are natural. The conclusion of
these considerations is that we have reduced our task to showing that a natural
process A of the type At1{T≤t} is predictable, when T is a stopping time. Note
that T is therefore a rather special stopping time, not an arbitrary one.

Another crucial result from the theory of natural processes, take this for
granted again, is that for such a T , it is possible to find a sequence of stopping
times Tn such that Tn < T a.s., and Tn a.s.→ T . The processes Xn given by
Xn

t = 1{Tn<t} are left-continuous and adapted, hence predictable, and so is the
limit process X. But Xt = 1{T≤t} a.s., and, by right-continuity of A, we see
that X and A are indistinguishable. This finishes the first half of the proof.

In the second half we have to show that a predictable increasing process is
natural. Again the proof is divided into steps. In the first step we assume that
the predictable process A is bounded, so the limit A∞ is also a bounded random
variable. Consider the martingale M , Mt = E[A∞|Ft], and let Xt = Mt − At,
t ≥ 0. Note that the process A is trivially a bounded supermartingale, and
therefore of Class D. So we can use the Doob-Meyer decomposition X = N −
B, where N is a uniformly integrable martingale and B a natural increasing
process, the latter property to be exploited below. Using that for t ≥ s one has
A2

t − A2
s = (At + As)(At − As), one derives by looking at a telescoping sum,

A2
∞ =

∫
(0,∞)

(At + At−) dAt, see also Exercise 5.10 in the MTP lecture notes.

Using that A and B differ by a bounded martingale, one therefore obtains, using
Exercise 2.20,

EA2
∞ = E

∫
(0,∞)

(At +At−) dAt = E
∫
(0,∞)

(At +At−) dBt.

Now we use the decomposition X = M − A and the fact that B is natural to
write

E
∫
(0,∞)

(At +At−) dBt = 2E
∫
(0,∞)

Mt dBt − E
∫
(0,∞)

(Xt +Xt−) dBt.

Let’s first consider the first term on the right hand side. Since B is natural, by
virtue of (2.10) it equals 2EM∞B∞, which is nothing else but 2EA∞B∞, since
M∞ = A∞. For the second term, we obtain E

∫
(0,∞)

(Xt + Xt−) dBt = EB2
∞.

The result is EA2
∞ = 2EM∞B∞−EB2

∞, or E(A∞−B∞)2 = 0. Hence A∞ = B∞
a.s., and then At = Mt − Xt = E[B∞|Ft] − Xt = Bt. It follows that A is
indistinguishable from B and therefore natural.

In the next step we lift the boundedness condition on A, but we let A be inte-
grable. Let Sn = inf{t ≥ 0 : At > n}, then An := ASn

is a bounded predictable
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process and, by the previous step, natural. Using the latter property, we have
for any bounded right-continuous martingale ξ the equality E

∫
(0,t]

ξs dA
n
s =

EξtAn
t → EξtAt for n→ ∞. We again decompose A as A = Ac +Ad, where Ad

satisfies Ad
t =

∑
s≤t ∆A and Ac is continuous, increasing and adapted, hence

predictable and natural. The process Ac will therefore be ignored in what fol-
lows and we can restrict attention to the case A = Ad, We have the equality
E
∫
(0,t]

ξs dA
n
s = E

∑
s∈(0,t] ξs1{s≤Sn} ∆As. By the dominated convergence the-

orem, this has limit equal to E
∑

s∈(0,t] ξs ∆As = E
∫
(0,t]

ξs dAs. This gives the

equality E
∫
(0,t]

ξs dAs = EξtAt, which shows that A is natural, use (2.10) again.

In this final step we let A be an arbitrary predictable increasing process. Put
An

t = At1{t≤n} + At1{t>n}. Then each An, being predictable and integrable is
natural by the previous step, from which we adapt the limit procedure to show
that also A is natural.

2.5 Exercises

2.1 Let X be a supermartingale with constant expectation. Show that X is in
fact a martingale.

2.2 Why is sups≤u≤tXu in formula (2.3) measurable?

2.3 Let F = F∞, S and T be stopping times and X an integrable random
variable. Consider the martingale defined by Xt = E[X|Ft], t ∈ [0,∞].

(a) Show that XT
t = E[XT |Ft].

(b) Show that E[E[X|FT ]|FS ] = E[X|FS∧T ]. (It follows that taking condi-
tional expectation w.r.t. FT and FS are commutative operations. This is
in general not true for arbitrary σ-algebras, see Exercise 1.8.)

2.4 Prove Corollary 2.10. To prove that XT is a submartingale, you may want
to use the commutation property of Exercise 2.3.

2.5 Suppose that F = {Ft, t ≥ 0} is a filtration and X is a right-continuous
process and T a stopping time. Suppose thatX is martingale w.r.t. the filtration
{FT∧t, t ≥ 0}. Show that X is also a martingale w.r.t. F. (Exercise 2.3 may be
helpful.)

2.6 Show that the random variables Tn in the proof of Theorem 2.8 are stop-
ping times relative to the filtration {Fk2−n , k ≥ 0} and that they form a non-
increasing sequence with pointwise limit T .

2.7 Show that an increasing process A is natural iff for all bounded right-
continuous martingales ξ one has E

∫
(0,t]

ξs− dAs = EξtAt for all t ≥ 0. Hint:

Consider first a partition 0 = t0 ≤ t1 ≤ · · · ≤ tn = t and take ξ constant on the
(tk−1, tk]. Then you approximate ξ with martingales of the above type.

2.8 Show that a (right-continuous) uniformly integrable martingale is of class
D.
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2.9 Let X be a right-continuous submartingale. Show that X is of class DL if
X is nonnegative or if X = M + A, where A is an increasing process and M a
martingale.

2.10 Let X be a discrete time process on some (Ω,F ,P), and let F = {Fn}n≥0

be a filtration. Assume that X is adapted, X0 = 0 and that Xn is integrable for
all n. Define the process M by M0 = 0 and Mn =Mn−1 +Xn −E[Xn|Fn−1 for
n ≥ 1. Show that M is a martingale. Define then A = X−M . Show that An is
Fn−1-measurable for all n ≥ 1 (one says that A is predictable) and that A0 = 0.
Show that A can be taken as an increasing process iff X is a submartingale.

2.11 A discrete time process A with E|An| <∞ for all n is called natural if for
all bounded martingales ξ one has EAnξn = E

∑n
k=1 ξk−1(Ak −Ak−1).

(a) Show that a process A is natural iff for all bounded martingales one has
E
∑n

k=1Ak(ξk − ξk−1) = 0.

(b) Show that a predictable process A with E|An| <∞ for all n is natural.

(c) Show that a natural process is a.s. predictable. Hint: you have to show
that An = Ãn a.s., where Ãn is a version of E[An|Fn−1] for each n, which
you do along the following steps. First you show that for all n one has
EξnAn = Eξn−1An = EξnÃn. Fix n, take ξk = E[sgn(An − Ãn)|Fk] and
finish the proof.

2.12 Show that the A0 in the proof of the Doob-Meyer decomposition (Theo-
rem 2.17) is zero a.s.

2.13 Show that (in the proof of Theorem 2.18) Tn = inf{t ∈ [0, a] : ξnt − At >
ε} ∧ a. Hint: use that ξn is right-continuous except possibly at the tnj .

2.14 A continuous nonnegative submartingale satisfies the conditions of Theo-
rem 2.18. Show this, assuming that the filtration satisfies the usual conditions.
(Hence the predictable process in the Doob-Meyer decomposition of X can be
taken to be continuous.)

2.15 Show (in the proof of Theorem 2.18) the convergence ϕn(Tn) → T a.s.
and the convergence in (2.22).

2.16 Suppose that X is a submartingale with right-continuous paths. Show
that t 7→ EXt is right-continuous (use Lemma 2.4).

2.17 Let N = {Nt : t ≥ 0} be a Poisson process with parameter λ and let
Ft = σ(Ns, s ≤ t), t ≥ 0. Show that N is a submartingale and that the process
A in Theorem 2.17 is given by At = λt. Note that A is continuous, which is
a consequence of Theorem 2.18. (Optional exercise: show that N is weakly
left-continuous.) Give also a decomposition of N as N = B +M , where M is
martingale and B is increasing, but not natural. Let Xt = (Nt − λt)2. Show
that X has the same natural increasing process A.
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2.18 Here is a converse to the optional sampling theorem for martingales. Let
X be a càdlàg process such that for all bounded stopping times T it holds that
E|XT |,∞ and EXT = EX0. Show that X is a martingale. Hint: take s < t,
A ∈ Fs and consider the stopping time (verify this property!) T = t1Ac + s1A.

2.19 Let X be a right-continuous adapted process such that E|Xt| <∞ for all
t ≥ 0. IfX is a submartingale, then (optional sampling theorem) for all bounded
stopping times S, T with S ≤ T one has E[XT |FS ] ≥ XS . Show, conversely,
that the latter inequality implies that X is a submartingale. [Hint: take S of
the form S = s1A + t1Ac and show that it is a stopping time.] Formulate and
prove also a corresponding result for martingales with one stopping time only.

2.20 Let A,B be increasing processes such that A − B is a martingale, i.e.
E[At − As|Fs] = E[Bt − Bs|Fs], for t ≥ s. Let Y be a nonnegative predictable
process. The purpose is to show that

E
∫
(0,t]

Ys dAs = E
∫
(0,t]

Ys dBs for all t ∈ [0,∞]. (2.24)

(a) Fix t > 0. Assume Y is bounded and left-continuous and let n be a positive
integer. Let Y n

s =
∑n

k=1 1( k−1
n t, kn t](s)Y k−1

n s. Show that (2.24) is true for

Y = Y n.

(b) Show that (2.24) is true for bounded left-continuous Y .

(c) Argue that (2.24) holds true for bounded nonnegative predictable processes
Y , and then also for arbitrary nonnegative predictable processes Y .
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3 Square integrable martingales

In later sections we will use properties of (continuous) square integrable martin-
gales. Throughout this section we work with a fixed probability space (Ω,F ,P)
and a filtration F that satisfies the usual conditions.

3.1 Structural properties

Definition 3.1 A right-continuous martingale X is called square integrable if
EX2

t < ∞ for all t ≥ 0. By M2 we denote the class of all square integrable
martingales starting at zero and by M2

c its subclass of a.s continuous square
integrable martingales.

To study properties of M2 and M2
c we endow these spaces with a metric and

under additional assumptions with a norm.

Definition 3.2 Let X ∈ M2. We define for each t ≥ 0 ||X||t = (EX2
t )

1/2, and
||X||∞ = sup ||X||t. The process X is called bounded in L2 if sup ||X||t < ∞.
For all X ∈ M2 we also define ||X|| =

∑∞
n=1 2

−n(||X||n ∧ 1) and d(X,Y ) =
||X − Y || for all X,Y ∈ M2.

Remark 3.3 If we identify processes that are indistinguishable, then (M2, d)
becomes a metric space and on the subclass of martingales bounded in L2 the
operator || · ||∞ becomes a norm (see Exercise 3.1). Note that for a sequence of
processes Xn and another process X one has d(Xn, X) → 0 iff E(Xn

t −Xt)
2 → 0

for all t ≥ 0.

Proposition 3.4 The metric space (M2, d) is complete and M2
c is a closed

(w.r.t. the metric d) subspace of M2 and thus complete as well.

Proof. Let (Xm) be a Cauchy sequence in (M2, d). Then for each fixed t the
sequence (Xm

t ) is Cauchy in the complete space L2(Ω,Ft,P) and thus has a
limit, Xt say (which is the L1-limit as well). We show that for s ≤ t one has
Xs = E[Xt|Fs]. Consider for any A ∈ Fs the expectations E1AXs and E1AXt.
The former is the limit of E1AX

m
s and the latter the limit of E1AX

m
t . But

since each Xm is a martingale, one has E1AX
m
s = E1AX

m
t , which yields the

desired result, E1AXs = E1AXt. Choosing a right-continuous modification of
the process X finishes the proof of the first assertion.

The proof of the second assertion is as follows. Let (Xm) be a sequence
in M2

c , with limit X ∈ M2 say. We have to show that X is (almost surely)
continuous. Using inequality (2.1), we have for every ε > 0 that

P(sup
t≤T

|Xm
t −Xt| > ε) ≤ 1

ε2
E(Xm

T −XT )
2 → 0, m→ ∞.

Hence, for every k ∈ N there is mk such that P(supt≤T |Xmk
t −Xt| > ε) ≤ 2−k.

By the Borel-Cantelli lemma one has P(lim inf{supt≤T |Xmk
t − Xt| ≤ ε}) = 1.
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Hence for all T > 0 and for almost all ω the functions t 7→ Xmk(t, ω) : [0, T ] → R
converge uniformly, which entails that limit functions t 7→ X(t, ω) are continuous
on each interval [0, T ]. A.s. uniqueness of the limit on all these intervals with
integer T yields a.s. continuity of X on [0,∞).

3.2 Quadratic variation

Of a martingale X ∈ M2 we know that X2 is a nonnegative submartingale.
Therefore we can apply the Doob-Meyer decomposition, see Theorem 2.17 and
Exercise 2.9, to obtain

X2 = A+M, (3.1)

where A is a natural increasing process and M a martingale that starts in
zero. We also know from Theorem 2.18 and Exercise 2.14 that A and M are
continuous if X ∈ M2

c .

Definition 3.5 For a processX inM2 the process A in the decomposition (3.1)
is called the quadratic variation process and it is denoted by ⟨X⟩. So, ⟨X⟩ is
the unique natural increasing process that makes X2 − ⟨X⟩ a martingale.

Proposition 3.6 Let X be a martingale in M2 and T a stopping time. Then
the processes ⟨XT ⟩ and ⟨X⟩T are indistinguishable.

Proof. This is an immediate consequence of Proposition 2.19.

The term quadratic variation process for the process ⟨X⟩ will be explained for
X ∈ M2

c in Proposition 3.8 below. We first introduce some notation. Let
Π = {t0, . . . , tn} be a partition of the interval [0, t] for some t > 0 with 0 = t0 <
· · · < tn = t. For a process X we define

Vt(X,Π) =

n∑
j=1

(Xtj −Xtj−1
)2.

Notice that Vt(X,Π) is Ft-measurable if X is adapted. The mesh µ(Π) of the
partition is defined by µ(Π) = max{|tj − tj−1|, j = 1, . . . , n}.

For any process X we denote by mT (X, δ) the modulus of continuity:

mT (X, δ) = max{|Xt −Xs| : 0 ≤ s, t ≤ T, |s− t| < δ}.

If X is an a.s. continuous process, then for all T > 0 it holds that mT (X, δ) → 0
a.s. for δ → 0.

The characterization of the quadratic variation process of Proposition 3.8 below
will be proved using the following lemma.
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Lemma 3.7 Let M ∈ M2 and t > 0. Then for all t ≥ s one has

E[(Mt −Ms)
2|Fs] = E[M2

t −M2
s |Fs] (3.2)

and

E[(Mt −Ms)
2 − ⟨M⟩t + ⟨M⟩s|Fs] = 0. (3.3)

For all t1 ≤ · · · ≤ tn it holds that

E[
n∑

j=i+1

(Mtj −Mtj−1
)2|Fti ] = E[M2

tn −M2
ti |Fti ]. (3.4)

If M is bounded by a constant K > 0, then

E[
n∑

j=i+1

(Mtj −Mtj−1
)2|Fti ] ≤ K2. (3.5)

Proof. Equation (3.2) follows by a simple computation and the martingale prop-
erty of M . Then Equation (3.4) follows simply by iteration and reconditioning.
Equation (3.3) follows from (3.2) and the definition of the quadratic variation
process. Finally, Equation (3.5) is an immediate consequence of (3.4).

Proposition 3.8 Let X be in M2
c . Then Vt(X,Π) converges in probability

to ⟨X⟩t as µ(Π) → 0: for all ε > 0, η > 0 there exists a δ > 0 such that
P(|Vt(X,Π)− ⟨X⟩t| > η) < ε whenever µ(Π) < δ.

Proof. Supposing that we had already proven the assertion for bounded contin-
uous martingales with bounded quadratic variation, we argue as follows. Let
X be an arbitrary element of M2

c and define for each n ∈ N the stopping times
Tn = inf{t ≥ 0 : |Xt| ≥ n or ⟨X⟩t ≥ n}. The Tn are stopping times in view
of Proposition 1.10. Then

{|Vt(X,Π)− ⟨X⟩t| > η} ⊂ {Tn ≤ t} ∪ {|Vt(X,Π)− ⟨X⟩t| > η, Tn > t}.

The probability on the first event on the right hand side obviously tends to zero
for n → ∞. The second event is contained in {|Vt(XTn

,Π) − ⟨X⟩Tn

t | > η}.
In view of Proposition 3.6 we can rewrite it as {|Vt(XTn

,Π) − ⟨XTn⟩t| > η}
and its probability can be made arbitrarily small, since the processes XTn

and
⟨X⟩Tn

= ⟨XTn⟩ are both bounded, by what we supposed at the beginning of
the proof.

We now show that the proposition holds for bounded continuous martingales
with bounded quadratic variation. Actually we will show that we even have L2-
convergence and so we consider E(Vt(X,Π)−⟨X⟩t)2. Take a partition Π = {0 =
t0 < t1 < · · · < tn = t} and put

Mk =

k∑
j=1

(
(Xtj −Xtj−1)

2 − (⟨X⟩tj − ⟨X⟩tj−1)
)
.
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This gives a martingale w.r.t. the filtration with σ-algebras Ftk . Indeed, us-
ing (3.2), we get

E[Mk −Mk−1|Ftk−1
] = E[(Xtk −Xtk−1

)2 − (⟨X⟩tk − ⟨X⟩tk−1
)|Ftk−1

]

= E[X2
tk

−X2
tk−1

− (⟨X⟩tk − ⟨X⟩tk−1
)|Ftk−1

]

= 0,

because of (3.3). In view of Pythagoras’s rule for square integrable martingales,
we also have

EM2
n =

n∑
k=1

E(Mk −Mk−1)
2.

Since Mn = Vt(X,Π)− ⟨X⟩t, we get

E(Vt(X,Π)− ⟨X⟩t)2 = E
∑
k

(
(Xtk −Xtk−1

)2 − (⟨X⟩tk − ⟨X⟩tk−1
)
)2

≤ 2
∑
k

(
E(Xtk −Xtk−1

)4 + E(⟨X⟩tk − ⟨X⟩tk−1
)2
)

≤ 2
∑
k

E(Xtk −Xtk−1
)4 + E

(
mt(⟨X⟩, µ(Π))⟨X⟩t

)
.

The second term in the last expression goes to zero in view of the bounded
convergence theorem and continuity of ⟨X⟩ when µ(Π) → 0. We henceforth
concentrate on the first term. First we bound the sum by

E
∑
k

(Xtk −Xtk−1
)2mt(X,µ(Π))2 = EVt(X,Π)mt(X,µ(Π))2,

which is by the Schwarz inequality less then
(
EVt(X,Π)2Emt(X,µ(Π))4

)1/2
. By

application of the dominated convergence theorem the last expectation tends to
zero if µ(Π) → 0, so we have finished the proof as soon as we can show that
EVt(X,Π)2 stays bounded. Let K > 0 be an upper bound for X. Then, a two
fold application of (3.5) leads to the inequalities below,

E
(∑

k

(Xtk −Xtk−1
)2
)2

= E
∑
k

(Xtk −Xtk−1
)4 + 2E

∑
i<j

E[(Xtj −Xtj−1
)2(Xti −Xti−1

)2|Fti ]

≤ 4K2E
∑
k

(Xtk −Xtk−1
)2 + 2K2E

∑
i

(Xti −Xti−1)
2

≤ 6K4.

This finishes the proof.
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Having defined the quadratic variation (in Definition 3.5) of a square integrable
martingale, we can also define the quadratic covariation (also called cross-
variation) between two square integrable martingales X and Y . It is the process
⟨X,Y ⟩ defined through the polarization formula

⟨X,Y ⟩ = 1

4
(⟨X + Y ⟩ − ⟨X − Y ⟩).

Notice that the quadratic covariation process is a process of a.s. bounded vari-
ation. Moreover,

Proposition 3.9 For all X,Y ∈ M2 the process ⟨X,Y ⟩ is the unique process
that can be written as the difference of two natural increasing processes such
that the difference of XY and ⟨X,Y ⟩ is a martingale. Moreover, if X,Y ∈ M2

c ,
then the process ⟨X,Y ⟩ is the unique continuous process of bounded variation
such that the difference of XY and such a process is a martingale.

Proof. Exercise 3.4.

3.3 Exercises

3.1 Let X be a martingale that is bounded in L2. Then X∞ exists as an
a.s. limit of Xt, for t → ∞. Show that ||X||∞ = (EX2

∞)1/2. Show also that
{X ∈ M2 : ||X||∞ < ∞} is a vector space and that || · ||∞ is a norm on this
space under the usual identification that two processes are ”the same”, if they
are indistinguishable.

3.2 Give an example of a martingale (not continuous of course), for which the
result of Proposition 3.8 doesn’t hold. Hint: embed a very simple discrete time
martingale in continuous time, by defining it constant on intervals of the type
[n, n+ 1).

3.3 Let X,Y ∈ M2. Show the following statements.
(a) ⟨X,Y ⟩ = 1

2 (⟨X + Y ⟩ − ⟨X⟩ − ⟨Y ⟩).
(b) The quadratic covariation is a bilinear form.

(c) The Schwarz inequality ⟨X,Y ⟩2t ≤ ⟨X⟩t⟨Y ⟩t holds a.s. Hint: Show first
that on a set with probability one has for all rational a and b ⟨aX+bY ⟩t ≥
0. Write this as a sum of three terms and show that the above property
extends to real a and b. Use then that this defines a nonnegative quadratic
form.

(d) If V (s, t] denotes the total variation of ⟨X,Y ⟩ over the interval (s, t], then
a.s. for all t ≥ s

V (s, t] ≤ 1

2
(⟨X⟩t + ⟨Y ⟩t − ⟨X⟩s − ⟨Y ⟩s). (3.6)

3.4 Prove Proposition 3.9.

3.5 Let X ∈ M2 and let T be a stopping time (not necessarily finite). If
⟨X⟩T = 0, then P(Xt∧T = 0,∀t ≥ 0) = 1.
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3.6 If X is a martingale w.r.t. some filtration, it is also a martingale w.r.t. FX .
Let X and Y be independent processes on some (Ω,F ,P) and assume that both
are right-continuous martingales. Let F0

t = σ(Xs, Ys, s ≤ t) and let F be the
filtration of σ-algebras Ft =

⋂
s>t F0

s ∨ N , where N is the collections of all
P-null sets of F . Note that P can be uniquely extended to F ∨ N . Show that
X and Y are martingales w.r.t. F and that ⟨X,Y ⟩ = 0.

3.7 Let X be a nonnegative continuous process and A a continuous increasing
process such EXT ≤ EAT for all bounded stopping times T . Define the process
X∗ by X∗

t = sup0≤s≤tXs. Let now T be any stopping time. Show that

P(X∗
T ≥ ε,AT < δ) ≤ 1

ε
E(δ ∧AT ).

Deduce Lenglart’s inequality:

P(X∗
T ≥ ε) ≤ 1

ε
E(δ ∧AT ) + P(AT ≥ δ).

Finally, let X =M2, whereM ∈ M2
c . What is a good candidate for the process

A in this case?

3.8 Formulate the analogue of Proposition 3.8 for the quadratic covariation
process of two martingales in M2

c . Prove it by using the assertion of this propo-
sition.

3.9 Consider an interval [0, t] and let Πn = {tn0 , . . . , tnkn
} be a partition of it with

0 = tn0 < · · · < tnkn
= t and denote by µn its mesh: µn = max{tnj − tnj−1 : j =

1, . . . , kn}. Let W be a Brownian motion and V 2
n =

∑kn

j=1(W (tnj )−W (tnj−1))
2.

Prove that E(V 2
n − t)2 → 0 if µn → 0, and if moreover

∑∞
n=1 µn <∞, then also

V 2
n → t a.s.

3.10 Let W be a Brownian motion. Let X be the square integrable martingale
defined by Xt =W 2

t − t. Show (use Proposition 3.8) that ⟨X⟩t = 4
∫ t

0
W 2

s ds.

3.11 Let N be a Poisson process, with intensity λ. LetMt = Nt−λt. Show that
⟨M⟩t = λt for all t ≥ 0. Show also that Vt(M,Π) → Nt a.s., when µ(Π) → 0.

3.12 Let M ∈ M2 have independent and stationary increments, the latter
meaning that Mt+h − Mt has the same distribution as Ms+h − Ms for all
s, t, h > 0. Show that ⟨M⟩t = tEM2

1 .

3.13 Show that the assertion of Proposition 3.8, under the same conditions, can
be strengthened to P(sups≤t |Vs(X,Π) − ⟨X⟩s| > η) < ε whenever µ(Π) < δ.
[Hint: look at the proof of the proposition and use one of Doob’s inequalities.]

3.14 Let M,N ∈ M2, F ∈ Ft0 for some t0 ≥ 0. Show that X defined by
Xt = 1F (Mt −M t0

t ) also belongs to M2 and that ⟨X,N⟩ = 1F ⟨M −M t0 , N⟩.
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4 Local martingales

In proofs of results of previous sections we reduced a relatively difficult problem
by stopping at judiciously chosen stopping times to an easier problem. This is a
standard technique and it also opens the way to define wider classes of processes
than the ones we have used thus far and that still share many properties of the
more restricted classes. In this section we assume that the underlying filtration
satisfies the usual conditions.

4.1 Localizing sequences and local martingales

Definition 4.1 A sequence of stopping times Tn is called a fundamental or a
localizing sequence if Tn ≥ Tn−1 for all n ≥ 1 and if limn→∞ Tn = ∞ a.s. If
C is a class of processes satisfying a certain property, then (usually) by Cloc we
denote the class of processes X for which there exists a fundamental sequence
of stopping times Tn such that all stopped processes XTn

belong to C.

In the sequel we will take for C various classes consisting of martingales with a
certain property. The first one is defined in

Definition 4.2 An adapted right-continuous process X is called a local martin-
gale if there exists a localizing sequence of stopping times Tn such that for every
n the process XTn

= {XTn∧t t ≥ 0} is a martingale. The class of martingales
X with X0 = 0 a.s. is denoted by M and the class of local martingales X with
X0 = 0 a.s. is denoted by Mloc. The subclass of continuous local martingales
X with X0 = 0 a.s. is denoted by Mloc

c .

Remark 4.3 In Definition 4.2 the stopped processes are required to be martin-
gales. An alternative definition even requires uniform integrability, but one can
show that this definition is equivalent to the former one, see Proposition 4.4.

In Definition 4.2, all XTn

t have to be integrable. In particular for t = 0, one
obtains that X0 is integrable. There are other, not equivalent, definitions of
local martingales. For instance one requires only that for every n the process
XTn

1{Tn>0} = {XTn∧t1{Tn>0} : t ≥ 0} is a martingale. Here we see the weaker
requirement that X01{Tn>0} has to be integrable for every n. Another choice

is that one requires the processes XTn −X0 to be martingales. As we will be
mainly concerned with local martingales satisfying X0 = 0 a.s., the difference
between the definitions disappears. Also in these alternative definitions one can
without loss of generality require uniform integrability.

By the optional stopping theorem, every martingale is a local martingale.
This can be seen by choosing Tn = n for all n. See also Exercise 4.7 for a char-
acterization of a local martingale that makes use of the alternative definitions.

In almost all that follows we consider local martingales X with X0 = 0. We
have the following proposition.

Proposition 4.4 LetX be an adapted right-continuous process such thatX0 =
0 a.s. Then the following statements are equivalent.
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(i) X is a local martingale.

(ii) There exists a localizing sequence (Tn) such that the processes XTn

are
uniformly integrable martingales.

Proof. Exercise 4.1.

4.2 Continuous local martingales

In the sequel we will deal mainly with continuous processes. The main results
are as follows.

Proposition 4.5 If X is a continuous local martingale with X0 = 0 a.s., then
there exist a localizing sequence of stopping times Tn such that the processes
XTn

are bounded martingales.

Proof. Exercise 4.2.

Recall that called a (right-continuous) martingale is called square integrable if
EX2

t <∞ for all t ≥ 0. Therefore we call a right-continuous adapted process X
a locally square integrable martingale if X0 = 0 and if there exists a localizing se-
quence of stopping times Tn such that the process XTn

are all square integrable
martingales. Obviously, one has that these processes are all local martingales.
If we confine ourselves to continuous processes the difference disappears.

Proposition 4.6 Let X be a continuous local martingale with X0 = 0 a.s.
Then it is also locally square integrable.

Proof. This follows immediately from Proposition 4.5.

Some properties of local martingales are given in the next proposition.

Proposition 4.7
(i) A local martingale of class DL is a martingale.

(ii) A local martingale of class D is a uniformly integrable martingale.

(iii) Any nonnegative local martingale is a supermartingale.

Proof. Exercise 4.3.

Although local martingales X in general don’t have a finite second moment, it
is possible to define a quadratic variation process. We do this for continuous
local martingales only and the whole procedure is based on the fact that for a
localizing sequence (Tn) the processes XTn

have a quadratic variation process
in the sense of Section 3.2.

Proposition 4.8 Let X ∈ Mloc
c . Then there exists a unique (up to indis-

tinguishability) continuous process ⟨X⟩ with a.s. increasing paths such that
X2 − ⟨X⟩ ∈ Mloc

c .
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Proof. Choose stopping times Tn such that the stopped processes XTn

are
bounded martingales. This is possible in view of Proposition 4.5. Then, for each
n there exists a unique natural (even continuous) increasing process An such that
(XTn

)2−An is a martingale. For n > m we have that (XTn

)T
m

= XTm

. Hence,
by the uniqueness of the Doob-Meyer decomposition, one has (An)T

m

= Am.
So we can unambiguously define ⟨X⟩ by setting ⟨X⟩t = An

t if t < Tn. Moreover,
we have

X2
t∧Tn − ⟨X⟩t∧Tn = (XTn

t )2 −An
t ,

which shows that for all n the process (X2)T
n − ⟨X⟩Tn

is a martingale, and
thus that X2 − ⟨X⟩ is a (continuous) local martingale.

Corollary 4.9 If X and Y belong to Mloc
c , then there exists a unique (up to

indistinguishability) continuous process ⟨X,Y ⟩ with paths of bounded variation
a.s. such that XY − ⟨X,Y ⟩ ∈ Mloc

c .

Proof. Exercise 4.4.

Proposition 4.10 Let X and Y belong to Mloc
c and T a stopping time. Then

⟨X,Y ⟩T = ⟨XT , Y ⟩ = ⟨XT , Y T ⟩.

Proof. Exercise 4.9.

4.3 Exercises

4.1 Prove Proposition 4.4.

4.2 Prove Proposition 4.5.

4.3 Prove Proposition 4.7.

4.4 Prove Corollary 4.9.

4.5 Let M ∈ Mloc
c and let S be a stopping time. Put Xt = M2

t and define
X∞ = lim inft→∞Xt (and ⟨M⟩∞ = limt→∞⟨M⟩t). Show that EXS ≤ E⟨M⟩S .

4.6 Let M ∈ M2
c satisfy the property E⟨M⟩∞ < ∞. Deduce from Exercise 4.5

that {MS : S a finite stopping time} is uniformly integrable and hence thatM∞
is well defined as a.s. limit of Mt. Show that EM2

∞ = E⟨M⟩∞.

4.7 Let X be an adapted process and T a stopping time. Show that XT1{T>0}
is a uniformly integrable martingale iff X01{T>0} is integrable and XT − X0

is a uniformly integrable martingale. (The latter property for a fundamental
sequence of stopping times is also used as definition of local martingale.)

4.8 Let M ∈ Mloc
c satisfy the property ⟨M⟩T = 0 for some stopping time T .

Show that P(MT
t = 0,∀t ≥ 0) = 1. See also Exercise 3.5.

4.9 Prove Proposition 4.10.

4.10 Let Tn be increasing stopping times such that Tn → ∞ and let M be a
process such that MTn ∈ Mloc

c for all n. Show that M ∈ Mloc
c .
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5 Spaces of progressive processes

Throughout this section we work with a fixed probability space (Ω,F ,P) that
is endowed with a filtration F that satisfies the usual conditions. All properties
below that are defined relative to a filtration (such as adaptedness) are assumed
to be defined in terms of this filtration.

5.1 Metrics for progressive processes

In this section we often work with (Lebesgue-Stieltjes) integrals w.r.t. a process
of finite variation A that satisfies A0 = 0. So, for an arbitrary process X with
the right measurability properties we will look at integrals of the form∫

[0,T ]

Xt(ω) dAt(ω), (5.1)

with t the integration variable and where this integral has to be evaluated ω-
wise. We follow the usual convention for random variables by omitting the
variable ω. But in many cases we also omit the integration variable t and hence
an expression like (5.1) will often be denoted by∫

[0,T ]

X dA.

We also use the notation
∫ T

0
instead of

∫
(0,T ]

if the process A has a.s. continuous

paths. Let M be a square integrable continuous martingale (M ∈ M2
c). Recall

that ⟨M⟩ is the unique continuous increasing process such that M2 − ⟨M⟩ is a
martingale.

Definition 5.1 The Doléans measure µM on ([0,∞) × Ω,B([0,∞)) × F) is
defined by

µM (A) =

∫
Ω

∫ ∞

0

1A(t, ω) d⟨M⟩t(ω)P(dω) = E
∫ ∞

0

1A d⟨M⟩. (5.2)

Remark 5.2 It is perhaps not immediately obvious that µM as in Definition 5.1
indeed defines a measure on ([0,∞)× Ω,B([0,∞))× F). The inner integral in
(5.2) is well defined. But is the resulting expression F-measurable? The latter
is needed to have the expectation well defined. This question is similar to what
have seen when discussing natural increasing processes, see Remark 2.13. It is
easy to check that the answer to the question is affirmative if A is a disjoint
union of sets of the form (a, b] × F with F ∈ F . The extension of µM as a
measure to the full product σ-algebra B([0,∞))×F can be guaranteed to exist
by Carathéodory’s extension theorem and requires some work. But see also
Section C.2 for another approach.

Note that in terms of the measure µM , one can represent the expectations

E
∫ T

0
X2

t d⟨M⟩t and E
∫∞
0
X2

t d⟨M⟩t as
∫
X21[0,T ]×Ω dµM and

∫
X2 dµM respec-

tively. This will return in the next definition.
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Definition 5.3 For a measurable, adapted process X we define for every T ∈
[0,∞)

||X||M,T = (E
∫ T

0

X2
t d⟨M⟩t)1/2 = (

∫
X21[0,T ]×Ω dµM )1/2 (5.3)

and

||X||M =

∞∑
n=1

2−n(1 ∧ ||X||M,n). (5.4)

We will also use

||X||M,∞ = (E
∫ ∞

0

X2
t d⟨M⟩t)1/2 = (

∫
X2 dµM )1/2. (5.5)

Note that || · ||M,∞ is nothing else but the L2-norm for the Doléans measure. We
call two measurable, adapted processes X and Y (M -)equivalent if ||X−Y ||M =
0. By P we denote the class of progressive processes X for which ||X||M,T <∞
for all T ∈ [0,∞).

Remark 5.4 Notice that, with time restricted to [0, T ], the function || · ||M,T

defines an L2-norm on the space of measurable, adapted processes if we identify
equivalent processes. Similarly, dM (X,Y ) := ||X−Y ||M defines a metric. Notice

also that X and Y are equivalent iff
∫ T

0
(X−Y )2 d⟨M⟩ = 0 a.s. for all T ∈ [0,∞).

In addition to the class P introduced above we also need the classes PT for
T ∈ [0,∞]. These are defined in

Definition 5.5 For T < ∞ the class PT is the set of processes X in P for
which Xt = 0 if t > T . The class P∞ is the subclass of processes X ∈ P for
which E

∫∞
0
X2 d⟨M⟩ <∞.

Remark 5.6 A processX belongs to PT iffXt = 0 for t > T and ||X||M,T <∞.

Remark 5.7 All the classes, norms and metrics above depend on the martin-
gale M . When other martingales than M play a role in a certain context, we
emphasize this dependence by e.g. writing PT (M), P(M), etc.

Proposition 5.8 For T ≤ ∞ the class PT is a Hilbert space with inner product
given by

(X,Y )T = E
∫ T

0

XY d⟨M⟩,

if we identify two processes X and Y that satisfy ||X − Y ||M,T = 0.
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Proof. Let T < ∞ and let (Xn) be a Cauchy sequence in PT . Since PT is
a subset of the Hilbert space L2([0, T ] × Ω,B([0, T ]) × FT , µM ), the sequence
(Xn) has a limit X in this space. We have to show that X ∈ PT , but it is
not clear that the limit process X is progressive (a priori we can only be sure
that X is B([0, T ]) × FT -measurable). We will replace X with an equivalent
process as follows. First we select a subsequence Xnk that converges to X
almost everywhere w.r.t. µM . We set Yt(ω) = lim supk→∞Xnk

t (ω). Then Y is
a progressive process, since the Xn are progressive and ||X − Y ||M,T = 0, so Y
is equivalent to X and ||Xn − Y ||M,T → 0. For T = ∞ the proof is similar.

Finally we enlarge the classes PT by dropping the requirement that the expec-
tations are finite and by relaxing the condition that M ∈ M2

c . We have

Definition 5.9 Let M ∈ Mloc
c . The class P∗ is the equivalence class of pro-

gressive processes X such that
∫ T

0
X2 d⟨M⟩ <∞ a.s. for every T ∈ [0,∞).

Remark 5.10 If M ∈ Mloc
c , there exist a fundamental sequence of stopping

times Rn such that MRn ∈ M2
c . If we take X ∈ P∗, then the bounded stopping

times Sn = n∧ inf{t ≥ 0 :
∫ t

0
X2 d⟨M⟩ ≥ n} also form a fundamental sequence.

Consider then the stopping times Tn = Rn ∧ Sn. These form a fundamental
sequence as well. Moreover, MTn ∈ M2

c and the processes Xn defined by
Xn

t = Xt1{t≤Tn} belong to P(MTn

).

5.2 Simple processes

We start with a definition.

Definition 5.11 A processX is called simple if there exists a strictly increasing
sequence of real numbers tn with t0 = 0 and tn → ∞, a uniformly bounded
sequence of random variables ξn with the property that ξn is Ftn -measurable
for each n, such that

Xt = ξ01{0}(t) +

∞∑
n=0

ξn1(tn,tn+1](t), t ≥ 0.

The class of simple processes is denoted by S.

Remark 5.12 Notice that simple processes are progressive and bounded. If
M ∈ M2

c , then a simple process X belongs to P = P(M).

The following lemma is crucial for the construction of the stochastic integral.

Lemma 5.13 Let X be a bounded progressive process. Then there exists a
sequence of simple processes Xn such that for all T ∈ [0,∞) one has

lim
n→∞

E
∫ T

0

(Xn
t −Xt)

2 dt = 0. (5.6)
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Proof. Suppose that we had found for each T ∈ [0,∞) a sequence of simple
processes Xn,T (depending on T ) such that (5.6) holds. Then for all integers n
there exist integers mn such that

E
∫ n

0

(Xmn,n
t −Xt)

2 dt ≤ 1

n
.

One verifies that the sequence with elements Xn = Xmn,n then has the asserted
property: fix T > 0, choose n > T and verify that

E
∫ T

0

(Xn
t −Xt)

2 dt ≤ 1

n
.

Therefore, we will keep T fixed in the remainder of the proof and construct a
sequence of simple processes Xn for which (5.6) holds. This is relatively easy
if X is continuous. Consider the sequence of approximating processes (slightly
different from the ones we used in the proof of Proposition 1.7)

Xn = X01{0}(·) +
2n∑
k=1

1((k−1)2−nT,k2−nT ](·)X(k−1)2−nT .

This sequence has the desired property in view of the bounded convergence
theorem.

If X is merely progressive (but bounded), we proceed by first approximat-
ing it with continuous processes to which we apply the preceding result. For
t ≤ T we define the bounded continuous (‘primitive’) process F by Ft(ω) =∫ t

0
Xs(ω) ds for t ≥ 0 and Ft(ω) = 0 for t < 0 and for each integer m

Y m
t (ω) = m(Ft(ω)− Ft−1/m(ω)).

By the fundamental theorem of calculus, for each ω, the set of t for which Y m
t (ω)

does not converge to Xt(ω) for m→ ∞ has Lebesgue measure zero. Hence, by

dominated convergence, we also have E
∫ T

0
(Y m

t −Xt)
2 dt→ 0. By the preceding

result we can approximate each of the continuous Y m by simple processes Y m,n

in the sense that E
∫ T

0
(Y m

t −Y m,n
t )2 dt→ 0. But then, with the simple processes

Xm = Y m,nm one has E
∫ T

0
(Xm

t −Xt)
2 dt→ 0.

The preceding lemma enables us to prove

Proposition 5.14 Let M be in M2
c and assume that there exists a progressive

nonnegative process f such that ⟨M⟩ is indistinguishable from
∫ ·
0
fs ds (the

process ⟨M⟩ is said to be a.s. absolutely continuous). Then the set S of simple
processes is dense in P with respect to the metric dM defined in Remark 5.4.

Proof. Let X ∈ P and assume that X is bounded. By Lemma 5.13 we can find

simple processesXn such that for all T > 0 it holds that E
∫ T

0
(Xn

t −Xt)
2 dt→ 0.
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But then we can select a subsequence (Xnk) such that Xnk → X for dt × P-
almost all (t, ω). By the dominated convergence theorem we then also have for

all T > 0 that E
∫ T

0
(Xnk

t −Xt)
2ft dt→ 0.

If X is not bounded we truncate it and introduce the processes Xn =
X1{|X|≤n}. Each of these bounded processes can be approximated by sim-
ple processes in view of the previous case. The result then follows upon noticing

that E
∫ T

0
(Xn −X)2 d⟨M⟩ = E

∫ T

0
X21{|X|>n} d⟨M⟩ → 0.

Remark 5.15 The approximation results can be strengthened, the space S is
also dense in the set of measurable processes. Furthermore, if we drop the
requirement that the process ⟨M⟩ is a.s. absolutely continuous, the assertion
of Proposition 5.14 is still true, but the proof is much more complicated. For
most, if not all, of our purposes the present version is sufficient.

5.3 Exercises

5.1 Let X be a simple process given by Xt =
∑∞

k=1 ξk−11(tk−1,tk](t) and let
M be an element of M2

c . Consider the discrete time process V defined by
Vn =

∑n
k=1 ξk−1(Mtk −Mtk−1

).

(a) Show that V is a martingale w.r.t. an appropriate filtration G = (Gn) in
discrete time.

(b) Compute An :=
∑n

k=1 E[(Vk − Vk−1)
2|Gk−1].

(c) Compute also
∑n

k=1 E[
∫ tk
tk−1

X2
t d⟨M⟩t|Gk−1] and show that this is equal to

An.

(d) Finally, show that V 2
n −An is a G-martingale.

5.2 Let W be a Brownian motion and let for each n a partition Πn = {0 =
tn0 , . . . , t

n
n = T} of [0, T ] be given with µ(Πn) → 0 for n → ∞. Let hn : R → R

be defined by hn(x) = x1[−n,n](x) and put

W̄n
t =

n∑
j=1

Wtnj−1
1(tnj−1,t

n
j ]
(t).

and

Wn
t =

n∑
j=1

hn(Wtnj−1
)1(tnj−1,t

n
j ]
(t).

Then Wn ∈ S for all n. Show that W̄n →W and Wn →W in PT (W ).
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6 Stochastic Integral

In previous sections we have already encountered integrals where both the in-
tegrand and the integrator were stochastic processes, e.g. in the definition of
a natural process. In all these cases the integrator was an increasing process
or, more general, a process with paths of bounded variation over finite inter-
vals. In the present section we will consider integrals where the integrator
is a continuous martingale. Except for trivial exceptions, these have paths
of unbounded variation so that a pathwise definition of these integrals in the
Lebesgue-Stieltjes sense cannot be given (e.g. Proposition C.5 cannot be ap-
plied). As a matter of fact, if one aims at a sensible pathwise definition of
such an integral, one finds himself in a (seemingly) hopeless position in view of
Proposition 6.1 below. For integrals, over the interval [0, 1] say, defined in the
Stieltjes sense, the sums

SΠh =
∑

h(tk)(g(tk+1)− g(tk))

converge for continuous h and g of bounded variation, if we sum over the ele-
ments of partitions Π = {0 = t0 < · · · < tn = 1} whose mesh µ(Π) tends to zero
(Proposition C.5).

Proposition 6.1 Suppose that the fixed function g is such that for all continu-
ous functions h one has that SΠh converges, if µ(Π) → 0. Then g is of bounded
variation.

Proof. We view the SΠ as linear operators on the Banach space of continu-
ous functions on [0, 1] endowed with the sup-norm || · ||. Notice that |SΠh| ≤
||h||

∑
|g(tk+1)− g(tk)| = ||h||V 1(g; Π), where V 1(g; Π) denotes the variation of

g over the partition Π. Hence the operator norm ||SΠ|| is less than V 1(g; Π). For
any partition Π = {0 = t0 < · · · < tn = 1} we can find (by linear interpolation) a
continuous function hΠ (bounded by 1) such that hΠ(tk) = sgn(g(tk+1)−g(tk)).
Then we have SΠhΠ = V 1(g; Π). It follows that ||SΠ|| = V 1(g; Π). By assump-
tion, for any h we have that the sums SΠh converge if µ(Π) → 0, so that for any
h the set with elements |SΠh| (for such Π) is bounded. By the Banach-Steinhaus
theorem (Theorem E.5), also the ||SΠ|| form a bounded set. The result follows
since we had already observed that ||SΠ|| = V 1(g; Π).

The function h in the above proof evaluated at points tk uses the value of g at a
‘future’ point tk+1. Excluding functions that use ‘future’ information, one also
says that such functions are anticipating, is one of the ingredients that allow
us to nevertheless finding a coherent notion of the (stochastic) integral with
martingales as integrator.

6.1 Construction

The basic formula for the construction of the stochastic integral is formula (6.1)
below. We consider a process X ∈ S as in Definition 5.11. The stochastic
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integral, also called Itô integral of X w.r.t. M ∈ M2
c is a stochastic process,

denoted by X ·M , that at each time t is defined to be the random variable

(X ·M)t =

∞∑
i=0

ξi(Mt∧ti+1
−Mt∧ti). (6.1)

For each t ∈ [0,∞) there is a unique n = n(t) such that tn ≤ t < tn+1. Hence
Equation (6.1) then takes the form

(X ·M)t =

n−1∑
i=0

ξi(Mti+1 −Mti) + ξn(Mt −Mtn). (6.2)

As in classical Lebesgue integration theory one can show that the given ex-
pression for (X ·M)t is independent of the chosen representation of X. Notice
that (6.2) expresses (X ·M)t as a martingale transform. With this observation
we now present the first properties of the stochastic integral.

Proposition 6.2 For X ∈ S and M ∈ M2
c the process X ·M is a continuous

square integrable martingale with initial value zero, has quadratic variation
process

⟨X ·M⟩ =
∫ ·

0

X2
u d⟨M⟩u, (6.3)

and

E(X ·M)2t = E
∫ t

0

X2
u d⟨M⟩u. (6.4)

Thus, for each fixed t, we can view It : X → (X ·M)t as a linear operator on the
space of simple processes that are annihilated after t with values in L2(Ω,Ft,P)
It follows that ||X ·M ||t = ||X||M,t, where the first ||·||t is as in Definition 3.2 and
the second || · ||M,t as in Definition 5.3. Hence It is an isometry. With the pair of
‘norms’ || · || and || · ||M in the same definitions, we also have ||X ·M || = ||X||M .

Proof. From (6.1) it follows that X ·M is a continuous process. Consider the
identities

E[(X ·M)t|Fs] = (X ·M)s a.s., (6.5)

E[((X ·M)t − (X ·M)s)
2|Fs] = E[

∫ t

s

X2
u d⟨M⟩u|Fs] a.s. (6.6)

To prove (6.5) and (6.6), we assume without loss of generality that t = tn
and s = tm. Then (X ·M)t − (X ·M)s =

∑n−1
i=m ξi(Mti+1 −Mti). In fact, the

sequence (X ·M)tk can be considered as a discrete time martingale transform,
and so (6.5) follows from the one step ahead version E[ξi(Mti+1

−Mti)|Fti ] = 0.
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Similarly, we have

E[(ξi(Mti+1 −Mti))
2|Fti ] = ξ2i E[(Mti+1 −Mti)

2|Fti ]

= ξ2i E[⟨M⟩ti+1
− ⟨M⟩ti |Fti ]

= E[
∫ ti+1

ti

X2
u d⟨M⟩u|Fti ],

from which (6.6) follows. We conclude that X ·M ∈ M2
c and obtain the expres-

sion (6.3) for its quadratic variation process. Then we also have (6.4) and the
equality ||X ·M ||t = ||X||M,t immediately follows, as well as ||X ·M || = ||X||M .
Linearity of It can be proved as in Lebesgue integration theory.

Theorem 6.3 Let M ∈ M2
c . For all X ∈ P, there exists a unique (up to

indistinguishability) processX·M ∈ M2
c with the property ||Xn·M−X·M || → 0

for every sequence (Xn) in S such that ||Xn−X||M → 0. Moreover, its quadratic
variation is given by (6.3). This process is called the stochastic integral or Itô
integral of X w.r.t. M .

Proof. First we show existence. Let X ∈ P. From Proposition 5.14 and Re-
mark 5.15 we know that there is a sequence of Xn ∈ S such that ||X−Xn||M →
0. By Proposition 6.2 we have for each t that E((Xm ·M)t − (Xn ·M)t)

2 =

E
∫ t

0
(Xm

s − Xn
s )

2 d⟨M⟩s and hence ||Xm · M − Xn · M || = ||Xm − Xn||M .
This shows that the sequence (Xn ·M) is Cauchy in the complete space M2

c

(Proposition 3.4) and thus has a limit in this space. We call it X ·M . The
limit can be seen to be independent of the particular sequence (Xn) by the
following familiar trick. Let (Y n) be another sequence in S converging to
X. Mix the two sequences as follows: X1, Y 1, X2, Y 2, . . .. Also this sequence
converges to X. Consider the sequence of corresponding stochastic integrals
X1 ·M,Y 1 ·M,X2 ·M,Y 2 ·M, . . .. This sequence has a unique limit in M2

c and
hence its subsequences (Xn ·M) and (Y n ·M) must converge to the same limit,
which then must be X ·M . The proof of (6.3) is left as Exercise 6.6.

We will frequently need the following extension of Proposition 6.2.

Lemma 6.4 The mapping I : P → M2
c , I(X) = X · M , is linear and IT :

(PT , || · ||M ) → L2(Ω,FT ,P), IT (X) = (X ·M)T , an isometry from (PT , || · ||M )
onto its image.

Proof. Exercise 6.7.

Remark 6.5 The theory of stochastic integration as presented here is given
for integrands X belonging to P, so for progressive processes. In discrete time
one encounters martingale transforms of the type X ·M given by (X ·M)n :=∑n

k=1Xk∆Mk, with ∆Mk =Mk −Mk−1 and M a martingale in discrete time.
Under integrability conditions, e.g. a bounded process X, the martingale trans-
form is a martingale again, if X is predictable. Recall that the latter concept (in
discrete time) means that Xk is Fk−1-measurable. The general continuous time
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theory of stochastic integration has also been developed for predictable, in the
sense of Definition 2.20, integrands X when M is not necessarily continuous,
but only right-continuous. Recall that predictability of a process is a stronger
concept than being progressive. For processes X that are not predictable, but
only progressive, the martingale property of X ·M usually fails to hold when
M is only a right-continuous martingale. As we have presented stochastic in-
tegrals for continuous martingales, the stronger measurability assumption on
integrands X being predictable is not necessary and the theory works well for
progressive processes X.

We continue with a further development of the theory. The proposition below
gives two alternative ways to express a stopped stochastic integral.

Proposition 6.6 Let X ∈ P, M ∈ M2
c and T a stopping time. Then

(X ·M)T = X ·MT (6.7)

= 1[0,T ]X ·M. (6.8)

Proof. First we prove (6.7). If X ∈ S, the result is trivial. For X ∈ P, we take
Xn ∈ S such that ||Xn − X||M → 0. Using the assertion for processes in S
(check this) and the linearity property of Lemma 6.4 we can write

(X ·M)T −X ·MT = ((X −Xn) ·M)T − (X −Xn) ·MT .

For any t > 0 we have

E
(
((X −Xn) ·M)Tt

)2
= E

∫ t∧T

0

(Xu −Xn
u )

2 d⟨M⟩u

≤ E
∫ t

0

(Xu −Xn
u )

2 d⟨M⟩u → 0.

Similarly,

E((X −Xn) ·MT )2t = E
∫ t

0

(Xu −Xn
u )

2 d⟨MT ⟩u

= E
∫ t

0

(Xu −Xn
u )

2 d⟨M⟩Tu

= E
∫ t∧T

0

(Xu −Xn
u )

2 d⟨M⟩u

≤ E
∫ t

0

(Xu −Xn
u )

2 d⟨M⟩u → 0,

This shows (6.7).
To prove (6.8), we first show that 1[0,T ]X ·M = (1[0,T ]X ·M)T . From (6.7)

we have (1[0,T ]X ·M)T = 1[0,T ]X ·MT . Hence, exploiting the linearity of the
stochastic integral in the integrator, Exercise 6.12, we obtain

1[0,T ]X ·M − (1[0,T ]X ·M)T = 1[0,T ]X ·M − 1[0,T ]X ·MT

= 1[0,T ]X · (M −MT ),
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which has quadratic variation
∫
1[0,T ]X

2 d⟨M − MT ⟩ =
∫
1[0,T ]X

2 d(⟨M⟩ −
⟨M⟩T ) = 0. We can thus write, using (6.7) again,

(X ·M)T − (1[0,T ]X ·M) = (X ·M)T − (1[0,T ]X ·M)T

= X ·MT − 1[0,T ]X ·MT

= (1− 1[0,T ])X ·MT

= 1(T,∞)X ·MT ,

whose quadratic variation
∫
1(T,∞)X

2 d⟨M⟩T vanishes, which proves (6.8).

Proposition 6.7 Let X,Y ∈ P, M ∈ M2
c and S ≤ T be stopping times. Then

E[(X ·M)T∧t|FS ] = (X ·M)S∧t

and

E[((X ·M)T∧t − (X ·M)S∧t)((Y ·M)T∧t − (Y ·M)S∧t)|FS ] =

E[
∫ T∧t

S∧t

XuYu d⟨M⟩u|FS ].

Proof. The first property follows from Corollary 2.10. The second property is
first proved for X = Y by applying Corollary 2.10 to the martingale (X ·M)2−∫ ·
0
X2 d⟨M⟩ and then by polarization.

Remark 6.8 Integrals of the type (X ·M)∞ =
∫∞
0
X dM can be defined sim-

ilarly for X ∈ P∞. The Itô isometry property then reads E(X · M)2∞ =
E
∫∞
0
X2 d⟨M⟩, which is finite by X ∈ P∞. Furthermore, one can show the

relation (X ·M)t = (X1[0,t] ·M)∞. Also properties in the next section carry
over from finite t to t = ∞ under the appropriate assumptions.

From the theory in discrete time we know that the martingale transform H ·M
is a martingale if H is predictable, see Section 2.4 for a definition, and if M
is a martingale, provided that all relevant expectations are finite. Also this
property carries over to continuous time. But then we first have to define the
stochastic integral H ·M , for a predictable process H and a càdlàg martingale
M . The setup is roughly as in the present section, but we omit a detailed
treatment. Note that we have in this alternative setup the constraint that H
is a predictable process, not just progressive. This limitation of the integrands
is caused by the fact that we now allow stochastic integrals w.r.t. a larger class
of martingales than the ones with continuous paths. So, stretching the class of
integrators has to be compensated with a restriction on the class of integrands.
In Section 6.3 we will see another relaxation of the stochastic integral X ·M ,
both X and M will be allowed to live in bigger classes, but the martingale
property of the stochastic integral has to be given up.
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6.2 Characterizations and further properties

One of the aims of this section is the computation of the quadratic covariation
between the martingales X ·M and Y · N , where X ∈ P(M), Y ∈ P(N) and
M,N ∈ M2

c . For X,Y ∈ S this is (relatively) straightforward (Exercise 6.5)
since the integrals become sums and the result is

⟨X ·M,Y ·N⟩ =
∫ ·

0

XY d⟨M,N⟩. (6.9)

The extension to more general X and Y will be established in a number of steps.
The first step is a result known as the Kunita-Watanabe inequality.

Proposition 6.9 Let M,N ∈ M2
c , X ∈ P(M) and Y ∈ P(N). Let V be the

total variation process of the process ⟨M,N⟩. Then for t ≥ 0,

|
∫ t

0

XY d⟨M,N⟩| ≤
( ∫ t

0

|X|2 d⟨M⟩
)1/2( ∫ t

0

|Y |2 d⟨N⟩
)1/2

a.s., (6.10)∫ t

0

|XY |dV ≤
( ∫ t

0

|X|2 d⟨M⟩
)1/2( ∫ t

0

|Y |2 d⟨N⟩
)1/2

a.s. (6.11)

Proof. We first focus on (6.10). Observe that (⟨M,N⟩t − ⟨M,N⟩s)2 ≤ (⟨M⟩t −
⟨M⟩s)(⟨N⟩t − ⟨N⟩s) a.s. (similar to Exercise 3.3). Assume first that X and Y
are simple. The process X we can represent on (0, t] as

∑
k xk1(tk,tk+1] with the

last tn = t. For Y we similarly have
∑

k yk1(tk,tk+1]. It follows that

|
∫ t

0

XY d⟨M,N⟩|

≤
∑

|xk||yk||⟨M,N⟩tk+1
− ⟨M,N⟩tk |

≤
∑
k

|xk||yk|
(
(⟨M⟩tk+1

− ⟨M⟩tk)(⟨N⟩tk+1
− ⟨N⟩tk)

)1/2
≤
(∑

k

x2k(⟨M⟩tk+1
− ⟨M⟩tk)

)1/2(∑
k

y2k(⟨N⟩tk+1
− ⟨N⟩tk)

)1/2
=
( ∫ t

0

|X|2 d⟨M⟩
)1/2( ∫ t

0

|Y |2 d⟨N⟩
)1/2

.

The remainder of the proof of (6.10) for arbitrary X ∈ P(M) and Y ∈ P(N)
follows by taking limits. This is left as Exercise 6.13.

Consider then (6.11). Observe that ⟨M,N⟩ is absolutely continuous w.r.t.
V , with density process d⟨M,N⟩/dV taking values in {−1, 1}, and then ob-

viously (d⟨M,N⟩/dV )2 = 1. We use this equality to write
∫ t

0
|XY |dV as∫ t

0
XY sgn(XY )d⟨M,N⟩

dV d⟨M,N⟩. Relabeling Xsgn(XY ) as X and Y d⟨M,N⟩
dV as

Y , we simply apply (6.10).
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Lemma 6.10 Let M,N ∈ M2
c and X ∈ P(M). Then

⟨X ·M,N⟩ =
∫ ·

0

X d⟨M,N⟩

or, in shorthand notation,

d ⟨X ·M,N⟩ = X d⟨M,N⟩.

Proof. Choose Xn ∈ S such that ||Xn −X||M → 0. Then we can find for every

T > 0 a subsequence, again denoted by Xn, such that
∫ T

0
(Xn −X)2 d⟨M⟩ → 0

a.s. But then ⟨Xn ·M −X ·M,N⟩2T ≤ ⟨Xn ·M −X ·M⟩T ⟨N⟩T → 0 a.s.
Consider then, applying the Schwarz inequality (Exercise 3.3),

|⟨X ·M,N⟩T − ⟨Xn ·M,N⟩T |2 = |⟨(X −Xn) ·M,N⟩T |2

≤ ⟨(X −Xn) ·M⟩T ⟨N⟩T

=

∫ T

0

(Xn −X)2 d⟨M⟩ ⟨N⟩T → 0.

Consider too

|
∫ T

0

Xn d⟨M,N⟩ −
∫ T

0

X d⟨M,N⟩|2 = |
∫ T

0

(Xn −X) d⟨M,N⟩|2

≤
∫ T

0

(Xn −X)2 d⟨M⟩ ⟨N⟩T ,

where we applied the Kunita-Watanabe inequality.
For the simple Xn one relatively easily verifies (check this!) similar to Ex-

ercise 6.5 that

⟨Xn ·M,N⟩T =

∫ T

0

Xn d⟨M,N⟩.

Combined with the two previous inequalities, one now completes the proof by
taking limits for n→ ∞.

Proposition 6.11 Let M,N ∈ M2
c , X ∈ P(M) and Y ∈ P(N). Then Equa-

tion (6.9) holds.

Proof. We apply Lemma 6.10 twice and get

⟨X ·M,Y ·N⟩ =
∫ ·

0

Y d⟨X ·M,N⟩ =
∫ ·

0

XY d⟨M,N⟩,

which is the desired equality.

We are now in the position to state an important characterization of the stochas-
tic integral. In certain books it is taken as a definition.
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Theorem 6.12 Let M ∈ M2
c and X ∈ P(M). Let I ∈ M2

c be such that
⟨I,N⟩ =

∫ ·
0
X d⟨M,N⟩ for all N ∈ M2

c . Then I is indistinguishable from X ·M .

Proof. Since ⟨X · M,N⟩ =
∫ ·
0
X d⟨M,N⟩ we get ⟨I − X · M,N⟩ = 0 for all

N ∈ M2
c by subtraction. In particular for N = I −X ·M . The result follows,

since ⟨N⟩ = 0 implies N = 0.

The characterization is a useful tool in the proof of the following ‘chain rule’.

Proposition 6.13 Let M ∈ M2
c , X ∈ P(M) and Y ∈ P(X · M). Then

XY ∈ P(M) and Y · (X ·M) = (XY ) ·M up to indistinguishability.

Proof. Since ⟨X ·M⟩ =
∫ ·
0
X2 d⟨M⟩, it immediately follows that XY ∈ P(M).

Furthermore, for any martingale N ∈ M2
c we have

⟨(XY ) ·M,N⟩ =
∫ ·

0

XY d⟨M,N⟩

=

∫ ·

0

Y d⟨X ·M,N⟩

= ⟨Y · (X ·M), N⟩.

It follows from Theorem 6.12 that Y · (X ·M) = (XY ) ·M .

The construction of the stochastic integral that we have developed here is
founded on ‘L2-theory’. We have not defined the stochastic integral w.r.t. a
continuous martingale in a pathwise way. Nevertheless, there exists a ‘pathwise-
uniqueness result’.

Proposition 6.14 Let M1,M2 ∈ M2
c , X1 ∈ P(M1) and X2 ∈ P(M2). Let T

be a stopping time and suppose that MT
1 and MT

2 as well as XT
1 and XT

2 are
indistinguishable. Then the same holds for (X1 ·M1)

T and (X2 ·M2)
T .

Proof. For any N ∈ M2
c we have that ⟨M1 −M2, N⟩T = 0. Hence,

⟨(X1 ·M1)
T − (X2 ·M2)

T , N⟩ =
∫ ·

0

X1 d⟨MT
1 , N⟩ −

∫ ·

0

X2 d⟨MT
2 , N⟩

=

∫ ·

0

(X1 −X2) d⟨MT
1 , N⟩

=

∫ ·

0

(X1 −X2) d⟨M1, N⟩T

=

∫ ·

0

(X1 −X2)1[0,T ] d⟨M1, N⟩

= 0.

The assertion follows by application of Theorem 6.12.
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6.3 Integration w.r.t. local martingales

In this section we extend the definition of stochastic integral into two directions.
In the first place we relax the condition that the integrator is a martingale (in
M2

c) and in the second place, we put less severe restrictions on the integrand.

In this section M will be a continuous local martingale. We have

Definition 6.15 For M ∈ Mloc
c the class P∗ = P∗(M) is defined as the col-

lection of progressive processes X with the property that
∫ T

0
X2 d⟨M⟩ <∞ a.s.

for all T ≥ 0.

Recall that for local martingales the quadratic (co-)variation processes exist.

Theorem 6.16 Let M ∈ Mloc
c and X ∈ P∗(M). Then there exists a unique

local martingale, denoted by X ·M , such that for all N ∈ Mloc
c it holds that

⟨X ·M,N⟩ =
∫ ·

0

X d⟨M,N⟩. (6.12)

This local martingale is called the stochastic integral of X w.r.t. M . If further-
more Y ∈ P∗(N), then equality (6.9) is still valid.

Proof. Define the stopping times Sn as a localizing sequence for M and Tn =
inf{t ≥ 0 : M2

t +
∫ t

0
X2 d⟨M⟩ ≥ n} ∧ Sn. Then the Tn also form a localizing

sequence, |MTn | ≤ n and XTn ∈ P(MTn

). Therefore the stochastic integrals
In := XTn ·MTn

can be defined as before. It follows from e.g. Proposition 6.14
that In+1 and In coincide on [0, Tn]. Hence we can unambiguously define
(X · M)t as Int for any n such that Tn ≥ t. Since (X · M)T

n

= In is a
martingale, X ·M is a local martingale. Furthermore, for any N ∈ M2 we have
⟨X ·M,N⟩Tn

= ⟨In, N⟩ =
∫ ·
0
X d⟨M,N⟩Tn

. By letting n→ ∞ we obtain (6.12).
The uniqueness follows as in the proof of Theorem 6.12 for N ∈ M2, and then
also for N ∈ Mloc

c .

Remark 6.17 Let M ∈ Mloc
c and P∗

∞ be the class of progressive processes X
satisfying

∫∞
0
X2 d⟨M⟩ <∞ a.s. Then one can also define parallel to Remark 6.8

integrals (X ·M)∞ by adapting the proof of Theorem 6.16.

6.4 Exercises

6.1 Let (Xn) be a sequence in P that converges to X w.r.t. the metric of
Definition 5.3. Show that the stochastic integralsXn ·M converge toX ·M w.r.t.

the metric of Definition 3.2 and also that sups≤t |(Xn·M)s−(X ·M)s|
P→ 0. (The

latter convergence is called uniform convergence on compacts in probability,

abbreviated by ucp convergence, often denoted
ucp→ ).

6.2 Show, not referring to Proposition 6.6, that (1[0,T ]X) ·M = (X ·M)T for
any finite stopping time T , M ∈ M2

c and X ∈ P(M).
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6.3 Let S and T be stopping times such that S ≤ T and let ζ be a bounded FS-
measurable random variable. Show that the process X = ζ1(S,T ] is progressive.
Let M ∈ M2

c . Show that ((ζ1(S,T ]) ·M)t = ζ(MT∧t −MS∧t).

6.4 Prove the second assertion of Proposition 6.7.

6.5 Show the equality (6.9) for X and Y in S.

6.6 Finish the proof of Theorem 6.3. I.e. show that the quadratic variation of
X ·M is given by (6.3) if M ∈ M2

c and X ∈ P(M).

6.7 Prove the linearity in Lemma 6.4, so show that (X+Y )·M andX ·M+Y ·M
are indistinguishable if M ∈ M2

c and X,Y ∈ P(M).

6.8 Let W be standard Brownian motion.

(a) Find a sequence of piecewise constant processes Wn such that

E
∫ T

0
|Wn

t −Wt|2 dt→ 0.

(b) Compute
∫ T

0
Wn

t dWt and show that it ‘converges’ (in what sense?) to
1
2 (W

2
T − T ), if we consider smaller and smaller intervals of constancy.

(c) Deduce that
∫ T

0
Wt dWt =

1
2 (W

2
T − T ).

6.9 Let M ∈ Mloc
c , X,Y ∈ P∗(M) and a, b ∈ R. Show that (aX + bY ) ·M and

a (X ·M) + b (Y ·M) are indistinguishable.

6.10 Let W be Brownian motion and T a stopping time with ET < ∞. Show
(use stochastic integrals) that EWT = 0 and EW 2

T = ET .

6.11 Define forM ∈ M2
c and X ∈ P(M) for 0 ≤ s < t ≤ T the random variable∫ t

s
X dM as (X ·M)t − (X ·M)s. Show that

∫ t

s
X dM = ((1(s,t]X) ·M)T .

6.12 Let M,N ∈ M2
c and X ∈ P(M) ∩ P(N). Show that X ·M +X ·N and

X · (M +N) are indistinguishable.

6.13 Finish the proof of Proposition 6.9, i.e. show that inequality (6.10) holds
for all processes X ∈ P(M) and Y ∈ P(N). To that end you show first that
there are simple processes Xn and Y n such that Xn → X and Y n → Y a.e.
with respect to the measures µM and µN respectively. You may assume absolute
continuity of ⟨M⟩ and ⟨N⟩.

6.14 Let C be a finite F0-measurable random variable and suppose that the
process X belongs to P∗. Let M ∈ Mloc

c . Show that the stochastic integral
process (CX) ·M is well defined and that (CX) ·M = C (X ·M).
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7 Semimartingales and the Itô formula

As almost always we assume also in this section that the filtration F on the
underlying probability space (Ω,F ,P) satisfies the usual conditions.

7.1 Semimartingales

Definition 7.1 A processX is called a (continuous) semimartingale if it admits
a decomposition

X = X0 +A+M, (7.1)

whereM ∈ Mloc
c and A is a continuous process with paths of bounded variation

(over finite intervals) and A0 = 0 a.s.

Remark 7.2 The decomposition (7.1) is unique up to indistinguishability. This
follows from the fact that continuous local martingales that are of bounded vari-
ation are a.s. constant in time (Lemma 2.16). We call (7.1) the semimartingale
decomposition of X.

Every continuous submartingale is a semimartingale and its semimartingale de-
composition of Definition 7.1 coincides with the Doob-Meyer decomposition. All
semimartingales in these lecture notes are continuous, sometimes emphasized by
writing that X is a (continuous) semimartingale, as in Definition 7.1.

Definition 7.3 If X and Y are semimartingales with semimartingale decom-
positions X = X0 + A +M and Y = Y0 + B + N where M and N are local
martingales and A and B processes of bounded variation, then we define their
quadratic covariation process ⟨X,Y ⟩ as ⟨M,N⟩. If X = Y , we write ⟨X⟩ for
⟨X,X⟩, the quadratic variation process of X.

The bounded variation parts of semimartingales are thus ignored in the defi-
nition of quadratic variation and covariation. Proposition 7.4 below gives an
intuitively appealing justification for this.

Let X be a semimartingale and B a continuous bounded variation process.
Then X +B is again a semimartingale, which has the same (unique) local mar-
tingale part as X. It follows that with every other semimartingale Y one has
⟨X + B, Y ⟩ = ⟨X,Y ⟩. So, if one (only) changes the bounded variation part
of a semimartingale, its quadratic covariation with any other semimartingale is
unaltered. We will often use this property.

Below we will use a number of the times the concept of uniform convergence
in probability on compact sets (ucp convergence), which is defined as follows.
Suppose Xn is a sequence of processes. One says that Xn converges in proba-

bility on compact sets to a process X, denoted Xn ucp→ X, if for all T > 0 one

has supt≤T |Xn
t − Xt|

P→ 0 as n → ∞. Here it is tacitly understood that the
supremum is measurable.
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Proposition 7.4 The given definition of ⟨X,Y ⟩ for semimartingales coincides
with our intuitive understanding of quadratic covariation. If (Πn) is a sequence
of partitions of [0,∞) whose meshes µ(Πn) tend to zero, then for every T > 0
we have

sup
t≤T

|Vt(X,Y ; Πn)− ⟨X,Y ⟩t|
P→ 0,

where for any partition Π we write Vt(X,Y ; Π) =
∑

(Xtk∧t −Xtk−1∧t)(Ytk∧t −
Ytk−1∧t) with the summation over the tk, tk−1 ∈ Π ∩ [0, t]. In short, one has

V (X,Y ; Πn)
ucp→ ⟨X,Y ⟩.

Proof. It is sufficient to prove this for X = Y with X0 = 0. Let X = X0 +
A + M according to Equation (7.1). Write Vt(X,X; Πn) = Vt(M,M ; Πn) +
2Vt(A,M ; Πn) + Vt(A,A; Π

n). Since A has paths of bounded variation and A
and M have continuous paths, the last two terms tend to zero a.s., uniformly in
t ∈ [0, T ]. We concentrate henceforth on Vt(M,M ; Πn). Let (Tm) be a localizing
sequence for M such that MTm

as well as ⟨MTm⟩ are bounded by m. For given
ε, δ, T > 0, we can choose Tm such that P(Tm ≤ T ) < δ. We thus have

P(sup
t≤T

|Vt(M,M ; Πn)− ⟨M⟩t| > ε)

≤ δ + P(sup
t≤T

|Vt(MTm

,MTm

; Πn)− ⟨MTm

⟩t| > ε, T < Tm)

≤ δ + P(sup
t≤T

|Vt(MTm

,MTm

; Πn)− ⟨MTm

⟩t| > ε). (7.2)

Realizing, using similar arguments as in the proof of Proposition 3.8, that
V (MTm

,MTm

; Πn) − ⟨MTm⟩ is a bounded martingale, we apply Doob’s in-
equality to show that the second term in (7.2) tends to zero when the mesh
µ(Πn) tends to zero. Actually, similar to the proof of Proposition 3.8, one
shows L2-convergence to zero (Exercise 3.13) µ(Πn) → 0. This finishes the
proof since δ > 0 is arbitrary. (We thus obtain by almost the same techniques
an improvement of Proposition 3.8).

Definition 7.5 A progressive process Y is called locally bounded if there exists
a localizing sequence (Tn) such that the stopped processes Y Tn

are bounded.

Clearly, all continuous processes are locally bounded and locally bounded pro-
cesses belong to P∗(M) for any continuous local martingale M . Moreover, for
locally bounded processes Y and continuous processes A that are of bounded
variation, the pathwise Lebesgue-Stieltjes integrals

∫ t

0
Ys(ω) dAs(ω) are (a.s.)

defined for every t > 0 and finite a.s.

Definition 7.6 Let Y be a locally bounded process and X a semimartingale
with decomposition (7.1). Then the stochastic integral of Y w.r.t.X is defined as
Y ·M+

∫ ·
0
Y dA. Here the first integral is the stochastic integral of Theorem 6.16

and the second one is the Stieltjes integral that we just mentioned. From now
on we will use the notation

∫ ·
0
Y dX or Y ·X to denote the stochastic integral

of Y w.r.t. X.

48



Note that, due to the uniqueness of the decomposition in Definition 7.1, the
definition of Y ·X is unambiguous. Moreover, Y ·X is again a semimartingale
and

Y ·X = Y ·A+ Y ·M,

is its unique semimartingale decomposition. Indeed, Y ·M is a local martingale
and Y ·A has paths of bounded variation. As a matter of fact, its total variation
process V 1(Y · A) is given by V 1(Y · A)t = (|Y | · V 1(A))t, which is a.s. finite,
where V 1(A) stands for the total variation of A, i.e. as a function of t, V 1(A)t
is the total variation of A over the interval [0, t].

As a consequence, for two semimartingales X1 and X2 and two locally
bounded processes Y1 en Y2 we have ⟨Y1 ·X1, Y2 ·X2⟩ = (Y1Y2) · ⟨M1,M2⟩, where
theMi are the local martingale parts of the Xi, and then also ⟨Y1 ·X1, Y2 ·X2⟩ =
(Y1Y2) · ⟨X1, X2⟩. Hence we have the analogue of (6.9) for stochastic integrals
w.r.t. semimartingales.

Proposition 7.7 Let Y,U be locally bounded processes and X a semimartin-
gale.
(i) If T is a stopping time, then (Y ·X)T = Y ·XT = (1[0,T ]Y ) ·X.

(ii) The product Y U is locally bounded, Y ·X is a semimartingale and U ·(Y ·X)
and (Y U) ·X are indistinguishable.

Proof. As the assertions are obvious if X itself is of bounded variation, we
only have to take care of the (local) martingale parts. But for these we have
Propositions 6.6 and 6.13, that can be extended to the local martingale case by
an appropriate stopping argument.

We continue with a result that is the counterpart of Lebesgue’s dominated
convergence theorem, now for stochastic integrals w.r.t. semimartingales.

Proposition 7.8 Let X be a continuous semimartingale and (Y n) a sequence
of progressive processes that converge to zero pointwise. If there exists a locally
bounded progressive process Y that dominates all the Y n, |Y n| ≤ Y , then the

Y n are locally bounded too and Y n ·X ucp→ 0.

Proof. Let X = A + M . Then sups≤t |
∫ s

0
Y n dA| tends to zero pointwise in

view of Lebesgue’s dominated convergence theorem. Therefore we prove the
proposition for X = M , a continuous local martingale. Choose stopping times
Tm such that each MTm

is a square integrable martingale and Y Tm

bounded.

Then for all m and T > 0, E
∫ T

0
(Y n)2 d⟨MTm⟩ → 0 for n → ∞ and by the

isometry property of the stochastic integral, valid since Y n ∈ P(MTm

), we also
have for all T > 0 that E(Y n ·MTm

)2T → 0 and consequently, see the proof of

Proposition 7.4, we have Y n ·MTm ucp→ 0 for n → ∞. The dependence on Tm

can be removed in the same way as in the proof of Proposition 7.4.
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We close this section with a result that says that Y ·X is in a good sense a limit
of sums of the type (6.2), which was the point of departure of developing the
theory of stochastic integrals.

Corollary 7.9 Let Y be a continuous adapted process andX a semimartingale.
Let Πn be a sequence of partitions of [0,∞) whose meshes tend to zero. Let

Y n =
∑

k Ytnk1(tnk ,t
n
k+1]

, with the tnk in Πn. Then Y n ·X ucp→ Y ·X.

Proof. Since Y is locally bounded, we can find stopping times Tm such that
|Y Tm | ≤ m and hence supt |(Y n)T

m

t | ≤ m. We can therefore apply Proposi-
tion 7.8 to the sequence ((Y n)T

m

)n≥1 that converges pointwise to Y Tm

and

with X replaced with XTm

. We thus obtain Y n · (XTm

)
ucp→ Y · (XTm

), which

is nothing else but supt≤T |
∫ t∧Tm

0
Y n dX −

∫ t∧Tm

0
Y dX| P→ 0 for all T > 0.

Finally, since for each t the probability P(t ≤ Tm) → 1, we can remove the
stopping time in the last ucp convergence.

7.2 Integration by parts

The following (first) stochastic calculus rule is the foundation for the Itô formula
of the next section.

Proposition 7.10 Let X and Y be (continuous) semimartingales. Then

XtYt = X0Y0 +

∫ t

0

X dY +

∫ t

0

Y dX + ⟨X,Y ⟩t a.s. (t ≥ 0). (7.3)

A special case occurs when Y = X in which case (7.3) becomes

X2
t = X2

0 + 2

∫ t

0

X dX + ⟨X⟩t a.s. (t ≥ 0). (7.4)

Proof. It is sufficient to prove (7.4), because then (7.3) follows by polarization.
Let then Π be a subdivision of [0, t]. Then, summing over the elements of the
subdivision, we have

X2
t −X2

0 = 2
∑

Xtk(Xtk+1
−Xtk) +

∑
(Xtk+1

−Xtk)
2 a.s. (t ≥ 0).

To the first term on the right we apply Corollary 7.9 and for the second term
we use Proposition 7.4. This yields the assertion.

If the semimartingales X and Y don’t possess a local martingale part, then (7.3)
reduces to the familiar integration by parts formula

XtYt = X0Y0 +

∫ t

0

X dY +

∫ t

0

Y dX a.s. (t ≥ 0).

Another consequence of Proposition 7.10 is that we can use Equation (7.3) to
define the quadratic covariation between two semimartingales. Indeed, some
authors take this as their point of view.
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7.3 Itô’s formula

Theorem 7.11 below contains the celebrated Itô formula (7.5), perhaps the most
famous and a certainly not to be underestimated result in stochastic analysis.

Theorem 7.11 Let X be a continuous semimartingale and f a twice continu-
ously differentiable function on R. Then f(X) is a continuous semimartingale
as well and it holds that

f(Xt) = f(X0) +

∫ t

0

f ′(X) dX +
1

2

∫ t

0

f ′′(X) d⟨X⟩, a.s. (t ≥ 0). (7.5)

Before giving the proof of Theorem 7.11, we comment on the integrals in Equa-
tion (7.5). The first integral we have to understand as a sum as in Definition 7.6.
With M the local martingale part of X we therefore have to consider the inte-
gral f ′(X) ·M , which is well defined since f ′(X) is continuous and thus locally
bounded. Moreover it is a continuous local martingale. With A the finite varia-
tion part of X, the integral

∫ ·
0
f ′(X) dA has to be understood in the (pathwise)

Lebesgue-Stieltjes sense and thus it becomes a process of finite variation, as
is the case for the integral

∫ ·
0
f ′′(X) d⟨X⟩. Hence, f(X) is a continuous semi-

martingale and its local martingale part is f ′(X) ·M .

Proof. The theorem is obviously true for affine functions and for f given by
f(x) = x2, Equation (7.5) reduces to (7.4). We show by induction that (7.5)
is true for any monomial and hence, by linearity, for every polynomial. The
general case follows at the end.

Let f(x) = xn = xn−1x. We apply the integration by parts formula (7.3)
with Yt = Xn−1

t and assume that (7.5) is true for f(x) = xn−1. We obtain

Xn
t = Xn

0 +

∫ t

0

Xn−1 dX +

∫ t

0

X dXn−1 + ⟨X,Xn−1⟩t. (7.6)

By assumption we have

Xn−1
t = Xn−1

0 +

∫ t

0

(n− 1)Xn−2 dX+
1

2

∫ t

0

(n− 1)(n− 2)Xn−3 d⟨X⟩. (7.7)

We obtain from this equation that ⟨Xn−1, X⟩ is given by (n− 1)
∫ ·
0
Xn−2 d⟨X⟩

(remember that the quadratic covariation between two semimartingales is de-
termined by their local martingale parts). Inserting this result as well as (7.7)
into (7.6) and using Proposition 7.7 we get the result for f(x) = xn and hence
for f equal to an arbitrary polynomial.

Suppose now that f is twice continuously differentiable and that X is bound-
ed, with values in [−K,K], say. Then, since f ′′ is continuous, we can (by the
Weierstraß approximation theorem) view it on [−K,K] as the uniform limit
of a sequence of polynomials, p′′n say: for all ε > 0 there is n0 such that
sup[−K,K] |f ′′(x) − p′′n(x)| < ε, if n > n0. But then f ′ is the uniform limit

of p′n defined by p′n(x) = f ′(−K) +
∫ x

−K
p′′n(u) du and f as the uniform limit of
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the polynomials pn defined by pn(x) = f(−K)+
∫ x

−K
p′n(u) du. For the polyno-

mials pn we already know that (7.5) holds true. Write R for the difference of
the left hand side of (7.5) minus its right hand side. Then

R = f(Xt)− pn(Xt)− (f(X0)− pn(X0))

−
∫ t

0

(f ′(X)− p′n(X)) dX − 1

2

∫ t

0

(f ′′(X)− p′′n(X)) d⟨X⟩.

The first two differences in this equation can be made arbitrarily small by the
definition of the pn. To the first (stochastic) integral we apply Proposition 7.8
and the last integral has absolute value less than ε⟨X⟩t if n > n0.

Let now X be arbitrary and let TK = inf{t ≥ 0 : |Xt| > K}. Then, certainly
XTK

is bounded by K and we can apply the result of the previous step. We
have

f(XTK

t ) = f(X0) +

∫ t

0

f ′(XTK

) dXTK

+
1

2

∫ t

0

f ′′(XTK

) d⟨X⟩T
K

,

which can be rewritten as

f(Xt∧TK ) = f(X0) +

∫ t∧TK

0

f ′(X) dX +
1

2

∫ t∧TK

0

f ′′(X) d⟨X⟩.

We trivially have f(Xt∧TK ) → f(Xt) a.s. and the right hand side of the previous
equation is on {t < TK} (whose probability tends to 1) equal to the right hand
side of (7.5). The theorem has been proved.

Formula (7.5) is often represented in differential notation, a short hand way of
writing the formula down without integrals. We write

df(Xt) = f ′(Xt) dXt +
1

2
f ′′(Xt) d⟨X⟩t,

or merely

df(X) = f ′(X) dX +
1

2
f ′′(X) d⟨X⟩.

If T is a finite stopping time, then one can replace t in Formula (7.5) with T .
This substitution is then also valid for T ∧ t for an arbitrary stopping time T .

Remark 7.12 With minor changes in the proof one can show that also the
following multivariate extension of the Itô formula (7.5) holds true. If X =
(X1, . . . , Xd) is a d-dimensional vector of semimartingales and f : Rd → R is
twice continuously differentiable in all its arguments, then

f(Xt) = f(X0) +

d∑
i=1

∫ t

0

∂f

∂xi
(X) dXi +

1

2

d∑
i,j=1

∫ t

0

∂2f

∂xi∂xj
(X) d⟨Xi, Xj⟩. (7.8)

Notice that in this expression we only need second order derivatives ∂2f
∂xi∂xj

,

if the corresponding components Xi and Xj of X both have a non-vanishing
martingale part. The integration by parts formula (7.3) is a special case of (7.8).
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7.4 Applications of Itô’s formula

Let X be a (continuous) semimartingale with X0 = 0 and define the process Z
by Zt = Z0 exp(Xt − 1

2 ⟨X⟩t), where Z0 is an F0-measurable random variable.
Put Y = X − 1

2 ⟨X⟩, note that Z is of the form Z = f(Y ) and observe that
⟨Y ⟩ = ⟨X⟩. Then an application of Itô’s formula gives (verify this!)

Zt = Z0 +

∫ t

0

Z dX. (7.9)

This is a linear (stochastic) integral equation, that doesn’t have the usual expo-
nential solution as in ordinary calculus (unless ⟨X⟩ = 0). The process Z with
Z0 = 1 is called the Doléans exponential of X and we have in this case the
special notation

Z = E(X). (7.10)

Notice that if X is a local martingale, Z is a local martingale as well. Later on
we will give conditions on X that ensure that Z becomes a martingale.

An application of Itô’s formula we present in the proof of Lévy’s characterization
of Brownian motion, Proposition 7.13.

Proposition 7.13 LetM be a continuous local martingale (w.r.t. the filtration
F) with M0 = 0 and ⟨M⟩t ≡ t. Then M is a Brownian motion (w.r.t. F).

Proof. By splitting into real and imaginary part one can show that Itô’s formula
also holds for complex valued semimartingales (here, by definition both the real
and the imaginary part are semimartingales). Let u ∈ R be arbitrary and define
the process Y by Yt = exp(iuMt +

1
2u

2t). Applying Itô’s formula, we obtain

Yt = 1 + iu

∫ t

0

Ys dMs.

It follows that Y is a complex valued local martingale. We stop Y at the fixed
time point t0. Then, the stopped process Y t0 is bounded and thus a martingale
and since Y ̸= 0 we get for all s < t < t0

E[
Yt
Ys

|Fs] = 1.

This identity in explicit form is equal to

E[exp(iu(Mt −Ms) +
1

2
u2(t− s))|Fs] = 1,

which is valid for all t > s, since t0 is arbitrary. Rewriting this as

E[exp(iu(Mt −Ms)|Fs] = exp(−1

2
u2(t− s)),

we conclude that Mt −Ms is independent of Fs and has a normal distribution
with zero mean and variance t − s. Since this is true for all t > s we conclude
that M is a Brownian motion w.r.t. F.
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An important generalization of Doob’s inequality (2.4) is one of the Burkholder-
Davis-Gundy inequalities, Proposition 7.14 below. It is stated for p ≥ 2 and
continuous local martingales, although there are related results for 0 < p < 2
and arbitrary local martingales.

Proposition 7.14 Let p ≥ 2. There exists a constant Cp such that for all
continuous local martingales M with M0 = 0 and all finite stopping times T
one has

E sup
t≤T

|Mt|p ≤ Cp E⟨M⟩p/2T . (7.11)

Proof. Let us write M∗
T := supt≤T |Mt|. Doob’s inequality (2.3) now becomes

E(M∗
T )

p ≤
(

p
p−1

)pE|MT |p, so we are going to analyze E|MT |p.
Assume first that M is bounded. The function x 7→ |x|p is in C2(R) so we

can apply Itô’s formula to get

|MT |p = p

∫ T

0

sgn(Mt)|Mt|p−1 dMt +
1

2
p(p− 1)

∫ T

0

|Mt|p−2 d⟨M⟩t.

Since M is bounded, it is an honest martingale and so is the first term in the
above equation. Taking expectations, we thus get with Hölder’s inequality at
the last step below

E|MT |p =
1

2
p(p− 1)E

∫ T

0

|Mt|p−2 d⟨M⟩t

≤ 1

2
p(p− 1)E

(
sup
t≤T

|Mt|p−2⟨M⟩T
)

≤ 1

2
p(p− 1)(E(M∗

T )
p)1−2/p(E⟨M⟩p/2T )2/p.

Recalling Doob’s inequality above, we get

E(M∗
T )

p ≤ (
p

p− 1
)p
1

2
p(p− 1)(E(M∗

T )
p)1−2/p(E⟨M⟩p/2T )2/p,

from which we obtain

E(M∗
T )

p ≤ (
p

p− 1
)p

2/2(
1

2
p(p− 1))p/2E⟨M⟩p/2T ,

which proves the assertion for bounded M .
If M is not bounded we apply the above result to MTn

, where the stopping
times Tn are such that MTn

are martingales bounded by n,

E(M∗
T∧Tn)p = E((MTn

)∗T )
p ≤ CpE⟨MTn

⟩p/2T = CpE⟨M⟩p/2T∧Tn ≤ CpE⟨M⟩p/2T .

The result is obtained by applying Fatou’s lemma to the left hand side of the
above display.

Remark 7.15 If in Proposition 7.14 a stopping time T is not finite, one may
for instance replace the left hand side in (7.11) with E supt<T |Mt|p and leave
the right hand side unaltered to still have a valid inequality.
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7.5 Fubini’s theorem for stochastic integrals

The main result of this section is a version of Fubini’s theorem for stochastic
integrals w.r.t. semimartingales, Theorem 7.18. In the special case where the
semimartingale is of finite variation, there is not much more to be done than
invoking the ordinary Fubini theorem. But if the semimartingale has a non
vanishing martingale part, e.g. if it is itself a (local) martingale, additional
arguments are needed.

Here are the preliminaries of this section. Apart from the usual filtered
probability space, we have an additional measure space (X,X , µ). It is assumed
throughout this section that µ is a finite measure. We will often consider func-
tions H : X × [0,∞)× Ω → R, with values H(x, t, ω), also written as Ht(x, ω).
By H(x) we then denote the mapping (t, ω) 7→ H(x, t, ω), and the mappings
ω 7→ H(x, t, ω) are denoted Ht(x). Under appropriate measurability conditions
on H, see below, H(x) will be a stochastic process and Ht(x) a random variable.
To prepare for Fubini’s theorem in the present context, we need a number of
technical results. We simple write B for the Borel sets of [0,∞).

Lemma 7.16 Let Y n : X × [0,∞)×Ω → R be X ×B×F-measurable for each
n. Suppose that the functions t 7→ Y n(x, t, ω) are right-continuous and that
Y n(x) is ucp-convergent to a limit process Y (x) for all x ∈ X. Then the limit
process can be chosen to be X ×B×F-measurable and a.s. right-continuous for
each x.

Proof. Let Sij
u (x) = sups≤u |Y i

s (x) − Y j
s (x)|. By right-continuity, (x, ω) 7→

Sij
u (x, ω) is X × F-measurable and the hypothesis implies Sij

u (x)
P→ 0. We

will modify the Sij
u (x) to obtain a.s. convergence. Thereto we define n0(x) ≡ 1

and inductively

nk(x) = inf{m > max{k, nk−1(x)} : sup
i,j≥m

P(Sij
k (x) > 2−k) ≤ 2−k}.

Note that nk(x) → ∞ for all x. Put Zk(x, t, ω) = Y nk(x)(x, t, ω) and verify that
the Zk are measurable functions of x by the fact that the nk depend measurably
on x, which follows from the usual Fubini setup. Similar to the Sij

u (x) above,
we define T ij

u (x) = sups≤u |Zi
s(x) − Zj

s(x)| and we have (x, ω) 7→ T ij
u (x, ω) is

X ×F-measurable, by the fact that the Zi(x) have right-continuous paths. By

construction, we have P(T k,k+m
k (x) > 2−k) ≤ 2−k for m ≥ 1 and then by

Borel-Cantelli P(lim infk→∞Ek) = 1, where Ek = {T k,k+m
k (x) ≤ 2−k}. Hence

eventually, for all u > 0 one has supi,j≥k T
ij
u (x) ≤ 2−k. In other words we have,

as desired, limi,j→∞ T ij
u (x) = 0 a.s. This entails that the existence of random

variables Zt(x) such that supt≤u |Zi
t(x)− Zt(x)| → 0 a.s. Hence for all x there

exist a set L(x) ∈ X×F of probability one such that for all ω ∈ L(x) we have the
uniform convergence supt≤u |Zi

t(x, ω) − Zt(x, ω)| → 0 and hence the functions
t → Zt(x, ω) are right-continuous. By defining Yt(x, ω) = 1L(x)(ω)Zt(x, ω), we
obtain the desired limit.
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The assertion of the lemma is also true, if one replaces right-continuity with left-
continuity, continuity or càdlàg. In the next proposition L denotes the σ-algebra
on [0,∞)× Ω generated by the adapted locally bounded processes.

Proposition 7.17 Let X be a semimartingale, X0 = 0 and H : X × [0,∞) ×
Ω → R be X × L-measurable. Then there exists Z : X × [0,∞) × Ω → R that
is X × B × F-measurable, such that for all x ∈ X, t 7→ Zt(x) is a continuous,
adapted version of H(x) ·X.

Proof. We first give the proof for bounded H, then certainly H ∈ L. Let H be
the set of bounded X ×B×F-measurable processes for which the assertion holds
true. Clearly, H is a vector space and the H given by H(x, t, ω) = f(x)K(t, w)
for a bounded and X -measurable f and K bounded and progressive belong to
H, as is straightforward to verify. Moreover, the H of the above product form
generate the σ-algebra X × L.

Let then (Hn) ⊂ H and suppose that one has Hn → H pointwise in all
the arguments for some bounded H. By Proposition 7.8 we conclude that

Hn(x)·X ucp→ H(x)·X. Invoking Lemma 7.16 allows us to conclude the existence
of a continuous adapted version of H(x) · X that inherits the X × B × F-
measurability. So H ∈ H. Application of the Monotone class theorem concludes
the proof for bounded H.

In the last step we drop the requirement that H is bounded. For such H we
have a continuous X×B×F-measurable version Zk(x) of H(x)1{|H(x)|≤k} ·X by

the first part of the proof. By Proposition 7.8 again we have Zk(x)
ucp→ H(x) ·X.

The result now follows in view of Lemma 7.16.

Here is Fubini’s theorem for stochastic integrals.

Theorem 7.18 Let X be a semimartingale, H as in Proposition 7.17 and
bounded. Let Z(x) be a continuous version of H(x) · X for each x. Then the
process Z given by Zt(ω) :=

∫
X
Z(x, t, ω)µ(dx) is a continuous version of H̄ ·X,

where H̄ is the process defined by H̄t(ω) =
∫
X
H(x, t, ω)µ(dx). In appealing

notation, we thus have∫
X

(∫ t

0

Hs(x)dXs

)
µ(dx) =

∫ t

0

(∫
X

Hs(x)µ(dx)

)
dXs.

Proof. If we decompose a stochastic integral as in Definition 7.6, we can apply
the ordinary version of Fubini’s theorem to the integral w.r.t. finite variation
part. We therefore proceed under the assumption that X ∈ Mloc

c . For the
time being we even assume that E⟨X⟩∞ < ∞. Since µ is a finite measure,
we henceforth assume, by normalization, without loss of generality that µ is
a probability measure. It follows that also µ × P is a probability measure on
(X × Ω,X × F), which will be exploited below.

Suppose that H(x, t, ω) = f(x)K(t, ω) as in the proof of Proposition 7.17.
Then K ∈ L, µ(|f |) < ∞ and Zt(x) = f(x)(K ·X)t. This immediately yields∫
X
Zt(x)µ(dx) = (H̄ ·X)t. By linearity this identity continues to hold for linear
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combinations of functions of the type H(x, t, ω) = f(x)K(t, ω). Note that these
linear combinations generate a vector space, V say.

Let now (Hn) ⊂ V and assume pointwise convergence of theHn toH. Based
on the Monotone class theorem, we will show that the result is also valid for H.
Let Zn(x) be a continuous adapted version of Hn(x) ·X, which exists in view
of Proposition 7.17, and let Z(x) be a continuous adapted version of H(x) ·X.
Then by the Cauchy-Schwarz and Doob inequalities we have(

E
∫
X

sup
t

|Zn
t (x)− Zt(x)|µ(dx)

)2

≤ E
∫
X

sup
t

|Zn
t (x)− Zt(x)|2 µ(dx)

=

∫
X

E sup
t

|Zn
t (x)− Zt(x)|2 µ(dx)

≤ 4

∫
X

E|Zn
∞(x)− Z∞(x)|2 µ(dx).

Of course, the right hand side is equal to

4

∫
X

E⟨Zn(x)−Z(x)⟩∞ µ(dx) = 4

∫
X

E
∫ ∞

0

(Hn
s (x)−Hs(x))

2d⟨X⟩s µ(dx).

A threefold application of the Dominated convergence theorem (recall that H

is bounded) to the triple integral gives E
(∫

X
supt |Zn

t (x)− Zt(x)|µ(dx)
)2 → 0.

It then also follows that
∫
X
supt |Zn

t (x)−Zt(x)|µ(dx) is a.s. finite and the same
holds for

∫
X
|Zt(x)|µ(dx). Consider now

E
∫
X

sup
t

|Zn
t (x)− Zt(x)|µ(dx) ≤ E

∫
X

sup
t

|Zn
t (x)− Zt(x)|µ(dx), (7.12)

which tends to zero by the above. With H̄n
t =

∫
X
Hn

t (x)µ(dx) we have H̄
n ·X =∫

X
Zn
t (x)µ(dx) (recall Hn ∈ V ) and the

∫
X
Zn
t (x)µ(dx) converge ucp-wise to∫

X
Zt(x)µ(dx) in view of (7.12). But Proposition 7.8 yields H̄n ·X ucp→ H̄ ·X

and so we must have (H̄ ·X)t =
∫
X
Zt(x)µ(dx). This concludes the proof under

the assumption that X ∈ Mloc
c with E⟨X⟩∞ < ∞. The general case follows by

a usual stopping time argument, Exercise 7.9.

7.6 Exercises

7.1 The Hermite polynomials hn are defined as

hn(x) = (−1)n exp(
1

2
x2)

dn

dxn
exp(−1

2
x2).

Let Hn(x, y) = yn/2hn(x/
√
y).

(a) Show that ∂
∂xHn(x, y) = nHn−1(x, y), for which you could first prove that∑

n≥0

un

n!
hn(x) = exp(ux− 1

2
u2).
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(b) Show also that ∂
∂yHn(x, y) +

1
2

∂2

∂x2Hn(x, y) = 0.

(c) Show finally that for a Brownian motion W it holds that Hn(Wt, t) =

n
∫ t

0
Hn−1(Ws, s) dWs.

7.2 Let W be Brownian motion and X ∈ S. Let M = X ·W and Z = E(M).
Show that M and Z are martingales.

7.3 Let X and Y be (continuous) semimartingales. Show that E(X)E(Y ) =
E(X + Y + ⟨X,Y ⟩). Deduce from this the formula E(X)/E(Y ) = E(X − Y −
⟨X − Y, Y ⟩). Suppose further that X = H · Z and Y = K · Z (H and K
both satisfying appropriate conditions) for some semimartingale Z. Show that
E(H · Z)/E(K · Z) = E((H −K) · Z̃), where Z̃ = Z −K · ⟨Z⟩.

7.4 Let X be a strictly positive continuous semimartingale with X0 = 1 and
define the process Y by

Yt =

∫ t

0

1

X
dX − 1

2

∫ t

0

1

X2
d⟨X⟩.

Let the process Z be given by Zt = eYt . Compute dZt and show that Z = X.

7.5 Let W1,W2,W3 be three independent Brownian motions. Let

Mt =
(
W 2

1,t +W 2
2,t +W 2

3,t

)−1/2
, t ≥ 1.

Show that M = {Mt : t ≥ 1} is a local martingale with supt≥1 EM
p
t < ∞ if

0 ≤ p < 3 (the sum of squares has a Gamma distribution!) and that M is not
a martingale. Is M uniformly integrable?

7.6 Let f : [0,∞) → R be measurable,
∫ t

0
f(s)2 ds < ∞ for all t ≥ 0 and W a

Brownian motion. Then Xt =
∫ t

0
f(s) dWs is well defined for all t ≥ 0. Show

that Xt has a normal distribution and determine its mean and variance.

7.7 Let f : R2 → R be twice continuously differentiable in the first variable and
continuously differentiable in the second variable. Let X be a continuous semi-
martingale and B a continuous process of finite variation over finite intervals.
Show, depart from the formula in Remark 7.12, that for t ≥ 0

f(Xt, Bt) = f(X0, B0) +

∫ t

0

fx(X,B) dX

+

∫ t

0

fy(X,B) dB +
1

2

∫ t

0

fxx(X,B) d⟨X⟩, a.s.

7.8 Let X be a strictly positive (continuous) semimartingale with standard
decomposition X = X0 +A+M .
(a) Show that X also admits a unique multiplicative decomposition X =

X0ÃM̃ , where Ã a continuous positive process of finite variation over
bounded intervals and M̃ a positive local martingale, with Ã0 = M̃0 = 1.
[Although not needed, for the uniqueness, you may use part (b).]
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(b) Express Ã and M̃ in X, A and M .

(c) What extra can you say, if X is a supermartingale, of the paths of Ã? Are
Ã and M̃ convergent in this case?

7.9 Finish the proof of Theorem 7.18 by dropping the assumption E⟨X⟩∞ <∞
for X ∈ Mloc

c .

59



8 Integral representations

We assume that the underlying filtration satisfies the usual conditions. However,
in Section 8.2 we will encounter a complication and see how to repair this.

8.1 First representation

The representation result below explains a way how to view any continuous local
martingale as a stochastic integral w.r.t. a suitably defined process W that is a
Brownian motion.

Proposition 8.1 Let M be a continuous local martingale with M0 = 0 whose
quadratic variation process ⟨M⟩ is almost surely absolutely continuous, ⟨M⟩ can
be written as

∫ ·
0
Xs ds for some nonnegative measurable process X. Then there

exists, possibly defined on an enlarged probability space, an F-Brownian motion
W and a process Y in P∗(W ) such thatM = Y ·W (up to indistinguishability).

Proof. Let Xn for n ∈ N be defined by Xn
t = n(⟨M⟩t−⟨M⟩t−1/n) (with ⟨M⟩s =

0 for s < 0). Then all the Xn are progressive processes and thanks to the
fundamental theorem of calculus their limit X ′ for n → ∞ exists for Lebesgue
almost all t > 0 a.s. by assumption, and is progressive as well. Hence we can
assume that X is progressive.

Suppose that Xt > 0 a.s. for all t > 0. Then we define ft = X
−1/2
t and

W = f ·M and we notice that f ∈ P∗(M). From the calculus rules for computing
the quadratic variation of a stochastic integral we see that ⟨W ⟩t ≡ t. Hence,
by Lévy’s characterization (Proposition 7.13), W (which is clearly adapted) is a
Brownian motion. By the chain rule for stochastic integrals (Proposition 6.13)
we obtain that X1/2 ·W is indistinguishable from M , so we can take Y = X1/2.

If Xt assumes for some t the value zero with positive probability, we cannot
define the process f as we did above. Let in this case (Ω′,F ′,P′) be another
probability space that is rich enough to support a Brownian motion B. We
consider now the product space of (Ω,F ,P) with (Ω′,F ′,P′) and redefine in
the obvious way M and B (as well as the other processes that we need below)
on this product space. For instance, one has Mt(ω, ω

′) = Mt(ω). Notice that
everything defined on the original space now becomes independent of B. Next,
one needs a filtration on the enlarged probability space. The proper choice
is to take the family of σ-algebras Ft × FB

t . Having done so, one finds for
instance that M is still a local martingale and B remains a Brownian motion.
Hence the stochastic integrals 1{X>0}X

−1/2 ·M and 1{X=0} ·B are well defined

on the product space and 1{X>0}X
−1/2 · M is a local martingale w.r.t. the

product filtration and 1{X=0} · B a martingale. These two (local) martingales
have zero quadratic covariation, since ⟨M,B⟩ = 0 in view of the independence
(Exercise 3.6).

Now we are able to define in the present situation the process W by

W = 1{X>0}X
−1/2 ·M + 1{X=0} ·B.
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Observe that ⟨W ⟩t =
∫ t

0
1{X>0}X

−1 d⟨M⟩ +
∫ t

0
1{X=0}d⟨B⟩ = t. Hence W

is also a Brownian motion in this case. Finally, again by the chain rule for
stochastic integrals, X1/2 ·W = 1{X>0} ·M + 1{X=0}X

1/2 · B = 1{X>0} ·M .

Hence M − X1/2 · W = 1{X=0} · M has quadratic variation identically zero
and is thus indistinguishable from the zero martingale. Again we can take
Y = X1/2.

8.2 Representation of Brownian local martingales

Suppose that on a given probability space (Ω,F ,P) we can define a Brownian
motion W . Let FW be the filtration generated by this process. Application
of the preceding theory to situations that involve this filtration is not always
justified since this filtration doesn’t satisfy the usual conditions (one can show
that it is not right-continuous, see Exercise 8.1). However, we have

Proposition 8.2 Let F be the filtration with σ-algebras Ft = FW
t ∨N , where

N is the collection of sets that are contained in sets of FW
∞ with zero probability.

Then F satisfies the usual conditions and W is also a Brownian motion w.r.t.
this filtration.

Remark 8.3 The proof of right-continuity involves arguments that only use the
Markovian character of Brownian motion, and hence the result can be extended
to hold for more general Markov processes. It will be given in Section 10.3, see
also Proposition 10.10. It is remarkable that the addition of the null sets to
the σ-algebras of the given filtration renders the filtration right-continuous. Of
course, by adding null sets to the original filtration the distributional properties
of W don’t change.

Any process that is a martingale w.r.t. the filtration of Proposition 8.2 (it will
be referred to as the augmented Brownian filtration) is called a Brownian mar-
tingale. Below, in Theorem 8.7, we sharpen the result of Proposition 8.1 in
the sense that the Brownian motion is now given and not constructed and that
moreover the integrand process X is progressive w.r.t. the augmented Brownian
filtration F. In the proof of that theorem we shall use the following result.

Lemma 8.4 Let T > 0 and RT be the subset of L2(Ω,FT ,P) consisting of the
random variables (X ·W )T for X ∈ PT (W ) and let R be the class of stochastic
integrals X ·W , where X ranges through P(W ). Then RT is a closed subspace
of L2(Ω,FT ,P). Moreover, every martingale M in M2 can be uniquely (up to
indistinguishability) written as the sumM = N+Z, where N ∈ R and Z ∈ M2

that is such that ⟨Z,N ′⟩ = 0 for every N ′ ∈ R.

Proof. Let ((Xn ·W )T ) be a sequence in RT ⊂ L2(Ω,FT ,P), which has a limit
in the latter space; this sequence is then also Cauchy. By the construction of
the stochastic integrals (the isometry property in particular), we have that (Xn)
is Cauchy in PT (W ). But this is a complete space (Proposition 5.8) and thus
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(Xn) has a limit X in this space. By the isometry property again, we have that
(Xn ·W )T converges in L2 to (X ·W )T , which is an element of RT .

The uniqueness of the decomposition in the second assertion is established
as follows. Suppose that a given M ∈ M2 can be decomposed as N1 + Z1 =
N2 + Z2. Then 0 = ⟨Z1 − Z2, N2 − N1⟩ = ⟨Z1 − Z2⟩, hence the uniqueness
follows.

We now prove the existence of the decomposition on an arbitrary (but fixed)
interval [0, T ]. Invoking the already established uniqueness, one can extend the
existence to [0,∞). Since MT ∈ L2(Ω,FT ,P) and RT is closed, we have the
unique decomposition MT = NT +ZT , with NT ∈ RT and EZTN

′
T = 0 for any

N ′
T ∈ RT . Let Z be the right-continuous modification of the martingale defined

by E[ZT |Ft] and note that E[NT |Ft] ∈ Rt. ThenM = N +Z on [0, T ]. We now
show that ⟨Z,N ′⟩t = 0 for t ≤ T , where N ′ ∈ R. Equivalently, we show that
ZN ′ is a martingale on [0, T ]. Write N ′

T = (X ·W )T for some X ∈ PT (W ). Let
F ∈ Ft. Then the process Y given by Yu = 1F1(t,T ](u)Xu is progressive and
in PT (W ), and we have (Y ·W )T = 1F (N

′
T − N ′

t). (This is not immediately
obvious, since 1F is random, Exercise 8.7.) It follows that

E[1FZTN
′
T ] = E[1FZT (N

′
T −N ′

t)] + E[1FZtN
′
t ]

= E[ZT (Y ·W )T ] + E[1FZtN
′
t ].

Since ZT is orthogonal in the L2-sense to RT , the expectation E[ZT (Y ·W )T ] =
0. We obtain

E[1FZTN
′
T ] = E[1FZtN

′
t ],

equivalently, E[ZTN
′
T |Ft] = ZtN

′
t , since F ∈ Ft is arbitrary. This shows that

ZN ′ is a martingale on [0, T ].

Remark 8.5 In the proof of the above lemma we have not exploited the fact
that we deal with W as Brownian motion, nor did we use the special structure
of the filtration (other than it satisfies the usual conditions). The lemma can
therefore be extended to other square integrable martingales W than Brownian
motion.

However, Theorem 8.7 shows that the process Z of Lemma 8.4 in the Brownian
context is actually zero. It is known as the (Brownian)martingale representation
theorem. In its proof we use the following lemma.

Lemma 8.6 Let Z be a Brownian martingale, that is orthogonal to the space
R in Lemma 8.4. Let t > 0. For any n ∈ N and bounded Borel measurable
functions fk : R → R (k = 1, . . . , n) one has for 0 = s0 ≤ · · · ≤ sn ≤ t that

E
(
Zt

n∏
k=1

fk(Wsk)
)
= 0. (8.1)
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Proof. For n = 0 this is trivial since Z0 = 0. We use induction to show (8.1).
Suppose that (8.1) holds true for a given n and suppose w.l.o.g. that sn < t
and let s ∈ [sn, t]. By Pn we abbreviate the product

∏n
k=1 fk(Wsk). Put for all

θ ∈ R

ϕ(s, θ) = E
(
ZtPne

iθWs
)
.

Let the signed measure µ on B(R) be given by µ(B) = E
(
1B(Ws)ZtPn

)
. Then,

the function θ 7→ ϕ(s, θ) is the Fourier transform of µ. Below we will show that
ϕ(s, θ) = 0 for all θ. From this it then follows that µ is the zero measure. Take
then s = sn+1, and one has

∫
fn+1 dµ = 0 for any bounded measurable function

fn+1 , which is nothing else but E
(
fn+1(Wsn+1)ZtPn

)
. It follows that (8.1) also

holds for n replaced with n + 1 and thus for all n, which then completes the
proof.

To prove that ϕ(s, θ) = 0 for all θ, we need two facts. First, observe that by
reconditioning and the martingale property of Z we have ϕ(s, θ) = EZsPne

iθWs

and by the induction assumption we have ϕ(sn, θ) = 0.
Second, recall that for M,N ∈ M2 one has equivalence between MN is

a martingale and ⟨M,N⟩ = 0. If one of these conditions hold, then, for t >
s, E[Mt(Nt − Ns)|Fs] = E[MtNt − MsNs|Fs] − E[Ns(Mt − Ms)|Fs] = 0. It
then follows that E[Zs

∫ s

sn
eiθWu dWu|Fsn ] = 0, as Z is orthogonal to stochastic

integrals w.r.t. W (Lemma 8.4). Then by reconditioning one obtains

E[ZsPn

∫ s

sn

eiθWu dWu] = EE[ZsPn

∫ s

sn

eiθWu dWu|Fsn ]

= E
(
PnE[Zs

∫ s

sn

eiθWu dWu|Fsn ]) = 0. (8.2)

The next step is that, similar to the proof of Proposition 7.13, we use Itô’s
formula and get

eiθWs = eiθWsn + iθ

∫ s

sn

eiθWu dWu − 1

2
θ2
∫ s

sn

eiθWu du. (8.3)

Multiplication of Equation (8.3) by ZsPn, taking (conditional) expectations and
using the just shown fact (8.2), yields

E[ZsPne
iθWs ] = E[ZsnPne

iθWsn ]− 1

2
θ2E[ZsPn

∫ s

sn

eiθWu du].

Use the fact that we also have ϕ(s, θ) = E(ZsPne
iθWs), Fubini and recondition-

ing to obtain

ϕ(s, θ) = ϕ(sn, θ)−
1

2
θ2
∫ s

sn

E
(
Pne

iθWuE[Zs|Fu]
)
du,

which then becomes

ϕ(s, θ) = ϕ(sn, θ)−
1

2
θ2
∫ s

sn

ϕ(u, θ) du.
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Since ϕ(sn, θ) = 0, the unique solution to this integral equation is the zero
solution. Hence we conclude that ϕ(s, θ) = 0 for all s ∈ [sn, t] and θ, which was
our aim to show.

Theorem 8.7 LetM be a square integrable Brownian martingale withM0 = 0.
Then there exists a process X ∈ P(W ) such that M = X ·W . The process
X is unique in the sense that for any other process X ′ with the same property
one has ||X −X ′||W = 0. From the presentation M = X ·W it follows that all
square integrable Brownian martingales are continuous.

Proof. As a starting point we take the decompositionM = N+Z of Lemma 8.4.
We will show that Z is indistinguishable from zero, for which we use Lemma 8.6.
By the monotone class theorem (Exercise 8.2) we conclude from (8.1) that
EZtξ = 0 for all bounded FW

t -measurable functions ξ. But then also for all
bounded ξ that are Ft-measurable, because the two σ-algebras differ only by
null sets. We conclude that Zt = 0 a.s. Since this holds true for each t sep-
arately, we have by right-continuity of Z that Z is indistinguishable from the
zero process. The uniqueness of the assertion is trivial.

Corollary 8.8 Let M be a local martingale adapted to the augmented Brow-
nian filtration F with M0 = 0. Then there exists a process X ∈ P∗(W ) such
that M = X ·W . In particular all such local martingales are continuous.

Proof. Let (Tn) be a localizing sequence for M such that the stopped processes
MTn

are bounded martingales. Then we have according to Theorem 8.7 the
existence of processes Xn such that MTn

= Xn · W . By the uniqueness of
the representation we have that Xn1[0,Tn−1] = Xn−11[0,Tn−1]. Hence we can
unambiguously define Xt = limnX

n
t and it follows from Xn1[0,Tn] = X1[0,Tn]

that Mt = limnMt∧Tn = (X ·W )t. The latter integral is well defined as soon
as we know X ∈ P∗(W ), which we show now.

One has, for any t > 0, ⟨MTn⟩t = ⟨M⟩Tn∧t
a.s.→ ⟨M⟩t, which is a.s. finite. On

the other hand,

⟨MTn

⟩t = ⟨MTn

⟩Tn∧t =

∫ Tn∧t

0

(Xn
s )

2 ds =

∫ t

0

(Xn
s )

21[0,Tn](s) ds.

By the relation between Xn and X, the latter integral equals∫ t

0

(Xs)
21[0,Tn](s) ds =

∫ Tn∧t

0

(Xs)
2 ds

a.s.→
∫ t

0

(Xs)
2 ds.

We conclude that
∫ t

0
(Xs)

2 ds <∞ a.s., and thus X ∈ P∗(W ).

Remark 8.9 The results of Theorem 8.7 and Corollary 8.8 are not construc-
tive, only existence of the process X is asserted. In concrete cases additional
information is sometimes helpful to find this process, see for example Exer-
cise 8.3. On a theoretical level, X is given by the Clark-Ocone formula, which
involves Malliavin derivatives, see the course on Advanced Topics in Stochastic
Analysis.
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8.3 Exercises

8.1 The filtration FW is not right-continuous. Let Ω = C[0,∞) and Wt(ω) =
ω(t) for t ≥ 0. Fix t > 0 and let F be the set of functions ω ∈ Ω that have a
local maximum at t. Show that F ∈ Ft+. Suppose that F ∈ Ft. Since any set
G in Ft is determined by the paths of functions ω up to time t, such a set is
unchanged if we have continuous continuations of such functions after time t. In
particular, if ω ∈ G, then also ω′ ∈ G, where ω′(s) = ω(s∧ t)+ (s− t)+. Notice
that for any ω the function ω′ doesn’t have a local maximum at t. Conclude
that F /∈ Ft.

8.2 Complete the proof of Theorem 8.7 by writing down the Monotone Class
argument.

8.3 The result of Theorem 8.7 is not constructive, it is not told how to construct
the process X from the given Brownian martingale M . In the following cases
you give an explicit expression for X. (If M0 ̸= 0, you have to adjust this
theorem slightly.)

(a) Mt =W 3
t − c

∫ t

0
Ws ds for a suitable constant c (which one?).

(b) For some fixed time T we have Mt = E[eWT |Ft] (you may assume t ≤ T ).

(c) For some fixed time T we take Mt = E[
∫ T

0
Ws ds|Ft] (you may assume

t ≤ T ).

(d) If v (sufficiently differentiable) is a solution to the backward heat equation

∂v

∂t
(t, x) +

1

2

∂2v

∂x2
(t, x) = 0, (8.4)

then Mt = v(t,Wt) is a martingale. Show this to be true under a to be
specified integrability condition. Give also two examples of a martingaleM
that can be written in this form. Finally, suppose that g is a measurable
function such that Eg(WT )

2 < ∞. Show that Mt = E[g(WT )|Ft] if v
satisfies the boundary condition v(T, x) = g(x).

(e) Suppose a square integrable martingale M is of the form Mt = v(t,Wt),
where W is a standard Brownian motion and v : R2 → R is continuously
differentiable in the first variable and twice continuously differentiable in
the second variable. Show that v satisfies the backward heat equation.

(f) Here is a counterexample that says that the role of the Brownian filtration
in Theorem 8.7 is essential. Let on (Ω,F ,P) two independent Brownian
motionsW and W̃ be defined and let the filtration consist of the σ-algebras

Ft = FW
t ∨ FW̃

t (augmented by the null sets). Let M = W̃ (why is this
a martingale w.r.t. this filtration?) and compute the decomposition of
Lemma 8.4. This shows that Z is not equal to the zero process and the
representation of Theorem 8.7 is not valid.

8.4 Let M be as in Theorem 8.7. Show that ⟨M,W ⟩ is a.s. absolutely continu-
ous. Express X in terms of ⟨M,W ⟩.
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8.5 Let ξ be a square integrable random variable that is FW
∞ -measurable, where

FW
∞ is the σ-algebra generated by a Brownian motion on [0,∞). Show that there

exists a unique process X ∈ P(W )∞ such that

ξ = Eξ +
∫ ∞

0

X dW.

8.6 The uniqueness result of Exercise 8.5 relies on X ∈ P(W )∞. For any T > 0
we define ST = inf{t > T : Wt = 0}. It is known that the ST are a.s. finite
stopping times, but with infinite expectation. Take ξ = 0 in Exercise 8.5. Show
that ξ =

∫∞
0

1[0,ST ] dW for any T . Why is this not a contradiction?

8.7 Show the equality (Y ·W )T = 1F (N
′
T − N ′

t) in the proof of Lemma 8.4.
(Although not necessary, you may use Exercise 6.14.)
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9 Absolutely continuous change of measure

In Section 7.3 we have seen that the class of semimartingales is closed under
smooth transformations; if X is a semimartingale, so is f(X) if f is twice contin-
uously differentiable. In the present section we will see that the semimartingale
property is preserved, when we change the underlying probability measure in
an absolutely continuous way. This result is absolutely not obvious. Indeed,
consider a semimartingale X with decomposition X = X0 + A +M with all
paths of A of bounded variation. Then this property of A evidently still holds,
if we change the probability measure P into any other one. But it is less clear
what happens to M . As a matter of fact, M (suppose it is a martingale under
P) will in general loose the martingale property. We will see later on that it
becomes a semimartingale and, moreover, we will be able to give its semimartin-
gale decomposition under the new probability measure.

9.1 Absolute continuity

Let (Ω,F) be a measurable space. We consider two measures on this space, µ
and ν. One says that ν is absolutely continuous with respect to µ (the notation
is ν ≪ µ) if ν(F ) = 0 for every F ∈ F for which µ(F ) = 0. If we have both
ν ≪ µ and µ ≪ ν we say that µ and ν are equivalent and we write µ ∼ ν. If
there exists a set Ω0 ∈ F for which ν(Ω0) = 0 and µ(Ωc

0) = 0, then µ and ν are
called mutually singular.

If Z is a nonnegative measurable function on Ω, then ν(F ) =
∫
F
Z dµ defines

a measure on F that is absolutely continuous w.r.t. µ. The consequence of the
Radon-Nikodym theorem (Theorem 9.1 below, stated in a more general version
than we need later on) is that this is, loosely speaking, the only case of absolute
continuity.

Theorem 9.1 Let µ be σ-finite measure on (Ω,F) and let ν be a finite measure
on (Ω,F). Then we can uniquely decompose ν as the sum of two measures νs
and ν0, where νs and µ are mutually singular and ν0 ≪ µ. Moreover, there
exists a µ-a.e. unique nonnegative Z ∈ L1(Ω,F , µ) such that ν0(F ) =

∫
F
Z dµ.

This function is called the Radon-Nikodym derivative of ν0 w.r.t. µ and is often
written as

Z =
dν0
dµ

.

We will be interested in the case where µ and ν are probability measures, as
usual called P and Q, and will try to describe the function Z in certain cases.
Moreover, we will always assume (unless otherwise stated) that Q ≪ P. (See
section F for a proof of the Radon-Nikodym theorem for the case Q ≪ P,
Theorem F.1.) Then one has Z = dQ

dP , with EPZ = 1, Q(Z = 0) = 0 and
for Q ∼ P also P(Z = 0) = 0. To distinguish between expectations w.r.t.
P and Q, these are often denoted by EP and EQ respectively. If X ≥ 0 or
XZ ∈ L(Ω,F ,P), it follows from Theorem 9.1 by application of the standard
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machine that EQX = EPXZ. For conditional expectations, the corresponding
result is different.

Lemma 9.2 Let P and Q be two probability measures on (Ω,F) and assume

that Q ≪ P with Z = dQ
dP . Let G be a sub-σ-algebra of F , P̂ and Q̂ be the

restrictions of P and Q to G and let Ẑ = E[Z|G].
(i) It holds that Q̂ ≪ P̂, dQ̂

dP̂ = Ẑ, and for Y ∈ L1(Ω,G,Q) one has EQY =

E[Y Ẑ].
(ii) Suppose X ∈ L1(Ω,F ,Q). Then a.s. under Q one has

EQ[X|G] = EP[XZ|G]
EP[Z|G]

=
EP[XZ|G]

Ẑ
= EP[XZ̃|G], (9.1)

where Z̃ := Z
Ẑ
.

Proof. (i) Absolute continuity is trivial and the other statements follow from
EQY = E[Y Z] = EE[Y Z|G] = E[Y E[Z|G]] = E[Y Ẑ].

(ii) Take G ∈ G and use (i) with Y = EQ[X1G|G] to get

E[XZ1G] = EQ[X1G]

= EQEQ[X1G|G]
= E[ẐEQ[X1G|G]]
= E[Ẑ1GEQ[X|G]].

Since Ẑ EQ[X|G] ∈ G andG is arbitrary, we conclude that E[XZ|G] = Ẑ EQ[X|G]
a.s. under P and therefore also under Q. The property Q(Ẑ > 0) = 1 justifies

division by Ẑ under Q, which then yields Equation (9.1), as also E[XZ|G]
Ẑ

=

E[X Z
Ẑ
|G].

The normalization (division) in (9.1) is perhaps at first glance surprising, when
compared to the formula EQX = EPXZ for unconditional expectations. But
taking X = 1 in (9.1) shows that the normalization cannot be ommitted. There
is also another justification.

Let first Z ′ be a nonnegative random variable with finite expectation, then
Q′(F ) := EP1FZ

′ defines a finite measure Q′ on F , absolutely continuous w.r.t.
P, which is only a probability measure if EPZ

′ = 1. If this is not the case, we can
normalize Z ′ to Z = Z′

EPZ′ , in which case Q(F ) := EP1FZ defines a probability

measure since EPZ = 1, and EPXZ = EP
XZ′

EPZ′ , which looks as an unconditional
version of (9.1).

We can also perform the conditional normalization Z ′′ = Z′

EP[Z′|G] to get

EP[Z
′′|G] = 1. Note that one also has Z ′′ = Z

EP[Z|G] = Z̃. Then from (9.1) and

the rules for conditional expectation we get

EQ[X|G] = EP[XZ|G]
EP[Z|G]

= EP[XZ
′′|G],

where the equality of the extreme sides is reminiscent of the unconditional rule.
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9.2 Change of measure on filtered spaces

We consider a measurable space (Ω,F) together with a right-continuous filtra-
tion F = {Ft, t ≥ 0} and two probability measures P and Q defined on it. The
restrictions of P and Q to the Ft will be denoted by Pt and Qt respectively. Sim-
ilarly, for a stopping time T , we will denote by PT the restriction of P to FT .
Below we will always assume that P0 = Q0. If Q ≪ P on F , then necessarily
every restriction Qt of Q to Ft is absolutely continuous w.r.t. the restriction Pt

of P to Ft and thus we have a family of densities (Radon-Nikodym derivatives)
Zt, defined by

Zt =
dQt

dPt
.

The process Z = {Zt, t ≥ 0} is called the density process (of Q w.r.t. P). Here
is the first property.

Proposition 9.3 If Q ≪ P (on F), then the density process Z is a nonnegative
uniformly integrable martingale w.r.t. the probability measure P and Z0 = 1.

Proof. Exercise 9.1.

However, we will encounter many interesting situations, where we only have
Qt ≪ Pt for all t ≥ 0 and where Z is only a martingale, but not uniformly inte-
grable. One may also envisage a reverse situation. One is given a nonnegative
martingale Z, is it then possible to find probability measures Qt (or Q) such
that Qt ≪ Pt for all t (or Q ≪ P)? The answers are given in the next two
propositions.

Proposition 9.4 Let Z be a nonnegative uniformly integrable martingale un-
der the probability measure P with EPZt = 1 (for all t). Then there exists a
probability measure Q∞ on F that is absolutely continuous w.r.t. P. If we de-
note by Pt, respectively Qt, the restrictions of P, respectively Q∞, to Ft, then
dQt

dPt
= Zt for all t.

Proof. Notice that there exists a F∞-measurable random variable Z∞ such that
EP[Z∞|Ft] = Zt a.s., for all t ≥ 0. Simply define Q∞ on F by Q∞(F ) =
EP1FZ∞. Q∞ is a probability measure since EPZ∞ = 1. If F is also in Ft, then
we have by the martingale property that Qt(F ) = Q∞(F ) = EP1FZt.

Suppose Q is a probability measure on F with dQ
dP = ζ. Then the Zt in Propo-

sition 9.4 are given by Zt = E[ζ|Ft] and the Z∞ in the proof is E[ζ|F∞]. It
follows that Q and Q∞ coincide on F∞, but may be different on F .

If we drop the uniform integrability requirement of Z in Proposition 9.4,
then the conclusion can not be drawn. There will be a family of probability
measures Qt on the Ft that is consistent in the sense that the restriction of
Qt to Fs coincides with Qs for all s < t, but there will in general not exist a
probability measure Q on F∞ that is absolutely continuous w.r.t. the restriction
of P to the σ-algebra F∞. The best possible general result in that direction is
the following.
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Proposition 9.5 Let Ω be the space of real continuous functions on [0,∞) and
let X be the coordinate process (Xt(ω) = ω(t)) on this space. Let F = FX and
let P be a given probability measure on FX

∞. Let Z be a nonnegative martingale
with EPZt = 1. Then there exists a unique probability measure Q on (Ω,FX

∞)
such that the restrictions Qt of Q to Ft are absolutely continuous w.r.t. the
restrictions Pt of P to Ft and

dQt

dPt
= Zt.

Proof. Let A be the algebra
⋃

t≥0 Ft. Observe that one can define a set func-
tion Q on A unambiguously by Q(F ) = EP1FZt if F ∈ Ft. The assertion of
the proposition follows from Caratheodory’s extension theorem as soon as one
has shown that Q is countably additive on A. In fact, the statement of the
proposition can be seen as a version of Kolomogorov’s extension theorem. We
omit the proof, as it is very complicated.

Remark 9.6 Notice that in Proposition 9.5 it is not claimed that Q ≪ P on
FX

∞. In general this will not happen, see Exercise 9.3.

The next propositions will be crucial in what follows.

Proposition 9.7 Let P and Q be probability measures on (Ω,F) and Qt ≪ Pt

for all t ≥ 0. Let Z be their density process and let X be any adapted càdlàg
process. Then XZ is a martingale under P iff X is a martingale under Q. If
XZ is a local martingale under P then X is a local martingale under Q. In
the latter case equivalence holds under the extra condition that Pt ≪ Qt for all
t ≥ 0.

Proof. We prove the ‘martingale version’ only. Using Lemma 9.2, we have for
t > s that

EQ[Xt|Fs] =
EP[XtZt|Fs]

Zs
,

from which the assertion immediately follows. The ‘local martingale’ case is left
as Exercise 9.4.

Proposition 9.8 Let P and Q be probability measures on (Ω,F) and Qt ≪ Pt

for all t ≥ 0. Let Z be their density process and assume it is right-continuous.
Then Z is strictly positive Q-a.s.

Proof. Let T = inf{t ≥ 0 : Zt = 0 or Zt− = 0}, then {inft≥0 Zt = 0} =
{T < ∞}. Since Z is a P-martingale, we have in view of Proposition 2.11
that Zt1{T≤t} = 0 (P-a.s.). Then, since {T ≤ t} ∈ Ft, we have Q(T ≤ t) =
EPZt1{T≤t} = 0 and hence Q(T <∞) = 0.

9.3 The Girsanov theorem

In this section we will explicitly describe how the decomposition of a semi-
martingale changes under an absolutely continuous change of measure. This is
the content of what is known as Girsanov’s theorem, Theorem 9.9. The stand-
ing assumption in this and the next section is that the density process Z is
continuous.
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Theorem 9.9 Let X be a continuous semimartingale on (Ω,F ,P) w.r.t. a fil-
tration F with semimartingale decomposition X = X0 + A + M . Let Q be
another probability measure on (Ω,F) such that Qt ≪ Pt for all t ≥ 0 and with
density process Z. Then the stochastic integral Z−1 · ⟨Z,M⟩ is well defined
under Q and X is also a continuous semimartingale on (Ω,F ,Q) whose local
martingale part MQ under Q is given by

MQ =M − Z−1 · ⟨Z,M⟩.

Moreover, if X and Y are semimartingales (under P), then their quadratic co-
variation process ⟨X,Y ⟩ is the same under P and Q.

Proof. Let Tn = inf{t > 0 : Zt < 1/n}. On each [0, Tn], the stochastic integral
Z−1 ·⟨Z,M⟩ is P-a.s. finite and therefore also Q-a.s. finite. Since Tn → ∞ Q-a.s.
(Exercise 9.6), the process Z−1 · ⟨Z,M⟩ is well defined under Q.

To show that MQ is a local martingale under Q we use Proposition 9.7 and
Itô’s formula for products. We obtain

(MQZ)T
n

t =

∫ Tn∧t

0

MQ dZ +

∫ Tn∧t

0

Z dMQ + ⟨MQ, Z⟩Tn∧t

=

∫ Tn∧t

0

MQ dZ +

∫ Tn∧t

0

Z dM,

where in the last step we used that Z × 1
Z = 1 on [0, Tn]. This shows that the

stopped processes (MQZ)T
n

are local martingales under P. But then also each
(MQ)T

n

Z is a local martingale under P (Exercise 9.7) and therefore (MQ)T
n

is
a local martingale under Q (use Proposition 9.7). Since Tn → ∞ Q-a.s., MQ is
a local martingale under Q (Exercise 4.10), which is what we had to prove.

The statement concerning the quadratic covariation process one can prove
along the same lines (you show that (MQNQ − ⟨M,N⟩)Z is a local martingale
under P, where N and NQ are the local martingale parts of Y under P and
Q respectively), or by invoking Proposition 7.4 and by noticing that addition
or subtraction of a finite variation process has no influence on the quadratic
variation.

Girsanov’s theorem becomes simpler to prove if for all t the measures Pt and Qt

are equivalent, in which case the density process is also strictly positive P-a.s.
and can be written as a Doléans exponential.

Proposition 9.10 Let Z be a strictly positive continuous local martingale with
Z0 = 1. Then there exists a unique continuous local martingale µ such that
Z = E(µ), i.e. Z satisfies the equation Zt = 1 +

∫ t

0
Zs dµs, for all t ≥ 0.

Proof. Since Z > 0 we can define Y = logZ, a semimartingale whose semi-
martingale decomposition Y = µ + A satisfies µ0 = A0 = 0. We apply the Itô
formula to Y and obtain

dYt =
1

Zt
dZt −

1

2Z2
t

d⟨Z⟩t.
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Hence

µt =

∫ t

0

1

Zs
dZs,

and we observe that A = − 1
2 ⟨µ⟩. Hence Z = exp(µ − 1

2 ⟨µ⟩) = E(µ). Showing
the uniqueness is the content of Exercise 9.10.

Proposition 9.11 Let µ be a continuous local martingale and let Z = E(µ).
Let T > 0 and assume that EPZT = 1. Then Z is a martingale under P on
[0, T ]. If M is a continuous local martingale under P, then MQ := M − ⟨M,µ⟩
is a continuous local martingale under the measure QT defined on (Ω,FT ) by
dQT

dPT
= ZT with time restricted to [0, T ].

Proof. That Z is a martingale follows from Proposition 4.7 (iii) and Exercise 2.1.
Then we apply Theorem 9.9 and use that ⟨Z,M⟩ =

∫ ·
0
Z d⟨µ,M⟩ to find the

representation for MQ.

Remark 9.12 In the situation of Proposition 9.11 we have actually PT ∼ QT

and the density dPT

dQT
= Z−1

T , alternatively given by E(−µQ)T , with µ
Q = µ−⟨µ⟩,

in agreement with the notation of Proposition 9.11. Moreover, if MQ is a local
martingale under QT over [0, T ], then MQ + ⟨MQ, µQ⟩ = MQ + ⟨MQ, µ⟩ is a
local martingale under P on [0, T ].

Corollary 9.13 Let W be a Brownian motion on (Ω,F ,P) relative to a fil-
tration F. Assume that the conditions of Proposition 9.11 are in force with
µ = X ·W , where X ∈ P∗

T (W ). Then the process WQ = W −
∫ ·
0
Xs ds is a

Brownian motion on [0, T ] under QT w.r.t. the filtration {Ft, t ∈ [0, T ]}.

Proof. We know from Proposition 9.11 thatWQ is a continuous local martingale
on [0, T ]. Since the quadratic variation of this process is the same under Q as
under P (Theorem 9.9), the process WQ must be a Brownian motion in view of
Lévy’s characterization (Proposition 7.13).

Remark 9.14 The context of Corollary 9.13 is completely ‘Brownian’, e.g. the
local martingale µ is a stochastic integral w.r.t. the P-Brownian motion W ,
which can be justified if Corollary 8.8 can be applied. But the conclusion that
WQ is a QT -Brownian motion is valid in wider situations. Just realize that the
essential ingredients in the proof are the invariance of the quadratic variation
as in Theorem 9.9 and Lévy’s characterization, Proposition 7.13.

What happens in Corollary 9.13 (and in a wider context a weaker version of this
property in Theorem 9.9) is that the change of measure and the shift fromW to
WQ compensate each other, the process WQ has under Q the same distribution
as W under P. This can be seen as the counterpart in continuous time of a
similar phenomenon for Gaussian random variables. Suppose that a random
variable X has a N(0, 1) distribution (a measure on the Borel sets of R), which
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we call P. Let Q be the N(θ, 1) distribution as an alternative distribution of
X. Under Q one has that XQ := X − θ has a N(0, 1) distribution. We see
again that the change of distribution from P to Q is such that XQ has the same
distribution under Q as X has under P.

Let p be the density of X under P and q the density of X under Q. In this
case one computes the Radon-Nikodym derivative on σ(X) (likelihood ratio)

Z1 :=
dQ
dP

=
q(X)

p(X)
= exp(θX − 1

2
θ2).

Supposing that W is a Brownian motion, we know that W1 has the N(0, 1)
distribution. Taking the above X as W1, we can write

Z1 = exp(

∫ 1

0

θ dWs −
1

2

∫ 1

0

θ2 ds) = E(θ ·W )1,

which is a special case (at t = 1) of the local martingale Z in Proposition 9.11.

Corollary 9.13 only gives us a Brownian motionWQ under QT on [0, T ]. Suppose
that this would be the case for every T , can we then say that WQ is a Brownian
motion on [0,∞)? For an affirmative answer we would have to extend the
family of probability measures QT defined on the FT to a probability measure
on F∞, and as we have mentioned before this is in general impossible. But if we
content ourselves with a smaller filtration (much in the spirit of Proposition 9.5),
something is possible. In the proof below we use the σ-algebras B(R[0,T ]) and
B(R[0,∞)). The first one of these is by definition the smallest σ-algebra that
makes the cylinder sets of R[0,T ] measurable. Here, a cylinder set is a set C
of the form C = {ω ∈ R[0,T ] : (ω(t1), . . . , ω(tn)) ∈ B}, where B is a Borel
set in Rn. All the cylinder sets are obtained by letting n vary and (t1, . . . , tn)
be arbitrary in [0, T ]n for each n. A point (ω(t1), . . . , ω(tn)) ∈ Rn is called a
finite-dimensional projection of ω ∈ R[0,T ]. The σ-algebra B(R[0,∞)) is similarly
defined.

Proposition 9.15 Let W be a Brownian motion on some probability space
(Ω,F ,P). Let FW be the filtration generated by W and let X be a process that

is progressively measurable w.r.t. FW such that
∫ T

0
X2

s ds <∞ a.s. for all T > 0.
Let µ = X ·W , and assume that Z = E(µ) is a martingale. Then there exists
a probability measure Q on FW

∞ such that WQ = W −
∫ ·
0
Xs ds is a Brownian

motion on (Ω,FW
∞ ,Q).

Proof. (sketchy) For all T , the probability measures QT induce probability mea-
sures Q′

T on (R[0,T ],B(R[0,T ])), the laws of the Brownian motion WQ up to the

times T . Notice that for T ′ > T the restriction of Q′
T ′ to sets B × R(T,T ′] with

B ∈ B(R[0,T ]) coincides with Q′
T ; so Q′

T is a marginal of Q′
T ′ . It follows that the

finite dimensional distributions of WQ form a consistent family. In view of Kol-
mogorov’s theorem there exists a probability measure Q′ on (R[0,∞),B(R[0,∞)))
such that the measures Q′

T on (R[0,T ],B(R[0,T ])) are marginals of Q′.

73



A typical set F in FW
∞ has the form F = {ω : W·(ω) ∈ F ′}, for some

F ′ ∈ B(R[0,∞)). Here one needs measurability of the mapping ω 7→ W·(ω),
take this for granted. So we define Q(F ) = Q′(F ′) and one can show that this
definition is unambiguous. This results in a probability measure on FW

∞ . If
F ∈ FW

T , then we have Q(F ) = Q′
T (F

′) = QT (F ), so this Q is the one we
are after. Observe that WQ is adapted to FW and let 0 ≤ t1 < · · · < tn be
a given arbitrary n-tuple. Then for B ∈ B(Rn) we have Q((WQ

t1 , . . . ,W
Q
tn) ∈

B) = Qtn((W
Q
t1 , . . . ,W

Q
tn) ∈ B). Since WQ is Brownian motion on [0, tn], see

Corollary 9.13, the result follows.

Remark 9.16 Consider the situation of Proposition 9.15 and let FW be the
filtration generated by W . Let Ft = FW

t ∨ N0 (t ≥ 0), where N0 is the collec-
tion of all sets in FW

∞ having probability zero under P. Let Q be the probability
measure as in Proposition 9.15 and QT be the probability measure of Corol-
lary 9.13. It is tempting to think that the restriction of Q to the σ-algebra FT

coincides with QT . This is in general not true. One can find sets F in FT for
which P(F ) = 0 and hence QT (F ) = 0, although Q(F ) > 0 (Exercise 9.9). It
similarly follows that the measures Q and P as defined on FW

∞ may be mutually
singular, although for every finite T one has QT ∼ PT .

9.4 The Kazamaki and Novikov conditions

The results in the previous section were based on the fact that the density pro-
cess Z had the martingale property. In the present section we will see two suffi-
cient conditions in terms of properties of Z that guarantee this. The condition
in Proposition 9.17 below is called Kazamaki’s condition, the one in Proposi-
tion 9.19 is known as Novikov’s condition. Recall that if Z = E(µ) for some
µ ∈ Mloc

c , then Z ∈ Mloc
c as well and by nonnegativity it is a supermartingale,

and hence EZt ≤ 1 for all t ≥ 0. The two propositions that follow guarantee
that EZt = 1, equivalently, that Z is a true martingale.

Proposition 9.17 Let µ be a local martingale with µ0 = 0 and suppose that
S = exp( 12µ) is a uniformly integrable submartingale. Then E(µ) is a uniformly
integrable martingale.

Proof. Let a ∈ (0, 1), put S(a) = exp(aµ/(1 + a)) and consider E(aµ). In what

follows we take a < 1, note that a
1+a < 1

2 . Verify that S(a)t = S
2a/(1+a)
t and

E(aµ) = E(µ)a2

S(a)1−a2

. For any set F ∈ F we have by Hölder’s inequality for
any finite stopping time τ

E1FE(aµ)τ ≤ (EE(µ)τ )a
2

(E1FS(a)τ )
1−a2

.

Since E(µ) is a nonnegative local martingale, it is a nonnegative supermartingale,
see Proposition 4.7 (iii). Hence EE(µ)τ ≤ 1. Together with the easy to prove
fact that {S(a)τ : τ a stopping time} is uniformly integrable, we obtain that
{E(aµ)τ : τ finite stopping time} is uniformly integrable too (Exercise 9.11),
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hence E(aµ) belongs to class D. This property combined with E(aµ) being a
local martingale yields that it is actually a uniformly integrable martingale, see
Proposition 4.7 (ii). Hence it has a limit E(aµ)∞ with expectation equal to one.
Using Hölder’s inequality again and noting that E(µ)∞ exists as an a.s. limit of
a nonnegative supermartingale, we obtain

1 = EE(aµ)∞ ≤
(
EE(µ)∞

)a2(
ES(a)∞

)1−a2

. (9.2)

By uniform integrability of S = exp( 12µ), the expectations E exp( 12µt) are
bounded. It then follows by Fatou’s lemma that ES∞ < ∞. The trivial bound
(consider the cases S(a)∞ ≤ 1 and S(a)∞ > 1)

S(a)∞ ≤ 1 + S∞

yields

sup
a<1

ES(a)∞ < 1 + ES∞ <∞,

and thus lim supa→1(ES(a)∞)1−a2

= 1. But then we obtain from (9.2), that
EE(µ)∞ ≥ 1. Using the already known inequality EE(µ)∞ ≤ 1, we conclude
that EE(µ)∞ = 1, from which the assertion follows.

In the proof of Proposition 9.19 we will use the following lemma.

Lemma 9.18 Let M be a uniformly integrable martingale with the additional
property that E exp(M∞) < ∞. Then exp(M) is a uniformly integrable sub-
martingale.

Proof. Exercise 9.12.

Proposition 9.19 Let µ be a continuous local martingale with µ0 = 0 such
that

E exp(
1

2
⟨µ⟩∞) <∞ (9.3)

Then E(µ) is a uniformly integrable martingale and Q(F ) = E1FE(µ)∞ defines
a probability measure on F∞.

Proof. First we show that µ is of class D. It follows from the hypothesis and
Jensen’s inequality that E⟨µ⟩∞ < ∞. Let T be a finite stopping time. Then
Eµ2

T ≤ E⟨µ⟩∞ <∞ (see Exercise 4.5). It follows that the collection of these µT

is uniformly integrable and therefore µ is of Class D and thus even a martingale
in view of Proposition 4.7 (ii). Consequently µ∞ exists as an a.s. and L1-limit.

We apply the Cauchy-Schwarz inequality to

exp(
1

2
µ∞) =

(
E(µ)∞

)1/2
exp(

1

4
⟨µ⟩∞)
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to get

E exp(
1

2
µ∞) ≤

(
EE(µ)∞

)1/2(E exp(
1

2
⟨µ⟩∞)

)1/2 ≤
(
E exp(

1

2
⟨µ⟩∞)

)1/2
.

Hence E exp( 12µ∞) < ∞. It follows from Lemma 9.18 that exp( 12µ) is a uni-
formly integrable submartingale and by Proposition 9.17 we conclude that E(µ)
is uniformly integrable on [0,∞].

Remark 9.20 There also exist versions of Propositions 9.17 and 9.19 for a
finite time horizon T < ∞. These can easily be obtained from the presented
versions by replacing µ with the stopped process µT and making the appropriate
changes.

9.5 Integral representations and change of measure

We have encountered Theorem 8.7 and Corollary 8.8 where it was stated that
(local) martingales w.r.t. the Brownian filtration can be represented as stochas-
tic integrals. In this section we will see that such representations continue to
hold after an absolutely continuous change of measure. We fix a time horizon
T > 0 and recall Corollary 9.13 (together with the assumptions made there),
where a processWQ was constructed from a given Brownian motionW that be-
came a Brownian motion w.r.t. the given Brownian filtration under the changed
measure Q. Our aim is to show that a processM that is a local martingale w.r.t.
this Brownian filtration under the measure Q is a stochastic integral w.r.t. WQ.
Under the special circumstance that the filtrations generated by W , repectively
WQ, coincide, this is nothing else but a reformulation of what is already known,
i.e. Theorem 8.7. In general, however, these filtrations may differ, as we only
know that WQ is adapted to the given Brownian filtration, and hence one may
have strict inclusions of the type σ(WQ

s , 0 ≤ s ≤ t) ⊂ Ft. Nevertheless, we have
the following result.

Proposition 9.21 Let M be a continuous local martingale under the proba-
bility measure Q adapted to the augmented Brownian filtration F on a time
interval [0, T ] with M0 = 0. Then there exists a process ξQ ∈ P∗(WQ) such
that Mt = (ξQ ·WQ)t, 0 ≤ t ≤ T .

Proof. Exercise 9.13.

The above proposition is essential in Mathematical finance, where it is shown
that a financial market (with a single risky asset) driven by a given Brownian
motion is complete. The aim there is to find a so-called hedging strategy, which
tells how much to invest at every time t in a certain stock to replicate the
payoff of a certain contingent claim. It turns that these (random) quantities
are intimately related to the ξQt of Proposition 9.21, because of the crucial
role played by (local) martingales under Q. This will be developed further in
Section 12.
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9.6 Exercises

9.1 Prove Proposition 9.3.

9.2 LetX be a semimartingale on (Ω,F ,P). Let Y be a locally bounded process.
Show that Y ·X is invariant under an absolutely continuous change of measure.

9.3 Let (Ω,F ,P) be a measurable space on which is defined a Brownian motion
W . Let {Pθ : θ ∈ R} be a family of probability measures on FW

∞ such that for all
θ the processW θ defined byW θ

t =Wt−θt is a Brownian motion under Pθ. Show
that this family of measures can be defined, and how to construct it. Suppose
that we consider θ as an unknown parameter (value) and that we observe X
that under each Pθ has the semimartingale decomposition Xt = θt+W θ

t . Take
θt = Xt

t as estimator of θ when observations up to time t have been made.
Show that θt is consistent: θt → θ, Pθ-a.s. for all θ. Conclude that the Pθ are
mutually singular on FW

∞ .

9.4 Finish the proof of Proposition 9.7.

9.5 Let P and Q be measure on the space (Ω,F) with a filtration F and assume
that Qt ≪ Pt for all t ≥ 0 with density process Z. Let T be a stopping time.
Let Ω′ = Ω ∩ {T < ∞} and F ′

T = {F ∩ {T < ∞} : F ∈ FT }. Show that with
P′
T the restriction of PT to F ′

T (and likewise we have Q′
T ) that Q′

T ≪ P′
T and

dQ′
T

dP′
T

= ZT .

9.6 Let P and Q be probability measures on the space (Ω,F) and assume that
Qt ≪ Pt for all t ≥ 0. Let Z be the density process. Let Tn = inf{t : Zt <

1
n}.

Show that Q(Tn < ∞) ≤ 1
n and deduce that Q(inf{Zt : t > 0} = 0) = 0 and

that Q(limn T
n = ∞) = 1.

9.7 Show that the (MQ)T
n

Z in the proof of Theorem 9.9 are P-local martingales.

Hint: Verify that (MQ)T
n

t Zt = (MQ)T
n

t ZTn

t +
∫ t

0
MQ

Tn1{Tn<s} dZs, with a well
defined stochastic integral.

9.8 Prove the claims made in Remark 9.12.

9.9 Consider the situation of Remark 9.16. Consider the density process Z =
E(W ). Let F = {limt→∞

Wt

t = 1}. Use this set to show that the probability
measures QT and Q restricted to FT are different.

9.10 Show that uniqueness holds for the local martingale µ of Proposition 9.10.

9.11 Show that the process S(a) in the proof of Proposition 9.17 is uniformly
integrable and that consequently the same holds for E(aµ).

9.12 Prove Lemma 9.18.

9.13 Let M be a continuous local martingale under the probability measure Q
as in Proposition 9.21, in particular Q is equivalent to P on FT , where T > 0 is
the time horizon. Prove this proposition along the following steps.
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(a) Show, use Proposition 9.7, that MZ is a local martingale under P, and
apply Corollary 8.8 to MZ, which yields the existence of a process ξ ∈
P∗(W ) such that MZ =M0 + ξ ·W .

(b) Use the Itô formula for products or quotients to derive that M can be
written as the sum of M0 and a stochastic integral w.r.t. WQ, i.e. M =
M0 + ξQ ·WQ, where ξQt = ξt

Zt
−Mtκt if µ = κ ·W .
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10 Stochastic differential equations

By a stochastic differential equation (sde) we mean an equation like

dXt = b(t,Xt) dt+ σ(t,Xt) dWt (10.1)

or

dXt = b(Xt) dt+ σ(Xt) dWt, (10.2)

which is sometimes abbreviated by

dX = b(X) dt+ σ(X) dW.

The meaning of (10.1) is nothing else but shorthand notation for the following
stochastic integral equation

Xt = X0 +

∫ t

0

b(s,Xs) ds+

∫ t

0

σ(s,Xs) dWs, (t ≥ 0). (10.3)

Here W is a Brownian motion and b and σ are Borel-measurable functions
on R2 with certain additional requirements to be specified later on. The first
integral in (10.3) is a pathwise Lebesgue-Stieltjes integral and the second one a
stochastic integral. Of course, both integrals should be well-defined. Examples
of stochastic differential equations have already been met in previous sections.
For instance, if X = E(W ), then

Xt = 1 +

∫ t

0

Xs dWs,

which is of the above type.

We give an infinitesimal interpretation of the functions b and σ. Suppose that
a process X can be represented as in (10.3) and that the stochastic integral
is a square integrable martingale. Then we have that E[Xt+h − Xt|Ft] =

E[
∫ t+h

t
b(s,Xs) ds|Ft]. For small h, this should ‘approximately’ be equal to

b(t,Xt)h. The conditional variance of Xt+h −Xt given Ft is

E[(
∫ t+h

t

σ(s,Xs) dWs)
2|Ft] = E[

∫ t+h

t

σ2(s,Xs) ds|Ft],

which is approximated for small h by σ2(t,Xt)h. Hence the coefficient b in
Equation (10.1) tells us something about the direction in which Xt changes and
σ something about the variance of the displacement. We call b the drift coeffi-
cient and σ the diffusion coefficient.

A process X should be called a solution with initial condition ξ, if it satisfies
Equation (10.3) and if X0 = ξ. But this phrase is insufficient for a proper
definition of the concept of a solution. In this course we will treat two differ-
ent concepts, one being strong solution, the other one weak solution, with the
emphasis on the former.
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10.1 Strong solutions

In order that the Lebesgue-Stieltjes integral and the stochastic integral in (10.3)
exist, we have to impose (technical) regularity conditions on the process X that
is involved. Suppose that the process X is defined on some probability space
with a filtration. These conditions are (of course) that X is progressive (which
is the case if X is adapted and continuous) and that∫ t

0

(|b(s,Xs)|+ σ(s,Xs)
2) ds <∞, a.s.∀t ≥ 0. (10.4)

In all what follows below, we assume that a probability space (Ω,F ,P) is given
such that it supports a Brownian motion W and a random variable ξ that is
independent of W . The filtration F = {Ft, t ≥ 0} that we will mainly work
with in the present section is the filtration generated by W and ξ and then
augmented with the null sets. More precisely. We set F◦

t = FW
t ∨ σ(ξ), N

the (P,F◦
∞)-null sets and Ft = F◦

t ∨ N . By previous results we know that this
filtration is right-continuous and that W is also Brownian w.r.t. it, in particular
W is adapted to this filtration and it holds that Wt −Ws is independent of Fs

for all t ≥ s ≥ 0.

Definition 10.1 Given a probability space (Ω,F ,P), a Brownian motion W
defined on it as well as a random variable ξ independent of W , a process X
defined on this space is called a strong solution of Equation (10.1) with initial
condition ξ if X0 = ξ a.s. and X
(i) has continuous paths a.s.

(ii) is F adapted.

(iii) satisfies Condition (10.4)

(iv) satisfies (10.1) a.s.

The first main result of this section, Theorem 10.2, concerns existence and
uniqueness of a strong solution to a stochastic differential equation. An essential
condition here is Lipschitz continuity of the coefficients b and σ, a condition
that is already essential in the case of ordinary differential equations, which
are special cases of stochastic differential equations (take σ = 0). Consider the
differential equation

ẋ = bα(x),

where bα(x) = xα. For α = 1 the function bα is a Lipschitz function and the
equation has a unique solution x(t) = x0e

t for any initial condition x(0) = x0.
For α > 1 the function bα is not Lipschitz for large values of x, as x−1bα(x) →

∞ for x→ ∞. If x0 > 0, then x(t) =
(
x1−α
0 − (α− 1)t

)1/(1−α)
is a solution for

t ∈ [0, x1−α
0 /(α − 1)), which explodes for t → x1−α

0 /(α − 1). In this case there
is a problem with existence of a solution for all positive t.

For α < 1 the function bα is not Lipschitz for positive values of x near zero,
because x−1bα(x) → ∞ for x ↓ 0. If x0 = 0 and t0 is an arbitrary positive
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number, then x(t) = ((1− α)(t− t0)
+)

1/(1−α)
is a solution for t ≥ 0. In this

case there is a problem with uniqueness of a solution.
One can conclude that a Lipschitz property cannot be missed if one wants

existence and uniqueness of solutions for all t ≥ 0. This is reflected in the next
theorem.

Theorem 10.2 Assume that the coefficients b and σ are Lipschitz continuous
in the second variable, i.e. there exists a constant K > 0 such that

|b(t, x)− b(t, y)|+ |σ(t, x)− σ(t, y)| ≤ K|x− y|, ∀t ∈ [0,∞),∀x, y ∈ R,

and that b(·, 0) and σ(·, 0) are locally bounded functions (i.e. they are bounded
on compacta). Then, for any initial condition ξ with Eξ2 < ∞ the Equa-
tion (10.1) has a unique strong solution. Moreover, EX2

t <∞ for all t ≥ 0.

Proof. We first prove existence of a solution on an interval [0, T ]. For given
processes X and Y that are such that (10.4) is satisfied for both of them, we
define for any t ≥ 0

Ut(X) = ξ +

∫ t

0

b(s,Xs) ds+

∫ t

0

σ(s,Xs) dWs

and Ut(Y ) likewise. Note that Equation (10.3), valid for all t ≥ 0 with X0 =
ξ can now be written as X = U(X) and a solution of this equation can be
considered as some kind of a fixed point of U . By Uk we denote the k-fold
composition of U . Our aim is to show that the paths of Uk(ξ) converge uniformly
in C[0, T ] with the sup norm a.s. Thereto we introduce the notation ||Z||T =
sup{|Zt| : t ≤ T}, for any process Z. Note that this notation holds for the
present proof only. We first prove that for every T > 0 there exists a constant
C such that

E||Uk(X)− Uk(Y )||2t ≤ Cktk

k!
E||X − Y ||2t , t ≤ T. (10.5)

Fix T > 0. Since for any real numbers p, q it holds that (p + q)2 ≤ 2(p2 + q2),
we obtain for t ≤ T

|Ut(X)− Ut(Y )|2 ≤

2
( ∫ t

0

|b(s,Xs)− b(s, Ys)|ds
)2

+ 2
( ∫ t

0

(σ(s,Xs)− σ(s, Ys)) dWs

)2
,

and thus

||U(X)− U(Y )||2t ≤

2
( ∫ t

0

|b(s,Xs)− b(s, Ys)|ds
)2

+ 2 sup
u≤t

( ∫ u

0

(σ(s,Xs)− σ(s, Ys)) dWs

)2
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Take expectations and use the Cauchy-Schwarz inequality as well as a variation
on Doob’s L2-inequality (Exercise 10.1), to obtain

E||U(X)− U(Y )||2t ≤

2E
(
t

∫ t

0

|b(s,Xs)− b(s, Ys)|2 ds
)
+ 8E

( ∫ t

0

(σ(s,Xs)− σ(s, Ys))
2 ds

)
.

Now use the Lipschitz condition to get

E||U(X)− U(Y )||2t ≤ 2E
(
tK2

∫ t

0

(Xs − Ys)
2 ds

)
+ 8E

(
K2

∫ t

0

(Xs − Ys)
2 ds

)
= 2K2(t+ 4)

∫ t

0

E(Xs − Ys)
2 ds

≤ 2K2(T + 4)

∫ t

0

E||X − Y ||2s ds. (10.6)

Let C = 2K2(T +4). Then we have E||U(X)−U(Y )||2t ≤ CtE||X−Y ||2t , which
establishes (10.5) for k = 1. Suppose that we have proved (10.5) for some k.
Then we use induction to get from (10.6)

E||Uk+1(X)− Uk+1(Y )||2t ≤ C

∫ t

0

E||Uk(X)− Uk(Y )||2s ds

≤ C

∫ t

0

Cksk

k!
dsE||X − Y ||2t

=
Ck+1tk+1

(k + 1)!
E||X − Y ||2t .

This proves (10.5). We continue the proof by using Picard iteration, i.e. we are
going to define recursively a sequence of processes Xn that will have a limit in
a suitable sense on any time interval [0, T ] and that limit will be the candidate
solution. We setX0 = ξ and defineXn = U(Xn−1) = Un(X0) for n ≥ 1. Notice
that by construction all the Xn have continuous paths and are F-adapted. It
follows from Equation (10.5) that we have

E||Xn+1 −Xn||2T ≤ CnTn

n!
E||X1 −X0||2T (10.7)

From the conditions on b and σ we can conclude that B := E||X1 −X0||2T <∞
(Exercise 10.10). By Chebychev’s inequality we have that

P(||Xn+1 −Xn||T > 2−n) ≤ B
(4CT )n

n!
.

It follows from the Borel-Cantelli lemma that the set Ω′ = lim infn→∞{||Xn+1−
Xn||T ≤ 2−n} has probability one. On this set we can find for all ω an integer
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n big enough such that for all m ∈ N one has

||Xn+m −Xn||T (ω) ≤
n+m−1∑
k=n

||Xk+1 −Xk||T (ω) ≤
n+m−1∑
k=n

2−k ≤ 2−n+1.

In other words, on Ω′ the sample paths of the processes Xn form a Cauchy
sequence in C[0, T ] w.r.t. the sup-norm, and thus all of them have continuous
limits. We call the limit process X (outside Ω′ we define it as zero) and show
that this process is the solution of (10.1) on [0, T ].

Since Xn+1
t = (U(Xn)t − U(X)t) + U(X)t for each t ≥ 0 and certainly

Xn+1
t → Xt in probability, it is sufficient to show that for each t we have

convergence in probability (or stronger) of U(Xn)t − U(X)t to zero. We look
at

U(Xn)t − U(X)t =

∫ t

0

(b(s,Xn
s )− b(s,Xs)) ds (10.8)

+

∫ t

0

(σ(s,Xn
s )− σ(s,Xs)) dWs. (10.9)

We first consider the integral of (10.8). Notice that on Ω′ we have that ||X −
Xn||2T (ω) → 0. One thus has (again ω-wise on Ω′)

|
∫ t

0

(b(s,Xn
s )− b(s,Xs)) ds| ≤ K

∫ T

0

|Xn
s −Xs|ds

≤ KT ||Xn −X||T → 0.

Hence we have a.s. convergence to zero of the integral in (10.8). Next we look
at the stochastic integral of (10.9). One has, use Exercise 10.1 again,

E
( ∫ t

0

(σ(s,Xs)− σ(s,Xn
s )) dWs

)2 ≤ E
∫ t

0

(σ(s,Xs)− σ(s,Xn
s ))

2 ds

≤ K2

∫ t

0

E(Xs −Xn
s )

2 ds

≤ K2TE||X −Xn||2T

and we therefore show that E||X −Xn||2T → 0, which we do as follows.
Realizing that (E||Xn+m − Xn||2T )1/2 is the L2-norm of ||Xn+m − Xn||T ,

and noting the triangle inequality ||Xn+m −Xn||T ≤
∑n+m−1

k=n ||Xk+1 −Xk||T ,
we apply Minkowski’s inequality and obtain

(E||Xn+m −Xn||2T )1/2 ≤
n+m−1∑
k=n

(E||Xk+1 −Xk||2T )1/2.

Then, from (10.7) we obtain

E||Xn+m −Xn||2T ≤
( ∞∑
k=n

(
(CT )k

k!
)1/2

)2E||X1 −X0||2T . (10.10)
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Combined with the already established a.s. convergence of Xn to X in the sup-
norm, we get by application of Fatou’s lemma from (10.10) that E||X −Xn||2T
is also bounded from above by the right hand side of this equation and thus
converges to zero (it is the tail of a convergent series) for n→ ∞.

What is left is the proof of unicity on [0, T ]. Suppose that we have two
solutions X and Y . Then, using the same arguments as those that led us
to (10.6), we obtain

E(Xt − Yt)
2 = E(Ut(X)− Ut(Y ))2

≤ C

∫ t

0

E(Xs − Ys)
2 ds.

It follows from Gronwall’s inequality, Exercise 10.9, that E(Xt − Yt)
2 = 0, for

all t and hence, by continuity, X and Y are indistinguishable on [0, T ].
A final word on existence of the solution on [0,∞). This is, as usual, estab-

lished by extension of the above solution X to [0,∞) in view of the unicity of
solutions on any interval [0, T ].

A strong solution X by definition satisfies the property that for each t the
random variable Xt is Ft-measurable. Sets in Ft are typically determined by
certain realizations of ξ and the paths ofW up to time t. This suggests that there
is a ‘causal relationship’ betweenX and (ξ and)W , that should formally take the
form that Xt = f(t, ξ,W[0,t]), whereW[0,t] stands for the map that takes the ω’s
to the paths {Ws(ω), s ≤ t}. One would like the map f to have the appropriate
measurability properties. This can be accomplished when one is working with
the canonical set-up. By the canonical set-up we mean the following. We take
Ω = R × C[0,∞). Let ω = (u, f) ∈ Ω. We define Wt(ω) = f(t) and ξ(ω) = u.
A filtration on Ω is obtained by setting F0

t = σ(ξ,Ws, s ≤ t). Let µ be a
probability measure on R, PW be the Wiener measure on C[0,∞) (the unique
probability measure that makes the coordinate process a Brownian motion) and
P = PW × µ. Finally, we get the filtration F by augmenting the F0

t with the
P-null sets of F0

∞. Next to the filtration F we also consider the filtration H on
C[0,∞) that consists of the σ-algebras Ht = σ(hs, s ≤ t), where ht(f) = f(t)
for f ∈ C[0,∞) and t ≥ 0. We state the next two theorems without proof, but
see also Exercise 10.13 for a simpler versions.

Theorem 10.3 Let the canonical set-up be given. Assume that (10.1) has a
strong solution with initial condition ξ (so that in particular Condition (10.4) is
satisfied). Let µ be the law of ξ. Then there exists a functional Fµ : Ω → C[0,∞)
such that for all t ≥ 0

F−1
µ (Ht) ⊂ Ft (10.11)

and such that Fµ(ξ,W ) and X are P-indistinguishable. Moreover, if we work
on another probability space on which all the relevant processes are defined, a
strong solution of (10.1) with an initial condition ξ is again given by Fµ(ξ,W )
with the same functional Fµ as above.
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If we put F (x, f) := Fδx(x, f) (where δx is the Dirac measure at x), we would
like to have X = F (ξ,W ). There is however in general a measurability problem
with the map (x, f) 7→ F (x, f). By putting restrictions on the coefficients this
problem disappears.

Theorem 10.4 Suppose that b and σ are as in Theorem 10.2. Then a strong
solution X may be represented as X = F (ξ,W ), where F satisfies the mea-
surability property of (10.11) and moreover, for each f ∈ C[0,∞), the map
x 7→ F (x, f) is continuous. Moreover, on any probability space that supports a
Brownian motion W and a random variable ξ, a strong solution X is obtained
as X = F (ξ,W ), with the same mapping F .

Both Theorems 10.3 and 10.4 give a precise engineering interpretation to strong
solutions. They formalize by the mappings Fµ and F the idea of seeing a stochas-
tic differential equation as a machine that transforms inputs (Brownian motion
and initial states) into outputs (the strong solution). Moreover, we see that in
case of a strong solution, any pair (ξ,W ) defined on an underlying probability
space produces the solution X by the fixed mapping F . This mapping is then
the mathematical representation of the machine. The machine works for any
pair of inputs (ξ,W ).

Theorem 10.2 is a classical result obtained by Itô. Many refinements are pos-
sible by relaxing the conditions on b and σ. One that is of particular interest
concerns the diffusion coefficient. Lipschitz continuity can be weakened to some
variation on Hölder continuity.

Proposition 10.5 Consider Equation (10.1) and assume that b satisfies the
Lipschitz condition of Theorem 10.2, whereas for σ we assume that

|σ(t, x)− σ(t, y)| ≤ h(|x− y|), (10.12)

where h : [0,∞) → [0,∞) is a strictly increasing function with h(0) = 0 and the
property that∫ 1

0

1

h(u)2
du = ∞.

Then, given an initial condition ξ, Equation (10.1) admits at most one strong
solution.

Proof. Take an (n ≥ 1) such that∫ 1

an

1

h(u)2
du =

1

2
n(n+ 1).

Then
∫ an−1

an

1
nh(u)2 du = 1. We can take a smooth disturbance of the integrand

in this integral, a nonnegative continuous function ρn with support in (an, an−1)
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and bounded by 2
nh(·)2 such that

∫ an−1

an
ρn(u) du = 1. We consider even functions

ψn defined for all x > 0 by

ψn(x) = ψn(−x) =
∫ x

0

∫ y

0

ρn(u) dudy.

Then the sequence (ψn) is increasing, |ψ′
n(x)| ≤ 1 and limn ψn(x) = |x|, by

the definition of the ρn. Notice also that the ψn are in C2, since the ρn are
continuous.

Suppose that there are two strong solutions X and Y with X0 = Y0. Assume
for a while the properties E|Xt| < ∞, E

∫ t

0
σ(s,Xs)

2 ds < ∞ for all t > 0 and
the analogous properties for Y . Consider the difference process V = X − Y .
Apply Itô’s rule to ψn(V ) and take expectations. Then the martingale term
vanishes and we are left with (use the above mentioned properties of the ψn)

Eψn(Vt) = E
∫ t

0

ψ′
n(Vs)(b(s,Xs)− b(s, Ys)) ds

+
1

2
E
∫ t

0

ψ′′
n(Vs)(σ(s,Xs)− σ(s, Ys))

2 ds

≤ K

∫ t

0

E|Vs|ds+
1

2
E
∫ t

0

ψ′′
n(Vs)h

2(Vs) ds

≤ K

∫ t

0

E|Vs|ds+
t

n
.

Letting n→ ∞, we obtain E|Vt| ≤ K
∫ t

0
E|Vs|ds. Indeed, the right hand side of

this inequality is obvious, and the left hand side is obtained by an application of
Fatou’s lemma, E|Vt| = E limψn(Vt) ≤ lim inf Eψn(Vt). The result now follows
from the Gronwall inequality and sample path continuity under the temporary
integrability assumptions on X and Y . As usual, these assumptions can be
removed by a localization procedure. In this case one works with the stopping
times

Tn = inf{t > 0 : |Xt|+ |Yt|+
∫ t

0

(σ(s,Xs)
2 + σ(s, Ys)

2) ds > n}

and the stopped processesXTn

and Y Tn

have all desired integrability properties.
The preceding shows that the stopped processes V Tn

are indistinguishable from
zero, and the same is then true for V .

With the techniques in the above proof one can also prove a comparison result
for solutions to two stochastic differential equations with the same diffusion
coefficient.

Proposition 10.6 Consider the equations

dXt = bj(t,Xt) dt+ σ(t,Xt) dWt, j = 1, 2,
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and letXj be the unique two strong solutions. Assume further that the functions
bj and σ are continuous, b1 or b2 satisfies the Lipschitz condition of Theorem 10.2
and the function σ satisfies Condition (10.12). Assume further
(i) X1

0 ≤ X2
0 ,

(ii) b1(t, x) ≤ b2(t, x) for all (t, x) ∈ [0,∞)× R.
Then P(X1

t ≤ X2
t ,∀t ≥ 0) = 1.

Proof. As in the proof of Proposition 10.5 we may assume w.l.o.g. the condition
E
∫ t

0
σ(s,Xj

s )
2 ds <∞ for all t > 0 and j = 1, 2, otherwise we apply a stopping

time argument. Consider the functions ψn as in that proof on [0,∞), and put
ϕn = ψn1[0,∞). Then ϕn(x) → x+, 0 ≤ ϕ′n(x) = ψ′

n(x)1[0,∞)(x) ≤ 1. Instead of
the estimate on Eψn(Vt), Vt = X1

t −X2
t , we now find

Eϕn(Vt) ≤ E
∫ t

0

ϕ′n(Vs)(b1(s,X
1
s )− b2(s,X2

s )) ds+
t

n
.

We now make the choice that b1 satisfies the Lipschitz condition. Then, on the
set {Vs ≥ 0} = {X1

s ≥ X2
s},

b1(s,X
1
s )− b2(s,X

2
s ) = b1(s,X

1
s )− b1(s,X

2
s ) + b1(s,X

2
s )− b2(s,X

2
s )

≤ K(X1
s −X2

s ) = KVs.

On the other hand, on the set {Vs < 0}, we have ϕ′n(Vs) = 0. It then follows
that

Eϕn(Vt) ≤ EK
∫ t

0

ϕ′n(Vs)1[0,∞)(Vs)Vs ds+
t

n
.

Letting n→ ∞ we obtain

EV +
t ≤ K

∫ t

0

V +
s ds,

and another application of Gronwall’s lemma yields V +
t indistinguishable from

zero, which we wanted to prove.

10.2 Weak solutions

Contrary to strong solutions, that have the interpretation of X as an output
process of a machine with inputsW and ξ, weak solutions are basically processes
defined on a suitable space that can be represented by a stochastic differential
equation. The underlying probability space becomes part of the weak solution,
which is formalized in Definition 10.7. Moreover, there will in general not be a
‘causal relation’ as the mapping F in Theorem 10.4 between inputs (W and ξ)
and output (X). Even the concepts ‘inputs’ and ‘outputs’ become troublesome,
and we will see an example where it appears more natural to consider X as an
input and W as an output. A strong solution cannot exist there.
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Definition 10.7 A weak solution of Equation (10.1) by definition consists of
a probability space (Ω,F ,P), a filtration F and a pair of continuous adapted
processes (X,W ) such that W is Brownian motion relative to this filtration and
moreover
(i) Condition (10.4) is satisfied

(ii) Equation (10.1) is satisfied a.s.

Note that a strong solution to a stochastic differential equation (the proba-
bility space, the Brownian motion and the initial condition are given then) is
automatically a weak solution.

The law ofX0, given a certain weak solution, is called the initial distribution.
Notice that it follows from this definition that X0 and W are independent.
Related to weak solutions there are different concepts of uniqueness. For us the
most relevant one is uniqueness in law, which is defined as follows. Uniqueness
in law is said to hold if any two weak solutions ((Ω,F ,P), F, (X,W )) and
((Ω′,F ′,P′), F′, (X ′,W ′)) with X0 and X ′

0 identically distributed are such that
also the processes X and X ′ have the same distribution. The concept of weak
solution is sufficient for most ‘practical purposes’, like finding probabilities as
P(Xt > 3) or expectations like EXt and the resulting answers are unambiguous
if the weak solution is unique in law. The underlying probability space becomes
irrelevant (as long as it exists), and this is much like the familiar situation in the
case of, say, a random variable Z having a standard normal distribution. Only
the distribution matters if one wants to compute P(Z > 3), not the particular
space on which Z is defined.

Next to uniqueness in law there exists the notion of pathwise uniqueness.
Suppose that the two weak solutions above are defined on the same probability
space (Ω,F ,P) and that W = W ′. It is then said that pathwise uniqueness
holds for (weak solutions to) Equation (10.1) if P(X0 = X ′

0) = 1 implies P(Xt =
X ′

t, ∀t ≥ 0). It is intuitively clear that pathwise uniqueness implies uniqueness
in law, but it is far from easy to rigorously prove this. Surprising is the fact that
the existence of weak solutions and pathwise uniqueness imply the existence (and
uniqueness) of strong solutions. This can be used to show that Equation (10.1)
admits existence of a strong solution under the conditions of Proposition 10.5.

The proposition below shows that one can guarantee the existence of weak
solutions under weaker conditions than those under which existence of strong
solutions can be proved, as should be the case. The main relaxation is that we
drop the Lipschitz condition on b.

Proposition 10.8 Consider the equation

dXt = b(t,Xt) dt+ dWt, t ∈ [0, T ]. (10.13)

Assume that b satisfies the growth condition |b(t, x)| ≤ K(1+ |x|), for all t ≥ 0,
x ∈ R. Then, for any initial law µ, this equation has a weak solution, which is
unique in law.

88



Proof. We start out with a measurable space (Ω,F) and a family of probability
measures Px on it. Let X be a continuous process on this space such that under
each Px the process X − x is a standard Brownian motion w.r.t. some filtration
F. The Px can be chosen to be a Brownian family, which entails that the maps
x 7→ Px(F ) are Borel measurable for each F ∈ F . Take this for granted. Let

ZT = exp(
∫ T

0
b(s,Xs) dXs − 1

2

∫ T

0
b(s,Xs)

2 ds). At the end of the proof we
show that EPxZT = 1 for all x. Assuming that this is the case, we can define a
probability measure Qx on FT by Qx(F ) = EPxZT1F . Put

Wt = Xt −X0 −
∫ t

0

b(s,Xs) ds.

It follows from Girsanov’s theorem that under each of the measures Qx the
processW is a standard Brownian motion w.r.t. {Ft}t≤T . Define the probability
measure Q by Q(F ) =

∫
Qx(F )µ(dx). Then W is a Brownian motion under Q

as well (you check why!) and Q(X0 ∈ B) = µ(B). It follows that the probability
space (Ω,F ,Q) together with the filtration {Ft}t≤T and the processes X and
W constitute a weak solution.

We now show that EPxZT = 1 and we simply write EZT for the expectation
in the rest of the proof. Our goal is to conclude by application of a variant of
Novikov’s condition. The idea is to consider the process Z over a number of
small time intervals, to check that Novikov’s condition is satisfied on all of them
and then to collect the conclusions in the appropriate way.

Let N > 0 (to be specified later on), put δ = T/N and consider the processes
bn given by bnt = b(t,Xt)1[(n−1)δ,nδ)(t) as well as the associated processes Zn =
E(bn ·X). Suppose these are all martingales. Then E[Zn

nδ|F(n−1)δ] = Zn
(n−1)δ,

which is equal to one. Since we have

ZNδ =

N∏
n=1

Zn
nδ,

we obtain

EZNδ = E[
N−1∏
n=1

Zn
nδE[ZN

Nδ|F(N−1)δ]] = E
N−1∏
n=1

Zn
nδ = EZ(N−1)δ,

which can be seen to be equal to one by an induction argument. To show that
the Zn are martingales we use Novikov’s condition. This condition is

E exp
(1
2

∫ T

0

(bnt )
2 dt
)
= E exp

(1
2

∫ nδ

(n−1)δ

b(t,Xt)
2 dt
)
<∞.

By the assumption on b this follows as soon as we know that

E exp
(1
2
δK2(1 + ||X||T )2

)
<∞,
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where ||X||T = sup{|Xt| : t ≤ T}, as in the proof of Theorem 10.2. The latter
inequality follows from

E exp
(
δK2||X||2T

)
<∞, (10.14)

which we establish now. Consider the process V given by Vt = exp( 12δK
2X2

t ).
It follows that EV 2

T = E exp(δK2X2
T ). Since XT has a normal N(x, T ) distribu-

tion, the expectation is finite for δ < 1/2K2T , equivalently N > 2K2T 2. Take
such N . Since V is a positive square integrable submartingale on [0, T ], we can
apply Doob’s L2-inequality to get E||V ||2T ≤ 4EV 2

T = 4E exp(δK2X2
T ) < ∞.

Noting that ||V ||2T = exp
(
δK2||X||2T

)
, we obtain (10.14). This finishes the

proof of EZT = 1.
We turn to uniqueness in law of the solutions on [0, T ]. Let be given two weak

solutions (Xi,W i), i = 1, 2, realized on their own filtered probability spaces
(Ωi,F i,Fi,Pi). Define stopping times τ in by τ in = inf{t ≥ 0 : |Xi

t | > n} ∧ T ;
these are stopping times w.r.t. the filtration FXi

. Let bi,ns = b(s,Xi
s)1[0,τ i

n]
(s),

note that bi,n is adapted to FXi

. Then∫ t

0

(bi,ns )2 ds ≤ K2

∫ t

0

1[0,τ i
n]
(s)(1 + |Xi

s|)2 ds

≤ 2K2

∫ t

0

1[0,τ i
n]
(s)(1 + (Xi

s)
2) ds

≤ 2K2

∫ t

0

1[0,τ i
n]
(s)(1 + sup

s≤T
|Xi

s|2) ds

≤ 2K2

∫ t

0

1[0,τ i
n]
(s)(1 + n2) ds

≤ 2K2T (1 + n2).

Introduce new probability measures P̃i,n on F i
T defined by

dP̃i,n

dPi
= Zi,n

T = exp(−
∫ T

0

bi,ns dW i
s −

1

2

∫ T

0

(bi,ns )2 ds),

and note that on {τ in = T} it holds that

Zi,n
T = exp(−

∫ T

0

b(s,Xi
s) dW

i
s −

1

2

∫ T

0

b(s,Xi
s)

2 ds).

Because Novikov’s condition, (9.3) adapted to the finite time horizon case, is
satisfied for Zi,n

T , we now have EPiZi,n
T = 1, so the P̃i,n are indeed probability

measures. By Girsanov’s theorem, the processes W̃ i,n defined by W i,n
t =W i

t +∫ t

0
bi,ns ds are Brownian motions under the probability measures P̃i,n. But then

Xi,n
t := Xi

0 +W i,n
τn,i∧t are stopped Brownian motions with the initial condition

µ for each i, and hence have the same distributions under P̃i,n for i = 1, 2. Note
also that on {τ in = T} the processes Xi and Xi,n coincide.
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Take now 0 ≤ t1 < . . . tm ≤ T and put Xi(m) = (Xi
11 , . . . , X

i
tm), W i(m) =

(W i
11 , . . . ,W

i
tm) and let B be a Borel set in R2m. Then we have

Pi((Xi(m),W i(m)) ∈ B; τ i,n = T ) = EP̃i,n

1

Zi,n
T

1{(Xi(m),W i(m))∈B;τ i,n=T},

where the right hand side of this equation is completely in terms of Xi,n. It
follows that the Pi({(Xi(m),W i(m)) ∈ B} ∩ {τ i,n = T}) are the same for
i = 1, 2. Observe that Pi(τ i,n = T ) → 1 for n → ∞, from which it now follows
that the Pi((Xi(m),W i(m)) ∈ B) are the same for i = 1, 2

Hence (X1,W 1) and (X2,W 2), and then also X1 and X2, have the same
finite dimensional distributions and are therefore identical in law on [0, T ].

We proceed by presenting an example of a stochastic differential equation that
has a weak solution that is unique in law, but that doesn’t admit a strong
solution. This equation is known as Tanaka’s equation,

Xt =

∫ t

0

sgn(Xs) dWs, (10.15)

where

sgn(x) =

{
1 if x ≥ 0

−1 if x < 0.

First we show that a weak solution exists. Take a (Ω,F ,P) on which is defined
a Brownian motion X and define

Wt =

∫ t

0

sgn(Xs) dXs. (10.16)

It follows from Lévy’s characterization that alsoW is a Brownian motion. More-
over, one easily sees that (10.15) is satisfied. However, invoking Lévy’s charac-
terization again, any weak solution to this equation must be a Brownian motion.
Hence we have uniqueness in law. Computations show that along with X also
−X is a weak solution, whose paths are just the reflected versions of the paths
of X. We see that pathwise uniqueness doesn’t hold, a first indication that ex-
istence of a strong solution is problematic. Of course, also −X is a Brownian
motion, in agreement with uniqueness in law.

We proceed by showing that assuming existence of a strong solution leads
to an absurdity. The proper argument to be used for this involves local time,
see Section 10.5 where we also consider Equation (10.15) anew. Here we follow
a somewhat heuristic argumentation. For the process W we have

Wt =

∫ t

0

1{Xs ̸=0}
Xs

|Xs|
dXs +

∫ t

0

1{Xs=0} dXs.

The quadratic variation of the second stochastic integral in the display has ex-
pectation equal to E

∫ t

0
1{Xs=0} ds =

∫ t

0
E1{Xs=0} ds = 0, in view of properties
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of Brownian motion. Hence we can ignore the second term and recast the ex-
pression for Wt as

Wt =
1

2

∫ t

0

1{Xs ̸=0}
1

|Xs|
d(X2

s − s).

All the processes involved in the right hand side of this equation are F|X|-
adapted, t 7→ X2

t − t is martingale w.r.t. F|X|, and so W is adapted to F|X| as

well. But a strong solution satisfies FX
t ⊂ FW

t , which would lead to FX
t ⊂ F |X|

t ,
an inclusion which is absurd for the Brownian motion X.

If we change the definition of sgn into sgn(x) = x
|x|1{x ̸=0}, then with this

definition, Equation (10.15) admits a trivial strong solution (which one?). The
above reasoning also now applies and it follows that there is no other strong so-
lution. Moreover, X a Brownian motion is again a weak solution and uniqueness
in law doesn’t hold anymore.

10.3 Markov solutions

The main topic of this section is to show that strong solutions to stochastic
differential equations are Markov processes. For this we need the concept of
transition kernel. It is a function k : R×B(R) → [0, 1] satisfying the properties

x 7→ k(x,A) is Borel-measurable for all A ∈ B(R)

and

A 7→ k(x,A) is a probability measure for all x ∈ R.

Definition 10.9 An adapted process X is called Markov w.r.t. a filtration F
if there exists a family of transition kernels {Pt,s : t ≥ s ≥ 0} such that for all
t ≥ s and for all bounded Borel-measurable functions f : R → R it holds that

E[f(Xt)|Fs] =

∫
f(y)Pt,s(Xs,dy), (10.17)

in the sense that the right hand side is a version of the conditional expectation
on the left. If the filtration is not specified, it will be taken as FX . By a simple
change of variable, we may need (10.17) in the form, for s, t ≥ 0,

E[f(Xs+t)|Fs] =

∫
f(y)Ps+t,s(Xs,dy).

A Markov process X is called homogeneous, if there is a family of transition
kernels {Pu : u ≥ 0} such that for all t ≥ s one has Pt,s = Pt−s. Such a process
is called strong Markov if for every a.s. finite stopping time T one has

E[f(XT+t)|FT ] =

∫
f(y)Pt(XT ,dy).
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It can be shown that an equivalent definition is obtained if the functions f in
(10.17) are bounded and continuous. Another, equivalent, definition is obtained
by taking the functions f equal to the indicator of Borel sets B, which gives
P(Xt ∈ B|Fs) = Pt,s(Xs, B).

As an intermezzo we will now prove the intriguing property, already alluded
to in Remark 8.3, that the augmented filtration of a Markov process is right-
continuous, so it satisfies the usual conditions. The result is true for so-called
Feller processes X, which have the properties that they have a càdlàg modifica-
tion and P(Xt = Xt−) = 1 for every t > 0. These properties are automatically
satisfied, as we only deal here with continuous processes.

Proposition 10.10 Let X be a continuous Markov process with initial law µ
and let FX be the filtration generated by X, so it consists of the σ-algebras
FX

t = σ(Xs, s ≤ t). Consider the probability space (Ω,FX
∞,P) and let N

be the collection of all µ-null sets of FX
∞. Consider F, the filtration with σ-

algebras Ft := FX
t ∨ N . Extend the probability measure P to Pµ on F∞ by

Pµ(F ) := P(G) for F ∈ F∞ and G ∈ FX
∞ such that G∆F ∈ N . Then F satisfies

the usual conditions, it is right-continuous and F0 contains all Pµ-null sets.

Proof. Clearly, we only have to prove right-continuity of the filtration F. To
that end, it is sufficient to show that, for every t ≥ 0,

E[Z|Ft] = E[Z|Ft+] a.s. (10.18)

for every bounded random variable Z that is F∞-measurable, where E denotes
expectation under Pµ. But, since F∞ only differs fron FX

∞ by Pµ-null sets it
is sufficient to show (10.18) for bounded FX

∞-measurable random variables Z.
By a monotone class argument of the type as in the proof of Theorem 8.7,
we can reduce this even further by establishing the equality for Z of the type
Z =

∏n
j=1 fj(Xtj ), with t1 < · · · < tn.

Fix t > 0 and select k such that tj−1 ≤ t < tk, with t0 = 0. For all small
h > 0, also tk−1 ≤ t+ h < tk and hence

E[Z|Ft+h] =

k−1∏
j=1

fj(Xtj )E[
n∏

j=k

fj(Xtj )|Ft+h]

=:

k−1∏
j=1

fj(Xtj )gh(Xt+h),

with, see Exercise 10.20,

gh(x) =

∫
· · ·
∫ n−1∏

j=k−1

fj+1(xj+1)Ptj+1,tj (xj ,dxj+1),

where we have to redefine, for j = k − 1, tk−1 := t + h. It can be shown that
for h ↓ 0 one has uniform convergence of gh to g, where

g(x) =

∫
· · ·
∫ n−1∏

j=k−1

fj+1(xj+1)Ptj+1,tj (xj ,dxj+1),
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where we now read tk−1 := t. By Lévy’s downward theorem, we have the a.s.
convergence

E[Z|Ft+h] → E[Z|Ft+],

and by the right-continuity of X and the uniform convergence gh → g we also
have gh(Xt+h) → g(Xt) a.s. A combination of these last facts yields (10.18) for
our Z of product form.

We return to the main topic of this section, Markov solutions to stochastic differ-
ential equations. Since the Markov property (especially if the involved filtration
is the one generated by the process under consideration itself) is mainly a prop-
erty of the distribution of a process, it is natural to consider weak solutions to
stochastic differential equations. However, showing (under appropriate condi-
tions) that a solution to a stochastic differential equation enjoys the Markov
property is much easier for strong solutions, on which we put the emphasis, and
therefore we confine ourselves to this case. The canonical approach to show
that weak solutions enjoy the Markov property is via what is known as the
Martingale problem, see Section 10.4 for a basic treatment. For showing that
strong solutions have the Markov property, we don’t need this concept. The
main result of this section is Theorem 10.12 below.

First some additional notation and definitions. If X is a (strong) solution to
(10.1), then

Xt = ξ +

∫ t

s

b(u,Xu) du+

∫ t

s

σ(u,Xu) dWu, (10.19)

with ξ = Xs. By Xs,x = {Xs,x
t : t ≥ s} we denote the unique strong solution

(assuming that it exists) to (10.19) with Xs,x
s = x ∈ R. Likewise, Xs,ξ denotes

the strong solution to (10.19) with (possibly) random initial value Xs,ξ
s = ξ.

Note that a strong solution Xs,ξ to (10.19) is adapted to the filtration Fs =
{Fs

t , t ≥ s}, generated by ξ, the increments of W after time s and augmented
with the null sets. More precisely, with Fs,◦

t = σ(ξ) ∨ σ(Wu −Ws : s ≤ u ≤ t)
and N the (P,Fs,◦

∞ )-null sets we put Fs
t = Fs,◦

t ∨N . For s = 0 we have F0 = F,
as before, and W is a Brownian motion w.r.t. F.

Lemma 10.11 Assume that the conditions of Theorem 10.2 are satisfied. Let
Xs,ξ denote the strong solution to (10.19) with initial value Xs,ξ

s = ξ, where
the random variable ξ is Fs-measurable and satisfies Eξ2 < ∞. Let f : R → R
be a bounded continuous function. For such an f we define the function vft,s by

vft,s(x) = Ef(Xs,x
t ). Then vft,s(·) is continuous and E[f(Xs,ξ

t )|Fs] = vft,s(ξ).

Proof. Let x be a fixed initial condition and considerXs,x. SinceXs,x is a strong
solution with deterministic initial condition, it is adapted to the augmented
filtration generated by the incrementsWu−Ws for u > s, which are independent
of Fs. Hence Xs,x

t is also independent of Fs and therefore E[f(Xs,x
t )|Fs] =

Ef(Xs,x
t ) = vft,s(x).
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If ξ assumes countably many values ξj , we compute

E[f(Xs,ξ
t )|Fs] =

∑
j

1{ξ=ξj}E[f(X
s,ξj
t )|Fs]

=
∑
j

1{ξ=ξj}v
f
t,s(ξj)

= vft,s(ξ).

The general case follows by approximation. For arbitrary ξ we consider for every
n a countably valued random variable ξn, such that ξn → ξ. One can take for
instance ξn = 2−n[2nξ], in which case ξn ≤ ξ ≤ ξn + 2−n. We compute, using
Jensen’s inequality for conditional expectations,

E
(
E[f(Xs,ξn

t )|Fs]− E[f(Xs,ξ
t )|Fs]

)2
= E

(
E[f(Xs,ξn

t )− f(Xs,ξ
t )|Fs]

)2
≤ EE[(f(Xs,ξn

t )− f(Xs,ξ
t ))2|Fs]

= E(f(Xs,ξn

t )− f(Xs,ξ
t ))2. (10.20)

Now we apply Exercise 10.14, that tells us that E(Xs,ξn

t −Xs,ξ
t )2 → 0 for n→ ∞.

But then we also have the convergence in probability and since f is bounded
and continuous also the expression in (10.20) tends to zero. Hence we have

L2-convergence of E[f(Xs,ξn

t )|Fs] to E[f(Xs,ξ
t )|Fs]. The above reasoning also

applies to a deterministic sequence (xn) with xn → x, and we obtain continuity

of the function vft,s(·). From the L2-convergence we obtain a.s. convergence of

E[f(Xs,ξn

t )|Fs] to E[f(Xs,ξ
t )|Fs] along a suitably chosen subsequence. Recall

that we already proved that

vft,s(ξ
n) = E[f(Xs,ξn

t )|Fs].

Apply now the continuity result to the left hand side of this equation and the
a.s. convergence (along the subsequence) to the right hand side to arrive at the
desired conclusion.

Lemma 10.11 is a crucial ingredient in the proof of Theorem 10.12 below. An-
other ingredient is the use of conditional characteristic functions. For an ap-
proach avoiding the latter, see Exercise 10.21 and for an approach that let the
strong Markov property follow from the ordinary Markov property, see Exer-
cise 10.23.

Theorem 10.12 Let the coefficients b and σ satisfy the conditions of Theo-
rem 10.2. Then the solution process is Markov. Under the additional assump-
tion that the coefficients b and σ are functions of the space variable only, the
solution process is strong Markov.
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Proof. Lemma 10.11 has as a corollary that E[f(Xt)|Fs] = vft,s(Xs) for t ≥
s, for all bounded and continuous f , since Xt = Xs,Xs

t , see Exercise 10.25.
Applying this to functions f of the form f(x) = exp(iλx), we see that the
conditional characteristic function of Xt given Fs is a measurable function of
Xs, as v

f
t,s(·) is continuous. It then follows that for t > s and Borel sets A

the conditional probabilities P(Xt ∈ A|Fs) are of the form Pt,s(Xs, A), where
the functions Pt,s(·, ·) are transition kernels. But then

∫
f(y)Pt,s(Xs, dy) =

vft,s(Xs) = E[f(Xt)|Fs] for bounded measurable f , as can be shown by the
‘standard machine’ in measure theory. Hence X is Markov.

To prove the strong Markov property for time homogeneous coefficients we
follow a similar procedure. We consider instead of Equation (10.19), for every
s, t ≥ 0,

Xs+t = ξ +

∫ s+t

s

b(Xu) du+

∫ s+t

s

σ(Xu) dWu. (10.21)

It is convenient to make a change of notation, which fits better the representation
in (10.21). We let {Xs,x

t : t ≥ 0} to be the solution of (10.21) with Xs,x
0 = x (so

ξ = x when t = 0). We can replace s with an a.s. finite stopping time T to get

XT+t = ξ +

∫ T+t

T

b(Xu) du+

∫ T+t

T

σ(Xu)

With this new notation, we also replace the definition of vft,s with wf
t,s(x) =

Ef(Xs,x
t ), with Xs,x

t as just defined. In particular, for s = T we then have

wf
t,T (x) = Ef(XT,x

t ). The analog of the assertion of Lemma 10.11 now becomes

E[f(XT,ξ
t )|Fs] = wf

t,T (ξ). The proof is this identity is very similar to the earlier
proof upon noticing that in the first step of the proof we use the strong Markov
property of Brownian motion, i.e. the process {WT+u−WT , u ≥ 0} is a Brown-
ian motion independent of FT . Hence we can copy the first part of the present
proof to arrive at E[f(XT+t)|FT ] = wf

t,T (XT ), from which the strong Markov
property follows.

10.4 The martingale problem

Here we present a brief, concise treatment of some facts concerning ‘the’ mar-
tingale problem. There are many versions of it, we restrict ourselves from the
start to continuous processes.

Consider measurable function b and σ as in (10.1). Let the operators Lt

(called generator in the context of Markov processes) acting on functions f ∈
C2(R) be defined by

Lt(x) = b(t, x)f ′(x) +
1

2
σ2(t, x)f ′′(x). (10.22)

Suppose that X (together with W , etc.) is a weak solution to the SDE (10.1)
with initial condition X0 = x ∈ R. For twice continuously differentiable f one
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has, invoking the Itô formula, that the process Mf given by

Mf
t = f(Xt)− f(X0)−

∫ t

0

Ls(Xs) ds (10.23)

= f(Xt)− f(X0)−
∫ t

0

f ′(Xs)b(s,Xs) ds−
1

2

∫ t

0

f ′′(Xs)σ
2(s,Xs) ds

is a local martingale in Mloc
c , see Exercise 10.17. In fact one has

Mf
t =

∫ t

0

f ′(Xs)b(s,Xs) dWs.

The martingale problem turns this reasoning around, as detailed now.

Definition 10.13 Consider measurable functions b and σ as in Equation (10.1)
and a measurable space (Ω,F) on which all processes below are defined. Assume
that there exists a continuous process X defined on (Ω,F) and let the filtration
consist of the σ-algebras FX

t . If there exists a probability measure Px such that
Px(X0 = x) = 1 and such that Mf as in (10.23) is a (local) martingale for
all f ∈ C∞

K (R) (the infinitely often differentiable functions on R with compact
support), then we say that Px solves the (local) martingale problem for the
functions b and σ for given x ∈ R. This problem is said to be well posed if for
every x ∈ R there exists a unique solution with X0 = x.

The next theorem shows the connection between weak solutions to stochastic
differential equations and the martingale problem.

Theorem 10.14 Let x ∈ R be arbitrary and suppose that Px solves the mar-
tingale problem as in Definition 10.13. Then Equation (10.1) admits for every
x a weak solution X with Px(X0 = x) = 1. If the weak solution is realized on
the canonical space of continuous functions on [0,∞), then Px is the law of X.

Proof. For weak solution we need a probability space (Ω,F ,P), with P = Px,
that is rich enough to carry a Brownian motion B. If σ = 0, then a deterministic
solution may be defined on a space that is not rich enough. In such a situation
one can always enlarge the probability space as in the proof of Proposition 8.1.

Let fn ∈ C∞
K (R) be such that for |u| ≤ n one has f(u) = u. Let Tn =

inf{t ≥ 0 : |Xt| > n}. Application of (10.23) yields

Mt∧Tn = Xt∧Tn −
∫ t∧Tn

0

b(u,Xu) du

defines a local martingale, and then for n→ ∞ that

Mt = Xt −
∫ t

0

b(u,Xu) du (10.24)
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defines a local martingale as well, see Exercise 4.10. Similarly, by taking f ∈
C∞

K (R) such that in increasingly large neighbourhoods of zero one has f(u) = u2,
one finds that

M̃t = X2
t − 2

∫ t

0

Xub(u,Xu) du−
∫ t

0

σ2(u,Xu) du

defines a local martingale too. Let βt =
∫ t

0
b(u,Xu) du and consider

M2
t = X2

t − β2
t − 2Mtβt

= M̃t + 2

∫ t

0

Xub(u,Xu) du+

∫ t

0

σ2(u,Xu) du

− 2

∫ t

0

βub(u,Xu) du− 2

∫ t

0

Mub(u,Xu) du− 2

∫ t

0

βu dMu

= M̃t +

∫ t

0

σ2(u,Xu) du− 2

∫ t

0

βu dMu,

where in the last equality we use that Xu = βu +Mu, according to (10.24). It

follows that M2
t is the sum of

∫ t

0
σ2(u,Xu) du and a local martingale term. Put

in different terms, ⟨M⟩t =
∫ t

0
σ2(u,Xu) du.

We further argue again as in the proof of Proposition 8.1 and define the
process W as

Wt =

∫ t

0

1{σ(u,Xu) ̸=0}
1

σ(u,Xu)
dMu +

∫ t

0

1{σ(u,Xu )̸=0} dBu.

Then W is a continuous local martingale with

⟨W ⟩t =
∫

1{σ(u,Xu )̸=0}
1

σ(u,Xu)2
d⟨M⟩u +

∫
1{σ(u,Xu)=0} du = t.

By Lévy’s characterization, Proposition 7.13, the process W is a Brownian mo-
tion. Moreover, one easily verifies∫ t

0

σ(u,Xu) dWu =Mt −M0,

and from (10.24) one obtains M0 = X0 and then (for all t)∫ t

0

σ(u,Xu) dWu −X0 = Xt −
∫ t

0

b(u,Xu) du,

which shows that X (together with W defined on (Ω,F ,Px)) is a weak solution
to (10.1) with Px(X0 = x) = 1. If we choose Ω = C([0,∞)), then obviously Px

is also the law of X.

Remark 10.15 Consider the setting of Theorem 10.14. If the assertion is
strengthened to well posedness of the martingale problems, the weak solution
to (10.1) is unique in law for every deterministic initial condition X0 = x. In
fact, the same is then true for every initial law µ. See Exercise 10.26.
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At this point we stop our brief discussion of the martingale problem, except for
a few closing remarks. The assumption in Theorem 10.14 is that the martingale
problem has a solution. One can ask under which conditions this is the case. We
only note here that there is a rich theory on this topic, that goes way beyond
the purpose of these lecture notes. Another application of the usefulness of
the theory of martingale problems is in establishing the Markovian character of
weak solutions to (10.1), as opposed to Theorem 10.12 above, which only treats
strong solutions.

10.5 Semimartingale local time

Consider a Brownian motion defined on a probability space (Ω,F ,P). Recall
that W is progressive (w.r.t. it’s own filtration) and therefore the set {(t, ω) :
Wt(ω) = u} is B[0,∞) × F-measurable. Let Lx(ω) be the level-x set of W ,
i.e. Lx(ω) = {t ≥ 0 : Wt(ω) = x}, x ∈ R. Note that Lx(ω) depends on the
trajectory t 7→Wt(ω). Every set Lx(ω) is small in the sense of having Lebesgue
measure zero. Indeed, denoting Lebesgue measure by λ, we have by Fubini’s
theorem

Eλ(Lx) =

∫
Ω

∫
[0,∞)

1{Wt(ω)=x}λ(dt)P(dω)

=

∫
[0,∞)

∫
Ω

1{Wt(ω)=x}P(dω)λ(dt)

=

∫
[0,∞)

P(Wt(ω) = x)λ(dt) = 0.

The interpretation is that for any x ∈ R a trajectory of a Brownian motion
spends zero time at the level x. Of course the trajectory spends a positive
amount of time in any neighbourhood of zero. We will make this more precise.

Consider Xt = |Wt − x|, for a Brownian motion W , t ≥ 0 and x ∈ R. As
the absolute value is a convex function and all EXt are finite, the process X is
a submartingale. Application of the Doob-Meyer decomposition Theorem 2.18
gives X = M + A, with M a martingale and A a continuous increasing pro-
cess. One can also try to apply the Itô formula with f(u) = |u − x|. Then
f ′(u) = sgn(u − x) for all u ̸= x and we can define f ′(x) arbitrary, we choose

−1. Itô’s formula involves
∫ t

0
f ′(Ws) dWs =

∫ t

0
sgn(Ws) dWs. There shouldn’t

be a big problem here, as Ws ̸= x with probability one. The term with the
second derivative f ′′ is obviously problematic as the sign function is not even
continuous. Taking derivatives in the sense of Schwartz distributions, we can
consider f ′′ = 2δx (twice the Dirac measure concentrated at x) and considering
it as a function, one would have something like

|Wt − x| = |x|+
∫ t

0

sgn(Ws − x) dWs +

∫ t

0

δx(Ws) ds.

This reasoning is at least suspicious. Nevertheless, it is true that in the Doob-
Meyer decomposition we can take Mt =

∫ t

0
sgn(Ws − x) dWs, but to determine
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A we need another approach, that involves local time. In fact, we can generalize
from Brownian motion to arbitrary continuous semimartingales.

Theorem 10.16 Let X be a continuous semimartingale and x ∈ R. Then there
exists a continuous increasing adapted process L·(x), called the local time of X
at x, such that Tanaka’s formula holds,

|Xt − x| − |X0 − x| =
∫ t

0

sgn(Xs − x) dXs + Lt(x). (10.25)

Moreover, L·(x) grows only when X is at the value x, i.e.∫ ∞

0

1{Xs ̸=x} dLs(x) = 0. (10.26)

Proof. The proof uses Itô’s formula and an approximation of the absolute value
by smooth functions. Without loss of generality, in this proof we take x = 0.
Choose a non-decreasing smooth function ϕ that is equal to −1 for x ≤ 0 and
equal to +1 for x > 1. For instance, take ϕ′(x) = c exp(− 1

x(1−x) )1(0,1) and

ϕ(x) = −1 +
∫ x

0
ϕ′(u) du for x ∈ (0, 1) for a proper choice of c.

Put fn(x) =
∫ x

0
ϕ(nu) du. Note that f ′′n (x) = nϕ′(nx) ≥ 0. Furthermore, f ′n

converges to the sign function (from below) and fn(x) converges to |x| uniformly.

The latter follows for positive x from fn(x) =
∫ x∧1/n

0
ϕ(nu) du+ (x− 1

n )
+ and

a similar expression for negative x.
We use Itô’s formula,

fn(Xt)− fn(X0) =

∫ t

0

f ′n(Xs) dXs +
1

2

∫ t

0

f ′′n (Xs) d⟨X⟩s. (10.27)

Denote the last term in (10.27) by Ln
t . Clearly Ln

t is non-decreasing in t, and
since f ′′ vanishes outside the interval [0, 1/n], one has∫ t

0

1{Xs /∈[0,1/n]} dL
n
s = 0. (10.28)

Write X in semimartingale decomposition A+M and assume for a while that
M is bounded, as well as ⟨M⟩ (otherwise reach this by a stopping argument).
Consider the differences of two stochastic integrals w.r.t. M and A respectively,∫ t

0

sgn(Xs) dMs −
∫ t

0

f ′n(Xs) dMs,

and ∫ t

0

sgn(Xs) dAs −
∫ t

0

f ′n(Xs) dAs.

Consider the first difference. For any T > 0,

E[
∫ T

0

(sgn(Xs)− f ′n(Xs)) dMs]
2 = E

∫ T

0

(sgn(Xs)− f ′n(Xs))
2d⟨M⟩s.
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By the convergence f ′n(x) → sgn(x) and boundedness of the integrand, the
right hand side of the display tends to zero for n → ∞. Then Doob’s maximal
inequality yields for any ε > 0

P(sup
t≤T

[

∫ t

0

(sgn(Xs)− f ′n(Xs)) dMs]
2 > ε)

≤ E
∫ T

0

(sgn(Xs)− f ′n(Xs))
2d⟨M⟩s → 0.

This also yields a.s. convergence along a suitable subsequence, that we take from
now on. We turn to the a.s. convergence of

∫ t

0
f ′n(Xs) dAs to

∫ t

0
sgn(Xs) dAs,

which is almost straightforward. Indeed, denoting below |A| the total variation
of A, one has

|
∫ t

0

f ′n(Xs) dAs −
∫ t

0

sgn(Xs) dAs| = |
∫ t

0

f ′n(Xs)− sgn(Xs) dAs|

≤
∫ t

0

|f ′n(Xs)− sgn(Xs)| d|A|s

=

∫ T

0

(sgn(Xs)− f ′n(Xs)) d|A|s,

which tends to zero by the monotone convergence f ′n ↑ sgn. Note that the
convergence is uniform in t ≤ T .

Rewriting (10.27), we have established a.s. uniform convergence in t ∈ [0, T ]
of all terms on the right hand side of

Ln
t = fn(Xt)− fn(X0)−

∫ t

0

f ′n(Xs) dXs,

in fact to

|Xt| − |X0| −
∫ t

0

sgn(Xs) dXs.

Hence also Ln
t converges a.s. uniformly to a limit for n → ∞, call it Lt, which

is then increasing and continuous in t and adapted. Hence Equation (10.25)
follows.

Equation (10.26) is essentially a consequence of (10.28). To see this, note
first that (10.28) implies∫ t

0

1{Xs /∈[0,1/m]} dL
n
s = 0, for all n > m. (10.29)

We continue to reason for ‘fixed ω’. View Ln as the (continuous) distribution
function of a measure on [0, t]. By the above established a.s. uniform convergence
of Ln to L, we can see this as weak convergence of the underlying measures.
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Hence for bounded lower semi-continuous (l.s.c.) functions g : [0, t] → R, one
has

lim inf
n→∞

∫ t

0

gs dL
n
s ≥

∫ t

0

gs dLs.

Take gs = 1{Xs /∈[0,1/m]}. By continuity of X, the set {s : Xs /∈ [0, 1/m]} is open,
and therefore g is l.s.c. From (10.29) it then follows that∫ t

0

1{Xs /∈[0,1/m]} dLs = 0. (10.30)

Next we apply e.g. Monotone convergence to (10.30) to deduce (10.26).
This finishes the proof under the additional condition of boundedness of M

and ⟨M⟩. By the usual arguments we can circumvent this condition by using
stopping times Tn to arrive at the stopped version of (10.25),

|XTn

t − x| − |X0 − x| =
∫ t

0

sgn(XTn

s − x) dXTn

s + Ln
t (x).

Letting n→ ∞ yields (10.25), but we omit the further details.

Remark 10.17 Consider a Brownian motion W . Let f : R → R be Borel
measurable and locally integrable. It can be shown that each t > 0, almost
surely∫ ∞

−∞
Lt(x)f(x) dx =

∫ t

0

f(Ws) ds. (10.31)

Note that one, at least, needs that the random variables Lt(x) are Borel mea-
surable in x to have the integral on the left hand side well defined. In fact,
Lt(x) is a.s. continuous in (t, x), which is known as Trotter’s theorem.

A special case arises when f = 1(a,b) for some a < b. The equality then
takes the form∫ b

a

Lt(x) dx =

∫ t

0

1(a,b)(Ws) ds.

Interpreting Lt(x) as the amount of time W spends before t at x, one has that
the first integral (a ‘sum’) can be seen as the amount of time before t that W
spends in the interval (a, b). But this is precisely also reflected by the second
integral.

In case the Brownian motion is replaced with a continuous semimartingale
X, the Equality (10.31) changes into∫ ∞

−∞
Lt(x)f(x) dx =

∫ t

0

f(Xs) d⟨X⟩s.

For the special choice f = 1(a,b), one gets again an interpretation of the time
spent in the interval (a, b) before t, but now with time measured according to
the ‘internal clock’ ⟨X⟩t instead of ordinary time t.
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We close this section with some remarks when dealing with a Brownian motion
W . The function |·| can be approximated with the smoother function fε defined
by

fε(u) = 1[−ε,ε](u)
1

2ε
(u2 + ε2) + 1[−ε,ε]c(u)|u|.

Then fε is everywhere differentiable and twice differentiable except in the points
u = ±ε. A little care must thus be taken when applying the Itô formula to
fε(W ). By a mollyfying argument, i.e. replacing fε with the convolution gn =
fε ∗ψn, ψn(u) = ϕ′(nu) as in the proof of Theorem 10.16, one arrives by a limit
argument at what would result from a careless application of the Itô formula,

fε(Wt − x) = fε(x) +

∫ t

0

(
1[−ε,ε](Ws)

Ws

ε
+ 1[−ε,ε]c sgn(Ws)

)
dWs

+
1

2ε

∫ t

0

1[−ε,ε](Ws) ds

= fε(x) +

∫ t

0

sgn(Ws) dWs

+

∫ t

0

1[−ε,ε](Ws)(
Ws

ε
− sgn(Ws)) dWs

+
1

2ε

∫ t

0

1[−ε,ε](Ws) ds.

By arguments as in the proof of Theorem 10.16, we can take limits in the L2-
sense for ε ↓ 0 to arrive at

|Wt − x| = |x|+
∫ t

0

sgn(Ws − x) dWs + Lt(x).

where

Lt(x) = lim
ε↓0

1

2ε

∫ t

0

1(x−ε,x+ε)(Ws) ds, (10.32)

with the limit understood in the L2-sense. Equation (10.32) is the classical
definition of Brownian local time at x. The reasoning just above justifies the
existence of this limit. It can also be shown that the limit exists in the almost
sure sense, for which one can use that Lt(x) is continuous in both t and x. Note
that it then follows L is adapted to the augmentation of the filtration F|W |.

We close this section by returning to Equation (10.15). Take x = 0 in (10.32)
and write Lt for Lt(0). Note that the integral on the right hand side gives
a process adapted to the filtration F|W | and by taking a.s. convergence of the
integrals along an appropriate subsequence we obtain that L· is adapted to this
filtration as well. This implies that Wt = |Xt| − Lt, for X a weak solution to
(10.15) and W defined in (10.16). Since L, and trivially also X, is adapted to
F|X|, the same holds for W . This was the crucial measurability property seen
before that contradicted the existence of a strong solution to (10.15).
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10.6 Exercises

10.1 Prove that for a continuous local martingale M it holds that

E(sup
s≤t

|Ms|)2 ≤ 4E⟨M⟩t.

10.2 Let X0, ε1, ε2, . . . be a sequence of independent random variables. Suppose
that we generate a (discrete time) random process by the recursion

Xt = f(Xt−1, εt, t), (t ≥ 1),

where f is a measurable function. Show that the processX is Markov: P(Xt+1 ∈
B|FX

t ) = P(Xt+1 ∈ B|Xt). Show also the stronger statement: for any bounded
and measurable function h we have

E[h(Xt+1)|FX
t ] =

∫
h(f(Xt, u, t+ 1))Ft+1(du),

where Ft+1 is the distribution function of εt+1.

10.3 Consider the stochastic differential equation

dXt = 3X
1/3
t dt+ 3X

2/3
t dWt,

with initial condition X0 = 0. Give two different strong solutions to this equa-
tion.

10.4 Consider the one-dimensional equation

dXt = −aXt dt+ σ dWt, X0,

where a and σ are real constants and X0 and W are independent.
(a) Show that a strong solution is given by Xt = e−atX0 + σe−at

∫ t

0
eas dWs.

(b) Let X0 have mean µ0 and variance σ2
0 < ∞. Compute µt = EXt and

σ2
t = VarXt.

(c) If X0 moreover has a normal distribution, show that all Xt have a normal
distribution as well.

(d) X0 is said to have the invariant distribution if allXt have the same distribu-
tion as X0. Find this distribution (for existence you also need a condition
on a).

10.5 LetX be defined byXt = x0 exp
(
(b− 1

2σ
2)t+σWt

)
, whereW is a Brownian

motion and b and σ are constants. Write down a stochastic differential equation
that X satisfies. Having found this sde, you make in the sde the coefficients b
and σ depending on time. How does the solution of this equation look now?

10.6 Consider the equation

dXt = (θ − aXt) dt+ σ
√
Xt ∨ 0 dWt, X0 = x0 ≥ 0. (10.33)

Assume that θ ≥ 0. It admits a unique strong solution X. Show that it is
nonnegative for all t ≥ 0 (and hence dXt = (θ − aXt) dt + σ

√
Xt dWt). The

equation is known as the Cox-Ingersoll-Ross model, used in interest rate theory.
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10.7 Let W i, i = 1, . . . , d be independent Brownian motions and let

dXi
t = −aXi

t dt+ ρdW i
t .

Put Xt =
∑d

i=1(X
i
t)

2 and note that Xt > 0 a.s. if X0 > 0, which is assumed.

(a) Show that dXt = (dρ2 − 2aXt) dt+ 2ρΣd
i=1X

i
t dW

i
t .

(b) Put dWt = X
−1/2
t

∑d
i=1X

i
t dW

i
t , W0 = 0. Show that W is a Brownian

motion.

(c) Show that X satisfies Equation (10.33) by suitably choosing the parame-
ters.

(d) Suppose one can prove that X is a strong solution to (10.33). Is X unique
then?

10.8 Consider again Equation (10.33) and assume 2θ ≥ σ2 > 0 and x0 > 0. In
this exercise you show that P(Xt > 0, ∀t ≥ 0) = 1. Define for x ∈ (0,∞) (what
is called the scale function for this SDE)

s(x) =

∫ x

1

exp(2ay/σ2)y−2θ/σ2

dy.

Note that s(x) < 0 if x ∈ (0, 1) and that limx→0 s(x) = −∞. Below we also
need the stopping times T x = inf{t ≥ 0 : Xt = x} for x = 0, x = ε > 0 and
x =M > 0, where ε < x0 < M , and T = T ε ∧ TM .

(a) Show that (θ − bx)s′(x) + 1
2σ

2xs′′(x) = 0 and that

s(XT
t ) = s(x0) + σ

∫ T∧t

0

s′(Xu)
√
Xu dWu.

(b) Take expectations of the squares in the above display and conclude that
ET <∞. Hint: s(XT

t ) is bounded from above and s′(XT
t ) is bounded from

below.

(c) Show that s(x0) = s(ε)P(T ε < TM ) + s(M)P(T ε > TM ).

(d) Deduce that P(T 0 < TM ) = 0 for all large M and that P(T 0 <∞) = 0.

10.9 Let g be a nonnegative Borel-measurable function, that is locally integrable
on [0,∞). Assume that g satisfies for all t ≥ 0 the inequality g(t) ≤ a +

b
∫ t

0
g(s) ds, where a, b ≥ 0.

(a) Show that g(t) ≤ aebt. Hint (not obliged to follow): Solve the inhomoge-
neous integral equation

g(t) = a+ b

∫ t

0

g(s) ds− p(t)

for a nonnegative function p.

(b) Give an example of a discontinuous g that satisfies the above inequalities.

10.10 Show that (cf. the proof of Theorem 10.2) E||X1 −X0||2T <∞.
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10.11 Let T > 0. Show that under the assumptions of Theorem 10.2 it holds
that for all T > 0 there is a constant C (depending on T ) such that EX2

t ≤
C(1 + Eξ2) exp(Ct), for all t ≤ T .

10.12 Endow C[0,∞) with the metric d defined by

d(x, y) =

∞∑
n=1

2−n(1 ∧ max
t∈[0,n]

|x(t)− y(t)|).

Show that the Borel σ-algebra B(C[0,∞)) coincides with the smallest σ-algebra
on C[0,∞) that makes all finite dimensional projections measurable.

10.13 Let X be strong solution to (10.1) with initial value ξ. Show that for
each t > 0 there is a map f : R × C[0, t] → R that is B(R) × B(C[0, t])/B(R)-
measurable such that Xt(ω) = f(ξ(ω),W[0,t](ω)) for almost all ω.

10.14 Let X and Y be strong solutions with possibly different initial values and
assume that the conditions of Theorem 10.2 are in force. Show that for all T
there is a constant D such that (notation as in the proof of the theorem)

E||X − Y ||2t ≤ DE|X0 − Y0|2,∀t ≤ T.

Hint: Look at the first part of the proof of Theorem 10.2. First you use that
(a + b + c)2 ≤ 3(a2 + b2 + c2), mimic the proof and finally you use Gronwall’s
inequality.

10.15 Show that under the assumptions of Theorem 10.2 also Equation (10.19)
admits a unique strong solution. What can you say about this when we replace
s with a finite stopping time T?

10.16 If X is a strong solution of (10.1) and the assumptions of Theorem 10.2
are in force, then the bivariate process {(Xt, t), t ≥ 0} is strong Markov. Show
this.

10.17 If X is a (weak or strong) solution to (10.2) with b and σ locally bounded

measurable functions, then for all f ∈ C2(R), the process Mf
t = f(Xt) −

f(X0)−
∫ t

0
Lsf(Xs) ds is a local martingale. Here the operators Ls are defined

by Lsf(x) = b(s, x)f ′(x) + 1
2σ

2(s, x)f ′′(x) for f ∈ C2(R). If we restrict f to be
a C∞

K -function, then the Mf become martingales. Show these statements.

10.18 Consider the equation

Xt = 1 +

∫ t

0

Xs dWs.

(a) Apply the Picard-Lindelöf iteration scheme of the proof of Theorem 10.2
(so X0

t ≡ 1, etc.) and show that this results in

Xn
t =

n∑
k=0

1

k!
Hk(Wt, t),

where the functions Hk are those of Exercise 7.1.
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(b) Conclude by a direct argument that Xn
t → E(W )t a.s. for n→ ∞, for every

t ≥ 0.

(c) Do we also have a.s. convergence, uniform over compact time intervals?

10.19 Let X be a real Markov process with associated transition kernels Pt,s as
in (10.17). Show the validity of the Chapman-Kolmogorov equations

Pu,s(x,A) =

∫
Pu,t(y,A)Pt,s(x, dy),

valid for all Borel sets A and s ≤ t ≤ u. Show also (by induction) that these
equations generalize to the case with multiple times t1 < · · · < tn (n ≥ 3),

Ptn,t1(x1, A) =

∫
· · ·
∫
Ptn,tn−1

(xn−1, A)

n−2∏
k=1

Ptk+1,tk(xk,dxk+1),

with n− 2 iterated integrals.

10.20 Here we continue Exercise 10.19. In the same setting, for bounded mea-
surable functions f : R → R, show that∫

f(xn)Ptn,t1(x1, dxn)

=

∫
· · ·
∫
Ptn,tn−1

f(xn)(xn−1,dxtn)

n−2∏
k=1

Ptk+1,tk(xk,dxk+1),

with n−1 iterated integrals. The interpretation of the left hand side is of course
E[f(Xtn)|Xt1 = x1].

The latter identity can be generalized to the case where instead of a single func-
tion f one has a product f(x1, . . . , xn) :=

∏n
k=1 fk(xk) of bounded measurable

functions. Show that one then has

E[f(Xt1 , . . . , Xtn)|Xt1 = x1]

= f1(x1)

∫
· · ·
∫ n−1∏

k=1

fk+1(xk+1)Ptk+1,tk(xk,dxk+1),

and, with µt1 the law of Xt1 ,

Ef(Xt1 , . . . , Xtn)

=

∫
f1(x1)µt1(dx1)

∫
· · ·
∫ n−1∏

k=1

fk+1(xk+1)Ptk+1,tk(xk,dxk+1).

10.21 The use of conditional characteristic functions in the proof of Theo-
rem 10.12 can be avoided. Show first that it follows from Lemma 10.11 that
for x ∈ R the conditional probabilities P(Xt ≤ x|Fs) are measurable functions
of Xs and deduce from this that the same holds for conditional probabilities
P(Xt ∈ A|Fs), for Borel sets A.
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10.22 Consider the SDE (10.1) and assume that b and σ are bounded. Let
Xt,x be the unique weak solution that starts at t in x. Let T > t and assume
that Xt,x

T has a density denoted p(t, T ;x, ·) which possesses all the required
differentiability properties needed below. Furthermore we consider functions
h ∈ C2(R) with bounded support, contained in some (a, b).
(a) Use the Itô formula to give a semimartingale representation for Xt,x

T (the

integrals are of the type
∫ T

t
).

(b) Show, by taking expectations and by giving some additional arguments
that ∫ b

a

h(y)p(t, T ;x, y) dy = h(x) +

∫ T

t

∫ b

a

h(y)L∗
t p(t, u;x, y) dy du,

where

L∗
t f(y) = − ∂

∂y

(
b(t, y)f(y)

)
+

∂2

∂y2
(
σ(t, y)2f(y)

)
,

and in L∗
t p(t, u;x, y) the t, u, x are considered as ‘parameters’.

(c) Show that
∫ b

a
h(y)

(
∂
∂T p(t, T ;x, y)− L∗

t p(t, T ;x, y)
)
dy.

(d) Conclude that ∂
∂T p(t, T ;x, y) = L∗

t p(t, u;x, y).

The last equation is known as Kolmogorov’s forward equation and the operator
L∗
t is the formal adjoint of the operator Lt, the generator, that we have en-

countered in (10.22). So, with ⟨·, ·⟩ the usual inner product in L2(R), it holds
that ⟨L∗

t f, g⟩ = ⟨g,Ltg⟩ for all f and g that are in C2(R) and have compact
support.

10.23 The strong Markov property of Theorem 10.12 also follows from the or-
dinary Markov property, once this is assumed. In this exercise you will see and
show how. Recall that we have to show, see the proof of Theorem 10.12 for
notation, E[f(XT+t)|FT ] = vft (XT ), which is equivalent to E[f(XT+t)1A)] =

E[vft (XT )1A] for all A ∈ FT , where T is a finite stopping time and f a bounded
continuous function. This notation will be used below.
(a) Recall the definition of FT and show that it follows from the ordinary

Markov property that for all integer n ≥ 1 it holds that

E[
n2∑
k=1

f(X k
n+t)1(

(k−1)
n , kn ]

(T )1A] = E[
n2∑
k=1

vft (X k
n
)1

(
(k−1)

n , kn ]
(T )1A.

(b) Show, give details, that it results from taking limits for n → ∞ in the

previous item that E[f(XT+t)1A)] = E[vft (XT )1A].

(c) Complete the proof of the Markov property, by using that the vft can be
related as in the proof of Theorem 10.12 to the transition kernels.

10.24 Consider Equations (10.19) and (10.34),

Xs
t = ξ +

∫ t

0

bs(u,Xs
u) du+

∫ t

0

σs(u,Xs
u) dW

s
u , (10.34)
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with bs(u, x) = b(s+u, x), σs(u, x) = σ(s+u, x), W s
u =Ws+u−Ws and ξ ∈ Fs.

Assume in this exercise that the functions b and σ only depend on the space
variable, so we actually look at

Xs
t = ξ +

∫ t

0

b(Xs
u) du+

∫ t

0

σ(Xs
u) dW

s
u .

Assume that (weak) solutions {Xs,x
t , t ≥ 0} exist when ξ = x ∈ R. Show that,

for fixed t and x the laws of all Xs,x
t for variable s ≥ 0 are the same. Do we

get the same result when s is replaced with an a.s. finite stopping time T? And
also if we replace x with a square integrable random variable ξ ∈ Fs? Same
questions for the laws of the processes {Xs,x

t , t ≥ 0} and {XT,ξ
t , t ≥ 0}.

10.25 Consider Equation (10.19) and denote its strong solution (assumed to
uniquely exist) by Xs,ξ for any s, ξ with ξ ∈ Fs.

(a) Let s < r < t. Show that

Xs,ξ
t = Xs,ξ

r +

∫ t

r

b(u,Xs,ξ
u ) du+

∫ t

r

σ(u,Xs,ξ
u ) dWu.

(b) On the other hand, again with s < r < t, we can consider (10.34) with
ξ = Xs,ξ

r . Show that

X
s,Xs,ξ

r
t = Xs,ξ

r +

∫ t

r

b(u,X
s,Xs,ξ

r
u ) du+

∫ t

r

σ(u,X
s,Xs,ξ

r
u ) dWu.

(c) Conclude that for given r ≥ s the flow property of strong solutions holds,

for given r ≥ s one has a.s. X
s,Xs,ξ

r
t = Xs,ξ

t for all t ≥ r.

10.26 Prove the statements on weak solutions to (10.1) made in Remark 10.15.
For the one concerning a random initial condition, a part of the proof of Propo-
sition 10.8 can be followed.
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11 Partial differential equations

The simplest example of a partial differential equation whose solutions can be
expressed in terms of a diffusion process is the heat equation

ut −
1

2
uxx = 0. (11.1)

The fundamental solution of this equation for t > 0 and x ∈ R is the density of
the N(0, t) distribution,

p(t, x) =
1√
2πt

exp(−x
2

2t
).

This solution is clearly not unique, u(t, x) = t+ x2 is another one. For unique-
ness one needs e.g. an initial value, u(0, x) = f(x) say, with some pre-specified
function f . Leaving technicalities aside for the moment, one may check by
scrupulously interchanging differentiation and integration that

u(t, x) =

∫
R
f(y)p(t, x− y) dy

satisfies Equation (11.1) for t > 0. Moreover, we can write this function u as
u(t, x) = Ef(x +Wt), where we extend the domain of the t-variable to t ≥ 0.
Notice that for t = 0 we get u(0, x) = f(x). Under appropriate conditions on
f one can show that this gives the unique solution to (11.1) with the initial
condition u(0, x) = f(x).

If we fix a terminal time T , we can define v(t, x) = u(T − t, x) for t ∈ [0, T ], with
u a solution of the heat equation. Then v satisfies the backward heat equation
equation

vt +
1

2
vxx = 0,

with terminal condition v(T, x) = f(x) if u(0, x) = f(x). It follows that we
have the representation v(t, x) = Ef(x +WT−t) = Ef(x +WT −Wt). Denote
by Xt,x a process defined on [t,∞) that starts at t in x and whose increments
have the same distribution as those of Brownian motion. Then we can identify
this process as Xt,x

s = x+Ws−Wt for s ≥ t. Hence we have v(t, x) = Ef(Xt,x
T ).

The notation is similar to the one in Section 10.3, note that Xt,x
s = x+

∫ s

t
dWu.

In this section we will look at partial differential equations that are more general
than the heat equation, with initial conditions replaced by a terminal condition.
The main result is that solutions to such equations can be represented as func-
tionals of solutions to stochastic differential equations.
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11.1 Feynman-Kac formula

Our starting point is the stochastic differential Equation (10.1). Throughout
this section we assume that the coefficients b and σ are continuous and that the
linear growth condition

|b(t, x)|+ |σ(t, x)| ≤ K(1 + |x|)

is satisfied. Moreover we assume that (10.1) allows for each pair (t, x) a weak
solution involving a process (Xt,x

s )s≥t that is unique in law and satisfiesXt,x
t = x

a.s. We also need the family of operators {Lt, t > 0} (called generator in Markov
process language) acting on functions f ∈ C1,2([0,∞)× R) defined by

Ltf(t, x) = b(t, x)fx(t, x) +
1

2
σ2(t, x)fxx(t, x). (11.2)

We have already encountered this concept in Section 10.4, Equation (10.22),
but it is repeated here for convenience. See Exercise 10.17 for a property of
generators. The main result of this section is Theorem 11.2 below, in the proof
of which we need the following lemma on moments of a solution to a stochastic
differential equation.

Lemma 11.1 Let X be (part of) a weak solution of (10.1). Then for any finite
time T and p ≥ 2 there is a constant C such that

E sup
t≤T

|Xt|p ≤ CeCT (1 + E|X0|p).

Proof. The proof is based on an application of the Burkholder-Davis-Gundy
inequality of Proposition 7.14. See Exercise 11.3.

We now consider the Cauchy problem. Let T > 0 and let functions f : R → R,
g, k : [0, T ] × R → R be given. Find a (unique) solution v : [0, T ] × R that
belongs to C1,2([0, T )× R) and that is continuous on [0, T ]× R such that

vt + Ltv = kv − g, (11.3)

where Lt is the operator as in (11.2), now applied to v, and

v(T, ·) = f. (11.4)

Next assumptions are imposed on f, g and k. They are all continuous on their
domain, k is nonnegative and f, g satisfy the following growth condition. There
exist constants L > 0 and λ ≥ 1 such that

|f(x)|+ sup
0≤t≤T

|g(t, x)| ≤ L(1 + |x|2λ). (11.5)

Theorem 11.2 Let under the stated assumptions the Equation (11.3) with
terminal Condition (11.4) have a solution v satisfying the growth condition

sup
0≤t≤T

|v(t, x)| ≤M(1 + |x|2µ),
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for some M > 0 and µ ≥ 1. Let Xt,x = (Xt,x
s , s ≥ t) be the weak solution

to (10.1) starting at t in x that is unique in law. Then v admits the stochastic
representation (Feynman-Kac formula)

v(t, x) = E[f(Xt,x
T ) exp(−

∫ T

t

k(u,Xt,x
u ) du)]

+ E[
∫ T

t

g(r,Xt,x
r ) exp(−

∫ r

t

k(u,Xt,x
u ) du) dr]. (11.6)

on [0, T ]× R and is thus unique.

Proof. In the proof we simply write X instead of Xt,x. Let

Ys = v(s,Xs) exp(−
∫ s

t

k(u,Xu) du) for s ≥ t.

An application of Itô’s formula combined with the fact that v solves (11.3) yields

Ys − Yt =

∫ s

t

vx(r,Xr)σ(r,Xr) exp(−
∫ r

t

k(u,Xu) du) dWr

−
∫ s

t

g(r,Xr) exp(−
∫ r

t

k(u,Xu) du) dr. (11.7)

Notice that Yt = v(t, x) and that YT = f(XT ) exp(−
∫ T

t
k(u,Xu) du). If the

stochastic integral in (11.7) would be a martingale, then taking expectations
for s = T would yield the desired result. Since this martingale property is not
directly guaranteed under the prevailing assumptions, we will reach our goal by
stopping. Let Tn = inf{s ≥ t : |Xs| ≥ n}. Consider the stochastic integral
in (11.7) at s = T ∧ Tn. It can be written as∫ T

t

1{r≤Tn}vx(r,X
Tn

r )σ(r,XTn

r ) exp(−
∫ r

t

k(u,XTn

u ) du) dWr.

Since vx and σ are bounded on compact sets, |XTn | is bounded by n and k ≥ 0,
the integrand in the above stochastic integral is bounded and therefore the
stochastic integral has zero expectation. Therefore, if we evaluate (11.7) at
s = T ∧ Tn and take expectations we obtain

EYT∧Tn − v(t, x) = −E
∫ T∧Tn

t

g(r,Xr) exp(−
∫ r

t

k(u,Xu) du) dr. (11.8)

Consider first the left hand side of (11.8). It can be written as the sum of

E
(
f(XT ) exp(−

∫ T

t

k(u,Xu) du)1{T≤Tn}
)

(11.9)

and

E
(
v(Tn, XTn) exp(−

∫ Tn

t

k(u,Xu) du)1{T>Tn}
)
. (11.10)
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The expression (11.9) is bounded in absolute value by LE(1 + |XT |2λ)in view
of (11.5). It holds that E|XT |2λ ≤ CeCT (1+ |x|2λ) <∞ in view of Lemma 11.1,
since we start the diffusion at t in x. Hence we can apply the dominated con-
vergence theorem to show that the limit of (11.9) for n→ ∞ is equal to

Ef(XT ) exp(−
∫ T

t

k(u,Xu) du).

The absolute value of (11.10) is bounded from above by

M(1 + n2µ)P(Tn ≤ T ). (11.11)

Now,

P(Tn ≤ T ) = P( sup
t≤s≤T

|Xs| ≥ n) ≤ n−2pE sup
t≤s≤T

|Xs|2p.

The expectation in this display is in view of Lemma 11.1 less than or equal to
C(1 + |x|2p)eCT . Hence we can bound the expression in (11.11) from above by
M(1+n2µ)n−2pC(1+|x|2p)eCT . By choosing p > µ, we see that the contribution
of (11.10) vanishes for n→ ∞. Summing up,

EYT∧Tn → Ef(XT ) exp(−
∫ T

t

k(u,Xu) du).

Next we turn to the right hand side of (11.8). Write it as

−E
∫ T

t

1{r≤Tn}g(r,Xr) exp(−
∫ r

t

k(u,Xu) du) dr.

The absolute value of the integrand we can bound by L(1 + |Xr|2λ), whose ex-
pectation is finite by another application of Lemma 11.1. Hence the dominated
convergence theorem yields the result.

Remark 11.3 The nonnegative function k that appears in the Cauchy problem
is connected with exponential killing. Suppose that we have a process Xt,x

starting at time t in x and that there is an independent random variable Y with
a standard exponential distribution. Let ∂ /∈ R be a so-called coffin or cemetery
state. Then we define the process X∂,t,x by (s ≥ t)

X∂,t,x
s =

{
Xt,x

s if
∫ s

t
k(u,Xt,x

u ) du < Y
∂ if

∫ s

t
k(u,Xt,x

u ) du ≥ Y

Functions f defined on R will be extended to R ∪ {∂} by setting f(∂) = 0. If
Xt,x is a Markov process (solving Equation (10.1) for instance), then X∂,t,x is a
Markov process as well. If, in the terminology of the theory of Markov processes,
Xt,x has generator L, then X∂,t,x has generator Lk defined by Lk

t f(t, x) =
Ltf(t, x)− k(t, x)f(t, x). Furthermore we have

Ef(X∂,t,x
s ) = Ef(Xt,x

s ) exp(−
∫ s

t

k(u,Xt,x
u ) du.
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The above considerations enable one to connect the theory of solving the Cauchy
problem with k = 0 to solving the problem with arbitrary k by jumping in the
representation from the process Xt,x to X∂,t,x.

11.2 Exercises

11.1 Show that the growth conditions on f and g are not needed in order to
prove Theorem 11.2, if we assume instead that next to k also f and g are non-
negative. It is sufficient to point out how to modify the proof of Theorem 11.2.

11.2 Consider Equation (11.3) with k = 0 and g = 0. The equation is then
called Kolmogorov’s backward equation. Let f be continuous with compact
support. Show that vT,f (t, x) = Ef(Xt,x

T ) satisfies Kolmogorov’s backward
equation for all t < T . Suppose that there exists a function p of four vari-
ables t, x, r, y such that for all f that are continuous with compact support
one has vr,f (t, x) =

∫
R f(y)p(t, x; r, y) dy and limt↑r v

r,f (t, x) = f(x). (Such
a function is then called fundamental solution.) Show that for fixed r, y the
function (t, x) → p(t, x; r, y) satisfies Kolmogorov’s backward equation. What
is the interpretation of the function p? Show that the solution to the Cauchy
problem (11.3), (11.4) with k = 0 takes the form

v(t, x) =

∫
R
p(t, x;T, y)f(y) dy +

∫ T

t

∫
R
p(t, x; r, y)g(r, y) dy dr.

11.3 Prove Lemma 11.1. Hint: Proceed as in Exercise 10.14 and use the Doob
and Burkholder-Davis-Gundy inequalities.

11.4 The Black-Scholes partial differential equation is

vt(t, x) +
1

2
σ2x2vxx(t, x) + rxvx(t, x) = rv(t, x), (11.12)

with constants r, σ > 0. Let X be the price process of some financial asset
and T > 0 a finite time horizon. A simple contingent claim is a nonnegative
measurable function of XT , f(XT ) say, representing the value at time T of
some derived financial product. The pricing problem is to find the right price
at any time t prior to T that should be charged to trade this claim. Clearly, at
time t = T , this price should be equal to f(XT ). The theory of Mathematical
Finance dictates that (under the appropriate assumptions) this price is equal to
v(t,Xt), with v a solution to the Black-Scholes equation. See Section 12 for a
brief treatment of this theory, although you can already make this exercise now.
We use the boundary condition that corresponds to a European call option, i.e.
f(x) = max{x−K, 0}, where K > 0 is some positive constant.

(a) Give, by using the Feynman-Kac formula, an explicit solution to the Black-
Scholes PDE with the given boundary condition.

(b) Show that this solution v satisfies |v(t, x)| ≤ x. Is this solution unique
among all solutions that admit polynomial growth in the x variable?
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11.5 Here we consider the Cauchy problem with an initial condition. We have
the partial differential equation

ut + ku = Ltu+ g,

with the initial condition u(0, ·) = f . Formulate sufficient conditions such that
this problem has a unique solution which is given by

u(t, x) = Ef(Xx
t ) exp(−

∫ t

0

k(u,Xx
u) du)

+ E
∫ t

0

g(s,Xx
s ) exp(−

∫ s

0

k(u,Xx
u) du) ds,

where Xx is the solution to (10.1) with Xx
0 = x.
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12 A bit of mathematical finance

The main purpose of this section is to outline how important previous results,
especially the martingale representation Theorem 8.7 and the Girsanov change
of measure theorem in the version of Corollary 9.13, are fundamental tools for
topics in mathematical finance. The contents of this section form a far from
complete treatment of this field.

The starting point is a probability space (Ω,F ,P) on which all processes
below, in particular the Brownian motion W , are defined. As the filtration
we take the augmented Brownian filtration. We consider a simple model for
a financial market. There are two basic products for which we need models,
the bond and the stock. The bond is assumed to be non-risky and has a price
process B which is assumed to be given by the ordinary differential equation

dBt = rtBt dt, B0 = 1, (12.1)

where r is to be interpreted as the interest rate (a short rate in financial terms)
process, and it is assumed to be a progressive process and bounded. The Bt are
often interpreted as the deposits on a bank account. It follows that

Bt = exp
( ∫ t

0

ru du
)
.

The stock is the risky asset and its price process S, a positive process, is modeled
by the stochastic differential equation

dSt = Stbt dt+ Stσt dWt, S0 = s0 > 0, (12.2)

equivalently,

St = s0 +

∫ t

0

Subu du+

∫ t

0

Suσu dWu, (12.3)

where s0 > 0 is the initial value and W a Brownian motion. Equation (12.3)
has the unique strong solution

St = s0 exp
( ∫ t

0

(bu − 1

2
σ2
u) du+

∫ t

0

σu dWu

)
, (12.4)

under the following assumptions, valid in all what follows. The processes b and
σ are assumed to be progressive and bounded, moreover it is assumed that σ is
positive and bounded away from zero. These conditions ensure that the integrals
in (12.4) are well defined. Equations (12.1) and (12.2) form together a model
of a financial market, and will be simply referred to as market. The probability
measure P determines the distribution of the stock prices through the Brownian
motion W , and is sometimes called real world measure, physical measure, or
statistical measure. In the next sections we treat two topics in mathematical
finance.
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12.1 Investment and consumption

It is possible to invest in stock and bond and this happens according to the real
valued progressive processes ϕ and ψ respectively. The pair of processes (ϕ, ψ)
is referred to as an investment strategy, or an investment portfolio. Its value
process is denoted V , i.e. for every t ≥ 0 one has

Vt = ϕtSt + ψtBt.

We often write v for the initial wealth or initial endowment of an investor, which
should at least be such that v ≥ V0 = ϕ0s0 + ψ0. In addition to purchasing
the stock and bond in the market, also consumption is allowed. It is assumed
that this happens at a rate c, a nonnegative process which is assumed to be
progressive as well. The cumulative consumption up to time t is Ct =

∫ t

0
cu du.

In the theory of mathematical finance, the concept of a self financing strategy
is important, which in the current set up is said to hold if the value process V
satisfies

dVt = ϕt dSt + ψt dBt − ct dt. (12.5)

If there is no consumption, one simply takes c = 0, and (12.5) reduces to the
classical self financing condition. A combination of all dynamic representations
above, Equations (12.1), (12.2) and (12.5), lead to the following equation for
the evolution of the value process of a self financing strategy,

dVt = (rtVt − ct) dt+ ϕtSt(bt − rt) dt+ ϕtStσt dWt. (12.6)

One often works with discounted quantities, these are values, prices, etc. divided
by the bond prices. In particular, we are interested in the discounted value
process, V̄ := V

B , the discounted stock price process, S̄ := S
B , and the discounted

consumption rate c̄ := c
B . For instance, at time t one has V̄t =

Vt

Bt
and V̄0 = V0

as B0 = 1. Note that

V̄t = ϕtS̄t + ψt.

By application of the quotient rule for differentiation, noting that the process
B has no martingale part, one obtains from (12.1) and (12.6)

dV̄t = −c̄t dt+ ϕtS̄t(bt − rt) dt+ ϕtS̄tσt dWt, (12.7)

equivalently,

V̄t = V0 −
∫ t

0

c̄u du+

∫ t

0

ϕuS̄u(bu − ru) du+

∫ t

0

ϕuS̄uσu dWu. (12.8)

It is assumed that a finite time horizon T is considered and to have the integrals
in (12.8) well defined at all times t ≤ T , we impose the additional conditions∫ T

0

ϕ2tS
2
t dt <∞ a.s., (12.9)
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and

CT =

∫ T

0

ct dt <∞ a.s. (12.10)

Important is that an investment portfolio is such that the ensuing value pro-
cess V is nonnegative. If this takes place, the processes ϕ, ψ and c are called
admissible for the initial wealth v.

An interesting, but not realistic, situation arises when b = r, in which the
middle term in (12.7) disappears. Of course, it would be very coincidental if
such a relation would hold, but we can manage to obtain something similar
through a measure transformation. Put, for all 0 ≤ t ≤ T , θt =

rt−bt
σt

and, for
0 ≤ t ≤ T ,

Zt = exp
( ∫ t

0

θu dWu − 1

2

∫ t

0

θ2u du
)
.

Under the assumptions that we made on the processes r, b, σ, the Novikov con-
dition in Proposition 9.19, see also Remark 9.20, for the time horizon T holds.
Therefore EZT = 1 and we can define a new probability measure Q ≪ P on FT

by

Q(F ) = E[1FZT ], F ∈ FT . (12.11)

By Corollary 9.13, the process WQ, given by

WQ =W −
∫ ·

0

θt dt

is a Brownian motion under Q on the time interval [0, T ]. Moreover, (12.7) now
becomes

dV̄t = −c̄t dt+ ϕtS̄tσt dW
Q
t ,

equivalently,

V̄t +

∫ t

0

c̄u du = V0 +

∫ t

0

ϕuS̄uσu dW
Q
u . (12.12)

Note that the conditions in (12.9) en (12.10) ensure that also the integrals
in (12.12) are well defined. For an admissible strategy, the left hand side of
(12.12) is nonnegative, whereas the right hand side is a local martingale under
Q with initial value v, which is positive, and hence a supermartingale under Q.
Exploiting the supermartingale property, by taking expectations at t = T , one

gets EQ[V̄T +
∫ T

0
c̄u du] ≤ V0 ≤ v and nonnegativity of V̄T then yields

EQ

∫ T

0

c̄u du ≤ v. (12.13)

Note that we have obtained (12.13) as a consequence of dealing with an admis-
sible strategy. Actually a converse is also true.
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Proposition 12.1 Let a consumption process c be given and an initial wealth
v satisfying (12.13). Then there exist investment strategies ϕ and ψ that are,
together with c, admissible for the initial endowment v.

Proof. The proof aims at finding explicit candidates for ϕ and ψ. Let D =∫ T

0
c̄u du, note that it has finite expectation under Q under the assumptions

made. Put, for 0 ≤ t ≤ T ,

Ūt = EQ[

∫ T

t

c̄u du|Ft] + v − EQD,

which is nonnegative under the condition in (12.13). A simple computation
yields the alternative representation

Ūt = EQ[D|Ft]− EQD + v −
∫ t

0

c̄u du,

and note that M given by Mt = EQ[D|Ft] − EQD is a martingale under Q
with M0 = 0. Proposition 9.21 entails the existence of a process ξQ such that
M = ξQ ·WQ. It follows that we can write

Ūt =

∫ t

0

ξQu dWQ
u + v −

∫ t

0

c̄u du,

but this is equivalent to the expression (12.12) for V̄t if we take

ϕt =
ξQt
σtS̄t

. (12.14)

Note in passing that (12.9) is satisfied for this choice of ϕ. As it was our aim to
find the pair (ϕ, ψ), we take along with the just found ϕt

ψt = V̄t − ϕtS̄t (12.15)

to complete the portfolio pair (ψ, ϕ).

Typical problems in this setting are the determining of an optimal consumption
and investment strategy. Of course this calls for a definition of an optimality
criterion. An example is the maximization of Eu(CT ), where u is a utility
function. The aim is then to find the consumption and investment portfolio
such Eu(CT ) is maximal given an initial endowment v. We refrain from a
further treatment.

12.2 Option pricing

The mathematical techniques we have encountered in Section 12.1 turn out be
also useful in the context of option pricing. An option, more general a contingent
claim, in short a claim, is a nonnegative FT -measurable random variable. The
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best known examples are the European call option and European put options,
(ST − K)+ and (K − ST )

+ respectively; here K is a nonnegative constant.
Claims have a payoff at a future date, T , and a central question is what a fair
price of such a product is at an earlier time t ≤ T , in particular at the initial
time t = 0, which is our main interest. A fundamental method to determine
such a price is to compare the claim with another product whose value at time
T coincides with the claim and for which the price at t = 0 is known, say v. It
follows by adoption of the law of one price, which is valid in absence of arbitrage
(see below), that this number v should also be the price of the claim at time
t = 0.

The fundamental issue that arises is thus how to find this other product
of which the price v is known. This leads to the concept of hedging and we
shall make the above reasoning precise. In what follows we deal with zero
consumption, the classical situation, although inclusion of nonzero consumption
is also possible.

Let X be a given contingent claim. Let v > 0 be given, and let (ϕ, ψ) be
a portfolio process pair which is (together with zero consumption) admissible
for the initial endowment v. Let V be the value process of the portfolio. The
pair (ϕ, ψ) is called a hedging strategy against the contingent claim X provided
VT = X a.s. and V0 = v. It is also said that the pair (ϕ, ψ) replicates, or
reproduces, the claim X. As (ϕ, ψ) has to be self financing, we obtain from
(12.5) that, recall c = 0,

dVt = ϕt dSt + ψt dBt.

It follows that if such a hedge exists, one can reach a payoff VT equal to X with
an initial capital v. Hence there is no reason to pay more than v for the claim
at t = 0. It follows, from the buyer’s perspective that a fair price of the claim
should be the smallest v for which one can find a hedging portfolio. On the
other hand, a completed transaction needs next to a buyer also a seller. From
the seller’s perspective the fair price would be the largest such v. Hence the fair
price to be used in a transaction has to be v. The measure Q, equivalent to P,
introduced in (12.11) is crucial in the next result which tells what v is. As we
have taken c = 0, the strategy (ϕ, ψ) = (1, 0) is trivially self financing and hence

(12.12) yields that S̄t = s0 +
∫ t

0
S̄uσu dW

Q
u , so S̄ is a local martingale under Q.

For this this reason, Q is called an equivalent local martingale measure.

Proposition 12.2 Let X̄ be the random variable X
BT

and assume EQX̄ < ∞.

Then EQX̄ is the fair price of the claim X and a hedging strategy with initial
wealth v = EQX̄ exists.

Proof. We argue as in the proof of Proposition 12.1, recall that now consumption
is zero. So we consider, with v = EQX̄, Ūt = EQ[X̄|Ft] and note that Ūt ≥ 0.

The latter can be written as Ūt = EQX̄ +
∫ t

0
ξQu dWQ =

∫ t

0
ϕu dS̄u, with ϕ as in

(12.14). But this is then the discounted value V̄t of the hedge portfolio (ϕ, ψ)
with ψt as in (12.15). Moreover it has initial value V̄0 = EQX̄.
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Remark 12.3 In Proposition 12.2 it has been assumed that EQX̄ < ∞. A
sufficient condition for this to holds is that EXp < ∞ for some p > 1. See
Exercise 12.1. But apart from the integrability condition, the result is true for
any claim X. One says that the market is complete, i.e. any (integrable) claim
can be hedged. Moreover, the proof of the proposition also tells us that the
discounted fair price of the claim at time t is V̄t. The uncomfortable message,
for now, is that the hedge portfolio is not explicit, as it relies on the ξQ from
Proposition 9.21 which is not explicitly given either. See also Remark 8.9.

Important in the above was the existence of a self financing portfolio that hedges
the claim. Self financing portfolios are also essential in the description of the no-
tion of arbitrage, and in formulating absence of it. The latter is also referred to
as viability of a (financial) market. Recall our set up, with the Equations (12.1)
and (12.2) for the evolution of bond and stock prices. On says that a self fi-
nancing portfolio process (ϕ, ψ) is an arbitrage opportunity over the time interval
[0, T ] if its value process is nonnegative and it holds that V0 = 0, P(VT ≥ 0) = 1
and P(VT > 0) > 0. Hence, in colloquial terms, with an arbitrage opportunity
it is impossible to lose money, whereas there is a possibility to make a profit.
It is like making money out of nothing (and then without limits), and such
opportunities should be excluded to have a sensible pricing system. Here is a
result that tells when this happens.

Proposition 12.4 Suppose that a probability measure Q equivalent to P on
FT exists such that the discounted process S̄ is a local martingale under Q.
Then an arbitrage opportunity cannot exist, the market is arbitrage free.

Proof. Suppose that an arbitrage opportunity exists. By equivalence of the
measures, one then also has Q(VT ≥ 0) = 1 and Q(VT > 0) > 0. Note that
this implies that EQVT > 0. For a self financing portfolio, one has (12.12) with
consumption zero. This shows that V̄ is a supermartingale under Q. Hence
EQV̄T ≤ EQV̄0 = 0, contradiction. Therefore one cannot have Q(VT ≥ 0) = 1
and Q(VT > 0) > 0 and, by equivalence again, nor can it happen that P(VT ≥
0) = 1 and P(VT > 0) > 0. Hence arbitrage opportunities are excluded.

Under the assumptions on b, σ and r that we have made at the beginning of
this section, such an equivalent measure Q exists, see (12.11). Hence, our model
of the market is arbitrage free. Therefore we can adopt the law of one price, as
otherwise an arbitrage opportunity would exist.

The simplest examples to which the results in this section apply are provided by
the Black-Scholes setting. Here we consider evolution of bond and stock prices
given by equations with constant coefficients. We replace the general framework
given by Equations (12.1) and (12.2) by

dBt = rBt dt, B0 = 1, (12.16)

and

dSt = bSt dt+ σSt dWt, S0 = s0, (12.17)
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where now r, b, and σ > 0 are constants. One can verify that the measure Q
is well defined in this setting. Hence we are in an arbitrage free setting and
completeness is also guaranteed. The discounted stock price now satisfies

dS̄t = σS̄t dW
Q
t , (12.18)

and hence

S̄t = s0 exp(σW
Q
t − 1

2
σ2t).

We even see that S̄ is a true martingale under Q and therefore this measure is
called an equivalent martingale measure. In this simplified set up we can make a
further step to find a hedge portfolio process, which comes in spirit close to the
setting of Exercise 8.3. Suppose we have a claim of type X = h(ST ), satisfying
EQh(ST ) <∞.

We have seen in Proposition 12.2 that the claim can be hedged and that the
discounted value of the claim is given by V̄t = e−rTEQ[h(ST )|Ft]. By the Markov
property of S̄, see Theorem 10.12 as S̄ is a strong solution to Equation (12.18),
we have EQ[X|Ft] = EQ[X|S̄t], which is a function of t and S̄t, v̄(t, S̄t) say.
It turns out that the function v̄ is smooth enough to apply the Itô formula.
Denoting by v̄t, v̄x,v̄xx the partial derivatives of v̄(t, x), we obtain from (12.18)

V̄t = V̄0 +

∫ t

0

v̄t(u, S̄u) du+

∫ t

0

v̄x(u, S̄u) dS̄u +
1

2

∫ t

0

v̄xx(u, S̄u) d⟨S̄⟩u

= V̄0 +

∫ t

0

(
v̄t(u, S̄u) +

1

2
v̄xx(u, S̄u)σ

2S̄2
u

)
du+

∫ t

0

v̄x(u, S̄u)σS̄u dW
Q
u

=: V̄0 +At +

∫ t

0

v̄x(u, S̄u)σS̄u dW
Q
u . (12.19)

By the definition of V̄ we know that it is a martingale, and hence the finite
variation term At in (12.19) vanishes. So we obtain

V̄t = V̄0 +

∫ t

0

v̄x(u, S̄u)σS̄u dW
Q
u

= V̄0 +

∫ t

0

v̄x(u, S̄u) dS̄u.

For the component ϕ of the hedge portfolio we thus have, as an alternative to
(12.14),

ϕu = v̄x(u, S̄u), (12.20)

which we can compute, once we now the function v̄. As At has to vanish in
(12.19) whatever u and S̄u are, we should have that v̄ is a solution to the partial
differential equation

v̄t(t, x) +
1

2
σ2x2v̄xx(t, x) = 0, (12.21)
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with boundary condition v̄(T, x) = e−rTh(x). Equation (12.21) is known as the
Black-Scholes partial differential equation equation (for r = 0). In some (rare)
cases this equation has an analytic solution, for instance when dealing with
European call or put options. In these two cases one has v̄(T, x) = e−rT (x−K)+

and v̄(T, x) = e−rT (K − x)+. See also Exercise 11.4. Note that the variable
x in (12.21) is to be interpreted as a (discounted) option price. Hence x is a
positive real number.

Compared to Remark 12.3 we are now in a more fortunate situation, once
we know the function v̄. In Section 11 we have seen general results relating
solutions to partial differential equation to solutions to stochastic differential
equations. In particular Exercise 11.4 gives an example for the general Black-
Scholes equation (11.12). See also Exercise 12.2, which is related to Exercise 8.3.

12.3 Exercices

12.1 Recall Proposition 12.2. Show that EXp <∞ for some p > 1 implies that
EQX̄ < ∞. Hint: EQX̄ = E[X̄ZT ] to which one applies Hölder’s inequality,
for which you need to show that EZq

T < ∞. For the latter you can use that

Zq
T = E(qθ ·W )T exp

(
1
2 (q(q − 1)

∫ T

0
θ2u du

)
.

12.2 This exercise shows that there is an intimate connection between the Black-
Scholes partial differential equations and the backward heat equation. In the
set up leading to (12.19) we had V̄t = v̄(t, S̄t). Equivalently, one can write
Vt = v(t, St), where v is related to v̄ by v(t, x) = ertv̄(t, e−rtx).

(a) Show that v satisfies the Black-Scholes partial differential equation (11.12)
with terminal condition v(T, x) = h(x).

(b) Show that the process ϕ as in (12.20) also satisfies the relation ϕu =
vx(u, Su).

(c) Let v̄ be a solution to (12.21) and let y = log x (recall that x > 0). Define
w(t, y) = v(t, ey). Show that w satisfies the backward heat equation

wt(t, y) +
1

2
σ2wyy(t, y) = 0, (12.22)

which is like the original backward heat equation (8.4), but with an extra
parameter σ2.

(d) Conversely, let w satisfy (12.22) and let v̄ for x > 0 be defined by v̄(t, x) =
w(t, log x). Show that this v̄ is a solution to (12.21).
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A Brownian motion

In this section we prove the existence of Brownian motion. The technique that
is used in the existence proof is based on linear interpolation properties for
continuous functions.

A.1 Interpolation of continuous functions

Let a continuous function f : [0, 1] → R be given with f(0) = 0. We will
construct an approximation scheme of f , consisting of continuous piecewise
linear functions. To that end we make use of the dyadic numbers in [0, 1]. Let
for each n ∈ N the set Dn be equal to {k2−n : k = 0, . . . , 2n}. The dyadic
numbers in [0, 1] are then the elements of ∪∞

n=1Dn. To simplify the notation we
write tnk for k2−n ∈ Dn.

The interpolation starts with f0(t) ≡ tf(1) and then we define the other fn
recursively. Suppose fn−1 has been constructed by prescribing the values at the
points tn−1

k for k = 0, . . . , 2n−1 and by linear interpolation between these points.
Look now at the points tnk for k = 0, . . . , 2n. For the even integers 2k we take
fn(t

n
2k) = fn−1(t

n−1
k ). Then for the odd integers 2k − 1 we define fn(t

n
2k−1) =

f(tn2k−1). We complete the construction of fn by linear interpolation between
the points tnk . Note that for m ≥ n we have fm(tnk ) = f(tnk ).

The above interpolation scheme can be represented in a more compact way (to be
used in Section A.2) by using the so-called Haar functionsHn

k . These are defined
as follows. H0

1 (t) ≡ 1 and for each n we define Hn
k for k ∈ I(n) = {1, . . . , 2n−1}

by

Hn
k (t) =


1

2σn
if tn2k−2 ≤ t < tn2k−1

− 1
2σn

if tn2k−1 ≤ t < tn2k
0 elsewhere

(A.1)

where σn = 2−
1
2 (n+1). Next we put Sn

k (t) =
∫ t

0
Hn

k (u) du. Note that the support
of Sn

k is the interval [tn2k−2, t
n
2k] and that the graphs of the Sn

k are tent shaped
with peaks of height σn at tn2k−1.

Next we will show how to cast the interpolating scheme in such a way that the
Haar functions, or rather the Schauder functions Sn

k , are involved. Observe that
not only the Sn

k are tent shaped, but also the consecutive differences fn − fn−1

on each of the intervals (tn−1
k−1 , t

n−1
k )! Hence they are multiples of each other and

to express the interpolation in terms of the Sn
k we only have to determine the

multiplication constant. The height of the peak of fn − fn−1 on (tn−1
k−1 , t

n−1
k ) is

the value ηnk at the midpoint tn2k−1. So ηnk = f(tn2k−1) − 1
2 (f(t

n−1
k−1) + f(tn−1

k )).
Then we have for t ∈ (tn2k−2, t

n
2k) the simple formula

fn(t)− fn−1(t) =
ηnk
σn
Sn
k (t),
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and hence we get for all t

fn(t) = fn−1(t) +
∑

k∈I(n)

ηnk
σn
Sn
k (t). (A.2)

Summing Equation (A.2) over n leads with I(0) = {1} to the following repre-
sentation of fn on the whole interval [0, 1]:

fn(t) =

n∑
m=0

∑
k∈I(m)

ηmk
σm

Sm
k (t). (A.3)

Proposition A.1 Let f be a continuous function on [0, 1]. With the fn defined
by (A.3) we have ||f − fn|| → 0, where || · || denotes the sup norm.

Proof. Let ε > 0 and choose N such that we have |f(t) − f(s)| ≤ ε as soon as
|t − s| < 2−N . It is easy to see that then |ηnk | ≤ ε if n ≥ N . On the interval
[tn2k−2, t

n
2k] we have that

|f(t)− fn(t)| ≤ |f(t)− f(tn2k−1)|+ |fn(tn2k−1)− fn(t)| ≤ ε+ ηnk ≤ 2ε.

This bound holds on any of the intervals [tn2k−2, t
n
2k]. Hence ||f − fn|| → 0.

Corollary A.2 For arbitrary f ∈ C[0, 1] we have

f =

∞∑
m=0

∑
k∈I(m)

ηmk
σm

Sm
k , (A.4)

where the infinite sum converges in the sup norm.

A.2 Existence of Brownian motion

Recall the definition of Brownian motion.

Definition A.3 A standard Brownian motion, also called Wiener process, is a
stochastic process W , defined on a probability space (Ω,F ,P), with time index
set T = [0,∞) with the following properties.
(i) W0 = 0,

(ii) The increments Wt − Ws have a normal N(0, t − s) distribution for all
t > s.

(iii) The increments Wt −Ws are independent of all W (u) with u ≤ s < t.

(iv) The paths of W are continuous functions.
A processW is called a Brownian motion relative to a filtration F if it is adapted
to F and a standard Brownian motion with (iii) replaced with
(iii’) The increments Wt −Ws are independent of Fs for all 0 ≤ s < t.

Remark A.4 One can show that part (iii) of Definition A.3 is equivalent to
the following. For all finite sequences 0 ≤ t0 ≤ . . . ≤ tn the random variables
Wtk −Wtk−1

(k = 1, . . . , n) are independent.
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The method we use to prove existence of Brownian motion (and of a suitable
probability space on which it is defined) is a kind of converse of the interpolation
scheme of Section A.1. We will define what is going to be Brownian motion
recursively on the time interval [0, 1] by attributing values at the dyadic numbers
in [0, 1]. A crucial part of the construction is the following fact. Supposing that
we have shown that Brownian motion exists we consider the random variables
Ws and Wt with s < t. Draw independent of these random variables a random
variable ξ with a standard normal distribution and define Z = 1

2 (Ws +Wt) +
1
2

√
t− s ξ. Then Z also has a normal distribution, whose expectation is zero and

whose variance can be shown to be 1
2 (t+ s) (this is Exercise A.1). Hence Z has

the same distribution as W 1
2 (t+s)! This fact lies at the heart of the construction

of Brownian motion by a kind of ‘inverse interpolation’ that we will present
below.

Let, as in Section A.1, I(0) = {1} and I(n) be the set {1, . . . , 2n−1} for n ≥ 1.
Take a sequence of independent standard normally distributed random variables
ξnk that are all defined on some probability space Ω with k ∈ I(n) and n ∈ N∪{0}
(it is a result in probability theory that one can take for Ω a countable product
of copies of R, endowed with a product σ-algebra and a product measure).
With the aid of these random variables we are going to construct a sequence of
continuous processes Wn as follows. Let, also as in Section A.1, σn = 2−

1
2 (n+1).

Put

W 0
t = tξ01 .

For n ≥ 1 we get the following recursive scheme

Wn
tn2k

=Wn−1

tn−1
k

(A.5)

Wn
tn2k−1

=
1

2

(
Wn−1

tn−1
k−1

+Wn−1

tn−1
k

)
+ σnξ

n
k . (A.6)

For other values of t we define Wn
t by linear interpolation between the values

of Wn at the points tnk . As in Section A.1 we can use the Schauder functions
for a compact expression of the random functions Wn. We have

Wn
t =

n∑
m=0

∑
k∈I(m)

ξmk S
m
k (t). (A.7)

Note the similarity of this equation with (A.3). The main result of this section
is

Theorem A.5 For almost all ω the functions t 7→ Wn
t (ω) converge uniformly

to a continuous function t 7→ Wt(ω) and the process W : (ω, t) → Wt(ω) is
Brownian motion on [0, 1].

Proof. We start with the following result. If Z has a standard normal distribu-
tion and x > 0, then (Exercise A.2)

P(|Z| > x) ≤
√

2

π

1

x
exp(−1

2
x2). (A.8)
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Let βn = maxk∈I(n) |ξnk |. Then bn := P(βn > n) ≤ 2n−1
√

2
π

1
n exp(− 1

2n
2).

Observe that
∑

n bn is convergent and that hence in virtue of the Borel-Cantelli

lemma P(lim sup{βn > n}) = 0. Hence we can find a subset Ω̃ of Ω with
P(Ω̃) = 1, such that for all ω ∈ Ω̃ there exists a natural number n(ω) with
the property that all |ξnk (ω)| ≤ n if n ≥ n(ω) and k ∈ I(n). Consequently, for
p > n ≥ n(ω) we have

sup
t

|Wn
t (ω)−W p

t (ω)| ≤
∞∑

m=n+1

mσm <∞. (A.9)

This shows that the sequence Wn
· (ω) with ω ∈ Ω̃ is Cauchy in C[0, 1], so that

it converges to a continuous limit, which we call W·(ω). For ω’s not in Ω̃ we
define W·(ω) = 0. So we now have continuous functions W·(ω) for all ω with
the property W0(ω) = 0.

As soon as we have verified properties (ii) and (iii) of Definition A.3 we
know that W is a Brownian motion. We will verify these two properties at the
same time by showing that all increments ∆j :=Wtj −Wtj−1 with tj > tj−1 are
independent N(0, tj−tj−1) distributed random variables. Thereto we will prove
that the characteristic function E exp(i

∑
j λj∆j) is equal to exp(− 1

2

∑
j λ

2
j (tj −

tj−1)).
The Haar functions form a Complete Orthonormal System of L2[0, 1] (see

Exercise A.3). Hence every function f ∈ L2[0, 1] has the representation f =∑
n,k⟨f,Hn

k ⟩Hn
k =

∑∞
n=0

∑
k∈I(n)⟨f,Hn

k ⟩Hn
k , where ⟨·.·⟩ denotes the inner prod-

uct of L2[0, 1] and where the infinite sum is convergent in L2[0, 1]. As a re-
sult we have for any two functions f and g in L2[0, 1] the Parseval identity
⟨f, g⟩ =

∑
n,k⟨f,Hn

k ⟩⟨g,Hn
k ⟩. Taking the specific choice f = 1[0,t] and g = 1[0,s]

results in ⟨1[0,t], Hn
k ⟩ = Sn

k (t) and t ∧ s = ⟨1[0,t], 1[0,s]⟩ =
∑

n,k S
n
k (t)S

n
k (s).

Since for all fixed t we have Wn
t → Wt a.s., we have E exp(i

∑
j λj∆j) =

limn→∞ E exp(i
∑

j λj∆
n
j ) with ∆n

j =Wn
tj −Wn

tj−1
. We compute

E exp(i
∑
j

λj∆
n
j ) = E exp(i

∑
m≤n

∑
k

∑
j

λjξ
m
k (Sm

k (tj)− Sm
k (tj−1)))

=
∏
m≤n

∏
k

E exp(i
∑
j

λjξ
m
k (Sm

k (tj)− Sm
k (tj−1)))

=
∏
m≤n

∏
k

exp(−1

2
(
∑
j

λj(S
m
k (tj)− Sm

k (tj−1))
2)

Working out the double product, we get in the exponential the sum over the
four variables i, j,m ≤ n, k of − 1

2λiλj times

Sm
k (tj)S

m
k (ti)− Sm

k (tj−1)S
m
k (ti)− Sm

k (tj)S
m
k (ti−1) + Sm

k (tj−1)S
m
k (ti−1)

and this quantity converges to tj − tj−1 as n → ∞. Hence the expectation in
the display converges to exp(− 1

2

∑
j λ

2
j (tj − tj−1)) as n → ∞. This completes

the proof.
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Having constructed Brownian motion on [0, 1], we proceed to show that it also
exists on [0,∞). Take for each n ∈ N a probability space (Ωn,Fn,Pn) that
supports a Brownian motion Wn on [0, 1]. Consider then Ω =

∏
n Ωn, F =∏

n Fn and P =
∏

n Pn. Note that these Brownian motions are independent by
construction. Let ω = (ω1, ω2, . . .) and define then

Wt(ω) =
∑
n≥0

1[n,n+1)(t)

(
n∑

k=1

W k
1 (ωk) +Wn+1

t−n (ωn+1)

)
. (A.10)

This obviously defines a process with continuous paths and for all t the random
variable Wt is the sum of independent normal random variables. It is not hard
to see that the thus defined process has independent increments. It is immediate
that EWt = 0 and that VarWt = t.

A.3 Properties of Brownian motion

Although Brownian motion is a process with continuous paths, the paths are
very irregular. For instance, they are (almost surely) of unbounded variation
over nonempty intervals. This follows from the Doob-Meyer decomposition
(Theorem 2.17) of W 2, or from Proposition 3.8, see also Exercise 3.9.

We can say something more precise about the continuity of the sample paths
of Brownian motion.

Proposition A.6 The paths of Brownian motion are a.s. Hölder continuous of
any order γ with γ < 1

2 , i.e. for almost every ω and for every γ ∈ (0, 12 ) there
exists a C > 0 such that |Wt(ω)−Ws(ω)| ≤ C|t− s|γ for all t and s.

Proof. (Exercise A.4). Use that |Sm
k (t) − Sm

k (s)| ≤ 2
1
2 (m−1)|t − s| and an in-

equality similar to (A.9).

Having established a result on the continuity of the paths of Brownian motion,
we now turn to the question of differentiability of these paths. Proposition A.7
says that they are nowhere differentiable.

Proposition A.7 LetD be the set {ω : t 7→Wt(ω) is differentiable at some s ∈
(0, 1)}. Then D is contained in a set of zero probability.

Proof. For positive integers j and k, let Ajk(s) be the set

{ω : |W (ω, s+ h)−W (ω, s)| ≤ j|h|, for all h with |h| ≤ 1/k}

and Ajk =
⋃

s∈(0,1)Ajk(s). Then we have the inclusion D ⊂
⋃

jk Ajk. Fix j,

k and s for a while, pick n ≥ 4k, choose ω ∈ Ajk(s) and choose i such that
s ∈ ( i−1

n , i
n ]. Note first for l = 1, 2, 3 the trivial inequalities i+l

n − s ≤ l+1
n ≤ 1

k .

128



The triangle inequality and ω ∈ Ajk(s) gives for l = 1, 2, 3

|W (ω,
i+ l

n
)−W (ω,

i+ l − 1

n
)|

≤ |W (ω,
i+ l

n
)−W (ω, s)|+ |W (ω, s)−W (ω,

i+ l − 1

n
)|

≤ l + 1

n
j +

l

n
j =

2l + 1

n
j.

It then follows that

Ajk ⊂ Bjk :=
⋂

n≥4k

Cnj ,

where

Cnj =

n⋃
i=1

⋂
l=1,2,3

{ω : |W (ω,
i+ l

n
)−W (ω,

i+ l − 1

n
)| ≤ 2l + 1

n
j}. (A.11)

We proceed by showing that the right hand side of this inclusion has probability
zero. We use the following auxiliary result: if X has a N(0, σ2) distribution,
then P(|X| ≤ x) < x/σ (Exercise A.5). By the independence of the increments
of Brownian motion the probability of the intersection in (A.11) is the product
of the probabilities of each of the terms and this product is less then 105j3n−3/2.
Hence P(Cnj) ≤ 105j3n−1/2, which tends to zero for n→ ∞, so P(Bjk) = 0 and
then also P(

⋃
j,k Bjk) = 0. The conclusion now follows from D ⊂

⋃
j,k Ajk ⊂⋃

j,k Bjk.

A.4 Exercises

A.1 Show that the random variable Z on page 126 has a normal distribution
with mean zero and variance equal to 1

2 (s+ t).

A.2 Prove inequality (A.8).

A.3 The Haar functions form a Complete Orthonormal System in L2[0, 1]. Show
first that the Haar functions are orthonormal. To prove that the system is
complete, you argue as follows. Let f be orthogonal to all Hk,n and set F =∫ ·
0
f(u)du. Show that F is zero in all t = k2−n, and therefore zero on the whole

interval. Conclude that f = 0.

A.4 Prove Proposition A.6.

A.5 Show that for a random variable X with a N(0, σ2) distribution it holds
that P(|X| ≤ x) < x/σ, for x, σ > 0.
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B Optional sampling in discrete time

Let F be a filtration in discrete time, an increasing sequence of σ-algebras Fn

(n = 0, 1, . . .). Recall the definition of a stopping time T , a map T : Ω → [0,∞]
such that {T ≤ n} ∈ Fn for every n. Of course T is a stopping time iff
{T = n} ∈ Fn for every n.

For a stopping time T we define the σ-algebra

FT := {F ⊂ Ω : F ∩ {T ≤ n} ∈ Fn for every n}.

If S and T are stopping times with S ≤ T , then FS ⊂ FT . If X is a process
with index set N, we define XT =

∑∞
n=0Xn1{T=n} and so XT = XT1{T<∞}.

If also X∞ is defined, we include n = ∞ in the last summation. In both cases
XT is a well-defined random variable and even FT -measurable (check!).

NB: All (sub)martingales and stopping times below are defined with respect
to a given filtration F.

Lemma B.1 LetX be a submartingale and T a bounded stopping time, T ≤ N
say for some N ∈ N. Then E|XT | <∞ and

XT ≤ E[XN |FT ] a.s.

Proof. Integrability of XT follows from |XT | ≤
∑N

n=0 |Xn|. Let F ∈ FT . Then,
because F ∩ {T = n} ∈ Fn and the fact that X is a submartingale, we have

E[XN1F ] =

N∑
n=0

E[XN1F1{T=n}]

≥
N∑

n=0

E[Xn1F1{T=n}]

=

N∑
n=0

E[XT1F1{T=n}]

= E[XT1F ],

which is what we wanted to prove.

Theorem B.2 Let X be a uniformly integrable martingale with a last element
X∞, so Xn = E[X∞|Fn] a.s. for every n. Let T and S be stopping times with
S ≤ T . Then XT and XS are integrable and
(i) XT = E[X∞|FT ] a.s.

(ii) XS = E[XT |FS ] a.s.

Proof. First we show that XT is integrable. Notice that E|XT |1{T=∞} =
E|X∞|1{T=∞} ≤ E|X∞| < ∞. Next, because |X| is a submartingale with
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last element |X∞|,

E|XT |1{T<∞} =

∞∑
n=0

E|Xn|1{T=n}

≤
∞∑

n=0

E|X∞|1{T=n}

= E|X∞|1{T<∞} <∞.

We proceed with the proof of (i). Notice that T ∧n is a bounded stopping time
for every n. But then by Lemma B.1 it holds a.s. that

E[X∞|FT∧n] = E[E[X∞|Fn]|FT∧n]

= E[Xn|FT∧n]

= XT∧n.

Let now F ∈ FT , then F ∩ {T ≤ n} ∈ FT∧n and by the above display, we have

E[X∞1F∩{T≤n}] = E[XT∧n1F∩{T≤n} = E[XT1F∩{T≤n}].

Let n→ ∞ and apply the Dominated convergence theorem to get

E[X∞1F1{T<∞}] = E[XT1F1{T<∞}].

Together with the trivial identity E[X∞1F1{T=∞}] = E[XT1F1{T=∞}] this
yields E[X∞1F ] = E[XT1F ] and (i) is proved.

For the proof of (ii) we use (i) two times and obtain

E[XT |FS ] = E[E[X∞|FT ]|FS ] = E[X∞|FS ] = XS .

Theorem B.3 Let X be a submartingale such that Xn ≤ 0 for all n = 0, 1, . . ..
Let T and S be stopping times with S ≤ T . Then XT and XS are integrable
and XS ≤ E[XT |FS ] a.s.

Proof. Because of Lemma B.1 we have E[−XT∧n] ≤ E[−X0] for every n ≥ 0,
which implies by virtue of Fatou’s lemma 0 ≤ E[−XT1{T<∞}] <∞.

Let E ∈ FS , then E ∩ {S ≤ n} ∈ FS∧n. Application of Lemma B.1 and
non-positivity of X yields

E[XS∧n1E1{S≤n}] ≤ E[XT∧n1E1{S≤n}] ≤ E[XT∧n1E1{T≤n}]

and hence

E[XS1E1{S≤n}] ≤ E[XT1E1{T≤n}].

The Monotone convergence theorem yields E[XS1E ] ≤ E[XT1E ].
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We finish this section with the Optional sampling theorem in discrete time.

Theorem B.4 Let X be a submartingale with a last element X∞, so Xn ≤
E[X∞|Fn] a.s. for every n. Let T and S be stopping times with S ≤ T . Then
XT and XS are integrable and
(i) XT ≤ E[X∞|FT ] a.s.

(ii) XS ≤ E[XT |FS ] a.s.

Proof. Let Mn = E[X∞|Fn]. By Theorem B.2, we get MS = E[MT |FS ]. Put
then Yn = Xn−Mn. Then Y is a submartingale with Yn ≤ 0. From Theorem B.3
we get YS ≤ E[YT |FS ]. Since XT = MT + YT and XS = MS + YS , the result
follows.

C Functions of bounded variation, Stieltjes in-
tegrals, and increasing processes

In this section we define functions of bounded variation and review some basic
properties. Stieltjes integrals will be discussed subsequently, the relation with
Lebesgue integrals will be explained and finally we give results on integration
w.r.t. random increasing processes.

C.1 Lebesgue-Stieltjes integrals

In this section we define functions of bounded variation and review some ba-
sic properties. Stieltjes integrals will be discussed subsequently. We consider
functions defined on an interval [a, b]. Next to these we consider partitions Π
of [a, b], finite subsets {t0, . . . , tn} of [a, b] with the convention t0 ≤ · · · ≤ tn,
and µ(Π) denotes the mesh of Π. Extended partitions, denoted Π∗, are parti-
tions Π, together with additional points τi, with ti−1 ≤ τi ≤ ti. By definition
µ(Π∗) = µ(Π). Along with a function α, a partition Π, we define

V 1(α; Π) :=

n∑
i=1

|α(ti)− α(ti−1)|,

the variation of α over the partition Π.

Definition C.1 A function α is said to be of bounded variation if V 1(α) :=
supΠ V

1(α; Π) < ∞, the supremum taken over all partitions Π. The variation
function vα : [a, b] → R is defined by vα(t) = V 1(α1[a,t]).

A refinement Π′ of a partition Π satisfies by definition the inclusion Π ⊂ Π′. In
such a case, one has µ(Π′) ≤ µ(Π) and V 1(α; Π′) ≥ V 1(α; Π). It follows from
the definition of V 1(α), that there exists a sequence (Πn) of partitions (which
can be taken as successive refinements) such that V 1(α; Πn) → V 1(α).
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Example C.2 Let α be continuously differentiable and assume
∫ b

a
|α′(t)|dt fi-

nite. Then V 1(α) =
∫ b

a
|α′(t)|dt. This follows, since V 1(α; Π) can be written as

a Riemann sum

n∑
i=1

|α′(τi)| (ti − ti−1),

where the τi satisfy ti−1 ≤ τi ≤ ti and α
′(τi) =

α(ti)−α(ti−1)
ti−ti−1

.

Note that vα is an increasing function with vα(a) = 0 and vα(b) = V 1(α).
Any monotone function α is of bounded variation and in this case V 1(α) =
|α(b) − α(a)| and vα(t) = |α(t) − α(a)|. Also the difference of two increasing
functions is of bounded variation. This fact has a converse.

Proposition C.3 Let α be of bounded variation. Then there exists increasing
functions v+α and v−α such that v+α (a) = v−α (a) = 0, α(t)−α(a) = v+α (t)− v−α (t).
Moreover, one can choose them such that v+α + v−α = vα.

Proof. Define

v+α (t) =
1

2
(vα(t) + α(t)− α(a))

v−α (t) =
1

2
(vα(t)− α(t) + α(a)).

We only have to check that these functions are increasing, since the other state-
ments are obvious. Let t′ > t. Then v+α (t

′)− v+α (t) =
1
2 (v

+
α (t

′)− v+α (t)+α(t′)−
α(t)). The difference v+α (t

′)− v+α (t) is the variation of α over the interval [t, t′],
which is greater than or equal to |α(t′)− α(t)|. Hence v+α (t

′)− v+α (t) ≥ 0, and
the same holds for v−α (t

′)− v−α (t).

The decomposition in this proposition enjoys a minimality property. If w+ and
w− are increasing functions, w+(a) = w−(a) = 0 and α(t) − α(a) = w+(t) −
w−(t), then for all t′ > t one has w+(t′)−w+(t) ≥ v+α (t

′)− v+α (t) and w
−(t′)−

w−(t) ≥ v−α (t
′) − v−α (t). This property is basically the same as its counterpart

for the Jordan decomposition of signed measures.

The following definition generalizes the concept of Riemann integral.

Definition C.4 Let f, α : [a, b] → R and Π∗ be an extended partition of [a, b].
Write

S(f, α; Π∗) =

n∑
i=1

f(τi) (α(ti)− α(ti−1)).

We say that S(f, α) = limµ(Π∗)→0 S(f, a; Π
∗), if for all ε > 0, there exists δ > 0

such that µ(Π∗) < δ implies |S(f, α)− S(f, α; Π∗)| < ε. If this happens, we say
that f is integrable w.r.t. α and we commonly write

∫
f dα for S(f, α), and call

it the Stieltjes integral of f w.r.t. α.
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Proposition C.5 Let f, α : [a, b] → R, f continuous and α of bounded varia-
tion. Then f is integrable w.r.t. α. Moreover, the triangle inequality |

∫
f dα| ≤∫

|f |dvα holds.

Proof. To show integrability of f w.r.t. α, the idea is to compare S(f, α; Π∗
1)

and S(f, α; Π∗
2) for two extended partitions Π∗

1 and Π∗
2. By constructing another

extended partition Π∗ that is a refinement of Π∗
1 and Π∗

2 in the sense that all ti
and ti from Π∗

1 and Π∗
2 belong to Π∗, it follows from

|S(f, α; Π∗
1)−S(f, α; Π∗

2)| ≤ |S(f, α; Π∗
1)−S(f, α; Π∗)|+|S(f, α; Π∗)−S(f, α; Π∗

2)|

that it suffices to show that |S(f, α; Π∗
1) − S(f, α; Π∗

2)| can be made small for
Π2 a refinement of Π1. Let ε > 0 and choose δ > 0 such that |f(t)− f(s)| < ε
whenever |t−s| < δ (possible by uniform continuity of f). Assume that µ(Π1) <
δ, then also µ(Π2) < δ. Consider first two extended partitions of Π1, Π

∗
1 and

Π′
1, the latter with intermediate points τ ′i . Then

|S(f, α; Π∗
1)− S(f, α; Π′

1)| ≤
∑
i

|f(τi)− f(τ ′i)| |α(ti)− α(ti−1)|

≤ ε V 1(α; Π1) ≤ ε V 1(α).

In the next step we assume that Π2 is obtained from Π1 by adding one point,
namely τj for some τj from the extended partition Π∗

1. Further we assume that
Π∗

2 contains all the intermediate points τi from Π∗
1, whereas we also take the

intermediate points from the intervals [tj−1, τj ] and [τj , tj ] both equal to τj . It
follows that S(f, α; Π∗

1) = S(f, α; Π∗
2). A combination of the two steps finishes

the proof. The triangle inequality for the integrals holds almost trivially.

Proposition C.6 Let f, α : [a, b] → R, be continuous and of bounded variation.
Then the following integration by parts formula holds.∫

f dα+

∫
α df = f(b)α(b)− f(a)α(a).

Proof. Choose points ta ≤ · · · ≤ tn in [a, b] and τi ∈ [ti−1, ti], i = 1, . . . , n, to
which we add τ0 = a and τn+1 = b. By Abel’s summation formula, we have

n∑
i=1

f(τi) (α(ti)− α(ti−1)) =

f(b)α(b)− f(a)α(a)−
n+1∑
i=1

α(ti−1) (f(τi)− f(τi−1)).

The result follows by application of Proposition C.5.

This proposition can be used to define
∫
α df for functions α of bounded vari-

ation and continuous functions f , simply by putting∫
α df := f(b)α(b)− f(a)α(a)−

∫
f dα.
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Next we give an example that illustrates that the continuity assumption on f
in Proposition C.5 cannot be omitted in general.

Example C.7 Let α : [−1, 1] → R be given by α(t) = 1[0,1](t). Let f :
[−1, 1] → R be discontinuous at zero, for instance f = α; note that f and
α share a point of discontinuity. Let Π be a partition of [−1, 1] whose elements
are numbered in such a way that tm−1 ≤ 0 ≤ tm, let τ = τm ∈ [tm−1, tm]. Then
S(f, α; Π∗) = f(τ), and this doesn’t converge for τ → 0.

In the annoying case of the above example, the Stieltjes integral is not defined.
By adjusting the concept of Stieltjes integral into the direction of a Lebesgue
integral, we obtain that also in this case the integral is well defined.

It follows from Proposition C.3 that α admits finite left and right limits at
all t in [a, b]. By α+ we denote the function given by α+(t) = limu↓t α(u)
for t ∈ [a, b) and α+(b) = α(b). Note that α+ is right-continuous. Let
µ = µα be the signed measure on ([a, b],B([a, b])) that is uniquely defined by
µ((s, t]) = α+(t) − α+(s) for all a ≤ s < t ≤ b. For measurable f one can
consider the Lebesgue integral

∫
f dµα. We now present a result relating Stielt-

jes and Lebesgue integrals. The proposition below gives an example of such a
connection, but can be substantially generalized.

Proposition C.8 Let f, α : [a, b] → R, f continuous and α of bounded varia-
tion. Then the Lebesgue integral

∫
f dµα and the Stieltjes integral

∫
f dα are

equal,
∫
f dµα =

∫
f dα.

Proof. Exercise C.1.

For µ = µα as above, we call the integral
∫
f dα, defined as

∫
f dµα, the

Lebesgue-Stieltjes integral of f w.r.t. α. Consider again Example C.7. Now
the Lebesgue-Stieltjes integral

∫
α dα is well defined and

∫
α dα = 1.

C.2 Integration w.r.t. increasing processes

This section contains results on the measurability properties of integrals of the
type

∫
(0,t]

ξs dAs, appearing for instance in (2.9). Note that in that equation

the expectation of this integral is taken, which can only be done if the integral
is a true random variable.

The martingale ξ is adapted and right-continuous, so ξ is a progressive pro-
cess and therefore also a measurable process. If the increasing process in (2.9)
is deterministic (not depending on ω ∈ Ω, then the integral is indeed a random
variable, as this follows from the usual Fubini theorem. But if A is a random
(increasing) process, this theorem cannot be applied. Fortunately, there exists
a generalized version of this theorem, Theorem 5.6 in the MTP lecture notes
that takes care of this. Here we avoid this generalized theorem and rely on the
ordinary Fubini theorem, by application of a (random) time change.

For the time being A : [0,∞) → [0,∞) is a right-continuous non-decreasing
function. Define B−(y) = inf{x : A(x) ≥ y} = sup{x : A(x) < y}. Note that it
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may happen that B− assumes the value infinity, so B− : [0,∞) → [0,∞]. Then
B− is like a quantile function (in the case where A is a distribution function),
left-continuous, and, for c, y ≥ 0,

B−(y) ≤ c iff y ≤ A(c).

So,

{y : A(a) < y ≤ A(b)} = {y : a < B−(y) ≤ b}.

Let X : [0,∞) → R be Lebesgue measurable. Consider the integral (assumed
to be well defined), with λ the Lebesgue measure,∫

[0,∞)

1{B−(s)<∞}X(B−(s))λ(ds),

and note the indicator, needed since X is defined on [0,∞) only. According
to the transformation formula (Equation (4.10) in MTP lecture notes), we can
rewrite this as∫

[0,∞)

X dλB
−
,

where λB
−
(E) = λ(B− ∈ E). We proceed to identify the measure λB

−
.

Take E = (a, b], then we get λB
−
(a, b] = λ({y : a < B−(y) ≤ b}), which then

equals λ({y : A(a) < y ≤ A(b)}) = A(b) − A(a), where we interpret Stieltjes
integrals with respect to A as Lebesgue-Stieltjes integrals w.r.t. to the associated
measure, λB

−
in this case, see Section C.1. Hence∫

[0,∞)

X dλB
−
=

∫
[0,∞)

X dA.

The conclusion is that∫
[0,∞)

1{B−(s)<∞}X(B−(s)) ds =

∫
[0,∞)

X dA. (C.12)

As an alternative to the function B−, one can define B+(y) = inf{x : A(x) >
y} = sup{x : A(x) ≤ y}. Exercise C.2 shows how to arrive at an alternative to
(C.12) when using the function B+.

From here on we return to the setting of filtered probability space (Ω,F ,F,P)
and we assume that A is an adapted right-continuous process with increasing
paths. And let B−, B+ now denote the random counterparts of the B−, B+

above. So B−(s) = inf{t : A(t) ≥ s} and B+(s) = inf{t : A(t) > s}. Then
{B−(s) ≤ t} = {s ≤ A(t)}, which is in Ft because A is adapted. Also {B+(s) <
t} = {s < A(t)} ∈ Ft. So B

−(s) a stopping time, and B+(s) is an F+-stopping
time. Note also that the mapping (s, ω) 7→ B−(s, ω) is jointly measurable.

The desired conclusion is that (C.12) and (C.13) are still valid, when inter-
preted as a pathwise integral in time for every ω fixed for a measurable process
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X, so the mapping (t, ω) 7→ X(t, ω) is jointly measurable. For this conclusion
to hold true, we need at least that for every ω the mapping t 7→ X(B−(t, ω), ω)
is Borel-measurable. This will be shown now, actually we will show a stronger
property.

We want that (s, ω) 7→ 1{B−(s,ω)<∞}X(B−(s, ω), ω) is a (jointly) measur-
able mapping, in which case the ordinary Fubini theorem tells us that ω 7→∫
[0,∞)

1{B−(s,ω)<∞}X(B−(s, ω), ω) ds is F-measurable. The argument we use

is much like the one in the proof of Proposition 1.13. The mapping (s, ω) 7→
ϕ(s, ω) := (ω,B−(s, ω)) is easily seen to be measurable, and the mapping ω 7→
1{B−(s,ω)<∞}X(B−(s, ω), ω) = 1{B−(s,ω)<∞}X(ϕ(s, ω), ω) is F-measurable as
a composition of measurable mappings.

By similar arguments, one shows that
∫
(0,t]

X dA is Ft-measurable for pro-

gressive processes X, once the integral is well defined. The latter is certainly
the case when X is also bounded, which is the relevant situation in Section 2.3.

C.3 Exercises

C.1 Prove Proposition C.1.

C.2 As an alternative to the function B− in Section C.2, we define B+(y) =
inf{x : A(x) > y} = sup{x : A(x) ≤ y}. Then B+ ≥ B−, and B+ is right-
continuous.

(a) Show that

B+(y) < c iff y < A(c−) := lim
c′↑c

A(c′).

and B+(x−) = B(x) and B(x+) = B+(x) for all x ≥ 0.

(b) Show that the set where B and B+ differ is at most countable and that it
follows from (C.12) that also∫

[0,∞)

1{B+(s)<∞}X(B+(s)) ds =

∫
[0,∞)

X dA. (C.13)

(c) Define the measure λB
+

by λB
+

= λ(B+ ∈ E). Show that λB
+

[a, b) =

λ({y : a ≤ B+(y) < b}) = A(b−) − A(a−). Show also that λB
+

(a, b] =

A(b)−A(a) and hence λB
+

= λB , which also explains (C.13) by application
of the integral transformation formula.

D Dunford-Pettis criterion

In this section we present a proof of one of the two implications in the Dunford-
Pettis characterization of uniform integrability, Lemma 2.15. Indeed, it concerns
the implication that was needed in the proof of the Doob-Meyer decomposition.
We formulate it as Proposition D.2 below. First some additional terminology.

137



Suppose that X is a Banach space. By X∗ we denote the space of all
continuous linear functionals on X, it is called the dual space of X. On says
that a sequence (xn) ⊂ X converges weakly to x ∈ X if Txn → Tx, as n→ ∞,
for all T ∈ X∗. The corresponding topology on X is called the weak topology,
and one speaks of weakly open, weakly closed and weakly compact sets etc. This
topology is defined by neighborhoods of 0 ∈ X of the form {x ∈ X : |Tix| <
ε, i = 1, . . . , n}, with the Ti ∈ X∗, ε > 0 and n ∈ N.

It is known that if X = Lp(S,Σ, µ), its dual space X∗ can be identified with
Lq(S,Σ, µ) (and we simply write X∗ = Lq(S,Σ, µ)), where q = p/(p − 1) for
p ≥ 1. In particular we have X∗ = X, when X = L2(S,Σ, µ), which is the
Riesz-Fréchet theorem. First we present a lemma, which is a special case of
Alaoglu’s theorem.

Lemma D.1 The weak closure of the unit ball B = {x ∈ X : ||x||2 < 1} in
X = L2(S,Σ, µ) is weakly compact.

Proof. The set B can be considered as a subset of [−1,+1]X , since every x ∈ X
can be seen as a linear functional on X. Moreover, we can view the weak
topology on X as induced by the product topology on [−1,+1]X , if [−1,+1]
is endowed with the ordinary topology. By Tychonov’s theorem, [−1,+1]X is
compact in the product topology, and so is the weak closure of B as a closed
subset of [−1,+1]X .

We now switch to a probability space (Ω,F ,P). From the definition of weak
topology on L1(Ω,F ,P) we deduce that a set U ⊂ L1(Ω,F ,P) is weakly se-
quentially compact, if every sequence in it has a subsequence with weak limit in
U . Stated otherwise, U is weakly sequentially compact in L1(Ω,F ,P), if every
sequence (Xn) ⊂ U has a subsequence (Xnk

) such that there exists X ∈ U
with EXnk

Y → EXY , for all bounded random variables Y . This follows
since for X = L1 its dual space X∗ = L∞(Ω,F ,P). We also say that a set
U ⊂ L1(Ω,F ,P) is relatively sequentially compact if every sequence in U has a
subsequence with weak limit in L1(Ω,F ,P) (not necessarily in U itself). This
notion is equivalent to saying that the closure of U is weakly sequentially com-
pact. We now formulate one half of the Dunford-Pettis criterion for uniform
integrability.

Proposition D.2 Let (Xn) be a uniformly integrable sequence of random vari-
ables on (Ω,F ,P). Then (Xn) is relatively weakly sequentially compact.

Proof. Let k > 0 be an integer and put Xk
n = Xn1{|Xn|≤k}. Then for fixed

k the sequence (Xk
n) is bounded and thus also bounded in L2(Ω,F ,P). By

Lemma D.1, it has a subsequence (Xk
nk
j
) that converges weakly in L2 to a limit

Xk. We can even say more, there exists a sequence (nj) ⊂ N such that for
all k the sequence (Xk

nj
) converges weakly to Xk. To see this, we argue as in

the proof of Helly’s theorem and utilize a diagonalization argument. Let k = 1
and find the convergent subsequence (X1

n1
j
). Consider then (X2

n1
j
) and find the
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convergent subsequence (X2
n2
j
). Note that also (X1

n2
j
) is convergent. Continue

with (X3
n2
j
) etc. Finally, the subsequence in N that does the job for all k is (njj),

for which we write (nj).
Observe that (Xk

nj
− X l

nj
) has Xk − X l as its weak limit in L2, but then

this is also the weak limit in L1, since every bounded random variable Y is
square integrable. Hence we have E(Xk

nj
− X l

nj
)Y → E(Xk − X l)Y for every

bounded Y . Take Y = sgn(Xk − X l). Since with this choice for Y we have
E(Xk

nj
−X l

nj
)Y ≤ E|Xk

nj
−X l

nj
|, we obtain lim infj E|Xk

nj
−X l

nj
| ≥ E|Xk−X l|.

Write E|Xk
nj

−X l
nj
| = E|Xnj

(1{|Xnj
|>l} − 1{|Xnj

|>k})|. By uniform integra-

bility this tends to zero for k, l → ∞, uniformly in the nj . It then follows that
E|Xk − X l| → 0 as k, l → ∞, in other words, (Xk) is Cauchy in L1 and thus
has a limit X. We will now show that this X is the one we are after.

We have to show that E(Xnj
−X)Y → 0 for arbitrary bounded Y . Write

E(Xnj
−X)Y = EXnj

1{|Xnj
|>k}Y + E(Xk

nj
−Xk)Y + E(Xk −X)Y.

The first of the three terms can be made arbitrary small by choosing k big
enough, uniformly in the nj , by uniform integrability. The second term tends
to zero for nj → ∞ by the weak convergence in L1 of theXk

nj
toXk, whereas the

third term can be made arbitrary small for large enough k by the L1-convergence
of Xk to X.

E Banach-Steinhaus theorem

Let S be a topological space. Recall that a subset of S is called nowhere dense
(in S), if its closure has an empty interior. If E ⊂ S, then Ē denotes its closure
and intE its interior.

Definition E.1 A subset of S is said to be of the first category (in S), if it is
a countable union of nowhere dense sets. If a set is not of the first category, it
is said to be of the second category.

The following theorem is known as Baire’s category theorem.

Theorem E.2 If S is a complete metric space, then the intersection of any
countable collection of dense open sets is dense.

Proof. Let E1, E2, . . . be dense open sets and D =
⋂∞

n=1En. Let B0 be an
arbitrary non-empty open set. We will show that D∩B0 ̸= ∅. Select recursively
open balls Bn with radius at most 1

n such that B̄n ⊂ En ∩ Bn−1. This can
be done since the En are dense subsets. Let cn be the center of Bn. Since
Bn ⊂ Bn−1 and the radii converge to zero, the sequence (cn) is Cauchy. By
completeness the sequence has a limit c and then c ∈

⋂∞
n=1 B̄n ⊂ D. Since

trivially c ∈ B0, we have D ∩B0 ̸= ∅.
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Remark E.3 Baire’s theorem also holds true for a topological space S that is
locally compact. The proof is almost the same.

Corollary E.4 A metric space S is of the second category (in itself).

Proof. Let E1, E2, . . . be open nowhere dense subsets. Let On = S\Ēn, an open
set. Then Ōn ⊃ S \ intĒn = S, hence On is dense. It follows from Theorem E.2
that

⋂
nOn ̸= ∅, so

⋃
nO

c
n ̸= S. But then

⋃
nEn can’t be equal to S either.

Let X and Y be Banach spaces and L a bounded linear operator from X into
Y . Recall that boundedness is equivalent to continuity. The operator norm of
L is defined by

||L|| = sup{||Lx|| : x ∈ X and ||x|| = 1}.

Note that we use the same symbol ||·|| for different norms. The following theorem
is known as the principle of uniform boundedness, or as the Banach-Steinhaus
theorem. Other, equivalent, formulations can be found in the literature.

Theorem E.5 Let X and Y be Banach spaces and L be a family of bounded
linear operators from X into Y . Suppose that for all x ∈ X the set {||Lx|| : L ∈
L} is bounded. Then the set {||L|| : L ∈ L} is bounded as well.

Proof. Let ε > 0 be given and let Xn = {x ∈ X : sup{||Lx|| : L ∈ L} ≤ nε}.
Since every L is continuous as well as || · ||, the set Xn is closed. In view
of the assumption, we have X =

⋃
nXn. Since X is of the second category

(Corollary E.4), it follows that some Xn0 must have nonempty interior. Hence
there is x0 ∈ Xn0

and some δ > 0 such that the closure of the ball B = B(x0, δ)
belongs to Xn0

. For every x ∈ B, we then have ||Lx|| ≤ n0ε for every L ∈ L.
Let B′ = B − x0. Then B′ is a neighborhood of zero and every y ∈ B′ can be
written as y = x− x0 for some x ∈ B. This yields ||Ly|| ≤ 2n0ε, valid for every
L ∈ L. Let now v ∈ X be an arbitrary vector with norm one. Then we apply
the above to y := δv and obtain from this

||Lv|| ≤ 2n0ε

δ
,

valid for all L ∈ L and v with ||v|| = 1. But then supL∈L supv:||v||=1 ||Lv|| <∞,
which is what we wanted to show.

F The Radon-Nikodym theorem for absolutely
continuous probability measures

Let us first state the Radon-Nikodym theorem 9.1 in the version we need it.

Theorem F.1 Consider a measurable space (Ω,F) on which are defined two
probability measures Q and P. Assume Q ≪ P. Then there exists a P-a.s.
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unique random variable Z with P(Z ≥ 0) = 1 and EZ = 1 such that for all
F ∈ F one has

Q(F ) = E1FZ. (F.14)

Proof. Let P̂ = 1
2 (P + Q) and consider T : L2(Ω,F , P̂) → R defined by TX =

EQX. Then

|TX| ≤ EQ|X|
≤ 2EP̂ |X|
≤ 2(EP̂X

2)1/2.

Hence T is a continuous linear functional on L2(Ω,F , P̂), and by the Riesz-

Fréchet theorem there exist Y ∈ L2(Ω,F , P̂) such that EQX = 2EP̂XY =
EQXY + EXY . Hence we have

EQX(1− Y ) = EXY, (F.15)

for all X ∈ L2(Ω,F , P̂). To find a convenient property of Y , we make two
judicious choices for X in (F.15).

First we take X = 1{Y≥1}. We then get

0 ≥ EQ1{Y≥1}(1− Y ) = E1{Y≥1}Y ≥ P(Y ≥ 1),

and hence P(Y ≥ 1) = 0. By absolute continuity also Q(Y ≥ 1) = 0.
Second, we choose X = 1{Y <0} and get, note that X(1− Y ) ≥ 0,

0 ≤ EQ1{Y <0}(1− Y ) = E1{Y <0}Y ≤ 0,

and hence P(Y < 0) = 0 and Q(Y < 0) = 0. We conclude that Q(Y ∈ [0, 1)) =
P(Y ∈ [0, 1)) = 1.

We now claim that the random variable Z in the assertion of the theorem is
given by

Z =
Y

1− Y
1[0,1)(Y ).

Note that Z takes its values in [0,∞). Write Z = limn Zn with Zn = Y Sn,

where Sn = 1[0,1)(Y )
∑n−1

k=0 Y
k and note that 0 ≤ Sn, Zn ≤ n. Let F ∈ F . We

apply (F.15) with X = 1FSn to obtain, using (1− Y )Sn = 1[0,1)(Y )(1− Y n),

EQ1F1[0,1)(Y )(1− Y n) = E1FZn.

Monotone convergence gives

EQ1F1[0,1)(Y ) = E1FZ. (F.16)

As Q(Y ∈ [0, 1)) = 1 one has Q(F ) = Q(F ∩ {Y ∈ [0, 1)}) = EQ1F1[0,1)(Y ),

and (F.14) follows from (F.16). Moreover, as P̃ is a probability measure, we get
with F = Ω that EZ = 1.
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The final issue to address is the P-a.s. uniqueness of Z. Suppose Z ′ is
another random variable satisfying the assertion of the theorem. Then (F.14)
is also valid for any F ∈ F with Z replaced with Z ′. Take F = {Z > Z ′}. By
subtraction one obtains E1{Z>Z′}(Z − Z ′) = 0 and hence P(Z ≤ Z ′) = 1. By
swapping the roles of Z and Z ′, one concludes P(Z = Z ′) = 1, which finishes
the proof.
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