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Preface

These lecture notes have been written for and during the course Hedging en Derivaten
at the Universiteit van Amsterdam in Fall 2001. Students that took the course were
assumed to have finished a course on Finance in Discrete Time and therefore to be
familiar with the standard notions of Mathematical Finance. For those who missed
that course I included a short summary of some essentials in Discrete Time Finance.

Students were not supposed to have experience in measure theory, but it turned
out that they had some knowledge of it and followed a course in Measure Theory
parallel to the course Hedging en Derivaten. Therefore, the later sections use more
measure theoretic concepts than the first ones. The Appendix contains some notions
from Probability theory that are essential for the course.

The course basically starts with showing the first steps towards continuous time
models by invoking the central limit theorem for a sequence of discrete time models.
This motivates the use of (log)normal models. Since Brownian motion is so promi-
nently around in continuous time models it is extensively introduced. Other basic
topics include the study of the heat equation and equations that can be derived from
it, since these are instrumental in pricing financial derivatives. The use of It6 calculus
has been postponed until it was unavoidable, the general definition of self financing
strategies. Nevertheless, we also introduce a definition for self financing Markovian
portfolios, that is based on a limit argument and discrete time analogues. A rigorous
treatment of It0 integrals and the It6 rule was beyond the scope of the course, but we
have provided the reader with some of the basic notions and results and gave here and
there some heuristic arguments or a partial proof, when full proofs would have been
technically too demanding.

Finally, these lectures notes will be updated and adapted for a next course. I
already found some errors and omissions, many of them thanks to Ge Hong and Ramon
van den Akker who carefully went through the first version of the manuscript. In
2016 a substantial revision has taken place, after I have taught the course Financiéle
Wiskunde at the Radboud University Nijmegen. Since then, there have been quite a
few updates, a major one being the inclusion of a section on interest rate models in
2020. Suggestions for improvement are always welcome.

Amsterdam, May 2020 Peter Spreij
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1 From discrete to continuous time

In this section we briefly recall a number of fundamental issues and problems
in the theory of pricing of derivatives in a finite security market where time is
discrete. Because the emphasis is on concepts we consider a market that consists
of only one risky asset (the stock) and one riskless asset (the bond). Later on
we will study approximations when the number of trading times becomes large.

1.1 A summary of discrete time results

The basic setting is as follows. We consider a financial market where two kinds
of products are traded, risky and non-risky assets. Trading takes place at time
instants ¢ € {0,..., N}. Traded are a bond (a non-risky asset) with correspond-
ing prices at time ¢ equal to B; and a stock (a risky asset) with prices at time
t equal to S;. The typical example of a bond is that of a bank account. For
the stock we could think of shares of a company at the stock exchange or of the
exchange rate of the Euro against the US dollar. We adopt the normalization
that By = 1. Furthermore the bond price is assumed to grow exponentially
with rate r, a deterministic real number, meaning that we have for all ¢ that
Bt = (1 + ’f‘)t.

The price of the stock is assumed to be a random process—recall that the
stock is the risky asset—, implying that each time instant ¢ one is uncertain
about the behavior of the stock price at future instants. Given that one knows
the price at a time ¢, at time ¢ + 1 and future times more than one price of the
stock is possible, but we don’t know exactly which one. In this section we will
later on mainly treat the Cox-Ross-Rubinstein (CRR) model, which says that
from a given price at a certain time, only two values of the price at the next
time instant are possible, and with certain assigned values only.

In the sequel we will often work with discounted prices and values. These
are denoted by a bar on the variable under consideration. More precisely, if Y;
denotes the value or price of some financial product (not necessarily the bond
or the stock) at time ¢, then by Y; we denote its discounted value or price and
it is defined by
Yi= ot

B,

Note that we divide Y; by the bond price B; at the same time ¢. In the jargon of
Mathematical Finance we say that we choose the bond price B as a numéraire.
For example, we will often encounter the discounted price process S of the risky
asset. Observe that B; = 1 for all ¢.

Next we consider portfolios. Formally, a portfolio (in our context) is a sequence
of (random) real pairs (x;,y;) with the interpretation that x, is the amount of
stock that an investor holds at time ¢ and y; the number of bonds. The value
at t of such a portfolio is denoted V; and is given by

Vi = xSy + y. By

Note that the discounted value process of the portfolio is V; = x:9; + y: and
observe that we allow x; and y; to be any real number. A negative value of y;
then corresponds to borrowing money from the bank and a negative value of x;



to short selling of the stock. Furthermore, we will not allow to have z; and y;
to depend on future values S,, (u > t), the investor is not clairvoyant. So for
all t the values of x; and y; only depend on the stock through Sy to S;—1. In
more sophisticated terms, the process S = (Sg, ..., S7) is adapted to a certain
filtration, and the processes (sequences) x = (xg,...,xr)and y =0,...,yr) are
predictable. See Section for this terminology.

An important concept is that of a self-financing portfolio. Intuitively speaking,
a portfolio is called self financing if and only if an initial investment is made
and any reallocation of the portfolio is made without infusion or withdrawal
of money, so it is done in a budget neutral way. To be precise, we adopt the
following definition.

Definition 1.1 A portfolio is called self-financing if for all ¢t > 0 we have
xSt + Y1 Be = x441St + Y1 By (1.1)

We can give this definition an equivalent expression after having introduced
the difference operator A. For any process Y the process AY is defined by
AY, =Y, —Y, 1 fort > 1 and AYy = Yy. Now we have the following statement.
A portfolio is self-financing iff

AV} = ZtASt + ytABt for all ¢ > 0. (12)

In terms of discounted prices and values Equation ([1.2)) takes the following
simpler form.

AV, = 2, AS; for all t > 0. (1.3)

The proof of Equations (1.2]) and (1.3) both being equivalent to (1.1)) is left as
Exercise [[3

A desirable property of a financial market is that it is free of arbitrage, meaning
—in a sense to be specified below— that it is impossible to make money out of
nothing. Formally, we call a portfolio an arbitrage opportunity (over the discrete
time interval {0,..., N}) if it is self-financing, its value Vj at time zero is equal
to zero and its value at IV is always nonnegative, whereas Vi strictly positive is
possible. So, with an arbitrage portfolio it is impossible to loose money, whereas
making a profit is a possibility. Often probabilities are attributed to the stock
price movements. If these are modeled by a probability measure P, then we
have the following formal definition in probabilistic terms.

Definition 1.2 We say that a portfolio with value process V.= {V, : ¢t =
0,...,N} is an arbitrage opportunity if P(Vyp = 0) = 1, P(Vy > 0) = 1 and
P(Vy > 0) > 0. A market is arbitrage free if no arbitrage possibilities exist.

One of the main issues in Mathematical Finance is the pricing (or valuation) of
contingent claims, also called derivatives. Contingent claims are financial prod-
ucts that are defined in terms of underlying products. It is therefore reasonable
to think that the price of a contingent claim should in some way depend on the
price of these underlying products. Indeed, under the no arbitrage condition,
we will see that this is the case for the CRR model. However, in general absence
of arbitrage is not sufficient to determine one single price of the claim that is



consistent with this condition.

From now on we will work with the Cox-Ross-Rubinstein (CRR) market. To
make precise what this means, we introduce the process Z which is defined for
t>1 by

Sp—1

Zy (1.4)
In the CRR model it is assumed that for all ¢ the ratio Z; takes on one of only
two values v and d, where u > d. We assume also that Sy is a fixed positive
number s. Since S; = Sy HZ:l Zi, we get that S; takes its values in the set
{sd!, sud®=1,... su'}. Along with the process Z we introduce the (cumulative)
return process R = (Ry, ..., Ry). It is defined by the equations

ARt:%7 forte{l,...,N}. (1.5)
t—1

Trivially, we get from (1.5)) the following equivalent relations

AS; = S, 1ARy, t > 1, (1.6)

Su =S [[(1+ARy), n > 1.

t=1

All these relations are summarized in the notation
S =S5,E(R), (1.7)

with £(R),, = [[;—,(1 + AR,), also called the Doléans exponential of R.

Many of the ideas that have been introduced above can already be illustrated
within a single-period CRR market, that is a market with N = 1. We have the
following result.

Proposition 1.3 The CRR market with N = 1 is free of arbitrage iff d <
14+r<u.

Proof Exercise [[L1] O

Let us now consider how to price contingent claims in a single-period CRR
market. A contingent claim X is now by definition a financial product of the
form X = f(S1), defined in terms of some function f. The prime example of
such a claim is the Furopean call option with exercise price K for which we
have f(z) = (zx — K)* and hence X = (S; — K)™ [for any real number u, one
abbreviates max{u,0} as u™]. This is explained below.

In general, the holder of an option has the right, but not the obligation to
exercise it. In the case of the call option, the holder has the right to purchase
the stock at time ¢ = 1 for the price K. She is willing to do this at time ¢t = 1 if
the true market price Sy is then greater than K, after which she sells the stock
agains the market price, incurring a profit S; — K. If it happens that S; < K,
she does nothing. Combining the two cases the profit she makes can be written
as (51— K)*.



The principal question is here: how much is one willing to pay for such a
claim at t = 0. Note that the future (at ¢ = 1) value of the claim is uncertain,
due to the different values that S; may assume. The solution to this question is
obtained by comparing the claim to a portfolio that gives at time ¢ = 1 exactly
the same payoff as the claim, no matter how the market will evolve. And since
these values are the same at t = 1, the fair price of the claim at ¢ = 0 should be
consistent with the no arbitrage condition, the same as the value of the portfolio
at t = 0. This principle is called the law of one price.

The portfolio that has the above mentioned property (exactly the same pay
off as the claim) is called hedging against the contingent claim. Since we keep
the portfolio constant over time in this case, the problem boils down to the
finding of real (nonrandom) numbers  and y such that

xSy +yB1 = f(51),

whatever the value of S;. Since only the two values su and sd are possible, we
are faced with the following system of equations

xsu+y(l+7r) = f(su)
zsd+y(1+r) = f(sd),

whose unique solution (if u # d) is

_ fsu) — f(sd)

s(u —d)
_ uf(sd) - df (su)
Q+7r)(u—d)

With the thus found values we compute the value of the portfolio at ¢ = 0 to
get

—_ r—d U — r
To=To= <” y f(su>+u(i§)f(sd>>-

u—
Hence, by investing an initial capital V needed to purchase the portfolio with
the just found quantities x and y we find its value at time ¢ = 1 always coinciding
with the claim f(S7). By the law of one price and excluding arbitrage, the value
of the claim at time ¢ = 0 has to be equal to Vj.

Under the no arbitrage condition of Proposition [I.3] the numbers

_l+r—d
T ou—d

u—(14r)

T (1.8)

Qu : and ¢q :=
are in (0,1) and sum to 1, so we can interpret them as probabilities. Let us
introduce a probability measure QQ on the outcome space of the return Z; by

putting Q(Z; = u) = ¢, and Q(Z; = d) = qq. Then we can write
Vo = Eq —— f(sZ1) = Eq —— f(51)
o= Sl_QlJrr 1

or, in discounted terms, Vy = Eg f(S1). We conclude that in this example the
fair price of a contingent is the mathematical expectation of the discounted



value of the claim under a suitably chosen probability measure. This measure,
Q, is called the risk neutral measure. It has another interesting property.

EgS1 = qusu + qasd = s(1 + 1),

or, again in discounted terms, IEQSl = 5. We see that under the risk neutral
measure the expectation of the discounted stock price is the same as its initial
price. In more sophisticated terms we say that the discounted price process is
a martingale under Q. If one wishes, one can associate with the price process
S (with t = 0,1) any other probability measure P. The fact that S; allows two
possible outcomes is then reflected by imposing P(S; = su) > 0 and P(S; =
sd) > 0. Since also the corresponding probabilities under @ are positive, this
means that the two probability measures Q and P are equivalent in the measure
theoretic sense, notation P ~ Q. Therefore Q is also called the equivalent
martingale measure. Note that we have in fact also shown that Q is the unique
measure that makes S a martingale.

Since it is now understood how to price contingent claims in a simple one-period
market, we proceed by outlining the approach in a multi-period CRR market,
so with a time horizon N > 1.

We first consider the case N = 2 and a simple contingent claim X, i.e. we
have X = f(S2), for some real valued function f, defined on the state space
Sy = {su?, sud, sd*}. Like in the one-period model we try to find a hedging
strategy, that is a portfolio that replicates the value of the claim X, no matter
how the market evolves. This is in general impossible if one follows a buy and
hold strategy, like in the single-period model. Recalling the procedure that we
followed there, this would in the present case amount to solving a system of
three (linear) equations with two unknowns, and this is in general impossible.
However, we now allow self-financing strategies! So we are allowed to rebalance
our portfolio as long as we respect the budget neutral condition . We
thus have more freedom, namely xo and z; = x(y together with yo and y; =
yo- Combined with the budget constraint this results in as many equations as
variables and so there is some hope for a unique solution. This argument can
be made precise and holds for an arbitrary horizon, not only N = 2.

Let’s see how it works. We consider a general (composite) claim of the
type X = F(s,Z1,...,Zy). By relabeling, X is also a function of Sy = s and
S1,...,Sn. It is our purpose to find a dynamic portfolio that is such that at
t = N its value equals the pay off of the claim. So at time N we should have
identically

SN +ynBy = X.

Let us suppose that we know all Z; for i = 1,..., N — 1, and thus in particular
Sn_1. Then Sy can assume only the two values Sy_1u and Sy_1d, depending
on the value of Zn. Whichever of these two values Sy assumes, zy and yy
must be the same, hence we have the two equations

rnSn_1u+ynBy = F(s,Z1,..., Zn_1,u)
eNSN_1d+ynBy = F(s,Z1,...,Zn_1,d).

These equations are like the ones we met before in the one-period case. The



solution is

T :F(S,Zl,...,ZN_h’u,)—F(S,Zl,...,ZN_l,d) (1 9)
N Sn_1(u—d) '

1 uF(s,Z1,...,ZNn_1,d) —dF(s,Z1,...,ZN_
yN:fu (57 1 s LN—1, ) (57 1 y 4N 1,’1},)' (110)
BN u—d

To get the value of the hedge portfolio at time N — 1 we use the self-financing
property to write Vy_1 = zny_1Syv_1 + yn_1Bn_1 as xnySn_1 + ynBn_1.
Inserting the expressions for z and yy results by direct calculation in

Bn_
V-1 = gNl (F'(S7 Zl, RN ZN,17’U,)qu + F(S, Zl, ey ZN,1, d)qd) s (1.11)
with ¢, = %ﬂ;d and ¢4 = %ﬁ”. Hence the value of the portfolio at time

N — 1 is known (given the past price movements), whereas the value at time
N always coincides with X. We conclude, from the law of one price, that the
value of the claim X at time N — 1 has to coincide with Vi _1.

If we fix the values of Z1,...,Zny_1 at 2z1,...,2xy_1, then we can write the

right hand side of (1.11]) as
1
147

Vo1 = on—1(z1,...,2N—1) = EoF(s,2z1,---y2N-1,ZN),
where as before we have Q(Zny = u) = qy.

Now we are going to find the values of xy_1 and yn_1 such that the value
of the portfolio at time NV — 1 coincides with Vi _1, given the price movements
up to time N — 2, the Z; with i < N — 2, no matter which value Zy_; assumes.
One could say that we treat Vy_1 as a claim at time N — 1, since we observe
from Equation that Vy_1 depends on the Zy,..., Zn_1. Mimicking the
previous step, we consider the two cases for the stock price movement Zy_1
separately. We get from Equation the two relations

rN_1SN2u+yn-_1BN_1 =

Bn_
g ! (F(s,Z1,..., ZN—2,u,u)qy + F(8,Z1,...,ZN_2,u,d)qq)
N
rN_1SN—2d+yn_1Bn_1 =
Bn_
gNl (F(S7Z1a"'7ZN727d7u)QU +F(Sa Zl?"'aZNflad7d)Qd)a

which can analogously be solved as before. We skip the explicit expression and
move straight on to the value of the portfolio at time N — 2. It becomes (you
do the computation yourself as Exercise
1
Vy_o = ——(F(8,Z1,...,ZNn— ”
N-2 (1 +T)Q( (Sa 1, y LN -2, U, U)qu

+F(s,Z1,...,ZN—2,u,d)quqq
+ F(S, Zly R ZN—Za da U)Qqu
+ F(

S, Zl,...,ZN,Q,d,d)qt%). (1.12)
Let us fix the values of Z1,...,Zy_o at 2z1,...,2ny_2. Then we can write
Vn_2 =t un—2(21,...,2N—2)



1
= mEQF(S,Zl7~-~72N—2,ZN—1,ZN)» (1.13)

where QQ has the property that Zn and Zy_; are independent and identically
distributed. An explicit formula for the pricing formula is rather involved for
general claims, but from (1.13]) it becomes clear how the compact form should

look like. At any time n, given that the values of Z1,...,Z, are z1,...,2,, we
have
Vi =t vn(21,. .., 20)
1
= ——FEoF e Zns Dty e ZN)- 1.14
(1+T)N7n Q (S,Zl, ) 2 +1 N) ( )

In this construction V,,, the value of the portfolio at time n has to equal the
value of the claim X at time n, since at time N the values of the claim and of
the portfolio coincide.

In Equation Eg denotes expectation taken under the probability mea-
sure Q that is such that Q(Z, = u) = qu, Q(Z, =d) =gg forn =1,...,N
and, moreover, it makes the Z; independent random variables with identical
distributions. We note the following important property of Q: It is the unique
probability measure that makes S martingale. The martingale property here
means that for all n > 1 we have

EolSn|Z1,- -y Zn-1] = Sn_1.
Equivalently we have
]EQ[Zn|Zl, ey Zn—l} =14

Let us show the asserted uniqueness of Q. Computing the last conditional
expectation as uQ(Z, = u|Z1,...,Zp-1) +dQ(Z,, = d|Z1,...,Zp—1) = 1+,

we see that the conditional distribution of Z,, given Z1, ..., Z,_; is determined
by Q(Z, = ulZ1,...,Zp—1) = %, and that this conditional probability

doesn’t depend on the conditioning random variables, and is therefore equal to
the unconditional probability. Hence it follows that the distribution under Q of
the vector (Z1,...,Z,) is the product of its marginals. So, under Q, the Z; are
independent random variables.

Knowing this and using properties of conditional expectation (see the Ap-

pendix, Propositions or , we can write (1.14]) in the following equiv-
alent form (with X = F(s, Z1,...,2Zn)).

1
Vo=—————"FEolF(s,Z1,...,ZN)|Z1,...,Zn 1.15
(1+,’,)an Q[ (5 1 N)l 1 } ( )

1
= ———FEo[X|51,..., 5], 1.16
(l—l-’r)N_” Q[ | 1 ] ( )
where we used in the last equation that conditioning on Z1, ..., Z, is equivalent
to conditioning on S1,...,S,. Switching to the discounted value process V we

get from expression (|1.16) that

V, = Eg[X|St, ..., Syl (1.17)



It is not hard to see (a rather straightforward computation yields the result)
that

Vo = Eg[Vps1|S1,..., 8], forn=0,...,N — 1. (1.18)

Both equations (1.17) and (1.18) express the fact that also the discounted value
process V is a martingale under the measure Q.

Computing explicit expressions for the x,, and ¥, is even more cumbersome
than finding the values V;,. Important is however that these exist (under the
proviso that w > d) for any contingent claim X, that is X is of the form
F(s,Zy,...,Zn). It follows that every contingent claim in the CRR market can
be hedged. The sequence (n,yn),n = 1,..., N is called a hedging portfolio or
a hedging strategy. A market in which every claim can be hedged is said to be
complete. This result is important enough to state as a proposition.

Proposition 1.4 The multi-period CRR market (with u > 1+ 1 > d) is com-
plete.

Remark 1.5 In order to compute hedging strategies in the CRR market as
above, it is sufficient to have u # d (and then w.l.o.g. v > d). But in absence
of the condition u > 1+ r > d the expressions for the V,, loose their meaning
as conditional expectations, since g, or ¢ may then become negative and can
therefore not be interpreted as probabilities anymore. For this reason it is
common to impose u > 1+ 1r > d.

Not only is the CRR market complete, we also have

Proposition 1.6 The multi-period Cox-Ross-Rubinstein market is free of arbi-
trage under any probability measure P that is equivalent to Q iff d < 14+r < u.

Proof We first work under @. Assume that d < 1 +r < wu, then we have
that Q is a probability measure. Suppose that an arbitrage strategy exists
with corresponding value process V. Then we have Vj = Vp = 0, Vy > 0
and Q(Vy > 0) > 0. Consequently, we also have EgVy > 0 and EqVy > 0.
But since V is a martingale under Q, we then get Vo = EqVy = EqVx > 0, a
contradiction. [See also Exercise [A.1]]

If P is a probability measure that is equivalent to Q, then we have P(V, =
0)=1ifQ(Vp=0)=1,P(Vxy>0)=1if Q(Vy >0) =1, and P(Vy > 0) >0
iff Q(Viy > 0) > 0. The result now follows from the previous case.

The proof of the necessity of d < 1+ r < u follows as in the one period case

(this is Exercise [L.1]). O

The construction of a hedging strategy, the (zn,yn) as in (L.9), and
subsequently (z,, ¥y ), shows an interesting aspect, the physical measure P plays
no role. Suppose that two persons have different views (different P) on the
stock price movement in a CRR market with » = 0 and some d < 1 < w.
One (the optimist) thinks that all events {Z,, = u} have probability 0.99, the
other (the pessimist) that these events have probability 0.01. Suppose that both
want to buy a European call option with some maturity date and strike price.
Although at first glance it seems reasonable to think that the optimist is willing
to pay more for the option than the pessimist, we have seen above that their



respective perceptions of the market movements are immaterial: if they both
handle rationally, they will nevertheless agree on the same price for this option!
This may sound surprising, but immediately becomes more understanding if
one realizes that both optimist and pessimist also agree on the price of a share,
regardless their different views on the future market behaviour.

For simple claims the expression for their values in takes a simpler form.
In this case the function F is specified by F(s, Z1,...,2Zn) = f(s Hivzl Z;) =
f(Sn), for some other given function f. The pricing formula is now given by

N—n

—N+4n i INen—in (N =1\ i N_p

Vo =1 0a(Sn) = (L4+7) "V Y f(SpuidY )( . )qquy .
1=0

If we fix the price S,, at a known number s, then we can rewrite this equation
as vy(s) = (1+ r)’N+"EQf(5§—N). The discounted version of this expression is

7 SN

Bu(s) = Eof(s 30, (119)

Since under the probability measure Q the ratio Sy /S, and S, are independent

(why?), property [(v) pf Proposition says that o, (s) = Eg[f(Sn)|Sn = 3]
and hence (|1.19) is equivalent to

Vo = Eq[f(Sn)[Sn]-

For the special case of a European call option we have f(z) = (z — K)™ so that
in this case the pricing formula becomes

. . N — . .
Vo= (L) 7N 30 (Sputd ¥ - K)( . n) @dq "
i€E(n)

where E(n) is the set of indices i for which S,u’dN~"~% > K. Note that E(n)
is an interval in {0,..., N —n}, possibly empty in which case the above sum is
zero. Assuming that F(n) # ), we get with a,, = min E(n),

N—n
— n % —n—i N—n i —n—1i
V= (1+7)"NF Z(SnudN —K)( ; )quqév

_g %l N —n UGy ‘ dqq N=n=i
B ni:a ) 1+r 1+7r

n—NN_n N—=n\ ; Noni
~ K14V Y PR [P (1.20)

i=an

Observe that both sums above can be expressed in terms of binomial probabili-
ties. With 7(k, p, a) the probability that a Bin(k, p) distributed random variable
is larger than or equal to a and p = % we can rewrite 1) as

Spym(N —n,p,an) — K(14+1r) "N "0(N = n, qu, ay). (1.21)

In concrete cases, one can compute (1.21)) using tables for the Binomial dis-
tribution, and for big values of N — n approximate it using the Central Limit



Theorem. The latter we will do in Section [[.2

We close this section with the so called Put-Call parity, which relates the fair
price of a European call option to a European put option. The latter cor-
responds to the claim p(Sy) = (K — Sy)*, whereas the former has payoff
c(Sy) = (Sy — K)*. Note that ¢(Sy) — p(Sny) = Sy — K. Denote the value
of the call option at time n by C,, and that of the put option by P,,. Then one
easily obtains (Exercise the Put-Call parity formula

Cp—Po=8,—1+r)""VK. (1.22)

1.2 Limits in the CRR model

In this section we consider limit properties of the Cox-Ross-Rubinstein model
by invoking the Central limit theorem (see Section . In order to do so
and to get sensible results we have to make judicious choices of the parameters
involved. We consider a trading period which is the real interval [0, T]. Trading
takes place at the time instants t) = nAy with Ay = T/N. We consider now
a sequence of discrete time CRR models indexed by N and in these models we
let the parameters depend on N as follows. For a given r,o > 0 we put

ry =exp(rAy) —1 (1.23)

un = exp(o/An) (1.24)
dn = exp(—o/Apy). (1.25)

We are interested in asymptotics for N — oo, in which case we have Ay — 0.
It follows from Proposition [I.6] that for all small enough Ay the CRR market
is arbitrage free for any P ~ Q.

The consequences of the above choices for the parameters are straightforward
for the bond price. Let us fix the parameter N for a while and consider the
N-th CRR model with bond prices at fictitious times k given by BY. The
fictitious time instants k corresponds to the real time instants ¢t with bond
prices BN (tY). The two bond prices are linked by the relation BN (¢)) = B}.
For t in the interval [t} ,¢f, ;) we define BN (t) = BN (¢Y). Then at t = kAy
we have, using (L.23), BN (t) = BYY = (14 ry)* = exp(rt).

For arbitrary ¢ we have a similar relation. Let ¢ € [0,7] be fixed. Then
t € [ty th,,) with k = k(N) = [N4]. Since t§f — t as N — oo, we get
BN(t) — B(t) := exp(rt).

For the stock price movements things are more complicated. Let us first set the
notation. By S ,iv we denote the stock prices at the discrete times k in the N-th
CRR model. Like what we did for the bond price, we fix a time instant ¢ and
we define the stock price SV (t) as SN (t) = S}V with k such that ¢ € [t} ), 4).

Let us focus on the risk neutral probabilities, now indexed by N, ¢, (N) (and
g¢(N)) in the N-th CRR model. We obtain from Equations (L.8), and

2.

e"AN — exp(—ov/AN)

W) = VA — exp(—oVAR) (126)

10



We will consider what happens if N — oco. Using the Taylor expansion of the
exponential function we get, performing some tedious calculations, for N — oo
1 1 5, VAN

qu(N) = 5 +(r— 57 )7 + O(An), (1.27)

and consequently g, (N) — % Of course also ¢4(N) — %

Like before we specialize to the pricing of a European call option. So we consider
the claim with payoff (S™(T') — K)*. The fair price at any time ¢ € [t], ¢}, )
is given by formula (1.21)) with the appropriate substitutions. So we define

PN = %"T(NN) and ay (t) = min{i : SN (t)ulydN """ > K}. Note that this set
will eventually be non-empty for N — oo, which will be assumed from now on.
We then have the inequalities
K K
8 Sy ar 8 Sy ar

< aN(t) <
logZ—j\V’

+1. (1.28)
log ZTZ:

We compute the limits of the probabilities m(N — n,pyn,an(t)) and 7(N —
n,qu(N),an(t)) for N = co and % ~ % so that t) — ¢. Let us introduce the
auxiliary random variable Yy which has a Bin(N — n,py) distribution. Note
that (N —n)Ay — T —t. With the aid of Y we have n(N — n,pn,an(t)) =
Pr(Yy > an(t)), with Pr denoting probability.
It is our aim to apply the Central limit theorem, so we have to compute by
standardization
YN — EYn
Pr(Yny > an(t)) = Pr(————— > an(t)),
( N N( )) ( \/m N( ))
with ay(t) = (VarYy) '/2(an(t) — EYy)). Therefore we need expectation
and variance of Yy. It is easy to show that VarYy = (N — n)(1 + O(Ay)).
Furthermore we have
unqu(N) VAN

_ _1 12
N_ﬁ_2+(r+20—) 2% +O(AN) (129)

Hence we get (using ((1.28]))
an(t) —EYy = an(t) — (N —n)pn

1 K 1
T <log SO (T —t)(r + 502 + 0(@)))

and therefore
an(t) = log SNL@) —(T—t)(r+ 102+ O(\/E))
oVT —t
But then, with SV (t) = s we get (using Exercise
log(s/K) + (r+ 20*)(T —t)
oVT —t

The convergence of the probabilities 7(IN —n, ¢, (N), an(t)) can be treated sim-
ilarly (this is Exercise |[1.8]). The computations above are now summarized in

(N —n,pn,an(t)) = O(

).
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Theorem 1.7 Under the assumptions of this section at time t when the stock
price has the value SN (t) = x, the fair price of a European call option with
payoff (SN(T) — K)* has the limiting expression

O(t,z) = z®(dy (t,z)) — Ke "T=0d(dy(t, z)), (1.30)

1.2
with dy (t,z) = log(m/K)j\(/T%g T=Y and da(t,z) = di(t,x) — o/T —t.
Remark 1.8 Equation (1.30) is the famous Black-Scholes formula, to which
we will return in Sections [3| and [} For now, we only note that the function C'
satisfies for ¢ € (0,7) and x > 0 the Black-Scholes partial differential equation

1
Ci(t,x) + iaszCm(t,x) +rzCy(t,x) —rC(t,z) =0, (1.31)

with boundary condition C(T,z) = (z — K)*. See further Exercise [L.14]

Not only can we use the Central limit theorem to get a normal approximation
for the price of a European call option, but also for the distribution of the stock
price itself under the measure Q. This comes as no surprise after the preceding
calculations, since for all N also the probability distributions of the Sy (t) are
essentially determined by a binomial distribution. In order to make this state-
ment precise we introduce some notation. Let Z,iv = LS‘,JC\'/S,]C\L1 fork=1,...,N.
Define for each t € [0, T the random variable W () = Zk<%N log ZY.

Proposition 1.9 Let for each N the distribution of the SJ, ..., SJJ\\,/ be deter-
mined under the probability measure QN that is such that QN (ZY = uy) =
qu(N) for all k = 0,...,N and that makes the Z¥,..., Z¥ independent. Let
t1,...,t, be a finite increasing sequence in [0, T] and define AW} = W () —
W™ (t)_1). Then for N — oo (under the probability measures Q) the random
variables AW} converge in distribution to a random variable AW}, that has
aN ((ty —ty—1)(r — 302), (tx, — tr—1)0?)) distribution. Moreover, the distribu-
tion of the random n-vector (AW1y,...,AW,,) is such that its components are
independent.

Consequently, the n-vector with elements log SN (t;,) — log SN (tx_1) (with
k=1,...,n) converges in distribution to an n-vector with elements log S(tx) —
log S(tx—1) that has a multivariate normal distribution that is such that all
log S(t) — log S(tg—1) have a normal N ((r — 20%)(t;, — ty—1), 0% (tk — ti—1))
distribution. Moreover, the (limit) distribution of this vector is such that its
components are independent.

Proof First we compute EAW,ﬁV = Z”"%ng%z\/ Elog ZJN. Since log Z,JCV can

only assume the two values ov/Ay and —o+/Ay with probabilities ¢,(N) and
qa(N), we have Elog Z}¥ = 0/AN(qu(N) — qa(N)). Using Equation and
the companion expression for ¢4(N), we get Elog Z = (r— 502)AN+O(A%2).
Since AW}N is the sum over approximately (ty — tx—1)/AnN terms, we obtain
EAWY = (r—302)(ty —tx_1) +O(AY?). Similarly one computes Var AW =
4q,(N)qa(N)o?(ty, — ti_1) — 0%(tp — tg—_1). Introducing AW,?’ = AWéV —
EAWY, we apply Theoremto have that the AVV,ﬁV have a N (0, 02 (tktﬁ

limit distribution. The assertion for the AWéV then follows from Exercise
O
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In Proposition [1.9| we have found the limit distribution for the log price process
of the stock, it was such that the limit random variable log S; follows a normal
distribution; one also says that S(¢) follows a log-normal distribution. It is also
possible to describe the limit distribution of the cumulative return process, see
Equation for the definition of the return process. Of course here we write
RY to denote the cumulative returns in the N-th CRR model and parallel to

the notation that we previously used, we write RV (t) = RY if ¢ € [t]',t]f,,).

Proposition 1.10 Let ty,ts,... be an increasing sequence in [0,T]. Under the
same assumptions as in Proposition we have that the n-vector with elements
RN (ty) — RN (tx—1) (k =1,...,n) converges in distribution to an n-vector with

elements R(t;) — R(tx—1) that has a multivariate normal distribution that is
such that all R(t;) — R(tp—1) have a normal N (r(t; — tk—1),0%(tx — ti—1))
distribution. Moreover, the (limit) distribution of this vector is such that its
components are independent.

Proof The proof proceeds along the same lines as that of Proposition[I.9} One
shows that E(RY (t;) — RN (tx_1)) converges to r(tx —t,_1) and that its variance
has 02(t;, — ty_1) as the limit. Invoking Theorem and Exercise will
complete the proof. Details are left as Exercise [1.9 O

Compare the limit distributions of Propositions and We sce that
they are both normal, with the same variance, but with different expectations.
The difference of the expectations of R(tx) — R(tx—1) and that of log S(tx) —
log S(tr—1) is equal to %Jz(tk —tr—1). Let us explain, why this is the case.
With the choice that we made in the present section for uy and dy we
have first that limyuy = limy dy = 1, so that ARQI will be close to zero.
A simple computation even yields (ARN)? = o2An(1 + O(AJ%V)), no matter
whether the stock price goes up or goes down. But then log Z¥ = log(1 +
ARN) ~ AR} — L(ARY)? ~ ARY — Lo?AN(1 + O(AJ%V)). Consequently
log SN(tk) — log SN(tkfl) ~ RN(tk) - R (tkfl) — l0'2(t]€ — tkfl), which ac-

2
counts for the different expectations that we came across.

The assertion of Proposition [1.10] can be reflected in an appealing notation.
Write ARN(t;,) for the difference RY (tx) — RY (t4—1) and remember that in
similar notation this can alternatively be written as ARM(t,) = (SN (tx) —
SN (te—1))/SN (tp—1) = ASN(t1) /SN (tx_1). Let AB(tx) be a random variable
that has a normal N (0, Atg) distribution with Aty =t — tx—1. It then follows
that we can write (for N — o0)

ASN(tk) i~ SN(tk_l)(T’Atk + O'AB(tk)). (132)

We shall encounter later on a continuous time version of this approximate iden-
tity.

With the result of Proposition [1.9in mind we show the limiting expression of
the price at a time ¢ of a simple claim X = f(S%), where f is a bounded contin-
uous function (e.g. a European put option). Suppose that at ¢ the stock price
SN(t) is equal to a number s. Let us write UV for log(SN(T)/S™(t)). Then

we have parallel to Equation (|1.19))

5 (5) = Egn flexp(U™)s).

13



From Proposition we know that the limit distribution of U is normal
with mean (r — £0%)(T —t) and variance o?(T — t). Hence, we can apply the
portmanteau theorem (see Appendix, Theorem to conclude that o}V (s)
converges the corresponding expectation in the limit model, i.e. to

We conclude this section by saying that we obtained a stochastic model for stock
price movements, involving normal distributions, as a limit of simple discrete
time models. In later sections we will arrive at the same model and some of
its ramifications by a different and more direct approach. Note also that the
convergence that we considered was in terms of finite dimensional distributions
(we considered n-vectors in Propositions and . It is possible to go be-
yond this and show functional convergence in terms of processes. What one
does then is to consider the SV (-) as random elements in a space of functions
(one where all functions are right continuous and have left limits). The S™(-)
induce probability measures on this (infinite dimensional) function space, and
one then studies weak convergence of these probability measures. This is, al-
though possible, much harder to do and falls beyond the scope of the present
course.

f‘(se(r—%az)(T—t)—&-a\/T—tz)e—22/2 dz. (133)

1.3 Exercises
1.1 Prove Proposition [T.3]

1.2 Consider in a CRR model the claim with final payoff Sy. Derive the fair
price of this claim at time n < N.

1.3 Show that a portfolio is self-financing iff (1.2)) holds and iff (|1.3)) holds.

1.4 Show the validity of (1.12]).

1.5 Consider in the same CRR financial market with fixed terminal time N two
European call options with strike prices K7 > K5. Which of the two has the
highest price?

1.6 Consider the CRR model with a call and a put option. Derive the put-call
parity Equation (1.22)).

1.7 Show that a portfolio in a discrete time market is self-financing iff its dis-
counted value process V is a martingale under Q.

1.8 Show by using the Central limit theorem that with n ~ %N one gets
limpy oo T(N — 1, qu(N),an(t)) = ®(d2(t)) (notation as in Theorem [1.7)).

1.9 Prove Proposition

1.10 Show that the distribution of the vector (R(t1),...,R(t,)) of Proposi-
tion [I.10] is multivariate normal. What are the expectation vector and covari-
ance matrix?

14



1.11 Suppose a continuous model for the stock price is such that log(S(7")/S(t))
has a normal N((r — 202)(T — t),0*(T — t)) distribution (under Q). Assume
that at time ¢ the price S(t) is known to be equal to s. Then the price of the
usual European call option at time ¢ is known to be
_(T— S(T)
TR (s =L — K)T.
e @(S S(t) )

Show by computation of an integral that the explicit expression of this price is
given by the Black-Scholes formula of Equation (|1.30)).

1.12 Use Equation ([1.33)) to compute explicitly the limit price of a European
put option (with payoff (K — S(T))™").

1.13 Consider the limiting CRR models and let the stock price at time ¢ be

equal to s. Let C(t) be the limit of the price at ¢ of a European call option with

payoff (S(T) — K)* and P(¢) the price at ¢ of the corresponding put option.
(a) Derive the limit put-call parity equation C(t) — P(t) = s — e "TVK.
(b) Use the result of Exerciseto arrive at the Black-Scholes formula .
(¢) Suppose one doesn’t use the risk-neutral probabilities ¢, (N) and gq(N) in

Theorem but instead p, (N) = 3+ (u— %02)‘5—? and the corresponding

pa(N) for some p € R and sufficiently small positive A = % What would
then be the limit laws of log Sy (t) and log Sy (t) — log Sn(s) (for t > $)?

1.14 Consider the function C defined in (|1.30)).

(a) Show that C satisfies the partial differential equation (|1.31)) for ¢ < T" and
x > 0. Hint: Show and use

dlfdg :(T\/Tft
2 T
d1+d2 = m (IOgE‘FT(T—t)),
X
8(d2) = =9(dr) exp(r(T — 1),
ody _ody 1
o~ o 20T

where ¢ denotes the density of the standard normal distribution.
(b) Show that limsr C(t,z) = (x — K)*. Why is this to be expected?
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2 Brownian motion

In this section we prove the existence of Brownian motion, perhaps the most
famous example of a stochastic process. The technique that is used in the exis-
tence proof is based on linear interpolation properties for continuous functions.

2.1 Interpolation of continuous functions

Let a continuous function f : [0,1] — R be given with f(0) = 0. We will
construct an approximation scheme of f, consisting of continuous piecewise
linear functions. To that end we make use of the dyadic numbers in [0, 1]. Let
for each n € N the set D,, be equal to {k27" : k = 0,...,2"}. The dyadic
numbers in [0, 1] are then the elements of U2, D,,. To simplify the notation we
write ¢} for k27" € D,

The interpolation starts with fo(t) = ¢f(1) and then we define the other f,
recursively. Suppose f,_1 has been constructed by prescribing the values at the
points tzfl for k = 0,...,2" ! and by linear interpolation between these points.
Look now at the points ¢} for £ = 0,...,2". For the even integers 2k we take
Fa(th) = fa—1(ty™"). Then for the odd integers 2k — 1 we define f,,(t5, ) =
f(t5,_1). We complete the construction of f,, by linear interpolation between
the points t}}. Note that for m > n we have f,,(t}) = f(t}).

The above interpolation scheme can be represented in a more compact way (to be
used in Section by using the so-called Haar functions H;'. These are defined
as follows. HY(t) =1 and for each n we define Hy for k € I(n) = {1,...,2"" 1}
by

3o, Ml o SE<ty
Hi(t) = —5- ifty , <t <ty (2.1)
0 elsewhere

where o, = 272"t Next we put S}(t) = fot H}'(u)du. Note that for n > 1
the support of S} is the interval [t, ,,t5,] and that the graphs of the S} are
tent shaped with peaks of height o, at t5, ;. Forn =0, k = 1 one has S{(t) = t.

Next we will show how to cast the interpolating scheme in such a way that the
Haar functions, or rather the Schauder functions S}}, are involved. Observe that
not only the S} are tent shaped, but also the consecutive differences f,, — fr—1
on each of the intervals (tz:%, tz_l)! Hence they are multiples of each other and
to express the interpolation in terms of the S} we only have to determine the

multiplication constant. The height of the peak of f,, — f,_1 on (tg:ll, tZ_l) is

the value 7} at the midpoint 5, _,. So nf = f(t5,_,) — s(f(tL=1) + f(E ).
Then we have for t € (t3,,_,,t%,.) the simple formula

Fult) = fuoa () = " 528,

n

and hence we get for all ¢

fult) = fa+ S gnir). (2.2)

g
kel(n) ™
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Summing Equation (2.2) over n leads with I(0) = {1} to the following repre-
sentation of f, on the whole interval [0, 1]:

=3 3 Eapo, (23)
m=0kel(m)

Theorem 2.1 Let f be a continuous function on [0,1]. With the f, defined
by we have ||f — fun|| = 0, where || - || denotes the sup norm.

Proof Let € > 0 and choose N such that we have |f(t) — f(s)| < ¢ as soon as
|t —s| < 27N. It is easy to see that then |n| < e if n > N. On the interval
[th._o, 5] we have that

[f(#) = Fu® < 1FE) = F(E5h— 1) + [fa(t3p—1) = fu(D)] <€ +np < 2e.
This bound holds on any of the intervals [t}, ,,t5,]. Hence ||f — fo|| = 0. O

Corollary 2.2 For arbitrary f € C[0,1] we have

=Y g (2.4)

m=0keI(m) "

where the infinite sum converges in the sup norm.

2.2 Existence of Brownian motion

Suppose that a probability space (2, F,P) is given. A stochastic process X with
time set T is a collection of random variables {X (¢),t € T} (so all the X ()
are measurable functions on §2). One may alternatively view X as a function
(w,t) = X(w,t) on Q x T, so that every X(t) is defined by X (¢) : w — X (w, t).
For fixed w we consider the functions ¢ — X (w,t). These functions called the
sample paths of X.

Definition 2.3 A standard Brownian motion, also called Wiener process, is

a stochastic process W with time index set 7 = [0,00) with the following
properties.
(i) w(0)=0;
(ii) the increments W (t) — W (s) have a normal N (0, ¢ — s) distribution for all
t>s;

(iii) the increments W (t) — W (s) are independent of all W (u) with u < s < t;

(iv) the paths of W are continuous functions.

Remark 2.4 One can show that part (iii) of Definition is equivalent to
the following. For all finite sequences 0 < ty < ... < ¢, the random variables
W (ty) — W(tk—1) (k=1,...,n) are independent.

Having posed the definition of Brownian motion, we ask whether it exists in a
precise mathematical sense. Clearly, the underlying outcome space €) has to be
big enough (on an  which contains only finitely many elements it is certainly
not possible to define a Brownian motion). Since in the definition we required
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continuity of the paths, a good candidate for © should be the set C[0,00) of
continuous functions on [0,00). In the sequel we will see that it is possible
to define Brownian motion on a space ) that is such all the paths become
continuous, so that we can identify this Q with C[0,00). In the construction
below, a different 2 will be used, a countable product of copies of R. This
suffices, since a continuous function is fixed as soon as we know its values on a
countable dense subset of R.

The method we use is a kind of converse of the interpolation scheme of
Section [2.1] We will define what is going to be Brownian motion recursively on
the time interval [0, 1] by attributing values at the dyadic numbers in [0, 1]. A
crucial part of the construction is the following fact. Supposing that we have
shown that Brownian motion exists we consider the random variables W (s)
and W (t) with s < t. Draw independent of these random variables a random
variable £ with a standard normal distribution and define Z = (W (s)+W (t))+
%s/t — s&. Then Z also has a normal distribution, whose expectation is zero and
whose variance can be shown to be 1 (t+s) (this is Exercise. Hence Z has the
same distribution as W (1 (t+ s))! This fact lies at the heart of the construction
of Brownian motion by a kind of ‘inverse interpolation’ that we will present
now.

Let, as in Section [2.1} 7(0) = {1} and I(n) be the set {1,...,2"71} for n > 1.
Take a sequence of independent standard normally distributed random variables
& that are all defined on some probability space Q with k& € I(n) and n € NU{0}
(it is a result in probability theory that one can take for 2 a countable product
of copies of R, endowed with a product o-algebra and a product measure).
With the aid of these random variables we are going to construct a sequence of
continuous processes W™ as follows. Let, also as in Section op = 273t
Put

WO(t) = €.
For n > 1 we get the following recursive scheme
W (i) = W () (2.5)
W (tho) = 5 (W ) + W6 ) + o (2.6)
For other values of t we define W™(¢) by linear interpolation between the values

of W™ at the points ¢}'. As in Section@we can use the Schauder functions for
a compact expression of the random functions W". We have

W (t) = Z:o z(: )5;’;”52”(75)- (2.7)
m=0kecl(m

Note the similarity of this equation with (2.3]). The main result of this section
is

Theorem 2.5 For almost all w the functions t — W™ (w, t) converge uniformly
to a continuous function t — W(w,t) and the process W : (w,t) — W(w,t) is
Brownian motion on [0, 1].
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Proof We start with the following result. If Z has a standard normal distribu-
tion and x > 0, then (Exercise

P(|Z| > z) < \/E; exp(—%xZ). (2.8)

Let B, = maxyer(n) )] Then b, := P(B, > n) < 2"~ 1\/> exp(—3 1n2).
Observe that ), b, is convergent and that hence by virtue of the Borel- Cantelh
lemma (Exercise[2.3)) P(lim sup{/3, > n}) = 0, and then P(lim inf{3, < n}) = 1.

Hence Q := liminf{3, < n} is a subset of Q with P(Q) = 1, and such
that for all w € Q there exists a natural number n(w) with the property that
all [€2(w)| < nif n > n(w) and k € I(n). Consequently, for w € Q and for
p >n > n(w) we have

o
sup |[W"™(w, t) — WP(w,t)| < Z MOy, < 00. (2.9)
t
m=n+1

This shows that the sequence W"(w, -) with w € € is Cauchy in C[0, 1], so that
it converges to a continuous limit, which we call W (w,-). For w’s not in Q we
define W(w, ) = 0. So we now have continuous functions W(w, ) for all w with
the property W(w,0) = 0.

As soon as we have verified properties (ii) and (iii) of Definition we
know that W is a Brownian motion. We will verify these two properties at
the same time by showing that all increments A; = W(t;) — W(t;—1) with
t; > t;_1 are independent N(0,t; —t;_1) d1str1buted random variables. Thereto
(cf Sectlon we will prove that the characteristic function Eexp(i}_; A;A;)
is equal to exp(—% S AG(t —tj-1)).

We use an important property of the Haar functions: they form a Complete
Orthonormal System of £2[0,1] (see Exercise. So every function f € £2[0,1]
has the representation f =3 (f, HR)H = Y77, Lrer(fy Hi ) HJ!, where
(-.-) denotes the inner product of £2[0, 1] and where the infinite sum is convergent
in £2[0,1]. As a result we have for any two functions f and g in £2[0,1] the
Parseval identity (f,g) = Zn W fs Hp) (g, H}Y). Taking the specific choice f =
1jp,4 and g = 1jg 4 results in < 0,4, i) = Si(t) and

tAs= (1.4, 10, ZSk (t)Sp(s (2.10)

Since for all fixed ¢ we have W"(t) — W(t) a.s., we have Eexp(id_; \;A;) =
lim, o Eexp(i}_; A;AT) with AT = W"(t;) — W"(tj-1), in view of Theo-
rem |A.3|(ii).

Note that >, ALY >0 D25 A (S (85) — S§M(t5-1))]€;") is by inde-
pendence of the standard normal §;* again normally distributed with mean zero
and variance >0 > 4[> A (S (t5) — S (tj—1))]?. Recall that Eexp(iY) =
exp(—30?) if Y has a N(0,0?) distribution. We now compute

Eexp(i)  A\A7) =Eexp(i ) > [ Aj(Si(t;) — Si'(tj-1)))E)

i m<n k 7

= exp(—3 7 SO ASE ) — ST (t51))P)

m<n k J

19



Write now the triple sum in the exponential as

STSTS T NNSE () — SE () (S (k) — S (tim),

m<n k i,

and by swapping the summation order as

DN D D ST (E) = S (-)) (S (#) — ST (b))

m<n k
Fix 7 and 7 and consider the sum over m < n and k € I(m) of
SEH(t5) Sk (i) — S (E—1) 8K (t:) — S (85) S8 (Fi—1) + Sy (8 -1) Sy (ti—1)-
This sum converges by virtue 1f for n — oo to
tj At —tj Aty —t; Aty +tj 1 A1,

Considering the different cases i < j, ¢ > j and i = j, one sees that only the
latter case gives a nonzero contribution, which is equal to ¢; —t;_;. Hence the
expectation Eexp(i)_; A\;AY) converges to exp(—3 > A3(tj—tj—1)) asn — oo.
This completes the proof. O

Having constructed Brownian motion on [0, 1], we proceed to show that it also
exists on [0, 00). Take for each n € N a probability space (£,,, Fp,, P,,) that sup-
ports a Brownian motion W" on [0, 1]. Consider then Q =[], Q,, F =[], Fn,
P = T],, P, and the product probability space (£2, F,P). Take for granted that
the infinite products make sense and that (2, 7, P) is indeed a probability space.
On this product space the Brownian motions W™ are independent by construc-
tion, since PP is a product measure. Let w = (wq,ws,...) and define then

W(w,t) =Y Ljain(t) (Z Wi(wWrk, 1) + Whpr (Wngr, t — n)> .(2.11)
k=1

n>0

This obviously defines a process with continuous paths and for all ¢ the random
variable W (t) is the sum of independent normal random variables. It is not
hard to establish that the process W defined by has independent incre-
ments; this is Exercise It is (almost) immediate that EW (¢) = 0 and that
Var W (t) = t.

Apart from standard Brownian motion that we just defined, we will also con-
sider simple transformations of it. Here is a list of processes that we will often
encounter. We always use W to denote standard Brownian motion.

Brownian motion with variance parameter o2 is the process ¢WW. Brownian
motion with linear drift is a process X with X (t) = bt + cW(t), where b and
o are real constants. Note that also X has independent increments and that
EX (t) = bt and Var X (t) = ot.

Very important in this course is geometric Brownian motion. This is a
process S with S(¢) = exp(X(t)), where X is a Brownian motion with drift, as
we just defined it. Different from Brownian motion, here the ratios S(¢)/S(u)
(t > u) are independent from the past of the process before time u. Moreover
we have (this is Exercise

ES(t) = exp(bt + %0215) (2.12)
Var S(t) = exp(2bt + ot)(exp(o?t) — 1). (2.13)
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2.3 Properties of Brownian motion

Although we have defined Brownian motion as a process with continuous paths,
the paths are very irregular. For instance, they are (almost surely) of unbounded
variation over nonempty intervals. It is possible to prove this directly, but it is
also a rather simple consequence, Corollary [2.8] of Proposition[2.6] The content
of the proposition is that Brownian motion is of bounded quadratic variation on
compact intervals. Let us introduce some notation. Consider an interval [0, ]
and let II,, = {tg,...,t} } be a partition of it with 0 = ¢f < ... <t} =1t
and denote by i, its mesh: g, = max{t} —t}_ , :j=1,...,k,}. Let V7 =

S (W(E7) = W(t7-))%

Proposition 2.6 If yi, — 0, then E(V;? —t)? — 0. If moreover Y >~ ji, < 00,
then also V.2 — t a.s.

Proof V? is the sum of squares of independent random variables that are
N(0,5 — ¢ ;) distributed. Hence E(W(t}) — W(t}_,))*> = t} — 7, so
that EV,2 = t. We proceed by computing Var V2. Recall to that end that
Var (X2) = 20* for X having a N(0,02) distribution.

We then have Var V2 = Z?;l Var (W(t?) — VV(t;-Ll)2 =2 Z?;l(t;? — t;Ll)Q
and this is less than or equal to 2u, Z?gl(t}l —t}_1) = 2unt. This proves the
first assertion of the theorem. Note that by Chebychev’s inequality we also have
V,2 = t in probability. Indeed P(|V,2 —t| > ¢) < L VarV,2 — 0.

To prove almost sure convergence we use the Borel-Cantelli lemma (again).
With E,, = {|V,2—t| > ¢} we have under the stipulated condition Y- | P(E,) <
oo and hence P(limsup E,,) = 0, equivalently P(liminf E¢) = 1. Since for every
w € liminf F,, we can find N(w,e) such that for all n > N(w,e) we have
|V.2(w) — t| < &, which completes the proof. O

Remark 2.7 The proposition has the interpretation that the paths of Brownian
motion over an interval [0, t] have quadratic variation ¢, denoted (W); = t. Note
that the quadratic variation is the same for all paths, since it doesn’t depend
on w, unlike the ‘prelimiting’ random variables V2.

Corollary 2.8 With V,! = Z?Ll (W (t}) — W(t}_,)| we have V,; — oo a.s., if
fn — 0.

Proof This follows from Exercise |

We can also say something more precise about the continuity of the sample
paths of Brownian motion.

Proposition 2.9 The paths of Brownian motion are a.s. Holder continuous of
any order v with v < %, i.e. for almost every w and for every v € (0, %) there
exists a C > 0 such that |W(w,t) — W(w,s)| < C|t — s|” for all t and s.

Proof Exercise 2.12 O

Having established a result on the continuity of the paths of Brownian motion,
we now turn to the question of differentiability of these paths. Proposition [2.10]
says that they are nowhere differentiable. To get some feeling for this non-
differentiability, consider (W (t + h) — W(t))/h. It has a normal distribution
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with variance +. Hence for any positive real number N we have that P(|(W (¢t +
h) — W (t))/h| > N) = 2(1 — ®(Nvh)) — 1 as h — 0. We cannot expect the
difference quotient to have a limit in any reasonable sense.

Proposition 2.10 Put D = {w : t — W(w,t) is differentiable at some s €
(0,1)}. Then D is contained in a set of zero probability.

Proof For positive integers j and k, let A;z(s) be the set
{w: |[W(w,s+h) —W(w,s)| <jlh|, for all h with |h| < 1/k}

and Ajr = U;e(0,1) Ajk(s). Then we have the inclusion D C ), Aji. Fix j,
k and s for a while, pick n > 4k, choose w € Aji(s) and choose 7 such that
s € (%, ~]. Note first for [ = 1,2,3 the trivial inequalities % —s5< % < %

The triangle inequality and w € A;,(s) gives for [ =1,2,3

141 i+1—1
Ww, 0w,
W, ) (e, L
L+ 1 P+ -1
< W, D) - W) W) - W, D)
l+1 l 20+ 1
<=ty
n n n

It then follows that

Ajk C Bjk = m an,

n>4k

where

" i+ i+1—1 20+1
Coj = {w: [W(w, —=) = W(w, < ——ik (2.14)
=11 2,3

n
=12,

We proceed by showing that C),; has probability tending to zero. We use the
following auxiliary result: if X has a N(0,0?) distribution, then P(|X| < z) <
x/o (Exercise. By the independence of the increments of Brownian motion
the probability of the intersection in is the product of the probabilities
of each of the terms and this product is less then 1O5j3n_3/2. Hence P(C,,;) <
1055%n~1/2 which tends to zero for n — oo. Consequently, P(Bj;) = 0 and
then also P({J, ;, Bjx) = 0. The conclusion now follows from D C J;, Ajx C

Uj,k Bijp.

All the above results are on properties of the paths of Brownian motion. We close
this section by mentioning that Brownian motion has the important property
of being a Markov process.

Proposition 2.11 Let t,h > 0 and suppose that we know W (s) for all s < t.
The conditional distribution of W (t + h) given all W(s),s < t is the same as
the conditional distribution of W (t + h) given W (t) only and it is determined
by

x—WI(t)

P(W(t+h) <z|W(s),s <t)=d( N/

).
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Proof This fact is a straightforward consequence of the independent increments
property of W. Write W (t+h) as the sum of the independent random variables
W(t+h)—W(t) and W(¢t) and recall that W (¢t + h) — W () is also independent
of all W(s) with s < t. Since W (t+h)— W (t) has the same distribution as vhZ
with Z a standard normal random variable (with distribution function ®) we can
compute, exploiting the mentioned independence and using Proposition

P(W(t+h) <z[W(s),s <t) =

P(W(t+h)—-W(t) <xz—-W(E)|W(s),s <t)= (D(J;_}Z(t))
In the same way we have P(W(t + h) < z|W(t)) = @(L\%(t)) The assertion
follows. 0

Remark 2.12 Proposition 2.11] has as a consequence that conditional expec-
tations of functions of W (t + h) given W(s), s < t reduce to conditional expec-
tations given W (t). E.g. suppose that f is measurable and bounded, then for
given 0 <t <t+h =T one has E[f(W(T))|W(s), s < t] = E[f(W(T))|W(t)].
The latter is a function of W (t) (and t), v(t, W (t)) say.

2.4 Exercises

2.1 Show that the random variable Z on page[18 has a normal distribution with
mean zero and variance equal to (s +t).

2.2 Prove inequality (2.8]).

2.3 Prove the following part of the Borel-Cantelli lemma:
If (Ay) is a sequence of events with > - | P(A4y) < oo, then P(limsup Ay) = 0.
Here limsup A;, = ﬂfél UZOZn Ay. Hint: With V,,, = UkZm Ay, the sequence

(Vin) is decreasing and for all N it holds that P(limsup Ag) < P(ﬂﬁzl Vin)-

2.4 Show that C]0,1] is a complete normed space under the sup norm. (Use
completeness of R.)

2.5 The Haar functions form a Complete Orthonormal System in £2[0,1]. Show
first that the Haar functions are orthonormal. To prove that the system is
complete, you argue as follows. Let f be orthogonal to all Hj, and set F' =
Jo f(u)du. Show that F'is zero in all t = k27", and therefore zero on the whole
interval. Conclude that f = 0 a.e. (The set {f # 0} has Lebesgue measure
7€ero.)

2.6 Let (X,,) be a sequence of random k-vectors that in the £2-sense converge
to a random vector X, i.e. E||X,, — X||? — 0, where || - || denotes the Euclidean
norm.
(a) Show that EX,, - EX and Cov(X,,) — Cov(X).
(b) Assume then that all X,, are (multivariate) normal. Show that also X is
(multivariate) normal.

2.7 Consider the processes W™ of Section Let t1,...,t; € [0,1]. Show that
the sequence of random vectors (W™ (t1),..., W™ (tx)) in the £?-sense converges

to (W(t1),...,W(tr)), i.e. Zle E(W™(t;) — W (t;))? — 0. (Hint: this sequence
is Cauchy in £2. Identify the limit.)
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2.8 Show that the increments of the process W defined by Equation (2.11)) are
independent.

2.9 Show the validity of equations (2.12)) and -

2.10 The p-th order variation of a function f : [0,1] — R over a partition
T = {to,...,tn} of [0,1] with 0 = ¢y < ¢ < ... < &, = 1 is defined as
VP(fI0) =0 | f(t) — f(tiz1)[P. Put VP(f) = lim VP?(f;1I), where the limit
is taken over partitions with mesh tending to zero.
(a) Let p =1 and f € C[0,1], so with bounded (left /right in the endpoints)
derivative. Argue (use Riemann sums) that V(f fo |f(¢)] dt.
(b) Prove: if f € C[0,1] and VP(f) is positive and ﬁnlte for some p > 0, then
for every p/ < p the variation V¥ (f) = oo, whereas V' (f) = 0 for every

p > p.

2.11 Give a simple example of a function f such that 0 < VP(f) < oo for all
p > 0. [Hint: You should not be in the situation of Exercise [2.10}]

2.12 Prove Proposition Hint: Use that [S7(t) — S (s)] < 22(m=Djt — g
and an inequality similar to (2.9).

2.13 Show that for a random variable X with a N(0,02) distribution it holds
that P(|X| < z) < z/o, for z,0 > 0.

2.14 Let X be a Brownian motion with linear drift, X (¢) = bt + oW (t), with
b € R. The quadratic variation of a process X over an interval [0, 7] will be

denoted by (X )7, defined as the limit in probability of the V,2 = Zf (X (@) —

X(t}1))% just as at the beginning of Section Show that the quadratic
variation (X)r of X over [0,7] is equal to o*T = o?(W)z. [Note that the
linear deterministic term bt in X (¢) plays no role in the expression for (X)r.]

2.15 Show that for W™ defined by (2.7)) it holds that

Cov(W™(t), W"(s Z >SS (),

m=0kel(m)

and that this converges to t A s = Cov(W (t), W(s)) for n — oo.
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3 The heat equation

The heat equation, the subject of this section, is intimately related to Brownian
motion. We show some connections, that prove to be useful in later sections. We
do not give proofs of all results, this would carry us to far away from the subject
of this course. For this we refer to a course on Partial Differential Equations,
although there are also proofs that use advanced probabilistic techniques instead
of ordinary analysis.

3.1 Some theory

Knowing that W (¢) has a N(0,t) distribution for ¢ > 0 if W is a Brownian
motion, we can write down the density p(¢,-) of W (¢). It is given by

1 ( x? ).
exp(——
V2mt P
Computing the partial derivatives of p we can verify that p satisfies for all z € R
and t > 0 a partial differential equation, the heat equation,

p(t’ l‘) =

ou 1 du

S(ta) = 5o (ta). (3.1)

We will encounter many partial differential equations below that are based on
the heat equation, so it is important to study properties of solutions to this
equation.

Let f be a sufficiently well behaving function (below we shall make this
precise) and define u(t,z) = Ef(W(¢) + ). Then we readily see that u(0,z) =
f(x). Moreover, we have for ¢t > 0 the explicit formula

u(t,x) = /_OO f(z)p(t,x — z)dz. (3.2)

Now suppose that it is allowed to interchange integration and (partial) dif-
ferentiation in Then we obtain 8—“ f f(2)5E(t,x — 2)dz and

612 f f 812 — z)dz. From these expressions for the partial
derlvatlves of u we see that also u satisfies the heat equation. Clearly, a rig-
orous mathematical treatment involves a precise condition on f. Here it is.

Condition 3.1 The function f is a Borel-measurable function and for some
a > 0 the integral [~ exp(—az?)|f(z)|dz is finite.

Proposition 3.2 Let f satisfy Condition and let u : [0, i) xR — R be
defined by u(t,xz) = Ef(x + W (t)). Then u has partial derivatives of all orders
on (0,5) x R, that can be obtained by differentiation under the integral sign
and u satisfies the heat equation. If moreover f is continuous at x, then w is

continuous at (0, ).

Proof Since we are mainly interested in showing that u satisfies the heat equa-
tion, we only consider the corresponding derivatives, for other derivatives the
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proof is similar. Fix ,e > 0 and let ¢; = 1/2(a +¢), 0 < tg < t;. Let
E = (to,t1) X (=8, ). First we compute the partial derivatives

op 12?1
E(t’ﬂﬂ) = 5(72 - ;)P(taiﬁ)
op T

%(t,x) = —?p(tm)

dp B |
@(t,x) = (72 - ;)p(tx)

Note that there exists a constant C' = C(a,¢,to), such that on E all these
derivatives are bounded in absolute value by C'(z% + 1)p(t,x) for all t > ty. Let
q(t,z) denote any of these partial derivatives and consider
[f(Wa(t.z —y)| < ClfW)((@ —y)* + V)p(t, = —y)
= C|f(y)| exp(—ay?)x
((x = y)* + 1) exp(ay®)p(t, = — y). (3.3)
Let’s concentrate on the last factor in ([3.3)), which is

1 2 (z-y)?
exp(ay” — ———).
We will show that it is bounded for all y € R and (¢,z) € E. First we have for
the exponent

2 (z —y)*
2t

((x—y)?+1)

<ay® —(a+e)(z—y)?
=—cy? — (a+e)x® +2(a+e)ry
< 2(a +¢)Blyl — ey,

and hence its exponential quickly tends to zero if |y| — oo. Note that (z—y)? <
2(B2 +vy?) if |z| < B. From this we obtain that ((z —y)? +1) exp(ay?)p(t,z —y)
is bounded by a constant, D say, if (t,2) € F and y € R. Hence

|f(y)a(t,x — y)| < CDexp(—ay?)|f(y),

which is integrable by virtue of Condition We then obtain that (¢, z) —
J f(y)q(t,x — y) dy is continuous in (¢,z) on E by the dominated convergence
theorem, and then also on (0,1/2a) x R by letting § — oo and &,tg — 0.

Let us now focus on the partial derivative of u w.r.t. z. By the mean value
theorem we have with ¢ = %,

(p(t,x+h—y)—p(t,z—y))dy

==

(ultsz+ )~ ult,)) = [ T )

S| =

= /_Oo T@W)a(t,0n(t,z,y)) dy, (3.4)

with 0 (t, z,y) between z —y and = + h — y. Letting h — 0 and invoking the
just proved continuity result of the integral in (3.4)), we obtain

st = [ 1wt -
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which is what we had to show. The analogous results for the other derivatives
can be derived similarly, from which it follows that u satisfies for (¢,z) €
(0,5) xR.

We now show the continuity of w in (0, zg), where xo is a continuity point
of f. Assume without loss of generality (why?) that f(z¢) = 0. Then we have
to show wu(t,z) — 0 if (¢,2) — (0, o).

Fix € > 0, then there is 6 > 0 such that |f(y)| < e for |y — x| < §. We will
show that |u(t, )] is small for 0 < ¢ < 1/2a, t — 0, and = € (zg — 36,20 + 30).
Obviously we have

xo—0 0o

|f(y)lp(t,z —y)dy + / |f(y)p(t,z —y)dy. (3.5)

o+

lu(t, z)| < 5+/

— 00

We treat the latter integral in detail, the other one can be dealt with similarly.

Write it as ﬁ f::j% |f(y)| exp(—ay?) xexp(any%) dy and look at h(y) =

ay® — (zgityf for y € R. For t < 1/2a the function h is maximal at yo = =5
x, when t — 0. For small enough ¢ we have yg < ¢+ %5, which lies outside the
integration interval (x4, c0). Hence it follows that, for small ¢, h is decreasing

on (xg + 0,00), and so h is maximal at the boundary point xg + § with value
2
a(zo +6)% — W, which is less than a(zg + 6)? — ‘;—i. Hence,

| 1ty dy < [ 17wl exp(-o?) dyx explateo +67)p(t, 30).
T+

which tends to 0 for ¢t — 0, as p(t, %6) then tends to zero. O

The consequence of Proposition [3.2] is that every continuous f that satisfies
Condition gives through Equation a solution u of the heat equation
with u(0,-) = f. Two questions arise: are these the only possible solutions of
the heat equation and are solutions unique? The answer is no in general, but
by imposing some regularity conditions on the solution we get what we want.
We state a theorem that gives affirmative answers to these questions.

Theorem 3.3 (i) Let u; and uz be two functions in C*2((0,T) x R) that solve
the heat equation and such that are such that sup{exp(—az?)|u;(t,z)| : (t,z) €
(0,T) x R} < oo for some a > 0 (i = 1,2) and such that lim g y—q u1(t, y) =
limy g,y ua(t,y) for all z. Then uy and us coincide.

(ii) Let u be a nonnegative function in C12((0,T) x R) with 0 < T < oo
that solves the heat equation and assume that for all x € R the limit f(x) :=
limy o,y u(t,y) exists. Then u has for t > 0 the integral representation

u(t,z) = [7 fy)pt,z —y)dy.

The first assertion of Theorem is proved in the Appendix, Section
Under the conditions of this theorem and Proposition the function w in
Equation is the unique solution to the heat equation with boundary con-
dition u(0,-) = f. The second assertion of the theorem is also of importance
for us, since we will mainly deal with nonnegative solutions of the heat (and
related) equations. It says that (under the given conditions) every positive so-
lution to the heat equation is of the form u(t,z) = Ef(x + W(¢)) with W a
Brownian motion. As a side remark we mention that a similar statement holds
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for bounded solutions.

Next to the heat equation (3.1)) we also consider the backward heat equation

ov 1 ov
Fr —(t,z) + §W(t x) =0. (3.6)

We then have the following corollary to Theorem

Corollary 3.4 Let v be a nonnegative function in C12((0,T) x R) with 0 <
T < oo that solves the backward heat equation and assume that for all x € R the
limit limy4p y—q v(t,y) =: f(z) exists. Then v has the integral representation

o(t,x) = [7 flz+y)p(T —t,y)dy.

Proof Simply define u(t,z) = v(T — t,x) (T is finite here!) and apply Theo-
rem 3.3 O

The probabilistic interpretation of solutions v of the backward heat equation is
v(t,z) =Ef(x + W(T —t)). We give this a different appearance.

Proposition 3.5 Under the conditions of Corollary[3.4 one has

o(t, W (1)) = E[f(W (D)W ()], (3.7)
o(t,x) = E[f(W(T)|W(t) = a. (3.8)

Proof Because W (T — t) has the same distribution as W (T) — W(t) we can
also write v(t a:) = Ef(z + W(T) — W(t)) But then, using property [( f
Proposition . we immediately arrive at ( and .

We will come back to this interpretation of v later on, but recall in the mean
time Remark 2.12]in Section B3] where we have seen that

u(t, W(t)) = E[f(W(T))[W(s),s <t].

Now we can add that v in the above display is the solution to the backward
heat equation with terminal condition v(T, z) = f(x).

Remark 3.6 The backward heat equation (3.6 is not immediately of prime
interest from a financial point of view, as opposed to the Black-Scholes equa-
tion (1.31]). In Exercises andyou will study how these two equations are
related.

3.2 Exercises

3.1 Let f be a bounded continuous function. Let u be as in Equation ([3.2).
Show (not referring to Proposition that lim; o u(t, z) = f(z) by application
of the bounded convergence theorem.

3.2 Let u be given by (3.2 . Show that under the conditions of Proposition
we have u,(t,z) = [ f(y)pe(t, x — y) dy.

3.3 The Hermite polynomials in two variables H,(t,z) (n > 0) are defined by
H,(t,z) = 2 exp(ax — 102t)]a=o.

oam
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(a) Explain that the H, (¢, ) are polynomial in ¢ and x and compute H, (¢, z)
forn=0,1,2,3.

(b) Show that 2 H,(t,2) = nH,_1(t,x) for n > 1 and that the H,, satisfy the
backward heat equation.

3.4 Let f(x) = exp(y2?). Compute u defined by Equation (3.2 explicitly.

(a) For which points (¢, ) is u(t,z) well defined? Check that your answer is
in agreement with Proposition [3.2
(b) Is u a solution to the heat equation?

3.5 Let v € CL2(RT x R?) and define u by u(t,z) = v(t, 31*%02'5)_
(a) Suppose that v is a solution of

1
ve(t, z) + 502w20m(t, x) =0. (3.9)
Show that u satisfies

1
ug(t, ) + §a2um(t, x) = 0. (3.10)

(b) Conversely, let u be a solution of (3.10). For x > 0 we put v(t,z) =
u(t,logx + %U2t). Show that v satisfies |D

3.6 Suppose that the function v satisfies for ¢,z > 0 the equation
ve(t, ) + 3021‘211,;,;(25,3:) =0 (3.11)
(a) Define w(t, ) = v(t,ze""")e™. Show that w satisfies
wy(t, ) + 302x2wm(t,x) + rew, (¢, ) — rw(t,x) = 0. (3.12)

(b) Conversely, if w is a solution of and v(t,z) = w(t,ze")e ", then
v is a solution to . Remark: Equation (3.12)) is the Black-Scholes
partial differential equation already encountered, to which we will
return in later sections.

3.7 Let W be a standard Brownian motion on a probability space (9, F,P),
a € R and let the process X be defined by X; = at + W;. Assume that f,
a measurable function on R, satisfies Condition Define v by v(t,z) =
Ef(z + X;). Show that v has all the properties of the function u mentioned
in Proposition [3.2] except that v satisfies the partial differential equation v; =
avy + %vm.

3.8 Let p(t,z) = \/21? exp(—x2/2t). Show that all partial derivatives of p satisfy
the heat equation. Is this in agreement with Theorem [3.3[/ Explain why (not).
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4 Girsanov’s theorem in a simple case

Having defined Brownian motion with drift at the end of Section we study
in this section in some detail how distributional properties of this process change
under an absolutely continuous change of probability measures.

4.1 Measure transformations and Girsanov’s theorem

Assume that on a probability space (Q2, F,P) a standard Brownian motion W
is defined and we consider the process X given by

X(t) =z + at + oW (1), (4.1)

where x¢ is a given real number (the initial value of the process X) and a and
o other real constants. It follows from the properties of Brownian motion, that
for ¢ > s the increments X (¢) — X (s) have a normal distribution with mean
a(t — s) and variance o(t — s). Moreover, the increments over disjoint intervals
are independent.

Since the paths of X are, like those of W, continuous functions, the process
X induces a probability measure, also called the law of the process, on the space
C[0,T] of continuous functions on [0,7], where T' is some fixed terminal time.
Of course we also need a g-algebra on this space, we take the Borel o-algebra
that is induced by the sup norm. Clearly, the law depends on a and o2. What
can we say of the relation between these laws, if we let the parameters a and o
vary? We will see that for fixed o? the laws for varying a are equivalent, and
for varying o they are mutually singular. Let us define this terminology.

Let £9 be the set of all nonnegative random variables on a measurable space
(Q,F). If (2, F) has two probabilities P and Q defined on it, we say that Q
is absolutely continuous w.r.t. P, which is denoted by Q <« P, if there exists a
random variable Z such that P(Z > 0) = 1 and such that

EoX =EpZX, for all X € LY, (4.2)

where Eqg denotes expectation under the probability measure Q and Ep denotes
expectation under the probability measure P. For Z we also use the notation
%. Note that necessarily we have EpZ = 1 (take X = 1). Every nonnegative
random variable Z with EpZ = 1 can be used to define a new probability
measure Q through Equation , by taking X equal to the indicator of an
event, i.e. for F' € F one defines

Countable additivity of a such defined Q follows from the monotone convergence
theorem.

Let us also observe that Q(Z > 0) = 1, because Q(Z = 0) = Epl{z_1Z =
Ep0 = 0 follows from . Is P(Z > 0) = 17 In general not, see Exercise
But if P(Z = 0) = 0, then we also have P <« Q and dP/dQ = 1/Z. Indeed,
since P(Z4 = 1) = 1 we have EpX = EpZ(£X) = Eg+X. Two measures P
and Q on (Q, F) are called equivalent if both P <« Q and Q < P, in which case
one writes P ~ Q.
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Note that if Q < P, then Q(F) = 0 if P(F) = 0 as follows from
by taking X = 1p. It is a main result (Radon-Nikodym theorem) in measure
theory that also the converse is true. For this theorem we refer to a course in
measure thealthough it is simple to prove it for discrete probability spaces,

4.5

see Exercise The random variables fi% and (% are called Radon-Nikodym
derivatives.

We will attack the following problem. Let X as above, X (t) = at + W (t) (we
take g = 0 and o = 1), defined on a probability space (2, F,P). Can we find a
probability measure Q such that Q < P and such that X becomes a Brownian
motion under the probability Q7 The answer is yes, and we will show how to
do this under the limitation that we restrict the time set to a bounded interval
[0,T]. A non-dynamic version of this phenomenon is the content of Exercise
a forerunner of Proposition [1.2] below.

We will use in the remainder of this section the filtration F = FW = {F;,t €
[0,T]}, where F; = o(W(s),s < t) is the smallest o-algebra that makes all
W (s), for s < t, random variables. In particular we will use the o-algebra Fr.
Define the random variable

Z(T) = exp(—aW(T) — %&T). (4.4)

Clearly we have Z(T) > 0 and moreover EpZ(T) = 1 (see Exercise [A.5]). Hence
we can use Z(T) to define a new probability measure Q on Fr by

Q(F) = EPIFZ(T) for all F € Fr. (45)

Let us investigate some more properties of Z(T'). Let t € [0, T] be arbitrary and
write

2(1) = 2(0)exp (~aW (1) - W(0) - Ja*(T - 1))

with Z(t) = exp(—aW(t) — $a*t). Note that Z(t) is Fi-measurable. From
properties of the normal distribution (Exercise again) we obtain
Ly

Ep exp(—a(W(T) — W(t)) — 3@ (T —1t) =1

Note also that exp(—a(W(T) — W(t)) — 3a*(T — t) is independent of F; by
the property that Brownian motion has independent increments. Hence, using

properties [(iv) hnd [(v) bf Proposition we get
1
Ep|Z(T)| 7] = Z(#)Eplexp(—a(W(T) = W(t)) = 50*(T — )| Fi]
= Z(t). (4.6)
Equation (4.6]) tells us that the process {Z(t) : ¢t € [0,T]} is a martingale (w.r.t.
F under the probability measure P).

Suppose that we want to play the same game, finding a new probability measure,
but now on F; instead of Fr. We can do this by copying the above approach and
work with Z(t) as a Radon-Nikodym derivative. Let us say that this gives us a
probability Q;. Instead, we could also simply restrict Q to the smaller o-algebra
Fi, call the restriction Q|;. The two approaches turn out to be equivalent:
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Proposition 4.1 The two probabilities Q; and Q|; on F; are the same.
Proof Exercise L8 U
We know that EpW (T') = 0, but what is EgW (T")? We have
EqW (T) = Es[W(T)Z(T)]
= Be (W(T) exp(~alV (7)) expl~ 50°T)
= —aT,
because
Bz (W(T) exp(—a¥ (1) = —aT exp(50°T),

which follows from Exercise Using the same arguments that led us to the
result of (4.6), we can also compute EqW (t) = —at (Exercise [4.7). We conclude
that under the measure Q the process W is not a Brownian motion, since we
get nonzero expectation. To remedy this problem we could consider the process

WQ defined by
WO(t) = W(t) + at, (4.7)

at least it has expectation zero. As a matter of fact we have the following simple
version of what is known as Girsanov’s theorem.

Proposition 4.2 The process W@ defined by (4.7) is a Brownian motion on
the time domain [0,T] under the probability Q defined by (4.5).

Proof We only have to show that the increments of W are independent (see
Remark [2.4) and that W@(¢) — W@(s) has a normal distribution with variance
t — s under the (new) probability Q. We can do both things at the same
time by computing the joint characteristic function of any finite vector with
elements WQ(t,) — WQ(tp_1), k =1,....,n, where tg = 0 < ty,...,< t, < T.
We compute, using Proposition with ¢ = t,, upon noting that Z(¢,) =
[Tizi exp (= a(W(ty) — W(ti—1)) — 30°(tx — tr—1)),

Egexp(i M(We(ty) — Wo(ty_1))) =
k
Eplexp(i Y Me(WO(tr) — W (th-1))x
k

exp(—a Y (W(te) — W(tp-1) — %a2 > (k= te-1))).
k k

Use now the definition of W@ and a bit of rearranging the terms in the expo-
nential to see that the last expectation becomes

Epexp(D _(iAx — a)(W(tx) — W(te—1))) exp(D>_(aidy, — %ﬁ)(tk —tp_1)).
k k

But under P the increments of W are independent and the computation of
the expectation of the product reduces to the computation of the product of
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the expectations. Using that for a complex number 2 and N (0, 0?) distributed

. 1.2 2
random variable X one has Ee*X = e2%° 7 we get

Ep exp(Z(i)\;C —a)(W(tr) = W(tg—1))) = exp(% Z<i)‘k —a)?(ty, —tr_1)).

k k

We finally conclude that

M\H

Egexp(i»  A(WO(tr) — W(te—1))) = exp(—= > A (tk — te1)). (4.8)
k

From Equation (4.8)) we deduce the independence under Q of the increments of
W and normality with the right parameters (see also Section [A.3]). O

Proposition [.2] has the following

Corollary 4.3 Let X be the process, defined on a probability space (2, F,P),
given by X (t) = at +oW (t), where W is Brownian motion (w.r.t. P) and o > 0.
Define the probability Q on (2, Fr) by % = Z(T) = exp(—yW(T) — $7*7),
with v = 2. Then X(t) = bt + oW(t), where WY is a Brownian motion
under Q on [0, 7.

Proof Exercise [4.9 O

Remark 4.4 It is possible to show that the probability measure Q of Corol-
lary is the unique probability measure on Fp such that X can be written
as X(t) = bt + oWQ(t), where W? is a Brownian motion under Q. Hence,
also the Z(T') of this corollary is the unique random variable that gives a new
probability measure Q such that X has this representation.

What we have seen here is that the absolutely continuous measure transforma-
tions change the drift parameter of the process X, but not the parameter o.
Can we also make a measure transformation, such that ¢ changes into another
parameter, T say, so that if X(t) = at + ocW?F(¢t) with WF Brownian motion
under P and so that X (¢) = bt + 7W? with W@ Brownian motion under Q?

Suppose that the two above representations of X hold with ¢ > 0 and
7 > 0. We have seen in Exercise that for X (t) = at +oWF(t) the quadratic
variation of X over an interval [0, 7] is almost surely equal to 0T, so P((X)r =
0?T) = 1. Similarly, we have Q((X)r = 72T) = 1. Hence, assuming that
02 # 72, there is set E € Fr (namely E = {(X)r = 0?T}), such that P(E) = 1
and Q(E) = 0. If such a set can be found (as it is the case here), the measures
P and Q are called mutually singular, the extreme opposite of being absolutely
continuous w.r.t. to each other. One can say that P is concentrated on the event
E (because P(E°) = 0), whereas for Q the opposite holds true.

Equation (4.2)) tells us how to express expectations under a new probability
measure QQ in terms of expectation under P. Do we have a similar device for
conditional expectations? Here is the answer.

Proposition 4.5 Let Q be defined by on Fr. Let X be a Fp-measurable
random variable such that Ep|X|Z(T) < co. Then

Ep[XZ(T)|F]

’ Q-a.s. (49)
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Proof We will repeatedly use properties of the conditional expectation, see
Section of the Appendix. Let F € F;. We compute

Ep (1pEp[X Z(T)|F]) = Ep (1p X Z(T))

=Eq (1rX)

= Eq (1rEq[X|F])
(

= Ep (1pZ(t)E[X|F]) ,

where we used Proposition [I.]] in the last equality. Comparing the extreme
sides of this chain of equations, which holds for any F' € F;, we conclude that
Ep[XZ(T)|F:] = Z(t)Eg[X|F:]. Since Q(Z(t) > 0) = 1, we can divide by Z(¢)
to arrive at . (I

4.2 Exercises

4.1 Consider a probability space (2, F,P) and that X is random variable having
the N(0,1) distribution. Let ¢ denote the density of the N(0, 1) distribution
and let ¢, denote the density of the N(a,1) distribution. Let z(z) = ‘Zf(%).
Define Q(F) =E(1rZ) for F € F, where Z = z(X).

(a) Compute EZ =1 (use an integral).

(b) Show that Q(X < z) = ®(z — a), where ® is the distribution function of
N(0,1).

(c) Conclude that X© := X — a has the standard normal distribution under
Q.

(d) Show that z(x ) = exp(az — 2a?) and that Z has the same distribution as
exp(aW (1) — £a?), where W is a Brownian motion. Note the resemblance
with . How to choose a in the current setup such that Z has exactly
the same distribution as Z(T)?

We see that the change of measure from P to Q is ‘neutralized’ by replacing X
with X — a in the sense that X — a has, under Q, the same distribution as X
under P.

4.2 Show that Brownian motion is a martingale w.r.t. its own filtration.

4.3 Take = {1,2,3} and P the uniform probability measure on this set and
let Q be such that Q({1}) = Q({2}) = 1. Show that Q < P and determine the
Radon-Nikodym derivative of Q w.r.t. P. Show that P(Z > 0) < 1

4.4 Let Q and P be two probabilities on a measurable space (2, F) and assume
that Q < P. Show that EpZ =1 (Z as we used in Equation (4.2))).

4.5 Let Q = {wy,wa, ...}, F the power set of Q and P and Q be two probabilities

n (Q,F). Let @ = {w e Q: P({w}) > 0}. Assume that Q(F) = 0 as soon
as P(F) = 0. Then in particular Q({w}) = 0 if w € Q°. Define Z(w) =
Q({w})/P({w}) for w € Q and zero otherwise. Show by direct computation that
Eq@X = EpXZ for all nonnegative random variables X.

4.6 Let Z be N(0,72) distributed. Show that for all a € R the equality
E(Z exp(aZ)) = ar? exp(1a?7?) holds.

34



4.7 Let W be a standard Brownian motion on a probability space (£2, F,P) and
let for every ¢ € R F; be the o-algebra generated by W (s) with s < t. Put
Z = exp(—aW (T) — £a®T) for a certain T' > 0. Let Q be the probability on
Fr defined by dQ/dP = Z. Show that EgW(t) = —at for t < T and that
Eo[W (T)|F;] = W(t) — a(T — t) by using Proposition

4.8 Prove Proposition by writing Z(T) = Z(t) exp(—a(Wr — W) — 2a®(T —
t)) and exploiting the independence (under P) of the increments of W.

4.9 Prove Corollary (it is easy).

4.10 Let W be a Brownian motion under P and define Q by (4.5) with Z(T') as
in (4.4). Show, use (4.9)), that

Eg[X|Fi] = EP[XQ*Q(W(T)*W@))|J‘.‘t]e*%a2(T7t)'

4.11 Let ¢4, ...,&, be random variables that under a probability measure PP are
independent and standard normally distributed. Let uq,...,u, and o1,...,0,
be real numbers and Y; = u; + 0565, ¢ = 1,...,n. Assume that under a prob-
ability measure Q (on o(Y1,...,Y,)) the ¥; become independent with each a
N(0,02) distribution. Show that the likelihood ratio (Radon-Nikodym deriva-

tive) 8 = exp (= L, e — 00, (40?)).

412Let 0 =tg <t; <---<t, =T and a(t) = > a;ile,_, +,(t), where the
a; are real numbers. Let W be a standard Brownian motion on a probability
space (2, F,P) and X be a Brownian motion with piecewise constant drift

defined by X (t) = fg a(s)ds + oW (t).
Let AW, = W(t;) — W(t;—1) and Z = exp (—%I(a) -1L fOT a?(s) ds), where
I(a) = Y7, a;AW;. Define Q by g—P =Z.

Argue that under Q the process X becomes a Brownian motion on [0, 7] with
variance parameter 0. Hint: Copy the proof of Proposition and use that

202
1

n n 0 n a2
Z(T) = Hexp ( ;AWZ - L (tl - ti_1)> .
i=1 =

=1 7

You may even assume w.l.o.g. (think why!) that for the increments over intervals
(tk—1,tx), the t are the t; in the definition of a(t).

Remark: A more sophisticated argument, involving conditional characteristic
functions, shows that X is even a Brownian motion, if the a; are bounded
Fi,_,-measurable random variables.

4.13 Consider a probability space (2, F,P) and a random variable Z with the
properties P(Z > 0) =1 and EZ = 1. Define Q on F by Q(F) = E[1rZ].
(a) Show that Q is a probability measure on F. [For countable additivity you
need the Monotone convergence theorem.|
(b) Show that Q(F') =0 if P(F') = 0.
(c) Show that P <« Q if and only if P(Z > 0) = 1.
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5 Black Scholes market

We have established in Proposition the (finite dimensional) limit distribu-
tions of the Cox-Ross-Rubinstein model. Let us recall what we found. The limit
stochastic variables S(¢;) were such that the increments of the log-price pro-
cess log S(t) became independent and moreover the distribution of log S(t) —
log S(t—1) was normal with mean (r—30?)(t;—t_1) and variance 0% (ty —tj_1).
Having in mind the distribution of a process X, a Brownian motion with drift,
that is given by X (t) = zg +at + oW (t) (see the end of Section [2.2)), we postu-
late the following model for the log-price process under the equivalent martingale
measure Q.

log S(t) =log s+ (r — %O’Q)t +oWQ(t), (5.1)

where W is a Brownian motion under the probability measure Q. Note that
for this model increments log S(t;) —log S(tx—1) are independent and that they
have the normal distributions as specified above.

5.1 Models with equivalent measures

Let us first explain (in this context) the term equivalent martingale measure as
we used it above. With the exposition of Section [If in mind, it should be the
case that the discounted price process S is a martingale. Since the discount
factor at each time ¢ is the bond price B(t) = e, we get from Equation
that

S(t) = sexp (UWQ(t) - %0215). (5.2)
We conclude from the discussion of Girsanov’s theorem, compare to Equa-
tion that this indeed gives a martingale and therefore talking about an
equivalent martingale measure thus makes sense. What about equivalent?

Recall from Section [l| that in the CRR set up, the probability measure
Q was an artefact, useful to compute prices of financial derivatives, but the
‘physical’ measure, P say, that attributes the ‘real’ probabilities to up and down
movements of the stock price may be very different. Nevertheless we assumed
equivalence of these probability measures in the sense that price paths that
had positive probability under one measure had positive probability under the
other as well. In the present context we therefore look for any other probability
measure P that is equivalent to Q and we wonder how such a measure equation
will change (5.1J).

The solution of this problem can be obtained by application of Girsanov’s
theorem, as we discussed it in Section[d] So we conclude from e.g. Corollary 3]
that any other ‘physical’ probability measure PP that gives log .S a constant drift
parameter, different from r — %02, is equivalent to Q, when restricted to Fr,
with the T the terminal time. Here we take Fr to be the smallest o-algebra
that makes the W@(s), s < T, measurable functions on Q. For ¢t < T we have a
similar definition of F;. Note that Fr is also the smallest o-algebra that makes
all S(t), t < T, measurable functions (why?).

Let us note that any other probability measure that gives log S a constant
drift can arise as the limit of discrete time processes in the way we treated this
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subject in Section Indeed, replacing the g, (N) that we used there with a

1,2
elatdo®an

probability p,(N) = “——— eventually leads to a limit process S that
can be represented as log S(t) = log s + at + cWF(2).

There are however many more probabilities that are equivalent to Q. It
follows from Exercise that also a probability measure P under which log S
has a piecewise constant drift is equivalent to Q. It is a theorem that the
piecewise constant functions are dense in £2[0, 7] and this enables one to prove
that any probability measure P that is such that

log S(t) = log S(0) + /t a(s)ds + oWF(t), (5.3)
0

with a € £2[0,7] and WF, a Brownian motion under P, is equivalent to Q
when restricted to Fr. We don’t discuss the details of this result at the present
stage. One of the reasons is that with the tools that we have developed so far, it
is unclear how the Radon-Nikodym derivatives dP/dQ and dQ/dP would look
like. We come back to this later on in Section For now it is sufficient to
work with probabilities P under which we have Equation and to know that
these probabilities are equivalent to Q when we work with a fixed time horizon
T. Together with the bond price process B given by B(t) = exp(rt) we are in
the framework of the Black-Scholes model. The two equations for S and B are
then said to describe the Black-Scholes market.

As a final remark to this section we mention that there are still many other
probability measures P, equivalent to Q. Under these other measures Equa-
tion will change in the sense that also certain random functions a are
allowed.

5.2 Arbitrage

As in Section [1| we will consider portfolios that consist of a certain real number
of stocks and a certain real number of bonds. The portfolios will be dynamic
and therefore the numbers of stocks and bonds depend on time. For each fixed
time ¢ they are allowed to depend on the behavior and values of the stock price
prior to ¢, but not on the future stock prices after t. Denoting (at time t) these
numbers by z; and y; we thus have that they are in fact random variables and
the portfolio process (z,y) is thus a bivariate stochastic process. The value of
the portfolio at time ¢ is denoted by V' (¢) and obviously

V(t) = 2,S(t) + y B(t). (5.4)

We will also work with the discounted values of stochastic processes. Like in
Section [1} we write Y for the discounted version of a process Y and it is defined
by Y(t) = Y(t)/B(t) = Y(t)e~". In particular we use the discounted value
V(t) of the portfolio, which is of course

V(t) = 2:5(t) + ye. (5.5)

Let us for a while agree on the following definition (in the spirit of Exercise
of what we will call a martingale portfolio. It is such that the discounted value
process V is a martingale under the measure Q. In the discrete time setting a
martingale portfolio was a self-financing portfolio and vice versa (Exercise .
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This is (under appropriate conditions) harder to establish in the continuous
time case. But it is relatively easy to give an expression for the value pro-
cess V of such a portfolio. By definition we have V(t) = Eg[V(T)|F:] and
thus V(t) = e "(T=OEq[V(T)|F;]. Conditional expectations of this type have
been analyzed in Section [3] where we used partial differential equations with a
boundary condition at time T, which could be cast as V(T') = f(W(T)). So we
can apply the results of that section as soon as we can formulate a boundary
condition as a function of W(T'). This will be done in Section

We aim at a definition of self-financing portfolios and we let us inspire by
results of Section [I, more precisely by the considerations that led to equa-
tions and . Whereas in Section |1/ we emphasized the value process,
here we turn our attention to the structure of the self-financing portfolio pro-
cess. Important: we set r = 0 in the motivation below of the definition of a
self-financing portfolio.

We make a digression and consider first an arbitrary portfolio in discrete
time with value process V. Let us introduce the notation V;,(u) as the value of
Vo if S, = Sp—1u, V,(d) likewise and, similarly, we write S, (u) = S,—1u and
Sn(d) = Sp—_1d. Since x,, and y, don’t depend on the value of S,, we have the
two identities

Vi(u) = 2nSn(u) + Yn
Vn(d) = nSn(d) + Yn.

We introduce the difference operator D, that applied to V,, by definition results
into DV,, = V,,(u) — V,,(d) and applied to S,, results in DS,, = S,,(u) — S, (d).
Now we can write
DV,
DS,

Tn (5.6)
Recall that for r = 0 a portfolio in discrete time is self-financing iff its value pro-
cess V is a martingale under the equivalent martingale measure Q (Exercise|1.7)).
Suppose that we have a self-financing portfolio such that its terminal value Vi is
a function of Sy, Vy = f(Sn), say. Then we have V,, = Eg[f(Sn)|So0,- -, Snl,
which reduces, by the Markov property of S under the probability Q, to a func-
tion of S, only, V,, = v,(Sy) say. We can then write V,,(u) = v,(S,—1u) and
Vo(d) = v, (Sp—1d). In this case Equation becomes

Un(Sp—1u) — v, (Sp-1d)
Snflu - Snfld .

(5.7)

Ty =

We consider what happens if u | 1, d T 1 so that u — d — 0. Assume that we
can extend the domain of the function v, to R and that the derivative v/, of v,
exists. Then a Taylor expansion in (5.7)) yields the expression

Ty, ~ v, (Sp-1).

This result will be the basis of our definition of a self-financing portfolio in
continuous time, in particular for a portfolio that hedges a simple claim.

We now turn to the limiting procedure of Section So we take a large
number N and compare the market in continuous time with time horizon [0, T
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with the fictitious, or approximating, CRR market with time set {0,..., N},
where N and T are related by NAy =T. Fix a time ¢t € [0, 7] and let n be the
corresponding time instant in the fictitious market, so n = [£N] and we have
th <t <t ), with t) = 2T.

By Qn we denote the equivalent martingale measure in the N-th approxi-
mating CRR market and, in general, we endow any quantity related to these
market with an upper or lower index N. Let us now focus on the values

VN = N (SN). Recall, use Equation (T.19) with 7 = 0, that we can write these
N
as ]EQNf(g—IX,s) if SN has the value s. Assume for a moment that f is a bounded

continuous function. Then we have from the convergence results of Section [1.2]
that v (s) converges to v(t,s) = ]EQf(%s), where Q is now the probability
such that Equation holds. Next we replace s with suy or with sdy. If v is
differentiable in the second variable with derivative v, we find, parallel to what
we did just after , the approximation v (suy) =~ v(t, s) + s(uy — 1)vg(t, s)
and a similar approximation for v (sdy). If 2 is the amount of stocks at time

n in the N-th CRR market, we thus obtain from (5.7]) the approximation

N __ DVnN(s)

“n T TDSN

= Uy (ta 8)'

The arguments that we used to obtain the last approximation can be made
rigorous under suitable assumptions on f, for instance if f is such that a con-
dition equivalent to Condition holds for all a > 0, but this is not our aim.
However, it suggests the following definition of a self-financing portfolio under
special circumstances. The temporary assumption » = 0 will shortly be seen to
be superfluous. The general case will be treated in Section

Definition 5.1 A martingale portfolio in the Black-Scholes market that is such
that the value process V' can be written as V(t) = wv(t, S(t)), with v having
appropriate differentiability properties, is called self-financing if the amount
invested in the stock at any time ¢ satisfies the relation z; = v, (¢, S(t)).

This definition was suggested by a limit procedure under the condition that
the interest was zero. But it is possible to reduce the case of non-zero interest
rate to this case and we will show how to do this. So, we consider a portfolio
with value process V' that is given as V() = v(¢, 5(¢)). The discounted value
process is then V() = o(t, S(t)) where the functions v and o are related by
o(t,z) = e "twu(t,e"z). Observe that in the discounted Black-Scholes market
the interest rate is equal to zero. Suppose that we have a portfolio that is
self-financing in the sense of Definition [5.1]in the discounted market. Then we
know that z; = 9,(¢,5(¢)). It is now easy to deduce that also x; = v, (¢, S(t))
(Exercise . What this result says can also be stated as ‘a portfolio is self-
financing in the Black-Scholes market iff it is self-financing in the discounted
Black-Scholes market’. Moreover Definition [F.1l now also makes sense in a mar-
ket with nonzero interest rate. One might wonder whether the partial derivative
w.r.t. the second variable of the function v in Definition |5.1]exists. This is guar-
anteed by the results of Section [3] For more details we refer to Section [5.3

Knowing what a self-financing portfolio is, we can now define arbitrage port-
folios. A portfolio is an arbitrage portfolio over the interval [0, 7] if it is self-
financing and such that V(0) = 0 with P-probability equal to 1, V(T') > 0 with
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P-probability equal to 1 and V' (T') is strictly positive with positive P-probability.
Note that this (verbal) definition is essentially the same as Definition for a
discrete time market.

Proposition 5.2 The Black-Scholes market is free of arbitrage.

Proof Clearly, the definition of an arbitrage portfolio could alternatively be
stated in terms of the discounted value process instead of the value process.
Since P and Q are equivalent, we also have Q(V(0) = 0) =1, Q(V(T) >0) = 1
and Q(V(T) > 0) > 0. Suppose that we have a self-financing portfolio. Since
its discounted value V is a martingale under Q, we have in particular V(0) =
V(0) = EQV(T). If Q(V(T) > 0) =1 and Q(V(T) > 0) > 0 we necessarily
have EqV(T) > 0 so that V(0) > 0. This portfolio is thus not an arbitrage
possibility. O

Having established that the Black-Scholes market is free of arbitrage, we can
adopt the following pricing principle. If we have two financial products that at a
time T give exactly the same payoff, then their fair prices at any time ¢ before T’
are the same. We have encountered this already as the law of one price. We will
use this principle in Section [5.3] when we discuss products that can be hedged.
We thus defined what is called no arbitrage pricing.

5.3 Hedging

Consider a contingent claim (simple or not) whose payoff at the maturity time 7'
is equal to X. By definition, X is an Fpr-measurable random variable. Assume
that the claim has finite expectation w.r.t. Q. For technical reasons, unless
stated otherwise, we will mostly restrict our attention to simple claims X, which
are by definition claims of the form X = F(S(T)), where F' is a measurable
function on R. Since below we work with expectations of claims, we also need
to impose sufficient integrability conditions. We will sometimes state these
explicitly, otherwise these are tacitly understood to be satisfied.

We say that a claim X can be hedged if there is a self-financing portfolio process
(z¢,yt), t € [0,T], such that the terminal value of the portfolio is under Q almost
surely equal to X, so V(T') = X, Q-a.s. This portfolio is called the hedging or
replicating portfolio. By the no arbitrage pricing principle (and the law of one
price), the fair price of a hedgeable claim at any time ¢ < T is equal to the
value V(¢) at that time of the hedging portfolio. But by the definition of a
self-financing portfolio as a special kind of martingale portfolio, we know that
V(t) = Eg[V(T)|F;). Hence, with bond prices B(t) = exp(rt), we get that
V(t) = e "T=9Eg[V(T)|F], so that the fair price at time ¢ of the hedgeable
claim X becomes e "IN Eq[X|F].

Assume that hedging is possible. The above formula for the fair price is
so far nothing else but a representation. What we aim at is, if possible, an
explicit expression for the fair price. So we need to calculate the conditional
expectation Eg[X|F;] explicitly. As a first step we show that the value process
V of a simple claim can be written as V(t) = wv(t,S(t)) for some function
v that will be specified later on. What is needed to show this, is that the
process S is Markov under the probability Q. This is straightforward. Since
S(t) = sexp((r — $0%)t + oW(t)) and W is Markov, this readily follows
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(you check!). Because V(t) = Eg[F(S(T))|F:], we see that this conditional

expectation reduces to the conditional expectation Eg[F(S(T'))|S(t)]. Defining
o(t,z) = Eg[F(S(T))|S(t) = z], we obtain that o(t,S(t)) = V(t) and V(t) =
e"o(t, S(t)), so that v(t, z) = v(t, ze ")e".

The next step is to specify the function v or, equivalently, the function .
To that end we introduce the auxiliary function f, defined by

f(z) = e_T'TF(se”"’("_%UZ))T). (5.8)

We thus have that F(S(T)) = f(W(T)). With another auxiliary function
w, defined by w(t,y) = Eg[f(WQ(T))|WC(t) = y], we have that w(t,y) =
o(t, se"y*%"%). The function w is known to us from Section [3] it satisfies the
backward heat equation under the appropriate conditions on f. But then
we know parallel to Exercise[3.5]also which partial differential equation v satisfies
and from Exercise the partial differential equation that v itself satisfies. We
summarize this paragraph as follows.

Proposition 5.3 Any simple claim F(S(T')) with finite expectation that can
be hedged is such that the value V (t) of the claim at time t can be written as
V(t) = v(t, S(t)), where v is the solution of the Black-Scholes partial differential
equation

1
ve(t, ) + §U2x2vm(t, x) + revg(t,x) — ro(t,z) =0, (5.9)

with boundary condition v(T,z) = F(x).

The natural question to ask is now ‘which simple claims can be hedged?’ The
answer is that we can hedge any simple claim F'(S(T")) under certain regularity
conditions on the function F.

Theorem 5.4 The Black-Scholes market is complete in the sense that every
simple claim F(S(T)) can be hedged, if f defined by Equation @ satisfies
Condition [3.1l

Before proving this theorem we make some comments. The theorem clearly
differs from the analogous statement for the CRR market where every claim,
simple or not, could be hedged. We confined ourselves to the restricted case
of simple claims for technical reasons. It is also true that every claim (subject
to certain integrability conditions) in the Black-Scholes market can be hedged.
This result however requires a rather deep theorem in probability theory (the
Martingale Representation Theorem), to which we return in Section

Proof of Theorem Let F(S(T)) be the claim under consideration. We
have to show that we can find a self-financing portfolio that is such that its
terminal value V(T) is equal to F(S(T)). From the discussion preceding Propo-
sition we know that v(t,z) := e "(T=DEg[F(S(T))|S(t) = ] is the solution
to Equation (5.9). In particular, v, exists and we can define z; = v,(t, S(t)).
With y; = e " (v(t,S(t)) — 2:S(t)) we obtain a self-financing portfolio with
value process V(t) = v(t,S(t)) and the property that v(T,S(T)) = F(S(T)).
This portfolio is thus the hedge portfolio of our claim. O
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Many of the results, like the investment z; = v, (¢, 5(¢)), of Definition in
this section are based on rather heuristic arguments. A more fundamental ap-
proach will be encountered in Section [7} To use that approach we need to
develop the theory of Stochastic integration. This will be the topic of Section [6]
with applications to more general measure transformations of Girsanov type in
Section

5.4 Exercises

5.1 Show that a portfolio is self-financing in the Black-Scholes market iff it is
self-financing in the discounted Black-Scholes market.

5.2 Consider the Black-Scholes market with » > 0. Suppose that a portfolio
is such that the value process V is of the form V(t) = v(¢, S(t)). Take as an
alternative portfolio the one in which x; = 0 and y; = (¢, S(¢)). Show that this
portfolio process can only be self-financing if V'(¢) does not depend on S(t).

5.3 Consider the Black-Scholes model and a self-financing portfolio that repli-
cates a non-negative claim. Show that the value process of the hedge portfolio
is non-negative as well.

5.4 Consider the Black-Scholes model and determine the hedge portfolios as
well as the value functions for each of the following simple claims.

(a) F(S(T)) = S(T) - K.

(b) F(S(T)) = (S(T) — K)2. Hint: Reduce the value function to an expecta-
tion of a random variable that is a function of S(T")/S(t). Compute the
expectation by using Exercise [A25]

(c) F(S(T)) = (log S(T) — K)™.

(d) F(S(T)) = 100 1{s(7)>100}-

(e) F(S(T)) = (S(T) — K)*. Consider first the case r = 0. For ¢ < T the
price Cy of this claim is then given by

log% + %0'2<T—t) log% — %0'2<T—t)

oVl —t oVl —t

where @ is the distribution function of the standard normal distribution.
Find also Cr, and x7 and yr.

(f) Use the results for » = 0 under (e) to obtain the expression for Cy in the
general case r > 0. What are x; and y; now?

Cr = S ®( ) — K& );
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6 Elementary Ito calculus

The modern theory of option pricing uses the technology and calculus of the
Stochastic integral, also called Ité integral. In the presentation thus far we could
circumvent this theory, although in Section [f| we defined self-financing portfolios
in a special case only and we could not treat hedging of composite claims. It is
impossible to do this without knowledge of It6 integrals. Let us first go back to
the definition of a self-financing portfolio in discrete time. It was such that, in
the notation that has by now become familiar to us, AV,, = z,,AS,,. With the
limit procedure of Section [1.2]in mind we could replace this by the continuous
time analogue, ‘differences become differentials’, dV'(t) = 2;dS(t). Now we are
immediately faced with the question how to interpret this equation, and what
is meant by a ‘differential’ like dV(¢)? If V and S would be a differentiable
function of ¢, we could rely on ordinary differential calculus to give a meaning
to this equation, L V/(t) :_th%g (t). In the present context it turns out to
be the case that functions V' and S are not differentiable w.r.t. t. Especially
for the latter, this is relatively easy to see. If it were differentiable, the same
would be the case with log S. But we have modeled this as a Brownian motion
with (linear) drift under Q, see Equation (5.1)). Brownian motion itself is not
differentiable, as we already observed in Section Nevertheless, we will see
that it is possible to derive a stochastic calculus, that is built on stochastic
integrals.

In all what follows we assume that we work with a probability space (2, F,P)
on which a Brownian motion W is defined. By F; we denote the o-algebra that
is generated by W(s),s < t.

6.1 The Ito integral, an informal introduction

The purpose of this section is to define an integral of a stochastic process a
w.r.t. a Brownian motion W. The integral over a time interval [0,7T] will be
denoted by

T
/0 a(s) dW(s) (6.1)

and will be called the stochastic integral or the It6 integral of a w.r.t. W. The
form of the expression reminds us of a Stieltjes, or perhaps of a Lebesgue
integral. In both cases integrals were defined as limits of sums. And this is,
in spite of some subtle differences, the approach that we also follow here, en
passant touching upon the differences between the conventional set up and the
present one.

First we define simple processes. We call a process a simple over a fixed interval
[0, 77 if it is bounded and can be written as

a(t) = Z ajle, (), (6.2)
=1

where 0 = 9 < t; < --- < t, = T and where the a; are J;,_,-measurable
bounded random variables. The class of simple processes will be denoted by
S. S will be endowed with a norm || - ||, defined by ||a|| = (E fOT a(s)?ds)'/2.
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Strictly speaking, this not a norm, since ||a|| = 0 does not imply that a(s) =0
for all s. But by identifying functions whose difference has norm zero (so we
actually look at a quotient space), it becomes one.

For a simple process a there is basically only one proper choice of what the
integral fo s)dW (s) should be. We define it as the sum

| a9 aws) = S a,0v ) - wits) (63

It is not very difficult to show, Exercise that this integral is independent of
the chosen representation of a, like in (6.2)).

We haven’t used yet any specific property of W as a Brownian motion.
Therefore we take the liberty to temporarily move away from the Brownian
context and give a financial interpretation. Suppose then that W would be the
price process of some asset. Suppose that the ¢; are trading times at which one
can purchase a number of assets, the number being a; at time ¢;_; and that this
number is held constant on the time interval (¢;_1,t;] and that at ¢; the number
of assets is immediately replaced with a;+1. A negative a; is to be interpreted
as selling assets. When we move in time from ¢;_; to ¢; the price changes from
W (t;j—1) to W(t;), and the profit (or loss) of the holder of the assets in that time
period becomes a;(W(t;) — W(t;j—1)). As a result fo s)dW(s) as in is
the total profit (or loss) somebody would incur if a; assets are held during every
time interval (¢;_1,¢;].

We also want to define an integral with T replaced with ¢ < T. For that case
we define

¢ T
/ a(s)dW (s) = / 10,4 (s)a(s) dW (s).
0 0

Note that also al( is a simple process, if a is such. An alternative formula

(Exercise is

/t Zaj (t; At) — W(tj_1 At)). (6.4)
0

Let us write I(a) for the process defined on [0, 7] by I;(a fo . We
immediately mention some properties of the thus deﬁned 1ntegral process

Proposition 6.1 For a € § we have
(i) The process I(a) is a continuous martingale with expectation zero.

(ii) E[(Ii(a) - ( >>2|f |= [ft a(s)? ds|F.).
(iii) E(Ii(a) — ]Ef 2du for t > s.
(iv) Ip cons1dered as an operator on the space of simple processes is linear and

an isomorphism from S with || - || into £2(Q, Fr,P).

Proof (i) Without loss of generality we may assume that s and ¢ are among
the t;. The martingale property now follows from Exercise Continuity is
obvious.
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(iii) follows from (ii), which you do as Exercise by assuming again that
the s and ¢ are among the ;.

(iv) That IT is linear is obvious. Taking s = 0 and ¢ = T in (ii) gives us
Elr(a)? =E f 5)%ds. O

Remark 6.2 Since we know from property (i) of Proposition that I(a)
is a martingale, we can formulate property (iii) as a consequence of Exer-

cise albo as E[It( )2 — I(a)?|Fs) = [fst a(s)?ds|Fs]. By rearranging
one gets E[ It fo )2 ds|Fs] = I(a)? — [ a(s)? ds. This shows that the
process {I;(a fo ds t € [0,7]} is a martingale.

Example 6.3 Let the times t; be fixed and consider the process W"(t) =
S W(ti—1)1(,_,+,(t). Application of the definition of the integral results
after some manipulation, the basic identity a(b—a) = (b? — a? — (b — a)?) is
useful here, in

4 n 1 2 1 S 2

W(s)dW (s) = SW(T)* = 5 3 (W(t:) = W(ti-1))*. (6:5)

0 i=1
Note that, although piecewise constant, the W™ are not simple, since the
W (t;—1) are not bounded. Nevertheless, the resulting expression is just as cor-
rect as (6.3)) for simple processes. See also Exercise

Here we pause for a while in our treatment to outline why we cannot use Stieltjes
of or Lebesgue integration theory. The main theorem for Stieltjes integrals is
that the integral fo s)dW (s) exists for functions a and W if a is continuous
and W of bounded Varlatlon. By a partial integration trick, one can show that
the integral also exists if W is continuous and a of bounded variation. One then
writes

/ a(s)dW(s) = a(T)W(T) — / W (s)da(s)
0 0

This trick is clearly of no help if we make the special choice W to be a typical
path of Brownian motion and a = W. We have seen in Section that the
paths of Brownian motion are not of bounded variation, therefore Stieltjes in-
tegration theory is useless at this point. The same holds for Lebesgue theory.
To attach to a function W a signed measure one again needs this function to
be of bounded variation. So we find ourselves in a dead end street, it seems.
Nevertheless we will be able to find a way out by exploiting the special structure
of simple processes, the a; were required to be F;, ,-measurable, combined with
the fact that the paths of Brownian motion are of bounded quadratic variation
and the isometry property mentioned in Proposition

To define fo s)dW (s) for a wider class of processes we will use a limit proce-
dure. We don’ t treat the most general class of processes for which it is possible
to define the stochastic integral. Since the integrands that we encounter are
mainly such that they have continuous paths or piecewise continuous paths,
we restrict ourselves, next to simple processes, to piecewise continuous inte-
grands. Recall that a function a : [0,7] — R is piecewise continuous if there are
finitely many intervals [s;_1, s;] with union [0, T] such that a is continuous on
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the (s;-1, s;) and has finite left and right limits at the s;. Note that a piecewise
continuous function is bounded on [0, T7.

A process is said to be piecewise continuous if it has paths that are piecewise
continuous functions, and we take the s; the same for each path. These paths
are then bounded functions, but the bounds will depend on the particular w,
and so the process will in general not be (uniformly) bounded. Think here of
Brownian motion, the random variables W (¢) can assume arbitrary large values.
The following proposition shows that we can approximate piecewise continuous
processes by simple processes.

Proposition 6.4 Let P be the set of piecewise continuous adapted processes
a with ||a|| < co. Then the set S is dense in P w.r.t. the norm || - ||.

Proof Consider first the case where the process a is continuous on [0,7] and
bounded. Let 0 = ¢ < ... < I =T be a subdivision of [0,T]. Consider the
approximating (adapted) simple processes a™ defined by

n

a’(w,t) = Za(wat?—ﬁl(t;gl,t?](t)- (6.6)

=1

Since a is bounded, by M say, also the a™ are bounded by M. Furthermore
Since the paths of a are also uniformly continuous (why?), we can find for each
of them and for each € > 0 a § > 0 such that for each subdivision whose mesh
is less than ¢ we have |a(w,t) — a(w,t?" )| < ¢, if t € (¢]4,t"]. Hence for
such subdivisions we have sup{|a”(t) — a(t)| : t € [0,T]} < ¢, so that we have
a™(t,w) — a(t,w). Boundedness allows us to invoke the dominated convergence
theorem to establish ||a™ —a|| — 0, which shows the assertion of the proposition
for bounded continuous a.

If a is bounded, say again by M, and only piecewise continuous, we cut
up the interval [0, 7] in a finite union of open intervals (s;_1,s;) on which a is
continuous, with right and left limits at the endpoints. Treating these limits as
the values of a at the endpoints we can repeat the above argument on the closed
intervals [s;_1, s;].

If @ is not bounded we approximate a first with the bounded process a
max{min{N,a}, —N} (N > 0), which is piecewise continuous. Consider then

N:

T
la=a|F =E [ ja(t) - a¥(0)
0
T
=B [ (al) = NP Lo df
T
+ E/O (a(t) + N)Ql{a(t)<,N} dt

T
< ]E/ a(t)*L{jaqey >y dt,
0

which tends to zero as N tends to infinity by the dominated convergence theo-
rem. The a we can approximate arbitrarily well by the previous step. [

We are now ready to define the stochastic integral fOT a(t) dW (t) for processes
in P. Let a be such a process, and let a” be a sequence of simple processes such
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that ||a™ — a|| — 0. The integrals I7(a™) are well defined and by linearity we
have E(I7(a"™) — I7(a™))? = Elr(a™ — a™)?, which is by the isometry property
equal to [[a™ — a™||%. It becomes arbitrarily small for n,m large enough. This
shows that the I7(a™) form a Cauchy sequence in L£2(Q2, Fr,P), which is a
Hilbert space if we identify a random variable as zero if its norm is zero. Hence
the sequence has a limit in this space. We note that this limit is independent
of the a approximating sequence. For, if we take another sequence of " € S
that approximate a, we would also get a limit. By mixing the two sequences
we would get a limit again. But any subsequence of the latter will then have
the same limit, in particular the subsequence consisting of the Ir(a™) and the
subsequence consisting of the I (b™) that thus have the same limit. We conclude
the construction of the stochastic integral by

Theorem 6.5 For every a € P there exists an a.s. unique random variable
Ir(a) with the property that Elr(a)? = ||a||>. If we define the process I(a)
by It(a) = Ir(al(oy), then assertions (i)-(iv) of Proposition are still valid.
Furthermore, for any sequence (a™) that converges in P to a limit a one also
has the convergence of Ir(a™) to Ir(a) in L2(2, Fr,P).

Proof The existence and uniqueness of Ir(a) has been shown above. In all
what follows the a™ are processes in S such that |[a™ — a|| — 0. We will need
the properties that also E(I;(a™) — I;(a))? — 0 and that EI;(a™)? — EI,(a)? for
t < T. Below we follow the numbering of Proposition [6.1] and we also exploit
the contents of this proposition, the properties hold for simple processes.

(i) First we discuss the continuity property of I(a). Since all I(a™) are
continuous, we expect the same for I(a). One easily obtains that E(I;(a) —
I,(a))? =E fst a(u)? du, which implies already some form of continuity. To get
that almost all sample paths are continuous, one needs results from probability
that we don’t discuss here, that imply uniform convergence of almost all paths
of I(a™) to those of I(a).

To show that I(a) is a martingale we prove, analogous to Equation ,
that E141;(a) = E1als(a) for all A € F,. We have, exploiting the martingale
property of I(a,),

]E].AIt(a) = ]E].A(It(a) — It(a")) + ]ElAIt(a”)
=E14(It(a) — It(a™)) + ELaIs(a™)
=E14(I:(a) — It(a"™)) + E14(I5(a") — Is(a)) + EL ol (a).

Application of the Cauchy-Schwarz inequality gives (E14(I;(a) — I;(a™)))? <
E(I;(a) — I;(a™))?, which tends to zero. Similarly, E14(Is(a™)— I(a)) has limit
zero. So the first two terms on the right in the above display vanish, which was
our goal.
2 2
(ii) We have seen above that I;(a™) £ I;(a). But then also I;(a™) =N Is(a)
2

and hence 14(L;(a") — Iy(a") = 14(Li(a) — I,(a)) for any event A € F,,
nothing else but E14(I;(a™) — Is(a™))? — E14(I;(a) — Is(a))?. Moreover, as
[la™ — a|| = 0, we also have ||a™|| — ||a||. Therefore we have for any A € Fj,
using the already established property for simple a”,

E14(I(a) — Is(a))? = imE1 4 (I, (a™) — Is(a™))?

47



t
:limElA/ a™(u)?du

¢
:ElA/ a(u)? du.

As A € F; is arbitrary, this implies that
t
E[(L:(a) - I5(a))?|Fs] = ]E[/ a(u)? dulFy).

(iii) The third property Elr(a)* =E fo 2 du now immediately follows.

(iv) Linearity of the operator IT on P follows similarly by approximation
with simple processes for which we already know it. The last assertion of the
theorem, isomorphism, now follows, as we already have proved in the previous
step that norms are preserved. O

Henceforth we denote the stochastic integral I7(a) by fo s)dW (s) and I;(a)
by fo s)dW (s), often abbreviated as fo adW.

Example 6.6 Let us study the integral fo s)dW(s). Take as approxima-
tions the functions W" of Example [6.3] Note that we have

W -z =3 / BOV() W) dr
:Z/vl (t —t;_1)dt

i=1

Z(tl — ti,1)2 — 0,
=1

N =

if the mesh of the subdivision tends to zero. Hence to get fOT W(s)dW(s) we
have to compute the limit of the sum in Equation . But this we have done
in Section [2.3] when we discussed the quadratic variation of Brownian motion.
With this in mind we conclude

/ W(s)dW(s) = %W(T)Q - %T. (6.7)
0

By the properties of the Itd integral we know that E f W(s)dW (s) = 0, which
also follows from the right hand side of .

Next we will find the quadratic variation of the process I(a).

Proposition 6.7 Let a € P. The quadratic variation of I(a) over the interval
[0,¢] is given by (I(a)); := fo u)? du.

Proof Consider first the case where a is piecewise constant. The result then
immediately follows from the definition of the Ito integral for simple processes
and Proposition
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Let now a € P be arbitrary but bounded (we omit the proof of the general
case). Consider partitions 0 = tj < --- < % = ¢ of [0,¢] with mesh tending to
zero and a” the processes that are constant on each of the intervals (¢7_,,t7]
and equal to a(t}_;). It holds that f u)?du — fo u)?du a.s. and also

E fot (a™(u) — a(u))?du — 0, because we can apply the dominated convergence
theorem, see Theorem (ii) and Remark [A.4] since a is bounded. Note that

the latter implies E f u)?du — E fo u)? du.
We will show, see below that the dlfference

Qn(a) — /Ot a™(u)?du

tends to zero in the £2-sense, where Q,(a) =Y, ( ;Z adW)?2. First we write
k—1

tn

Qula) =3[

ty
(a—a™) dW—l—Z/ a™ dW)?
k t s k ey
Next we write @, (a) as the sum of the three terms
ty

Qn(a—a™) = Z(/ (a —a™)dW)?,

n

k k—1
1

Qn(an) — Z(/ a® dW)Q,
k te_1

ty ty
Cn:2Z(/ (a —a™)dW a™ dw.
i ty

k k—1 k—1

The expectation EQ,,(a—a™) equals E fo )—a ( ))? du by Theoremﬂand
Property m ) | of Proposition applied to a — a" instead of @ and s = 0, and
tends to zero by the approxmlatlon property of the a™. Below we will prove

On(a™) 5 O a(u)? du, (6.8)

which then also implies Q,,(a™) L, fo 2du and EQ,(a™) — E fo 2 du.
Under the assumption that . holds, the expectation of |C,,| tends to zero by
a version of the Cauchy-Schwarz inequality,

(E|Cu)? < EQp(a — a™)EQ,(a™).

Let us therefore now focus on . As

Qn(a")—/Ota(u)zdu:Qn(a")—/Ota”(u)Qdu—F/ota"(u)Q—/Ota(u)Q,

it is sufficient to show that

>/

k te_1

o dW)? — /O o™ (u)2 du)? — 0, (6.9)
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as this also implies the L£!-convergence of ft" a™ dW)? fo u)? du and

because we already established fo a(u))? du % f u)? du at the beginning of
this proof.
The ordinary integral in are actually sums and the big summation in

can be written as

Za 2(AWP)? — ALY,

with AW = W(t}) — W(t7_,) and At} =t} —t}_,. Since a is bounded, by
a constant C say, we have that the expectation in is by application of
the Cauchy-Schwarz inequality for sums bounded by C* >, E((AW}[)? — At})?
(check!), and we can finish as we did in the proof of Proposition

Wrapping up, we have

Qn(a) — /Ot a(u)?du = Qu(a — a™) + <Qn(a”) - /Ot a(u)? du) +Cy,

where all three summands on the right tend to zero in £! by the earlier estab-
lished convergence of Q,,(a —a™) and C,, and the just shown convergence of the
middle term. (Il

Remark 6.8 The It6 integral I7(a) can be shown to be also well defined for
the wider class of processes a that are adapted and piecewise continuous, and
satisfy fo 5)2ds < oo a.s. (there is no expectation here). In this case the
assertion of Pr0p051t10n [6.7] holds too.

A process X will be called a semimartingale if it can be written as Xy plus
the sum of the two integrals fo s)dW(s) and fo s)ds with a piecewise con-

tinuous, Efo 5)2ds < oo (so a € P) and b an adapted process such that

fo |b(s)| ds < oo a.s. for all T > 0. So, a semimartingale can be decomposed as

X:X@+/Mg@+/agmmy (6.10)

0 0

We need the following lemma.

Lemma 6.9 Let f and g be two continuous functions on an interval [0, T]. As-
sume that f has finite variation over this interval and that g has finite quadratic
variation over this interval. Then the quadratic variation of f + g is equal to
the quadratic variation of g.

Consequently, if X is a semimartingale as in Equation , its quadratic
variation (X); over an interval [0,¢] is given by

0= [ ato?as

Proof Exercise 6.1 O
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A consequence of this lemma and Proposition is that the decomposition of
a continuous semimartingale is unique (Exercise . Hence we can unambigu-
ously define the stochastic integral of a process h € P w.r.t. the semimartingale

X as
/ h(t) dX (¢ / h(#)b(t) dt + /Th(t)a(t)dW(t), (6.11)
0

where the latter is the stochastic integral, and it is well-defined under the con-

dition EfOT h(t)%a(t)?dt < co. For Equation |D we also use the shorthand
notation in stochastic differentials

h(t)dX (t) = h(t)b(t) dt + h(t)a(t) AW (t). (6.12)

We close this section by mentioning that it is the preservation of the martingale
property that makes the Ito integral such a powerful tool from a probabilistic
point of view. This preservation is the consequence of the special structure of the
simple processes. There are however alternatives to the It6 integral, the most
prominent one being the Stratonovich integral. Contrary to the It6 integral,
Stratonovich integrals w.r.t. Brownian motion are in general not martingales,
see Exercise

6.2 The Ito rule

Knowing how to understand the stochastic integral w.r.t. Brownian motion, we
can now develop the important calculus rules. The first one is the basis of all
the others to follow.

Lemma 6. 10 Let f be a twice continuously differentiable function, such that
Efo )2dt and IEfO f"(W(t))? dt are both finite. Then f(W) is a semi-
martmga]e and one has a.s.

T 1 T
FOV(T)) = FW(0)) + / POV (D) aw () + / FUOV@) AL (6.13)

Proof (sketch) Let I = {0 = ¢y < -+ < t, = T} be a partition of [0, 77,
which we will make as fine as needed. We use a Taylor expansion to write
with A; = ¢; — t;_1, AW; = W(t;) — W(t;—1) and W;* an appropriate convex
combination of W(t;) and W (t;—1).

=D F(W(tia)AW; + 5 Zf" DAWE. (6.14)

i=1

By properties of the stochastic integral the first term converges in £2(2, F,P)

to fo )) dW (t) if we make the partition finer and finer. The second term
we spht as

52_: VA + = Zf” AW?Z — A).
1=0

—
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Here the first sum converges pathwise to the Riemann integral fOT (W (t)) de.
To treat the second one, we state that we can replace f”(W/}) with f; =
f"(W(t;—1)), making an negligeble error only (without making this precise).
Below we shall use an argument like in the proof of Proposition specifically
E(AW? — A;)? = Var (AW? — A;) = 2A2. If we also assume that Ef? < oo, we
have, by Cauchy-Schwarz again, E(Y.1 " f;(AW? — A;))? = 23" | Ef2A? <
20 Z?:l Ef2A;, where p is the mesh of II. Consider now a family of partitions
II with g — 0. Since > 1 | Ef2A; — EfOT f"(W(t))?dt, which is finite by as-
sumption and g — 0, we have E(X.1"" f;(AW? — A;))? — 0. This finishes the
sketch proof. (I

Lemma [6.10] can be extended to functions f of two variables.

Lemma 6.11 Let f be a function of two variables t and x and suppose that fis
continuously differentiable w.r.t. t with partial derivative f;, twice continuously
differentiable function w.r.t. x with partial derivatives f, and f.,, such that
IEfOT fo(t,W(t))?dt < co. Then one has a.s.

FT.W(T)) = F(0,W(0)) + / fi(t WD) dt

/ fo (W (t)) dW (¢ / Joa(t, W (t (6.15)

Proof One can use the same techniques as in the proof of Lemma again
based on a Taylor expansion but now for a function of two variables. We omit
the details. (]

For Equation (6.15)) we use, similar to (6.12)), the abbreviation

A7 (W (0) = ot W0) d 4+ Folt, W) W (1) + 3 Lot W(1)) . (6.16)

Remark 6.12 The conditions involving finite expectations in Lemmas[6.10]and
6.11| are rather annoying. It can be shown that these are actually not needed.
For this we need the notion of stopping times, which is not part of this course.

Now we are in the position to state a version of the stochastic chain rule.

Theorem 6.13 Let X(t) = f(t,W(¢t)) and Y (t) = g(t, X (t)) where f and g
are supposed to satisfy the appropriate differentiability conditions and that are
such that the (stochastic) integrals below are well-defined. Then X and Y are
semimartingales and it holds that

dY (t) = g:(t, X (8)) dt + g (¢, X (£)) dX(¢) + %gm(t, X (1) fo(t, W (1) dt,

where the term with dX (t) has to be understood as a shorthand notation for

an expression like (6.12).

Proof Let h be the decomposition h(t,z) = g(t, f(t,x)). Compute the partial
derivatives of h, express them in those of f and g and use Equation (6.12). O
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Now we have seen in Theorem that functions and compositions of functions
of time and Brownian motion are again semimartingales, we can use Lemma
to compute the quadratic variation of X and Y as they appear in this theorem.

Proposition 6.14 Let X and Y be as in Theorem[6.13} Then X has quadratic
variation process given by Y = fo fu(s,W(s))*ds and Y has quadratic varia-

tion given by (Y); = fo (5))%ds, Where h(t,z) = g(t, f(t,x)). Moreover
these quadratic Var1a1;1ons are related by (Y, = fo 9:(5, X (8))? d{X)s.

Proof The expressions for (X); and (Y); follow from Lemma [6.9] The rela-
tion between the two quadratic variation processes then immediately follows by

he(s,7) = gu(s, f(2)) fu(s, ). 0
Corollary 6.15 In the situation of Theorem [6.13 we have

AY (t) = g,(t, X (t)) dt + g, (t, X (t)) dX (¢) + %gm(t, X(@)d(X)e.  (6.17)

Proof Just use the expression for (X); of Proposition O

Corollary [6.15] ﬂ can be shown to be generalized to the situation, where Y (¢) =

g(A(t), X(t)) with A a process given by A fo s)ds, where a is a con-
tinuous process. We state, rather mformally, the result and omit the proof.

Proposition 6.16 Let X be a semimartingale, A a process of the form A(t) =
fo s) ds and g a function that is supposed to satisfy the appropriate differentia-
b111ty cond1t1ons Let Y be defined by Y (t) = g(A(t), X (t)). Assuming that the
(stochastic) integrals below are well-defined, we have that Y is a semimartingale
as well and

A (1) = gu(A(), X (1))ar)
F0a(A(), X(5) AX () + g0 (A1), X(1)A(X). (6.19)

Example 6.17 We can apply Proposmon-to the following interesting case.
Let X (t) be of the form X (t) = f(t,W(t)), A fo fu(s,W(s))?ds, g(t,x) =
exp(z — 3t) and Y (t) = g(A(t), X (1)). Then we have (check it yourself!)

Y(t):Y(0)+/O Y (s)dX(s). (6.19)

If X(0) =0, then one has

Y(t) =1 +/OtY(s) dX(s). (6.20)

For processes X and Y that are related by Equation we use the nota-
tion Y = &£(X). The process Y is said to be the Doléans exponential of X.
Equation also results when Y'(t) = exp(X(t) — (X)) for an arbitrary
semimartingale X, the precise form of its decomposition is not relevant. Im-
portant for the application of the Itd rule of Proposition is to realize that
the quadratic variation of X — 2(X) is (X). Working out the details is the
content of Exercise [6.22] It may be instructive to compare this example to the
analogous formulas in the discrete time setting of Equations (1.6)) and .
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The It6 rules that we have given above, in particular can be extended to
more dimensional semimartingales X. To give an example, take X = (X1, X5),
where X; and X5 are semimartingales. Let Y'(t) = f(¢, X1(¢t), X2(t)), with f
having the appropriate continuous partial derivatives. The version of the It6
formula for Y involves the quadratic covariation process (X1, Xs). For T > 0,
and a partition Il = {0 =ty < --- < t,, = T}, one considers

C(IHr =) (Xi(t:) — X1(ti—1))(Xa(t;) — Xa(ti—1))

-

= I

(2

. AXLZ'AXQJ

(AX1; +AXo,)? — AXY, — AXE,).

Il
N~ s

1=1

If C(II)7 has a limit (in probability) for partitions II with mesh tending to zero,
then this limit is denoted (X7, X5)7, and one should have the relation

(X1, Xo)p = % (X1 + Xo)1 — (X1)7 — (Xa)1) . (6.21)

Indeed, for semimartingales X7 and X this limit exists, and Equation (6.21)) is
valid, the content of the next proposition.

Proposition 6.18 Let X; and X5 be semimartingales with decompositions as
in (6.10) involving the processes a; and b; (i = 1,2). Then (X7, Xo)p exists, it
satisfies (6.21)) for any T > 0, and is explicitly given by

<X1,X2>T=/O ay(s)az(s)ds.

Proof First we observe that, in analogy with Lemma [6.9] we can ignore the
ordinary integral. Following the proof of Proposition we then replace the
Qn(a) there with C(II)7 and mimic the remainder of the proof. Showing the
validity of is straightforward. O

Turning back to the multivariate setting Y (¢) = f(¢, X1 (¢), X2(¢)), it holds that
Y is a semimartingale as well and in shorthand notation, where the arguments
t, X1(t) and X5(t) of the partial derivatives have been omitted for clarity of the
displayed formula, we have

AY (1) = fodt+ foy dX1 (1) + fr, dXo (1)

5 (Feren XD + 2oy AXL, X)1 4 fagey A(Xo)). (6:22)

We notice that we have seen already an instance of this formula, namely .
You check why! One special case deserves our attention.

Consider f(t,z1,22) = x122. Then Equation becomes the product
formula for semimartingales,

Ad(X1X5) = X1 dXo + XodX; + d(Xy, Xo),
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which is the shorthand version of

X1(t)Xa(t) — X1(0) X2(0)
/X1 ) dXo (s /X2 )dX1(s) + (X1, Xo)s. (6.23)

See also Exercise for the discrete time version of Equation . This
equation can be specialized further. Let X; = X be an arbitrary semimartingale
and Xy = A a semimartingale of the form A = fo t)dt. Tt follows that in this
case one has (check why)

A(X()A®) = X(H)a(t) dt + A(t) dX (t). (6.24)

Next we present some formal computations that facilitate the computations of
quadratic variation and quadratic covariation. The following symbolic multi-
plication rules are useful, where W is a Brownian motion and X, X7, X5 are
semimartingales.

(dt)? =0
dt x dW(t) =0
(AW (t))* = dt
(dX(1))* = d(X),
dX1( ) X ng(t) = d<X1,X2>

Note that all quantities above have no mathematical meaning, e.g. dt is not a
number, but is only used under the integral sign. Similar comments apply to
the other quantities, but as before they are also conveniently used in differential
notation. The justification of these multiplications can be traced back to the
computations in the proofs of all kinds of quadratic variations and covariations,
where we encountered expressions like sums of (X (t;) — X (¢;_1))?, which looks
like (dX (¢))2. The limit of such a sum was seen to be (X);, whose ‘differential’
is d(X);.

The usefulness of these rules is illustrated by consider semimartingales X3
and X5 as in Proposition [6.18 In differential notation, we have

AX1 () = by (t) dt + ay () AW (1)
AXa(t) = bo(t) dt + as(t) AW (2).

With the above rule we find

d<X1,X2>t = Xm(t) X dXQ(t)
= (b1 (1) dt + ax (£) AW (1)) (ba(t) dt + as(t) AW (1))
= al(t)ag(t) dt,

which we recognize as the result of Proposition in differential form.

6.3 Girsanov’s theorem revisited

We have seen in Section [4] an absolutely continuous change of measure that
transformed a given Brownian motion in a Brownian motion with linear drift.
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In Exercise 4.12] an example was given of a change measure that transformed
Brownian motion into a Brownian motion with piecewise linear drift (and vice

versa). In that exercise Z = exp( 11(a) - 5% o a*(s )ds), with I(a) =

Yo, a;AW;, played a role. The sum we now understand as an Itd integral of
the simple function a(t) = Y1 | a;l¢, , +,(t), where the a; are real numbers
and 0=tg <t <---<t,=T.

Having a Closer look at the exercise we suspect that any random variable

= exp(— fo -3 fo )2 ds) with a € P can be used to define a
new probabihty measure Q with ‘31% = Z. However, at this point we have to be
carefull Whatever the situation is, we can always define a measure Q on Fr
by dQ = Z(T)dP, i.e. by Q(F) = Eplp(T). But to have that Q is a probability
measure, we need EpZ(T) = 1. If a is a non-random function in £2[0, 7], this
follows from Exercise [6.10] But for random processes a this is in general not
true. In this section we will have a closer look at Girsanov transformations.

Let us consider a simple process a E S (in particular, a is bounded) and let us
look at Z(t) = exp(— fo 1 o a(s)?ds). Application of the It6 rule
gives

Z() = 1— /O Z(s)als) dW(s). (6.25)

Using reconditioning properties of conditional expectation, one can show that
in this case the process Z is a martingale on [0,T]. Moreover, one may show
that even EpZ(T)? < oo for any bounded process a, Exercise Observe
by the Way, that we can use the Doléans exponential to write Z = £(Y'), with

Y = — [;a(s)dW (s), see Example

Next we look at a process a € P and define, as above,

Z(t) = exp(f/o a(s)dW (s) — %/0 a(s)?ds).

Without checking technical conditions, we simply apply the Ito rule again, to
get the same representation . It is in this case not clear whether Z is
a martingale. For instance, if we have processes a” € S that converge to a
w.r.t. the norm of Sectionwe have £2-convergence of the resulting stochastic
integrals Ir(a™) to Ir(a). With Z" = £(Y"), Y™ = — [ a" W (s), it is
possible to show that Z™(T') converges to Z(T) in probablhty, but this type
of convergence is too weak to conclude EpZ(T) = 1. From Fatou’s lemma we
can only deduce that EpZ(T) < lminfEpZ™(T) = 1. So we need stronger
assumptions.

Look at Equation . To have that Z is a martingale, it is sufficient to
impose that aZ belongs to P (we then also have Ep fOT Z(s)%a(s)?ds < 00). But
this is equivalent to EpZ(T)? < oo. So, from now on we assume that a is such
that this condition is satisfied. This condition is a bit unsatisfactory, because it
is not an explicit condition in terms of a only. On the other hand it is satisfied
if a is deterministic and in £2[0,T), or if a is a simple process.

Theorem 6.19 Let a € P, in particular Ep fo (t)2dt < oo and let Z(t) =
exp (— fo -3 fo ds) Assume that Ep fo a(t)?Z(t)*dt < oo.
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Define the measure Q on Fr by dQ = Z(T') dP. Then Q is a probability measure
and the process W@ defined by WQ(t) = W (t) —&-f(f a(s) ds is a Brownian motion
under Q for t € [0,T].

Proof First we show that Q is a probability measure, which follows as soon
as we know that EpZ(T) = 1. From the assumption Ep foTa(t)zZ(t)2 dt < oo
and we see that the process {Z(t),0 <t < T} is a martingale and hence
EpZ(T) = EpZ(0) = 1.

We next show that W is a Brownian motion under Q. For simplicity
we further assume in this proof that a is a bounded process, |a| < K say.
Consider the sequence of a™ € S that converges to a as in in the proof
of Proposition Then the a™ are also bounded by K, and by the Cauchy-
Schwarz inequality also EfOT la™(s) — a(s)|ds — 0, hence fOT la™(s) — a(s)|ds
converges to zero in P-probability, and then almost surely along a subsequence
(see Proposition for all relations between different modes of convergence);
this subsequence will henceforth be indexed by n again.

Put Z™(t) = exp (— fg a™(s)dW(s) — 3 Ot
tion all EpZ™(T)? and EpZ(T)? are finite. We will show that Z"(T') converges
to Z(T) in L2(Q, Fr,P).

From Equation (6.25]) and the analogous expression for Z™ we obtain

a"(s)? ds). In the present situa-

T
ZMT) - Z(T) = 7/0 (@"(t)Z"(t) —a(t)Z(t)) AW (1)
T
== [ @) —aw)ze awe
T
- [ @ -z awe)
Hence we get, by the elementary inequality (a + b)? < 2a? + 202,
T
Ep|27(T) — Z(T)2 < 2JEP/ () — a(t)Z(t)? dt
’ T
+2]EP/ |Z™(t) — Z(t)|%a™(t)? dt
0
r 2 2
< 2E» / 0" (1) — a(h?Z(1)? dt
T
+2K2]E]p/ |Z"™(t) — Z(t))? dt.
0

If we write F™(t) = Ep|Z7(t) — Z(1)[?, A™(T) = 2Bz [ |a™(t) — a(t)[?Z(t)* dt
and B = 2K?, then we have

F(T) < AMT) + B / e a. (6.26)

It follows from Gronwall’s inequality (Exercise [6.14]) that we can deduce that
F™(T) < A™(T) exp(BT). So to achieve our aim, Ep|Z"(T) — Z(T)|* — 0, it is
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sufficient to show that A™ converges to zero, and this follows from the dominated
convergence theorem, because Ep fOT Z(t)? dt < oo (check this!).

Recall from Exercise that under Q™ we have that W™ defined by
wn(t) = W(t) + fot a™(s)ds is a Brownian motion. This means that any
event of the type E" = {W"(t;) < z1,...,W"(tm) < 2, } has a station-
ary Q"-probability, i.e. Q"(E") is the same for all n. Let E = {WQ(t;) <
o1, ., WO(ty,) < z,,}. We will show that Q(E) is equal to Q"(E™).

Consider

QE) — Q*(E")| < Be|Z(T)15 — Z"(T) 15|
< Ee|Z(T) (15 — 1p0)| + Ee|27(T) — Z(T)].  (6.27)

The second term in tends to zero, because of the just shown L£2-conver-
gence of Z"(T) to Z(T), as it implies £!-convergence. Since (along a subse-
quence) the 1g» converge to 1 P-a.s. (Exercise [6.18)), we can use a version
of the dominated convergence theorem to conclude, or see Remark below,
that also the first term in eventually vanishes, and hence Q(E) = Q™(E™).
The conclusion is that W is a Brownian motion under Q. ([

Remark 6.20 Instead of using dominated convergence at the end of the proof,
we can argue as follows. Write D, = 1g — 1g=, and note that |D,| < 1.

Moreover, Dy, — 0 (check). Then, for any § > 0,

Ep|Z(T)(1g — 1g»)| = EpZ(T)|Dn|1y D, |55y + Ep|Z(T)Dn|1y D, <5}
= EIP’Z(T)]-{\D,L|>5} + 0EpZ(T)

< (B:Z(T)B(ID,| > 6))"* +3.

Hence

limsup Ep|Z(T)(1g — 1g»)| <4,

n—oo

which yields the result, since ¢ is arbitrary.

Remark 6.21 Crucial for the property of Q being a probability measure is the
requirement that EpZ(T) = 1. A well known sufficient condition for this to
be true, weaker than the one in Theorem is Ep exp(3 fOT a(s)?ds) < oo,
known as Nowikov’s condition. This condition is sharp in the sense that if the

factor 1 in the exponent is replaced with a < %, counterexamples exist in

2
which EpZ(T) < 1. The condition is obviously satisfied if a is deterministic and

fOT a(s)?ds < cc.
6.4 Exercises

6.1 Show that (the value of) the It6 integral of (6.3]) doesn’t depend on the spe-
cific representation of the simple process a. Hint: If a(t) = > bil(s,_, s, (t)
is another representation, consider a(t) = ;") >0 bil(e,_, sin(t;_1.t;)(1)-

6.2 Show the validity of Equation (6.4]).

6.3 Here are some consequences of Example
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(a) Show Equality (6.5).

(b) What is the limit of its right hand side when the ¢; come from a sequence
of partitions of [0,7] with mesh tending to zero? What is in the same
situation the limit of W"(¢)?

(c) What is the ‘reasonable’ value of fOT W(s)dW(s)?

6.4 Prove assertion f Proposition

6.5 This exercise concerns Theorem
(a) Show that Ir(a) is a linear functional of a € S.
(b) Show that Ir(a) is a linear functional of a € P.
(¢) Consider the stochastic integrals I;(a) with a € P. Denote by (I(a)) the

quadratic variation process of I(a) (i.e. (I(a)); is the quadratic variation
of I(a) over the interval [0,¢]). Show that I(a)? — (I(a)):, t € [0,7T] is a

martingale.
6.6 Let M(t fo W(s).
(a) Use Theorem ﬁ to show that M (t) and M (t fo s)2ds (t € [0,7))

are martingales. See also Remark [6.2]

(b) Let A(t), t € [0,T], be an adapted positive process with piecewise contin-
uous paths and IEA( ) < oo for all . Show/argue that E[ fo u) dulFs] =
Jy A(u) du+ f E[A(u)|Fs] du, by using the definition of conditional expec-
tation. (You may use that for positive A(u) it holds that E fo u)du =
ST EA(u) du.)

(¢) Show by a direct computation not involving stochastic integration theory,

that M (¢ fo 5)%ds (t € [0,T]) is a martingale. (Here it is often useful
to write W( )= (W(t) W( ))+W (s) and that W (t)—W (s) is independent
of Fs. Recall that EX* = 30* if X has the N(0,0?) distribution.)

6.7 Prove Lemma [6.9] for the functions f and g.
6.8 Show that the semimartingale decomposition ((6.10f) is unique.

6.9 Compute from one of the It6 rules dZ; in the following cases.
(a) Z; = e*W. Find a differential equation with EZ; as solution.
(b) Z; = e*"t=b Show that Z is a martingale in the special case b = 3a
(c) Zy = X2, for Xy = W2 —t.

2

6.10 Let o be a piecewise continuous function (non random') on any interval
[0,t]. Let W be Brownian motion and put X (¢ fo . Let Z(t) =
exp(iuX (t)), for fixed u € R. Use the It6 rule to find

Z(t)=1 +/0 iuo(s)Z(s)dW(s) — %u2/0 o(s)2Z(s) ds.

Use this equation to compute the characteristic function ¢(u) = Eexp(iuX (t)).
Deduce that X (t) is normally distributed and determine its expectation and
variance.
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6.11 Let X be given by X (t) = exp(yt + oW (t)), with v a constant and W
a Brownian motion. Find the semimartingale representation of X by using
the Itd rule and show that the quadratic variation process of X is given by

o2 fg X (u)? du.

6.12 Consider a Brownian motion W and a partition 0 = tf <t} <--- <t} =t
of that [0,¢] . Define for 0 < o <1 the random variables

n

Sn(a) = Z Wa—ay,+ary Wep = W ).
i=1

(a) Show that for partitions whose mesh max{t} —¢?" ; : 4 =1,...n} converges
to 0, it holds that S,,(«) in £2-sense converges to J(a) with

1 1
[Remark: for o =0 is J(«) the Itd integral fot W, dW, and for a = 3 one
obtains what is known as the Stratonovich integral.]
(b) Put

S;L(Ck) = Z(Oth:L + (]. — a)Wt;il)(Wt? — Wtf,l)'

i=1
Show that S, ()" in £2-sense converges to J(a).

6.13 Brownian motion W is, as we have seen, a continuous martingale with
quadratic variation process (W), = t. It is in fact the only continuous martingale
with this property, which can be shown as follows. Let M be such a martingale
(it is continuous, (M); = t) and define for every A € R and s < ¢ the random
variables ¢(s,t) = E[eMNM®H=M()|F ] We have reached our goal as soon as
we can prove ¢(s,t) = e~ 27 (=9) (why?). Let Y (t) = e*M(®),

(a) Use the Tto6 rule to get

. 1., [t
Y (t) —Y(s) =iA / MM (W) dM(u)—i/\Q / MM (W) gy,

(b) Divide both sides of this equation by Y'(s) and take conditional expectation
given F; to arrive at the integral equation ¢(s,t) =1 — %)\2 fst o(s,u) du.
Solve this equation.

6.14 Let f : [0,T] — [0,00) satisfy the inequality f(¢) < a(t) + Bf(f f(s)ds,
with a an integrable function and 8 > 0. Show Gronwall’s inequality, f(t) <
a(t) + 8 fot a(s)ePt=5) ds for all t < T. If the function a is non-decreasing, then
f(t) <a(t)el.

6.15 For two functions X and Y, their cross quadratic variation (X,Y) over an
interval [0, T is defined as the limit of sums ), (X (t;) = X (t;—1) (Y (t;) =Y (ti—1)
for partitions of [0, 7] with mesh tending to zero. Show that (X,Y) = 0 if X
and Y are continuous, and Y has bounded (first order) variation over [0, T].
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6.16 Let X (t) = v(t,W(t)), where v € CH?(RT,R) and W is a Brownian
motion. Find, by using the It6 formula, conditions on v (in particular it should
be the solution to a well known PDE) in order that X is a martingale.

6.17 Proposition also holds if we replace P by the larger class of processes
a that are continuous on finitely many intervals (s;—1,s;) with existing left and

right limits at the endpoints that may also be +oo and EfoT a(s)?ds < oo.
Show this.

6.18 Show that 15~ Pogs. 1z along a subsequence in the proof of Theorem@

6.19 Consider Example

(a) Verify that Equation is true.

(b) There is another way to arrive at for a more general situation. Let
X be a semimartingale and (X) its quadratic variation process. Consider
the product Y (t) = exp(X(t)) exp(—3(X)¢). Use the Ito product formula

to arrive at (6.19)).

6.20 Let a be a bounded adapted piecewise continuous process and Z as in
Equation (6.25) for t < T. Show that EZ(T)? < oco. Hint: write Z(T)? =

EU)r exp(fOT a(s)?ds) for some martingale U and E(U) its Doléans exponen-
tial.

6.21 Here you prove a version of Abel’s summation formula. Let (ag)r>o and
(bk) k>0 be two sequences of real numbers. Then for all positive integers ¢ one
has

t t

arby — agby = Z ap—1Aby, + Z bpe—1Aay + (a,b)y,
k=1 k=1

where (a, b); = 22:1 AapAby. [Recognize the similarity with (6.23) (you may
want to think of partitions with vanishing mesh and of the definition of quadratic

covariation), and with (6.14)) for f(z) = 2?2.]

6.22 Let X be a semimartingale with decomposition (6.10). Define Y (t) =
1 : -
exp(X(t) —5(X)¢), t > 0. Show that Y satisfies (6.19)) and that ¥ = Y (0)£(X).
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7 Applications of stochastic integrals in finance

The purpose of this section is to show how we can use the theory of stochastic
integration to say more on the models that we used in Section [5| to describe
the evolution of the stock price. Furthermore we discuss again self-financing
portfolios. We will present here another definition of a self-financing portfolio,
which encompasses the definition in Section [5.2| as a special case. We will also
return to hedging, and show that is possible to hedge certain composite claims,
namely those whose pay-off depends on S(7") and on the integral of .S from the
initial time to the time of maturity 7.

7.1 The models

Consider the stock price process S and the representation under the equivalent
martingale measure Q as given by Equation . Let f(t,x) = sexp(ox+ (r—
10%)t). Then S(t) = f(t, W2(t)). Using Lemma we obtain the following
stochastic differential representation of .S, of which we have seen a discrete time

analogue in Equation (1.32)),
dS(t) = rS(t) dt + aS(t) AW (t). (7.1)

We could do the same for the representation of S under the ‘physical’ probability
measure P (the one that is supposed to model the ‘true’ dynamics of the stock
price) with some a € P (see Equation with the process a there replaced
by a — 30?) to obtain

dS(t) = a(t)S(t) dt + o S(t) dAWE(t). (7.2)

Equations and are examples of stochastic differential equations, this
terminology should be clear.

The (somewhat artificial) measure Q will be used for pricing. If we let S(t)
be the discounted price, S(t) = e~"tS(t), we obtain from by application of
the (It6) product rule

S(t) = S(0) + a/t S(u) dW@(u). (7.3)

Hence the process S = {S(t),t € [0,T]} is a martingale under Q.

We use Girsanov’s theorem to see that we can deduce Equation
from Equation and vice versa. In order to do so we have to find the Radon-
Nikodym derivatives dP/dQ and dQ/dP (as always, Q and P restricted to Fr).
Indeed, with

Tat) —r T r—a
(i% = exp(—/0 %dWP(t) — %/0 (T@))Q dt), (7.4)
and

Ty _q Toa(t)—r

we have the relation WF(t) = WQ(t) — fot 28)=r 45, Of course we take a such

g

that the integrals in (7.4]) and in (7.5 are well defined. Note that the probability
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measures P and Q are equivalent on Fp. In Corollary we have seen this for
constant functions a. Note that a consequence of Girsanov’s theorem is that
the martingale parts in the equations for S, the terms with the two Brownian
motions have the same coefficients, whereas the coefficients of the parts with dt¢
differ.

Remark 7.1 The quantity % in the expression for % is known as the

market price of risk, a standardized excess rate of return over the risk-free rate
r. We will see an analog of this in the next chapter for stochastic interest rate
models.

In Section [I.2] we also considered the cumulative return process. We found in
Proposition [I.10] a limit process R that was such that under the measure Q all
increments R(t) — R(s) have a normal N(r(t — s),0%(t — s)) distribution for
t > s. This suggest to model R as a Brownian motion with drift, so

R(t) = R(0) + rt + o W2(2).

Likewise we can model R under the probability measure P as
t
R(t) = R(0) + / a(s)ds + oWF(t).
0

Note that the Radon-Nikodym derivatives in ([7.4]) and in (7.5 transform the
two representation for R in each other. Compare the equations for S and R to
obtain both under the measures P and Q (like Equation (1.5]) in discrete time)

dS(t) = S(t) dR(t). (7.6)

Hence we can express S in terms of R using the Doléans exponential by the
relation S = S(0)€(R), both under P and Q. Note the similarity with the
discrete time expression (|1.7)).

Recall that we took for the bond price process B(t) = e, so
dB(t) = rB(t)dt. (7.7)

We observe the similarity of the d¢ terms in Equations and . Calling
a(t) in Equation the rate of return of S under P and similarly r the rate
of return of S under Q, then we see that the rate of return of S under Q is
just equal to the interest rate, the rate of return of the riskless asset, the bond.
So we can characterize Q as the probability measure that gives the stock the
same rate of return as the riskless asset. Because of this, Q is also called the
risk neutral probability measure. The alternative name equivalent martingale
measure is explained by noting that Q and P have been seen to be equivalent
probability measures and that the discounted price process S is a martingale
under Q.

7.2 Self-financing portfolios and hedging

Consider a portfolio process (zy,y:) with value process V', so V(t) = x:S(t) +
yB(t). Let us assume that V' is a continuous semimartingale under the proba-
bility measure P, so that we can speak of the stochastic differential of V. This
allows us to formulate the definition of self-financing portfolios in a way that is
the natural counterpart in continuous time of Equations and , unlike
the somewhat artificial Definition [5.11
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Definition 7.2 A portfolio process is called self-financing if it satisfies the in-
tegrability condition IEQfOT 2(u)?S(u)? du < oo and if we have for all ¢ € [0, 7]
P-almost surely (and hence Q-almost surely)

V() =V(0) + /0 o dS(u) + /0 Yo dB(w).

Like in discrete time, it is possible to show that this definition can equivalently
be stated in terms of discounted processes. Let V (t) = e~V (t), t € [0,T] and
recall from Section [7.1 S(¢) = e~ "1 S(t).

Proposition 7.3 A portfolio process is self-financing iff we have for allt € [0,T]
almost surely V(t) = V(0) + fotixu dS(u). A self-financing portfolio process is
therefore such that the process V is a martingale under Q.

Proof Exercise [T.1] U

Remark 7.4 Note that for Definition and Proposition we need the
stochastic integrals fot % dS(u) and fg 2, dS(u). Compare this to Deﬁnition
where we needed a special form of the value process V', because stochastic
integrals had not been introduced yet. Proposition |7.3| also tells us that the

discounted value process of a self-financing portfolio is a martingale under Q
and EqV (T')? < oc.

Let us turn to arbitrage portfolios. By definition these are self-financing and such
that the corresponding value process V satisfies P(V(0) = 0) = 1, P(V(T) >
0) =1 and P(V(T) > 0) > 0. Clearly, we can equivalently rephrase the latter
three conditions in terms of the discounted valued process V, P(V(0) = 0) = 1,
P(V(T) > 0) = 1 and P(V(T) > 0) > 0. As before, a market is arbitrage
free, if no arbitrage portfolios exist. We have the following corollary to Proposi-
tion[7-3] whose proof now relies on Definition[7.2} This corollary we have already
encountered in Section [5| as Proposition albeit in a different setting since
stochastic integrals had not yet been defined. We repeat it, for convenience,
slightly differently formulated.

Corollary 7.5 Consider the market as described by Equation (7.2). Assume
that there exists an equivalent martingale measure Q. Then this market is
arbitrage free.

Proof Consider a self-financing portfolio. According to Proposition [7.3] its dis-
counted value process is a martingale under Q and hence EqV (T') = EqV/ (0). If
the portfolio would be an arbitrage portfolio, then we would have by equivalence
of P and Q that Q(V(0) = 0) = 1. But then we would have EgV (0) = 0 and
then also EgV/ (T) = 0, which is impossible since we also have Q(V(T') > 0) = 1
and Q(V(T) > 0) > 0 as these two imply EqV (T) > 0. O

The next proposition says that any process that is a martingale can be seen as
the value process of a self-financing portfolio in the sense of Definition if we
restrict the class of martingales under consideration.

Proposition 7.6 Let a process V be a martingale under Q and suppose that
there exists a function v € C*? such that V (t) = 0(t, S(t)). Then the portfolio
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defined by x; = v,(t,S(t)) and y, = V(t) — x,S(t) is self-financing and its
discounted value process is just V. Moreover, for all t < T and x > 0 the
function v satisfies

1
ve(t, x) + 50233217”(75,30) =0. (7.8)

Proof We exploit again the martingale property of V. Apply Theorem to
V' and use Equation (7.3]). We obtain

AV (t) = B (t, S(t)) dt + 5,(t, §(£)) dS(t) + %m(t, S(t)) d(S)
1

= 0,(t, S(t))dt + v,(t, S(t))oS(t) AWQ(t) + §@m(t, S(t))o?S(t)%dt.

In this equation the collected terms ending with dt vanish, because V is a
martingale. Hence must be satisfied for positive = (all values of S(t)
are positive) and we are left with dV(¢) = 9,(¢,5(¢))dS(t). So, choosing z;
as Uy (t,S(t)) and y; as y; = V(t) — 2,5(t), we get that V is the discounted
value process associated with this portfolio and that the portfolio process is self
financing in view of Proposition [7.3] O

Proposition 7.7 Let v € C12, assume that it satisfies and put v(T, x) =:
F(z), where F is such that Eq|F(S(T))| < co. Then V (t) := 9(t,S(t)) defines
a martingale under Q and the self-financing portfolio of Proposition hedges
the discounted claim F(S(T)).

Proof Looking at the proof of Proposition one sees that 1% is a martin-
gale. Apply the assertion of that proposition and use that V(T) = F(S(T)) to
conclude. O

Proposition has as an immediate consequence that every simple claim can
be hedged.

Corollary 7.8 Every simple claim X = F(S(T)) with Eg|X| < oo can be
hedged by a self-financing portfolio.

Proof Let X = e "7 X. By the Markov property of S (under Q), there exists a
function v such that the martingale Eq[X|F;] can be written as v(, S(t)). Since
(T, S(T)) = X the proof is completed by invoking Proposition a

The results above are in terms of discounted values, which we shall now trans-
form into undiscounted values. The partial differential equation we already
encountered as in Exercise with v playing the role of . Keeping the
notation of the present section, we define v(t,z) := €"9(t,e~""z). Then v sat-
isfies the partial differential equation (replace w there with v). So, in
the notation of the present section we again encounter the Black-Scholes partial
differential equation in the form of ,

1
ve(t, x) + 502x2vm(t, x) + revg(t,x) —ro(t,z) = 0. (7.9)
With V(t) := v(t, S(t)) we have the value at time ¢ of the self-financing portfolio

that hedges the claim F(S(T)) := e’" F(e""S(T)), where F is as in Proposi-
tion and F(z) := e""F(e~"Tx). Hence we endow (7.9) with the terminal
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condition v(T,z) = F(z). Moreover the z; of the hedge portfolio of Propo-
sition also satisfies x; = v,(t, S(t)), a property we already encountered in

Section [5.21

The It6 calculus can also be used to find hedging strategies for certain compos-
ite claims. These claims are of the following special structure. They depend
on S(T) and a certain integral of transformations of S. An example of such a
claim is the Asian call option with maturity time T and strike price K, which
is the claim defined as the one whose pay-off is ( fo t)ydt — K)*.

Let U(t fo )) dv with some given functlon g: R> 5 R As-
sume that U ( ) is Well deﬁned for all ¢ and consider the claim F(S(T),U(T)).
Suppose that it is possible to hedge this claim (with a self-financing portfo-
lio). In that case the discounted value of the portfolio is equal to the dis-
counted price process of the claim and so it must be a martingale under Q. We

thus have V(t) = Eo[F(S(T),U(T))|F:]. It would be nice if we could write

V(t) = e "V (t) with V() = v(t,S(t),U(t)) for some function v, and indeed
this is what happens. To understand this we argue as follows, just like we did
for simple claimb Consider the computation of the conditional expectation of
fo dv) given Fy,

T
Eo[F(S(T), / o(v,5(v)) dv) | .. (7.10)

We decompose as follows

/ng(”’S(”))d”_/Otg(vaS(v))dv+/tTg(v,S(v))dv

Given F; we completely know in the latter expression the first summand, which

is just U(t). The second summand we write as ftTg v, g((z)S( ))dv. Now we
5(v)

exploit the independence under Q of 0] and the whole past of S up to ¢

(a consequence of the independent increment property of a Brownian motion)
and apply Proposition [A.12) E- Carrying out the conditional expectation in
with values S(t) = s and U(t) = u then leaves us with the unconditional
expectation

T
E@F(i((jt;)g,u —|—/t g(v, i((;})) s) dv) =: v(t, s, u),

an expression in terms of s and u, just what we desired. Can we characterize
this expression? Yes, like for simple claims we have that also this function v is
the solution of a partial differential equation with a boundary condition. We
now state the result.

Theorem 7.9 Let v, a sufficiently smooth function of t,xz,u (here t € [0,T],
x>0, u € R) be the solution of the partial differential equation

ve(t, x,u) + 21, (t, z, u)
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1
+ 502:17209“(@ x,u) + g(t, z)v,(t, z,u) — ro(t,z,u) = 0, (7.11)
with boundary condition v(T,z,u) = F(xz,u). The portfolio consisting of x; =
ve(t, S(t),U(t)) and y; = (v(t,S(t),U(t)) — x:S(t))e™" is self-financing and
hedges the claim F(S(T),U(T)). The fair price of the claim at time t is V(t) =
o(t, S(1), U (1)),

Proof We apply the multi-dimensional version of the It6 formula to the process
V(t) = v(t,S(t),U(t)). We get, omitting the arguments ¢, S(¢t) and U(t) in v
and g, in shorthand notation

1
vedt + v, dS(t) + v, AU (t) + o Vsa d(S):

1
= v, dt 4 v, rS(t) dt + v, 0 S(t) AW(t) 4 v, g dt + o Ve o?S(t)? dt
rV () dt + v, oS (t) AW Q(t),

av(t)

where we used in the last equality that v was a solution of (7.11)). Hence the
discounted value process V, recall that V() = e "'V (t), satisfies

dV(t) = —rV(t)dt + e "dV (¢) (7.12)
= e ", 0S(t) AW (1) (7.13)
= v, dS(t). (7.14)

So if we define x and y as in the assertion of the theorem, we get V(t) =
245 (t)+y:, the discounted value process of the portfolio, and dV (¢) = x;dS(t), so
that the portfolio is self-financing. From the boundary condition on v we obtain
(T, S(T),U(T)) = F(S(T),U(T)), this portfolio is thus a hedging portfolio for
the claim F(S(T),U(T)). O

As a corollary to Theorem [7.9] we get

Corollary 7.10 Every claim F(S(T'),U(T)) that satisfies an appropriate in-
tegrability condition can be hedged. The hedging portfolio is given in Theo-
rem (.Y

Proof Similar to that of Corollary using Theorem [7.9) O

The above results extends previous results, and, not surprisingly, collapse to
those results when g = 0, for example (7.11) reduces to (7.9)).

7.3 More general claims

We have seen in Theorem that we can hedge certain composite claims, but
they had a special structure. Recall from Section [I| that we called a market
complete if every claim can be hedged. We ask ourselves whether the Black-
Scholes market is complete, and if it is, how for a given claim the hedge portfolio
would look like. The answer is affirmative, although one has to put some mild
technical restrictions on the claim under consideration. Recall that W = WF is
a Brownian motion under P. A most effective one is to demand that a claim X
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has finite second moment under Q. Under that condition, as we shall see below,
any Fr = F}'-measurable claim, not only simple ones, can be hedged.

This fact is a consequence of the martingale representation theorem (MRT),
a non-trivial result in probability theory, that we present without proof, as that
would need results that are beyond what we treat in these notes.

Theorem 7.11 Let M be a martingale (under P!) that is adapted to the
Brownian filtration FV = {F}V t € [0,T]}, where F}V = o(Ws,s < t), and
that satisfies EM(T)? < co. Then there exists an adapted process ¢ satisfying
E [, ¢2 du such that

M(t):M(0)+/OtgbudW(u), te0,7]. (7.15)

As we have seen M(t) := Egle™"T X|F;] gives a martingale under Q. We’d
like to apply the MRT, but the first problem is that here we don’t have a
martingale under P, but under Q. This could be circumvented by a change of
notation (replace P with @), but then the second problem shows up: the F; are
generated by W, and although W is adapted to the F, it is in general not true
that F; equals o(W@(s),s < t), but only F; D o(W(s),s < t). Yet, the two
filtrations coincide, and the problem disappears, in the important case where
W(t) and W(t) differ by a nonrandom quantity, like in (£.7)). See Exercise
for a way out in the general case. This leads to

Proposition 7.12 Let X be an Fr = F}' -measurable claim with EqX? < oc.
Then there exists an adapted process ¢ such that

V(t) := Egle "™ X|F] = V(0) +/0 $u dS(u), te€[0,T].

Moreover, choosing xy = é¢ and y; = V (t) — 2,8, yields a self-financing hedging
strategy of X and V is the discounted value process of the claim X. Hence the
portfolio process (x+,y:) hedges the claim X.

Proof Apply the result of Exercise to get an adapted process g?) such that

V(1) =T(0) + / G dIW2()

Recall that dS(t) = 0S(t) dWQ(t), so that one can write, as o, S(u) > 0,

oo T
VO =VO)+ | o5 dS).

Choose then ¢; = O

b
oS(t)”
In general, the process g?) (like ¢) is hard to characterize. There is usually no
partial differential equation that has the value process of the portfolio as a so-
lution. There is, however a theoretical description of x; in terms of what is
called a Malliavin derivative. This again touches upon a very advanced math-
ematical theory. However in discrete time we also encountered this derivative,
when we described for the CRR market ,, as g¥Z7 see (5.6), which also had
an interpretation as some sort of derivative. In the continuous time case, as we
said, the situation is much more complex, although it is indeed possible to give
a meaning to the formal expression z; = 2¥(¢).
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7.4 American style claims

In this section we briefly treat one example of an American claim, the American
call option with maturity 7" and strike price K. The pay-off of this claim at a
by the investor chosen time 7 < T'is (S(7) — K)*. The (random) time 7 may
assume any value between 0 and 7' and may depend on the random evolution
of the stock price, 7 thus becomes a random variable, but has to be chosen such
that only past information of the stock price is used. So, we require that for
any t < T the event {7 < t} depends on the values of S at times s < ¢ only.
In technical terms, given a filtration, we require for all ¢ € [0, T that the event
{r < t} is Fi;-measurable, and when this is true, 7 is called a stopping time.
Note that any deterministic 7 is a stopping time, because then, for any ¢, the
event {7 <t} is either @ or Q; both sets belong to any o-algebra.

What is ‘American’ in this case is that the owner of the claim doesn’t have
to wait to maturity to exercise it, but may do it at any time before it, when
it seems profitable. The problem here becomes to find a strategy that tells
an investor when to exercise the claim. For an arbitrary claim X (not only a
call option), technically speaking, one wants to maximize Ege "" X, which is
by definition the value at time ¢ = 0 of the claim when exercised at 7, where
7 runs through the set of stopping times bounded by 7. So the problem is
finding sup, Ege "X, and a maximizer 7% (suppose it exists) is then called
the optimal stopping time, or optimal exercise time. This is an example of an
optimal stopping problem.

Problems of this type are hard to solve. But in the special case of a call
option we can, and the answer is at first glance rather surprising: the optimal
strategy is to wait until maturity! As a result, the value of the American claim
is thus the same as that of its European version with same maturity time and
same strike price, although the owner of the European claim has no freedom
to choose himself an appropriate moment to exercise it. Let us see why this
equivalence takes place.

Let us denote the price of the American option at ¢t by C4(t) and the price of
the corresponding European option by Cg(t). Clearly one should have C4(t) >
Cgp(t) for all t. For simplicity we show this for ¢ = 0. The value of the American
claim is C'4(0) = sup, Ege™"7 X, which is greater than Cx(0) = Ege "7 X, as
the deterministic time T is also a stopping time. Hence Cy(t) > Cg(t) for t = 0.

Consider a market with interest rate » > 0. We compare two financial
products traded at time t. The first one is a portfolio that consists of 1 share
of the stock and a loan with value K from the bank that has to be paid back
at time T. At time ¢ the loan thus has value e "("=Y K. The total value of
this portfolio at time ¢ is thus S(t) — e "T=Y K. The other product is one
European call option with payoff (S(T') — K)*, whose value at t is thus Cg(t).
We compare the values of the two products at time 7. They are S(T) — K
and Cg(T) = (S(T) — K)*, respectively and we have the obvious inequality
S(T)—K < Cg(T). But then this inequality between the two values is preserved
at any time t < T' and we get S(t) — Ke "(T=t) < Cp(t). Hence we also have
the strict inequality S(t) — K < Cg(t) < Ca(t). Now suppose the owner of an
American call wants to exercise his option at the chosen time 7 = ¢t < T, he
will only do this when S(t) > K, and will then be paid S(t) — K and thus gets
less than the value of the American call. This means that it is not profitable
for him to exercise the option before maturity. So the optimal time to exercise
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the American claim is 7 = T' and hence the value C4(t) of the American claim
is equal to the value Cg(t) of the European claim, C4(t) = Cg(t).

This surprising result has no counterpart for the American put option. It is
possible to show that the value of an American put is strictly larger than the
value of the European put. It is interesting to see why an argument similar to
the one we used for a call option breaks down in this case (Exercise .

7.5 The Greeks

Starting point of this section is the Black-Scholes formula for the price of
a European call option. Clearly, it depends on a number of parameters. We shall
investigate the sensitivity of the price w.r.t. these parameters. By this we mean
that we shall quantify how small changes in the parameter result in the price
of a European call. Not surprisingly, we can express these in terms of partial
derivatives and these are known as the ‘Greeks’. We write C' = C(t, s,r, o) (here
s is the value of S(t)) for the expression and abbreviate the d;(¢,z) by
d;. Note that these two quantities depend on t,s,r, 0 too. Now we introduce
the following sensitivity parameters, or sensitivity measures.

A= % (delta),
p= % (rho),

0= %—(tj (theta),
V= % (vega).

Of course, the ‘Greeks’ in turn depend on all parameters as well, see Proposi-
tion[7.13] but for reasons of clarity we suppress this in the notation. In principle
it is possible to define similar sensitivity measures for prices of other derivatives
as well. Below we confine ourselves to formulas for call options, because we can
give explicit expressions for them. The result is the following proposition.

Proposition 7.13 Let ¢ be the density of the standard normal distribution
and ® its distribution function. The following hold.

A = ®(dy)
¢(d1)
sovT —t
p=K(T—t)e " T Dd(dy)
_ 5¢(di)o
2T —t
V= Sd)(dl)\/T —t.

Proof Exercise [[.11] |

I' =

0= —rKe " T3 (dy)
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For a number of reasons it may be attractive to manage portfolios that are not
sensitive, also called neutral, to one or more quantities like stock price or volatil-
ity. The corresponding partial derivatives then have to be (close to) zero. In
general, for a given portfolio this will not be the case of course, but sometimes
an extension of the portfolio with an additional derivative may accomplish it.
Suppose we have a portfolio with value V' (depending on some relevant quanti-
ties), not necessarily a hedge portfolio of a certain claim, and we wish to make
it A-neutral by addition of z units of a product having value D. The resulting
new value is delta-neutral if

- 0Os Os’
It follows that we should choose z = —4Y, in self-evident notation. In practice,

AD )
adopting this as a basis for a trading strategy, is not always attractive, since one

has to re-balance the portfolio at every time to keep it A-neutral. Moreover, if
the delta of the portfolio itself is subject to big changes (a big value for T, T is
always positive), the result at any time will be major adjustments of the portfolio
(z depends on t). This may lead to high transactions costs (which we have
completely ignored before) in practice. In such a situation, one may extend the
portfolio with yet another product in order to accomplish I'-neutrality. It turns
out a good idea to take the underlying stock as this extra product. Supposing
we buy an extra w shares, we require the two following equations to hold.

oV oD s

g + ZE + U/@ =0

0*V 9°D 0?s B

Solving this system of equations (using that % =1 and % = 0) results in
(again in self-evident notation)

z = T,
r

w = lAD - AV
I'p

And the story doesn’t end here ...

7.6 Exercises

7.1 Prove Proposition [7.3]

7.2 Consider the Black-Scholes market with claim fOT S(u) du.

(a) Show that the fair price of this claim at time t is given by V() with
V(t)=etDU(1) +S(t)#, where U(t) = fot S(u)du and r # 0 the
interest rate. What is V(¢) if r = 0?

(b) Write V' (¢) as v(t, S(t),U(t)) and determine a partial differential equation
for v.

(¢) Find the hedge strategy for this claim.
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7.3 Consider in a Black-Scholes market a European call and a European put
option. Denote by C; the price at time ¢ < T of the call and by P; the price of
the put. Derive the put-call parity Cy — P, = S; — e "1 K.

7.4 Consider the price of a European call option in the Black Scholes market.
One has V(t) = C(t,S(t)) with C as in Equation (L.30). Show by direct appli-
cation of the Ito formula that V satisfies dV (¢) = rV (t) dt + g(t) dWQ(¢), where
you also specify what g(¢) is.

7.5 Consider the Black-Scholes market. Let V' be the value process of a simple
claim. Show that there exists a process g such that V satisfies

dV (t) = rV(t)dt + g(t) AW (2).

7.6 Consider in a Black-Scholes market the claim F'(S(T)) = K14 (S(T))
(this is called a binary spread). Determine for each time ¢ < T the fair price
of this claim. Give also a PDE with boundary condition that is satisfied by the
price function (as a function of ¢ and S(t)).

7.7 Consider a straddle in the Black-Scholes market. A straddle is a claim with
pay-off at maturity equal to X = |S(T) — K|. Find the price of this claim at any
time ¢ < T'. This claim can also be hedged with a constant portfolio that not only
consists of shares and bonds, but contains as a third component European call
options as well. Give this portfolio. Find also a PDE with boundary condition
that is satisfied by the price function (as a function of ¢ and S(t)).

7.8 Consider in the Black-Scholes market a bull-spread. This is a claim with pay-
off min{max{S(T), A}, B}, where B > A > 0. Like a straddle (Exercise [7.7)),
also this claim can be hedged with a constant portfolio consisting of stocks,
bonds and European call options. Find this portfolio and the price process of
the bull-spread. Give also a PDE with boundary condition that is satisfied by
the price function (as a function of t and S(t)).

7.9 The setting is as in Section Let V be a martingale under Q, and Z
the density process. The latter means that Z(t) can be written, a bit similar
too (74), as Z = E(— [, b(t) dWF(t)) for an appropriate process b. Note that
dZ(t) = —Z(t)b(t) AWFE(t).
(a) Show that M defined by M (t) = V(t)Z(t) is a martingale under P. [Propo-
sition is useful here.]
(b) Apply the MRT to write M (t) = V(0) + fot ¢ AWF (u), and show that one

can also write V(t) = V(0) + fot ¢u dW (). To do that you need the Ito
product rule (6.23) and rules for computing quadratic covariation. Express
¢y in terms of ¢, and Z(u).

7.10 Show that an argument similar to the proof of the equivalence of American
and European call options (comparing a simple portfolio with a European call
option) breaks down if we apply it to American and European put options.

7.11 First show (¢ denotes the density of the standard normal distribution)
so(dh) — Ke T g(dy) = 0,

and use this to derive the expressions for the Greeks in Proposition [7.13]

72



7.12 Compute the Greeks for the forward contract with payoff S(T") — K in the
Black Scholes model.

7.13 Compute the Greeks for a European put option (payoff (K — S(T))") in
the Black Scholes model. You may use the results of Proposition [7.13}

7.14 Here you prove the converse of Theorem Suppose (the context of the
theorem applies) that a claim F(S(T), Z(T)) can be hedged by a self-financing
portfolio with value process V' if the type V(t) = v(t,S(¢), Z(t)), where v is
sufficiently differentiable. Show that v satisfies Equation .

7.15 Consider Proposition [7.6, Show that the function v satisfies the PDE
(3.11) for x > 0 and t > 0. If V' is the discounted price process of a (hedgeable)
claim F'(Sr), what is the boundary condition for #(T, x)?

7.16 The result of Equation is not constructive, it is not told how to
construct the process ¢ from the given Brownian martingale M. In the following
cases you have to find an explicit expression for ¢, for u € [0, T].

(a) My = W2 — cf(;t W ds for a suitable constant ¢ (which one?).

(b) For some fixed time T' we have M; = E[e"VT|F,].

)
(c) For some fixed time T we take M, = E[fOT W, ds|F.
(d) If v is a solution to the backward heat equation

v 1 0v
E(t,.’]}) + *T(t“’z) = O,

then M; = v(t,W,;) is a martingale. Show this to be true under a to be
specified integrability condition. Give also two examples of a martingale
M that can be written in this form.

(e) Suppose a square integrable martingale M is of the form M; = v(t, W),
where W is a standard Brownian motion and v : R? — R is continuously
differentiable in the first variable and twice continuously differentiable in
the second variable. Show that v satisfies the backward heat equation.

7.17 Consider the situation of Theorem [.9 We consider the discounted fair
price V(t) of the underlying claim. This price can be written as a function @
of the underlying discounted processes, V (t) = o(t, S(t),U(t)). Give a partial
differential equation that is satisfied by v.
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8 Interest rate models, a swift introduction

In this section we focus on stochastic interest rate models in continuous time.
Until now we always assumed that the interest rate was a constant r, also
called short rate. This assumption will be relaxed and we will study some
consequences. We also present a set of different interest rate notions, of which
the short rate is one example. The basic setting is that all processes are defined
on a probability space (2, F,P), endowed with a filtration F = {F;,¢ > 0} to
which all processes are adapted. Brownian motions W are then always adapted
to F and it is always assumed that Wy, — W, is independent of the past at
time ¢, i.e. independent of F;, for all £, h > 0. Usually we will have a finite time
horizon T" > 0.

8.1 Some general theory

To start, we consider a zero coupon bond with maturity time T" > 0. The value
of this product at maturity is fixed at 1 (euro). For ¢ € [0,7] we denote by
P(t,T) the (fair) price of this bond at time ¢t. Note that P(T,7T) = 1 for any
T > 0. As before we denote by B(¢) the bank account at time ¢. The fair price
of the bond at time ¢ can then be computed just as before when considering the
pricing of claims. Throughout, to rule out arbitrage opportunities, it is assumed
that an equivalent martingale measure Q exists, in the sense that P(t,T) =
B(t)EQ[ﬁ|ft] for t < T and all T > 0. This assumption is equivalent to

t— Pg(’g ) being a Q-martingale for for ¢t < T and all T > 0.

In the situation that we treated before, r is a constant, we simply get
P(t,T) = exp(—r(T — t)). This simple expression will radically change if we
make 7 time dependent and random. As a consequence {P(¢,T),t € [0,T]}
will become an adapted random process. For fixed ¢t the random mapping
T — P(t,T) is called the term structure of the bond, also called the discount
curve. Typically this curve turns out to be a smooth function of T, whereas the
dependence of P(t,T) on t is that of a diffusion process.

The continuously compounded short rate for [t,T) is

_log P(t,T)

R(t,T) = ———

The function T'+— R(t,T), for T > t, is also known as the yield curve at time ¢.

The instantaneous forward rate with maturity T prevailing at time ¢ is de-
fined as (the derivative is assumed to exist)

F0.T) =~ log P T), (.1)

where the derivative is assumed to exist. The function T — f(¢,T), for T > t,
is called the forward curve at time t. Note that it holds that

T
P(t,T) = exp(—/75 f(t,s)ds), (8.2)

since P(T,T) = 1.
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The instantaneous short rate at time ¢t is defined as

. 0
r(t) == f(t, 1) = l%rfth(t,T) =37 log P(t,T)|r=t.
This short rate is used to define the bank account B(t) as the solution to the
differential equation

dB(t) = r(t)B(t) dt, B(0) = 1.

Equivalently, one has

B(t) = exp(/o r(u) du).

Note that the forward curve f determines the bond price, Equation and
the short rate r. But knowing the short rate alone is in general not sufficient
to know the bond price. Nevertheless we will see later situations where this is
indeed possible.

Note that for constant r one gets R(¢t,T) = r, f(¢t,T) = r and r(t) = r.
In this case all introduced rates coincide. Moreover one obtains in this case
B(t) = exp(rt).

8.2 Short rate models and pricing

We will model the short rate as a diffusion process, so for some adapted processes
b and o we assume that

dr(t) = b(t) dt + o(t) AW (2), (8.3)

where W is a Brownian motion under the physical measure P, b and o are certain
stochastic processes that will be specified later on. Furthermore we assume
that there exists an adapted process A such that Z(T) := E(— [, A(t) dW (1))
has expectation one. Then Z(T) determines a probability measure Q on Fr,

% = Z(T). Moreover, we assume that Q is such that Pg(’g )

seen as a function of t. Consequently, under these assumptions we have, as an

alternative to (8.2,

is a Q-martingale,

T
P(,T) = E@[gf;))m] — Eglexp(~ / r(u) du)| F). (8.4)

By Girsanov’s theorem we can now also write a stochastic differential equa-
tion for r under Q. With W@ the Q-Brownian motion defined by

W) = W(t) + /O " M) ds, (8.5)

one obtains from
dr(t) = (b(t) — A(t)o(t)) dt + o(t) dWQ(t).

There are many choices possible for A(¢) and hence as many choices for Q, as long
as Z(T') has expectation one. This has everything to do with non-completeness
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of the market with the product B(t) alone. It is a custom to specify a model for
r under (some) Q. This custom will be followed below, by directly specifying
the coefficients appearing in Equation .

If we specify b, o and A further by assuming that b(t), o(t) and A(¢) are func-
tions of ¢ and r(t), this SDE takes the form (with some ambiguity of notation)

dr(t) = (b(t,r(t)) — A(t,7()a(t,r(t))) dt + o (t, 7(t)) dAW(t). (8.6)
Introducing b@(t,7) = b(t,r) — A(t,r)o(t,r), we can rewrite as
dr(t) = b9(t,7(t)) dt + o (t, r(t)) AW(2). (8.7)

Under mild assumptions it results that r is a Markov process under Q and

consequently P(t,T) = Eglexp(— j; s) ds|Fy], as a conditional expectation of
a functional of r(s) with t < s <T glven the past becomes a function of ¢, r(t)
and T'. To express this, we write

P(t,T) = F(t,r(t);T). (8.8)

Let us apply the Ité formula to F(t,r(t);T) for t < T with T fixed, assuming
that holds and that F' is sufficiently differentiable. We obtain, omitting
all arguments,

1
dF = Fydt + F.dr + 5 Fpd(r)
1
= (F,+Fb% 4+ 51«1ra2)<;1t + FodWQ.

Recall that B(t) = exp(f(f r(s)ds) and apply the product rule to M(t) =

ﬁP(t, T) to get

1 1 1
dM = ~ 5" BF dt + 5 ((Ft + Fb2 + aFwaz)dt + FrodW@>

1 1
- B ((_TF + F + F b2+ §FM02) dt+ F,o dWQ) )

It follows from (8.4) that M(t) = EQ[%\}}L so M is a martingale under Q.
Hence the dt-terms in the above display vanish. In full, writing the arguments
again, one thus obtains

—r(Q)F(t,r(t):;T) + Fe(t,r(t);T)
+F.(t,r(t); )bQ(t r(t)) + %Fw(t,r(t);T)aQ(t,r(t)) =0.

This equation should hold for any ¢t < T and any possible value of r(¢). This
implies that F(¢,r; T) as a function of ¢ and r should solve the partial differential
equation

1
—rF(t,r; T)+ Fy(t,r; T) + Fo(t, m; T)09(t, ) + 3 Pty T)o?(t,r) =0, (8.9)

together with the boundary condition F(T,r;T) = 1. Equation , with the
boundary condition, is called the term structure equation of the bond. Should
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one impose a different boundary condition of the type F(T,r;T) = ®(r) for some
appropriate function @, representing a claim on the value r(T), then F (¢, 7(¢); T)
is the fair price of this claim at time ¢. This can then be used to price interest
rate derivatives in a fashion analogous to claims in a Black-Scholes market. We
can turn the situation around.

Proposition 8.1 Suppose F(t,r;T) is a solution to with boundary con-
dition F(T,r;T) = ®(r). Suppose that it also satisfies the integrability con-
dition Eq (F,(t,r(t); T)o(t, r(t exp fo s)ds )2 < oo fort <T. Then M
defined by M(t) := exp(— fo F(t r(t) T), t < T, is a martingale un-
der Q and the pr1ce of the claml <I>( (T)) at time ¢ is given by F(t,r(t);T) =

Eglexp (— [, r(s) ds)®(r(T))| 7).

Proof Apply the Ité product rule to M (t) and use the fact F' solves . A
computation then shows that (in abbreviated notation) dM = %O‘dW. B
the condition on the expectation in the statement of the proposition, it follows
that M is indeed a martingale. Hence

T
M(t) = Eq[M(T)|Fi] = Eglexp ( —/O r(s) ds) @ (r(T))| 7],

where the conditional expectation is now well defined. Multiplication with
B(t) = exp fo s)ds) gives the price of the claim. O

Corollary 8.2 Under the assumptions of Proposition the bond price satis-
fies under the probability measures Q and P the stochastic differential equations

dP(t,T) = r(t)P(t,T)dt + P(t,T)o(t; T) AW, (8.10)
dP(t,T) = b(t; T)P(t,T) dt 4+ P(t,T)o(t; T) dW, (8.11)

where o(t;T) = % is the volatility of P(t,T), and b(t;T) =

r(t) + A(t,r(t))o(t;T).

Proof Apply the It6 rule to F(t,r(t); T) and Equation to obtain
and then to obtain (8.10). O
Remark 8.3 The relation A(t,r(t)) = % can be interpreted as being
the market price of risk of the bond. Compare to Remark [7.1]in Section [7.1] for
the Black-Scholes market analogue. Note that this market price of risk is the
same for all bonds in the market, irrespective of their maturity time 7.

Looking again at Proposition and the martingale property of the M (¢) in
the proof, we infer that for any claim X that is Fp measurable and satisfies the
appropriate integrability conditions, its fair, arbitrage free, price V'(¢) at time
t < T is given by

T
Vi) = ]EQ[exp(f/t r(s)ds) X|Fl, (8.12)

but in general we cannot use to find a formula for V(¢) as C will not be a
function of 7(7T") only. See Section for an alternative approach.
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8.3 Afline term structures

One speaks of an affine term structure if the function F' of Equation (8.8]) has
a special dependence on ¢, T and r, namely

F(t,r;T) =exp(—A(t,T) — B(t, T)r), (8.13)

for some appropriate functions A and B. The term in the exponential of
is (for every ¢,T') an affine function of r. Note that necessary in this case is
AT, T) =0 and B(T,T) =0 as F(T,r;T) =1 for all r (and T'). We will see
that this situation occurs for some popular short rate models, i.e. for certain
specific function b? and o in , although there also exists a much more
general theory. In the remainder of the present section we will work under the
risk neutral measure Q and we simply write W and b instead of W@ and »@.

Proposition 8.4 The short rate model with b(t,r) = bo(t) + b1 (t)r and
o%(t,r) = ao(t) +ai(t)r > 0, where a; and b; are continuous functions (i = 0,1)
yields an affine term structure as in Equation if and only if the functions
A and B satisfy the differential equations (a system of Riccati equations where
the dot denotes differentiation w.r.t. t),

. 1

A(t,T) = §a0(t)B(t,T)2 —bo(t)B(t, T), A(T,T) =0, (8.14)

. 1

B(t,T) = 5al(t)B(t,T)2 — b (t)B(t,T) — 1, B(T,T) = 0. (8.15)
Proof Let F' be as in (8.13) with the specified functions b and o. We first
compute, omitting the arguments ¢ and 7', the partial derivatives F; = —F(A+
Br), F, = —FB and F,, = FB?. Plugging all this into (8.9), we obtain,

omitting arguments and after dividing by F,

. . 1
—r —(A+ Br)—B(bo+bir) + §BQ(CL0 +ayr) =0. (8.16)

Under the assumption that (8.13]) holds with the specified functions b and o,
the partial differential equations (8.9)) and are equivalent. In other words,
under this assumption, F solves (8.9)) iff A and B satisfy ({8.16).

Suppose now that A and B satisfy , respective. Then, by
a simple substitution, also is satisfied for all r and ¢ < T. Conversely,
assume that holds, for all 7 (and ¢t < T'), in particular for » = 0. That case
yields —A—Bby+ %B2a0 = 0 which gives Equation . Moreover, using this,
one obtains from (8.16) the differential equation —r — Br— Bbir+ %Bzalr =0,
which yields (8.15]). O

With the functions b and o as in Proposition Equation becomes

dr(t) = (bo(t) + by ()r (1)) dt + /ao(t) + a1 (O)r () W (2). (8.17)

This SDE needs to have a solution and in particular the argument of the square
root has to be nonnegative for all possible values of r(¢). We discern two cases.

In the first case we allow r(t) to have any real value and so we have to
impose (for all t) a1(t) = 0 and ag(¢) > 0. In the second case we want r(¢) to
be nonnegative and then we have to impose ag(t) = 0, ay1(t) > 0 and by(t) >
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0. To understand the latter conditions, let’s see what happens if r(f) = 0 in
in a rather heuristic way. One then gets dr(t) = bo(t) dt + \/ao(t) AW (¢).
To assure that r(t) remains nonnegative one needs by(t) > 0 (gives then an
upward push) and 4/ag(t) needs to be zero, otherwise the possibly negative
Brownian increment dW (t) (although not much more than notation, think of it
as a random variable) could push r(¢) to fall below zero.

So we have for each of these cases a model. The first one is

dr(t) = (bo(t) + b1 (t)r(t)) dt + v/ao(t) dW (),

with ag(t) > 0. It is common to take the functions b; and ag as constants, and
with ¢ = \/ag, we get

dr(t) = (bo(t) + byr(t)) dt + o dW (L), (8.18)

This model is called the Hull-White model. In the particular case that also by(+)
is a constant function, denoted by, one has the Vasi¢cek model,

dr(t) = (b + byr(t)) dt + o AW (£). (8.19)

The Vasicek model produces random variables r(t) that have a normal distribu-
tion, see Exercise if r(0) has a normal distribution. As a consequence r(t)
can assume negative values with positive probability, which has been critized
in the past. By now, this has become a ‘normal’ situation. To alleviate the
criticism, one may switch to a different model in which r(¢) is guaranteed to
stay nonnegative. This (second) model is

dr(t) = (bo(t) + by (£)r(t)) dt + \/ay (£)r(t) AW (), r(0) > 0,

with aq(t) > 0 and by(t) > 0. Of particular interest is the case where aq (t), bo(t)
and by (t) are constant functions, a; > 0 and by > 0. This is the Cox-Ingersoll-
Ross (CIR) model, with ¢ = /a7 > 0,

dr(t) = (bo 4 byr(t)) At + o/r(t) AW (). (8.20)

The r(t) resulting from doesn’t have a particularly nice distribution, for
which however formulas are available. For instance, conditional on r(0), r(t)
has a scaled non-central chi-squared distribution. However, for b; < 0, r(t) has
for large t approximately a gamma distribution, I‘(%’, 70251 ).

The Riccati Equations and are in general difficult, if not im-
possible, to analytically solve in view of the time dependent coefficients. This
holds especially for , whereas A(t, T') is an integral that can hopefully com-
puted once B(t,T) is known. For the Vasicek and CIR models with constant
coefficients there are explicit solutions, see Exercises and

8.4 Forward curve fitting

The Vasicek model has only a very few parameters (as well as the CIR model).
In principle they can be obtained by using observed bond prices of P(0,T'), the
term structure at time ¢ = 0. But there are many of them, just as many maturity
times (in principle infinitely many). Hence obtaining a perfect fit of the Vasicek
model to all observed bond prices is hopeless. A least squares approach to fit
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parameters of the computed values of P(0,T) for this model to their observed
counterparts is a common way out, hoping it results in an acceptable fit. The
Hull-White extension of the Vasicek model has the non-constant
function bo(-) and the resulting flexibility turns out to be helpful to fit the initial
forward curve.

Recall from ) that P(0,T) = exp(— fo f(0,u) du) and combine this with
Equations (8 and - erte to denote dlfferentlatlon w.r.t. T and obtain

£(0,7) = A’(0,T) + B'(0, T)r(0).

The Riccati equations (8.14) and (8.15) take the form
AL T) = Lo B T) ~ bo(t)B(.T), AT T) =0,
B(t,T) = —b1B(t,T) — 1, B(T,T) = 0.

A simple calculation shows that (b; is taken nonzero)

1
B(t,T) = ("7 1),

A(t,T) 022/tTB(s,T)2ds+/thO(s)B(s,T)ds.

Note that B(t,T) = —B'(t,T). These relations are useful in the proof of the
next Proposition.

Proposition 8.5 The initial forward curve T +— f(0,T) is in the Hull-White
model related to the function by by
2 o o2

bo(T) = f'(0,T) + ?ﬁB(O T)* = buf(0.T) = b1 B(0.T). (8.21)

Proof Exercise 8.5 O

Proposition can be used to fit the Hull-White model to an observed curve
of initial forward rates f*(0,7T) (assumed to be differentiable in T'). Given by
and o, one obtains a to the observations fitted function b by replacing f(0,T")
in by f*(0,T). What then remains to be done for a full specification of
the model is to choose b; and o, in practice often done by matching theoretical
prices with observed prices for a selected number of financial products, or by
different considerations that are for some reason ‘convenient’.

The proposition has a nice corollary. If one has observed bond prices P*(0,t)
and corresponding forward rates f*(0,t) for all ¢ in an interval [0, T], and if one
assumes the Hull-White model, then it is possible to determine also the prices
P(t,T) of bounds maturing at T at any time ¢t < T.

Corollary 8.6 Assume the Hull-White model. Then for any t < T bond prices
P(t,T) can be computed from observed bond prices and forward rates at time
t = 0 in a consistent way by

P*(0,7) o? o 2bot
Pt,T)= ——+ B(t, T)(f*(0,t) —r(t — B*(t,T)(1 — e~°")).
(1.1) = S gy @0 (BT (0.8) = 7(8) + FB*(0.T)(1 )
Proof There is not much more to do than using by as given (8.21) in A(¢,T),
(8.13) and performing very tedious calculations. These are omitted. ([l
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8.5 Forward measures

The risk neutral EMM Q is such that by B discounted prices are Q-martingales.
As an alternative to this way of discounting, we can look at discounting prices by
a bond price process P(+,T'), the process associated to a bond maturing at T, and
the question we’d like to answer is whether we can find a probability measure,
denoted QT and called the T-forward measure or simply forward measure, such
that in this way discounted processes become martingales under Q7. The answer
is, not surprising, positive. Before stating the precise result, let us introduce

some notation. Recall that M(t) = Pg(’g )

particular P(0,T) = E@ﬁ). Put

gives a Q-martingale, and then in

1

Lt = B(T)P(0,T)’

and observe that EgL” = 1. Hence we can use LT to define a new probability

measure Q7 on Fr by % = LT. Furthermore we can compute, using the just
mentioned martingale property, for ¢t < T,

1 g P@T)
P(0,7) ol B(T)
1 PtT) P(t,T)

~ PO, T) B(t) PO, T)B() (8.22)

LT (t) == Eo[L"|F] = | Fi]

and note that LT(0) = 1 and LT(T) = L7.

Let’s turn to the pricing formula (8.12). To evaluate the (conditional) expec-
tation, one in principle needs the joint distribution of (X, B(T)) under Q. Of
course, if B(T) is nonrandom, one can take it out of the expectation, which
substantially simplifies the computation. The interesting phenomenon is that
something similar happens if we consider pricing under the T-forward measure.
Note that for deterministic interest rates nothing changes as then Q and Q7 are
the same, as LT =1 in such a case.

Proposition 8.7 Assume that X is Fp-measurable and that the expectation

IE@Bl(LTl) is finite. Then the price V (t) at time t of X is given by

V(t) = P(t, T)Egr [X| 7).

Proof First we note that Eqgr | X| = Eq|X|LT = %E@% < oo. We use
Equation (4.5) with the appropriate measures and Radon-Nikodym derivatives

to develop

EqrlXIFi] = ZrsEelX LI
1 1
L7 (t) ]EQ[XB(T)P(O, T)
1 X
~ IT(H)P(0,7) EQ[B(T) 17l
1 V(t)
LT(#)P(0,T) B(t)

| Ft)
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1
= P(t, T) V(t)a

where the last equality follows from (8.22)). The assertion follows. |

The assertion of this proposition is one of the main reasons to work with forward
measures. Note that the forward measure Q7 depends on the maturity T of the
bond. Here is another nice property of forward measures.

Proposition 8.8 The forward rates f(t,T), 0 <t < T, in Equation (8.1]) form
a martingale under the forward measure QT . More precisely,

f(t,T) = Eqr[r(T)| 7.
Proof Let the prime ’ denote differentiation w.r.t. T. Then we claim
B [r(T) 7] = _P’(t,T)
BT T B

Accepting for a while that the claim holds true, we develop by analogy with
Proposition

(8.23)

Eolr(T)L(D)\F) _ Ealrmiysm 7

Eqr [r(T)|F:] =

LT(t) T _PuD)
P(0,T)B(t)
r(T P'(t,T
_ EBolgm Al -
P(t,T) - P(t,T)
B(t) B(t)
P’(t T)
= = f(t,T

which is what the proposition asserts.

We proceed by proving the claim . To that end we consider, using
Fubini’s theorem for conditional expectations (take this for granted) in the first
equality,

/t EQ[T(“) |F] du = EQ[/t r(v) dul|F]

B(u) B(u)
1
B 4
5@ T B
@, T) 1
B(t) ~ B(t)
By differentiation w.r.t. T one gets (8.23). O

Assume that the bond prices P(¢,T) are as in (8.8) and the short rates r(t)
satisfy (8.7). It then follows that P(t,T') satisfies the stochastic differential
equation

dP(t,T) = r(t)P(t,T)dt + P(t,T)o(t; T) AW <(¢),
for a certain process o(t; T'); see Exercise Let’s look at the discounted bond
price P(t, T) = Plg,t(’g), 0 <t <T. It satisfies the equation

dP(t,T) = P(t,T)o(t;T) dW2(t).

82



P(t,T)
P(0,T)

From this, using that LT (t) = we obtain the dynamics for L7 (t),

dLT(t) = LY (t)o (t; T) dW(t), LT (0) = 1,

and the process W7 defined by

W) = W) — /0 T du (8.24)

is a Brownian motion under Q7 for ¢ < T, as follows from Girsanov’s theo-
rem

The forward measure is such that a tradable asset with price process X be-
comes a martingale under QT', when discounted with the bond price P(-,T).
To see this we compute similar to the proof of Proposition [8.7] using Proposi-
tion for t < T, and that discounting with B gives martingales under Q,

X(T) Eq[X (T)L"|F]
]EQT[WV'}] = EQT [X(T)U:t] = QLT—(t)t
 Eolpmegml Pl EolBIF]
- P(t,T) - P(t,T)
P(0,T)B(t) B(t)
X(t
3 X

There are many other possibilities for measure changes that yield martingales
under a new measure after discounting with an appropriate numéraire. One of
the other options is discounting with the stock price S. To do that we introduce
a measure R (the notation should not be confused with the same one for the
real numbers) with a Radon-Nikodym derivative on Fr given by

dR  S(T) 1

RT) =39 = @) 50)°
S(t)

By the martingale property of the discounted stock prices B0 under Q one has
fort <T,

S) 1
R(t) :==Eg|R(T)|Ft] = =% =——.
As above for working under the forward measure Q7', one now has that any price
process X (-) becomes martingale under R after discounting with S. Indeed, one
has (assuming all expectations make sense)
X(T) X(t)
Er| == | Ft) = 5=, 8.25
which is the content of Exercise [R.7
This property is convenient for determining European call option prices in
the presence of stochastic interest rates. Recall the pay-off of a European call,
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X = (S(T) — K)*. This can conveniently be written as X = S(T)1s(r)>x} —
K1s(ry>K}- From (8.12)) we have that the fair price of X at time ¢ is given by

V(t) = B(t)ﬂa@[%m]

= B(t) <E@[%1{S(T)2K}ft] - KE@[B(lT)l{S(T)zK}}H> .

For the first term in the big parentheses one has, using the intermediate result
derived from Proposition[£.5]and valid for any Z for which the expectation exist,

Eo[ZR(T)|Fi] = R(t)Er[Z]F].

Applied to Z = S(0)1{s(1)>Kk} this gives,

]EQ[Z((?;))l{S(T)ZK}V:t] = R(t)S(0)Er[1{s(7)> K} |Ft]
= R(t)S(OR(S(T) > K|F,)
= R(t)S(O)R(ﬁ < %IE)-

For the second term in the big parentheses one similarly has, using now the
arguments for the forward measure,

1
Bal gy Lsemzi 17 = LT PO, TBgr [Lserzxy |7

= LT (t)Q"(S(T) > K| F).

Summing up, we obtain

V() = BOROSOR(g7 < 517)
- KBOLT()PO.T)Q(S(T) > K|F:)
1

= SR (g7

1
< P - KP(t,T)Q"(S(T) > K|F). (8.26)
To get a clean explicit formula for V'(¢), not only in terms of abstract conditional
probabilities, further assumptions have to be imposed. Recall Exercise [8.4] and

the equation given there for P(¢,T). In a Black-Scholes setting we have similar
to (7.1)

dS(t) = r(t)S(t) dt + o(t)S(t) AW (1)

S(t)

P(t,T)"
Then S is a martingale under the forward measure QT if the Q”-expectations
EqrS(t) are finite for all ¢ <7T'. In fact one has, Exercise

where we can take ¢ a suitable piecewise continuous process. Put S(t) =

dS(t) = 6(t)S(t) dW T (¢), (8.27)

for a suitable process & and with W7 as in (8.24]).
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Proposition 8.9 Assume that the &(t) in (8.27) are deterministic. Then the
price V (t) of the European call option as in (8.26) is given by the formula

V(1) = S()®(dy (£) — KP(t, T)®(d_ (1)), (3.28)
where
3(t) ~
4.0 - 2 tal SR (5.20)
ft o(u)gdu
d_(t) = log 5 sz; g . (8.30)
J; 6(u)2du

Proof From (8.27) one obtains

T T
S(T) = S(t) exp(/1t o (u) dWT (u) — %/t &(u)?du) =: S(t)E(t,T),

where the term in the exponential has under Q7 a normal distribution with
mean — 3 ft u)? du and variance ft (u)?du and is also independent of F;.
This has the followmg consequence.

QT(S(T) > K|F) = QT(SH)E(t,T) > K|F)
K
= Q" (log E(t,T) > log 30 |F)

log £~ + f 7(u)? du
- o(— 2 )

ftT 7(u)?du
_ (I)(log % - %LT o(u)? du)
ftT&(u)Q du

which yields the second term in (8.28]) because of (8.30).
We move on to the probability in the first term of (8.28)). Note first that
one can write, by yet another application of Girsanov’s theorem,

1 _ 1 T - T e < \2
50 30 exp(—/t o(u)dW+ (u) + i/t & (u)? du)
— 1 g ~ R 1 4 ~ 2
= S(t)exp(—/t o(u)dW (U)_§/1: & (u)* du)
1 -
= S’(t)E(t?T)’
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gives a Brownian motion under the probability measure R. As a consequence
log E(t,T) has under R a normal distribution with mean —3 ft u)? du and

variance ftT &(u)? du and is independent of F;. We now compute

R(7T < = |F) =R(

=S
=

as desired in view of (8.29). O

Proposition gives a formula for the price of a European call option on a
stock in the presence of stochastic interest rates. The formula resembles the
Black-Scholes formula for the price of a European call option on a stock with
constant interest rate and constant parameters in the equation for S(¢). Indeed,

in the latter case Equation (8.28) reduces to (1.30) for V(¢) = C(¢, S(t)).

A similar result exists for the price of European call option on a bond, also the
techniques to arrive at a pricing formula are similar.

Recall that the forward measure Q7 depends on the maturity 7" of the bond.
For another maturity, S say, there is a different forward measure, which can
then be used for the pricing of an Fg measurable claim. Consider the forward
measure Q° for S > T. Then, on Fg, the Radon-Nikodym derivative is L° :=

% = m and, analogous to (8.22]) with the approporiate substitutions,
we have
P(T,5)
L5(T) := Eq[L(S)|Fr] = P(0,9)B(T)’

which is the Radon-Nikodym derivative of Q% w.r.t. Q when restricted to Fr.
We will use this for pricing a special call option, introduced below, where we
see that we use expectations and probabilities under the two forward measures
Q*° and QT.

Recall that, for T' < S, P(T,S) is the price at time T for a bond maturing
at time S. We consider the FEuropean call option on the bond with pay-off
X = (P(T,S)— ) at time T The arbitrage free price of X at time ¢ < T is
p(t) := B(t)Eg[exp(— fo (P(T,S) — K)*|F]. We can write, similar to
the pricing of the European call

T
P = Bolexp(— [ r(9)ds)(PIT.S) = KV ipirsysiol 7
= E@[g?l{P(T s>k} Fe] = [Bi(T) Lip(r,5)> K} Ft)-
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We treat the two conditional expectations separately. First we have, using the
forward measure Q° and another application of Proposition

TS5
o[ e Lpr.s)2 )| = PO, S)BILS (D 1511

= P(0,5)Eqs[1ip(r,9)> K} Fi] L5(1)

)

=g ¢ PT.5 = K|F)
_ P(t.8) ys P(I,T) _ 1
B(t) ¢ O i

Second we have

K
EQ[%I{P(T,S)zK} | 7] = KP(0, T)Eq[L" (T)1{p(r,5)> K} Fi]

= KP(0,T)Eqr[1{pr.s)>x} | F LT (t)

_ P(t,T)
— KT (P S) 2 KI7)
L PT) g PETS)
=K B(t) V(5 P(T,T) = K|Fo).
It follows that
) = P S (g < 17~ KPOTIQ (g = KIF). (531)

The content of the next proposition is much like Proposition

Proposition 8.10 Consider the European option on the bond price P(T,S)
for T < S. Let 0%T(u) = o(u;S) — o(u; T) and assume that the 07T (u) are
deterministic. Then the price p(t) of this option at time t <T is given by

p(t) = P(t, )®(d. (1)) — KP(t, T)®(d_ (1)), (8.32)

where

P(t,S) T
logKlg(tT)+ J; 057 (u)* du

di(t) = : (8.33)
ft o5 T (u)2 du
log 2S5 1 (T 58T ()2 4y
d_(t) = KD 2.0t () . (8.34)

j;T 37T (u)? du

Proof Now we will use the result of Exercise 8.6l and the notation there. That
P(t,S) . : T o
exercise implies that T is a martingale under Q* given by

P(t,S)  P(0,5) ‘g L e
P(t, T)  P(0,T) eXp(/O o (u) AW (u) — 5/0 o571 (u) du).

From this one obtains

,S .S T . T
ig,T; = iEE,T; exp(/t o5 (u) dW (u)—%/t o7 (u)? du)
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= L RB(t,T).

We observe that log E(t,T) has a normal distribution under Q7 with mean

-1 tT %7 (u)? du and variance ftT %7 (u)? du and that it is independent of
Fi. Hence
P(T,S) P(t,S) -
T > = QT (=2 >
. KP(t,T)
=Q"(E({,T ’
Q ( (ta ) = P(t,S) |]:t)

IOg KP(t,T) T ST 2d’LL
— 1B P(,5) slo )

j; 5T (u)2 du

S T
log iy — 3 J; 05T (w)? du

ftT 57T (u)? du

= &

= ®(d-(1)),

with d_(¢) as in (8.33). The work on the conditional probability Qs(ﬁgg’g

<
+|F¢) is similar and left as part of Exercise O

Remark 8.11 The crucial assumptions in Proposition[8.9and Proposition [8.10
are that the volatilities there are supposed to be deterministic. If the underlying
model for r(¢) is the Vasicek model, the assumptions are satisfied and it is
possible to obtain explicit formulas for the prices of the options on stok and
bond. We refrain from the tedious computations.

8.6 Pricing of complexer products

Recall that Proposition and its consequence Equation give the price
of a claim C. Complexer products may also have maturity times prior to 7'
Suppose that 71 < T and that C is a claim that is Fp, -measurable of which
the appropriate expectations (under Q) exist. The claim expires at T} and it
becomes worthlebs after that tlme But the value of the claim at time t < T3y is
simply V1(t) = IEQ exp(— fo u) du)Cy|F]. More general, assume there
are times 0 < T1 -<T,<T and Clalms C; that are Fr,-measurable random
variables for which the expectations below exist and which pay off at the times
T;. Then the value at time ¢ < T7 of the portfolio consisting of these n claims
is

V(t (t)Eq Zexp / (u) du)C;|F] = B(t)Eg Z B |]-‘t (8.35)

Let us consider bonds with a nominal value v; that expire on the dates T;. We
can consider each of this products as claims with values at any time t < T;
equal to v; P(t,T;), where P(t,T;) is the time ¢ value of a zero coupon bond as
in Section Hence the price at time ¢ < T; of a portfolio of such claims,
called coupons, is simply Y., v; P(t, T;). We will give a number of examples of
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complex products. Recall Equation (8.4) which we will repeatedly use below in
the form (for various values of ¢t < T))

1 P(t,T)

EQ[WVJ: B

(8.36)

as well as the martingale property under Q of processes discounted with B(+).
Recall that Equation (8.36)) is an instance of this martingale property as we
have P(T,T) = 1.

Coupon bonds

A (fixed) coupon bond is a contract specified by a number of future dates
Ty, < .-+ < T, (the coupon dates), where T,, is the maturity of the bond).
At each coupon date T; a deterministic amount (coupon) ¢; is paid and an
additional nominal value N at maturity. The price p(¢) at time ¢ < T of this
coupon bond is given by the sum of discounted cash flows,

p(t) = Zn:ciP(t,Ti) + NP(t,T,).

i=1

Often there is a fixed period § = T;41 —T;, and the coupons are given as a fixed
fraction of the nominal value, ¢; = KJN, for some fixed interest rate K. The
above formula reduces to

p(t) = N(S" KSP(t, 1) + P(.T,).
i=1

Floating rate bonds

A floating rate bond is specified by future dates Ty < T} < --- < T, and a
nominal value N, for simplicity one can take N = 1. The previous deterministic
coupon payments ¢; for the fixed coupon bond are now replaced with

Ci =(T; —Ti—1)F(T;-1,T;)N,

where, more general, F'(t,T) is the average rate, the return per unit time over
an interval [t,T] of an investment at time ¢ in a bond with maturity 7,

1 1

F(t,T) = T t(P(t,T) 1).
Note that F(T;—1,T;) is determined already at time T;_;. The value p(t) of
this note at time ¢ < Ty is obtained as follows. By definition of F(T;_1,T;)
one has C; = ﬁ — 1. To determine the price of this product we use
Equation .

We start with computing the conditional expectation for a single term in-
dexed by i,

1

N S
P(T;—1,T;)

E@[Bfﬁ)m] — Eg
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PO
B(T:)

1 1
= Bl gy ~ VEelpmy
_ 1 P(Ti—laTi)
B EQ[(P(Ti—laTi) -b B(T;-1)

1
_ P(taﬂ—l) P(t7Tz)
B(t) B

:EQ[EQ[ |‘7:Ti—1]|]:t]

|‘FTi—1] |ft]

|IF2]

= Eqo[(1 - P(T;-1,T3))

Summing up over all 4 yields the simple formula

n

p(t) = P(ta Tn) + Z(P(taTi—l) - P(t,TZ)) = P(ta TO) (837)

i=1

for the time ¢ value of the floating rate note; nothing else than the price of a
bond with maturity 7p.

Interest rate swaps

An interest rate swap is a scheme where a payment stream at a fixed rate of
interest is exchanged for a payment stream at a floating rate (or vice versa).
The first product of this kind we look at is the payer interest rate swap settled
in arrears. This product is specified by future dates Ty < Ty < --- < T,, with
fixed T; — T;—1 = 8, (T, is the maturity of the swap), a fixed rate K, a nominal
value N. Cash flows (pay offs) take place only at the coupon dates T7,...,T,.
At each T}, the holder of the contract: pays a fixed amount KJN, and receives
the floating amount F(T;_1,7;)0N. The resulting net cash flow at T; is thus
(F(Ti-1,T;) — K)ON. The value at t < T of this cash flow can be computed
by the same reasoning that led to and becomes

N(P(t,T;-1) - P(t,T;) — KoP(t,T;)).

The total value II,(t) of the swap at time ¢ < Tj is thus the sum of these
quantities,

IL,(t) = N(P(t,Tp) — P(t,T,)) — KéNzn: P(t,T;). (8.38)

i=1

A receiver interest rate swap settled in arrears is obtained by changing the
sign of the cash flows at times Ti,...,T,. Its value at time t < T is thus
I1,(t) = —II,(t). There should be a ‘fair’ fixed rate K for which this swap can
be traded. The forward swap rate Rgwap(t) at time ¢ < Tj is the fixed rate K
above which gives II,.(¢) = II,,(¢), and hence this value has to be zero. Rswap(t)
is then easily computed by solving the equation II,(t) = 0, resulting in

P(t,Ty) — P(t,Ty)
03— P(t,T)

Reswap (t) =
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Caps and Floors

A caplet with reset date T and settlement date T+ § pays the holder the
difference between a simple market rate F(T,T 4 §) and the strike rate K, if
positive. It is thus like a European option and the cash flow of such a caplet at
time T + ¢ is thus §(F (T, T +6) — K)™.

A cap is a strip of caplets. It thus consists of a number of future dates
To<Ty <---<T, with all T; — T;_1 = ¢ (T}, is the maturity of the cap), and
a cap rate K. Cash flows take place at the dates Ty,...,T,. At T; the holder
of the cap receives §(F(T;—1,T;) — K)T. Let t < T,. We write Cpl(t; T;—1,T),
i =1,...,n, for the time ¢ price of the i-th caplet with reset date T;_; and
settlement date T}, and Cp(¢t) = >, Cpl(¢; T;—1,T;) for the time ¢ price of
the cap. A cap gives the holder a protection against rising interest rates. It
guarantees that the interest to be paid on a floating rate loan never exceeds the
predetermined cap rate K.

A floor is the converse to a cap. It protects against low rates. A floor is a
strip of floorlets, the cash flow of which is — with the same notation as above —
at time T; equal to §(K — F(T;_1,T;))". Write Fll(¢; T;_1,T;) for the price of
the i-th floorlet and F1(t) = >°" , Fll(¢; T;_1,T;) for the price of the floor. It is
market practice to price a cap/floor according to Black’s formula, which is of
the same type as pricing formulas as e.g. in Proposition .10} We don’t present
the result, nor a theoretical justification of it as this would involve models for
the forward rates that we don’t treat.

We close this section by mentioning one final related derivative. It is the
European payer (or receiver) swaption with strike rate K, an option giving the
right to enter a payer (or receiver) swap with fixed rate K at a given future
date, the swaption maturity. Pricing formulas can be derived, but we chose not
to do so.

8.7 Exercises

8.1 Consider the Vasicek model (8.19)), let ¢t > s > 0.
(a) Show that

by

1

t
r(t) = M E3)p(s) 4+ 2 (M) — 1) + aeblt/ e P AW (u).
(b) Show that conditional on Fj, the distribution of r(¢) is normal with mean
e (t=5)p(s) + %(ebl(t’s) — 1) and variance %(ezbl(i*s) —1).
c) duppose that b3 < 0 and that r as a normal distribution with mean
S hat b 0 and th 0) h 1 distributi ith

—2—‘1’ and variance —%. What is the distribution of r(¢)?

8.2 Consider the Vasi¢ek model (8.19)) for the short rate.
(a) Show that the Riccati equations take the following form.

. 1
A, T) = 5023@,1“)2 —boB(t,T), AT, T) =0,

B(t,T) = -0 B(t,T) — 1, B(T,T) = 0.
(b) Solve the Riccati equations and show that the solutions are given by

o2

A(t,T) =
457

(4eM(T= _ 201(T=) _op (T — 1) — 3)
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8.3 Consider the CIR model (8.20) for the short rate.
(a) Show that the Riccati equations take the following form.

A(t,T) = —boB(t,T), AT, T) = 0,

B(t,T) = %azB(t,Tf — b B(t,T) -1, B(T,T) = 0.

(b) Solve the Riccati equations and show that the solutions are given by

2 2ve(Y=b1)(T—t)/2
A, T) = 7—20 log 2 T
o (v = bu)(e” -1)+2y

b
+ b—g(ebﬂ”) —1—by(T —t)),
1

2(e7(T=t) 1)
(v =b)(e7T™ = 1) + 29’

where v = /b? + 202.

8.4 Assume that the bond prices P(¢,T) are as in (8.8) and r satisfies (8.7).
(a) Show that P(¢,T) satisfies

B(t,T) =

dP(t,T) = P(t,T)r(t)dt + P(t, T)o(t; T) dAW2(t),

and give an expression for o(¢; T'). Specialize to the case where F is affine,
so it satisfies (8.13)), to give a more explicit expression for o(t;T).
(b) Let P(¢,T) = B(t)~'P(¢,T). Show that

dP(t,T) = P(t,T)o(t; T) dW2(t).

There is no drift (no dt term) in the equation for P(t,T), which is not
surprising. Explain.

8.5 Prove Proposition B.5]

8.6 Recall that QT and QF are two forward measures connected to bonds ma-
turing at times T and S respectively.

(a) Show that for ¢t <T < S one has

d s t 1 t
d(;%b:t =exp (/0 o> (w) AW (u) — 5/0 o3 (u)? du),

where 057 (u) = o(u;S) — o(u; T) and W7 the usual Brownian motion
under the forward measure Q7 as in (8.24). Hint: S%% = %/%.
(b) Prove the formula for p(t) in Equation (8.32]).

8.7 Show that EgR(T) =1 so that R is indeed a probability measure and that
Equation (8.25]) holds.
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8.8 Show that Equation (8.27)) holds true and express &(t) in o(t) and o(¢;T).

8.9 Show the parity relation Cp(t) — F1(t) = II,(t), where II,(t) is the value at
t of a payer swap with rate K, nominal value one and the same tenor structure
as the cap and floor. See Equation (8.38]) with N = 1.
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A Some results in Probability and in Analysis

A.1 Bare essentials of probability

The reader is supposed to be familiar with the concept of probability space.
Here is a brief recap. We mostly denote such as space by (2, F,P). Here
Q is a non-empty set, F a o-algebra on it (elements of o are called events),
and P : F — [0, 1] a probability measure. An event F' happens almost surely,
abbreviated a.s., if P(F) = 1. On R we usually work with the Borel o-algebra,
the smallest o-algebra that contains the open sets in R. The notion of Borel
o-algebra extends to arbitrary topological spaces.

A function X : Q@ — R is called a random variable (or F-measurable) if
the inverse images X ~1[B] belong to F for all B € B. Commonly we use the
notation {X € B} for X ![B]. Let o(X) = {X~'[B] : B € B}. It follows that
X is a random variable iff 0(X) C F. The distribution of a random variable X,
denoted PX | is the probability measure on B defined by PX(B) = P(X € B),
for B € B.

A function f : R — R is called Borel-measurable if f~![B] belong to B for
all B € B. Note that the concept of measurability depends on the o-algebras. A
continuous function f is Borel-measurable. A number of operations on random
variables yield new random variables. See Exercise for some standard
examples.

Expectation of random variables, denoted EX, are by definition Lebesgue
integrals fQXdP, well defined if [, |X|dP < oco. If X has a density f, this
reduces to fR xf(x)dx. For discrete random variables the expectation is a sum.
In general, for Borel-measurable h, the expectation Eh(X), if well defined, is
equal to the Lebesgue integral fR hdP¥X. In the density case the latter integral

equals [, h(z)f(z)dz.
A.2 Normal random variables and vectors

If X is a normally distributed real random variable with mean p and variance
o2 > 0, then by definition it has density p given by

_ 1 (z — p)?
p(x) - W eXp( 20_2 )
An extension of this formula holds for the case where X = (X1,...,X,,)" is a

random vector in R”. If EX = y € R™ and X has covariance matrix Cov(X) =
Y, which is assumed to be strictly positive definite, then by definition X has a
density on R™ given by
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p(x) = ( 3

A random vector X with such a density is said to have a nondegenerate multi-
variate normal distribution. If the matrix ¥ is singular, then it is still possible
to speak of multivariate normal distributions, although a density in this case
does not exist.

An important property of multivariate normal random vectors is that affine
transformations are again multivariate normal. If A € R™*" and b € R™ and
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if A has full row rank, then Y = AX + b is again multivariate normal with
EY = Ap+band Cov(Y) = ALAT. Note that Cov(Y) is again strictly positive
definite, so that Y also possesses a density (on R™). It now follows that every
subvector of X is nondegenerate normal.

Another important property of multivariate normally distributed random
vectors is that uncorrelated components are independent. Specifically, if X! and
X? are subvectors of X such that Cov(X*, X?) = 0 (zero matrix), then X! and
X? are independent random vectors.

Here is a consequence of this last property. Let X' be a subvector of X
with covariance matrix ¥;. Then we have Z := X? — Cov(X?2, X))o X!
is independent (see Exercise of X;. Hence the conditional expectation
(see Section for a definition and some properties) E[X?|X!] is equal to
Cov(X2, XHE[TX!' + EZ = EX? 4 Cov(X2, XH)E (X! — EX),

If EX' and EX? are zero, then E[X?|X'] = Cov(X?, X)X, ' X' and hence
we have the decomposition X? = E[X?2|X!] + Z, with E[X?|X!] and Z inde-
pendent random vectors.

A.3 Characteristic functions

Let X be a random vector in R™ (n > 1). The characteristic function of X
is A — Eexp(irT X). We immediately see that characteristic functions only
depend on the distribution of X: if X and Y have the same distribution, then
their characteristic functions coincide. But for different distributions, the char-
acteristic functions are different as well. So characteristic functions correspond
uniquely to the underlying distributions and the terminology ‘characteristic’ is
completely justified. Characteristic functions are very useful in probability. The
best known example of their use is the Central limit theorem, see Section

Consider as an example a random variable X that has a standard normal
distribution, so it has density p(x) = \/% exp(f%:ﬁ). Let ¢ be its characteristic

function. Then

d(A) = [ \/127_ exp(i\z — %xz) dz.

With methods from complex integration it is not difficult to show that ¢(\) =
exp(f%/\z). An alternative method is presented in Exercise Knowing this,
it is easy to show that the characteristic function of N (u,0?) distributed random
variable is given by ¢(\) = exp(iuA — %02)\2). But then it is almost immediate
(Exercise that for this case

p(z) = i/ exp(—iAz) () dA. (A.2)
It can be shown that relation holds more general. The density can be found
back from the characteristic function by an integral transformation (Fourier
transform) if the characteristic function belongs to £(R).

Other properties that we use are the following. X and Y are independent
random vectors iff Eexp(iATX +iu'Y) = Eexp(iA" X)Eexp(inY). Here is
an example: if X has a N(0,0?) distribution and Y has a N (0, 72) distribution,
then X and Y are independent iff Eexp(iAX + inY) = exp(—1(a?A? + 7242)).
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Another property concerns derivatives of characteristic functions. Let X be
a real random variable and let ¢ be its characteristic function. If E|X|* < oo,
then ¢ is k times differentiable and ¢(*)(0) = i*EX*.

A.4 Modes of convergence

In this section we briefly treat various convergence concepts for random vari-
ables. Let us start by defining them. First a notational convention. If X is a
random variable, then F' (or sometimes Fx) denotes its distribution function.
If there are indexed random variables like X,,, then their distribution functions
are denoted F,, (or sometimes Fx ).

Definition A.1 Consider a sequence of random variables Xq, X5, ... and an-
other random variable X. We say that

(i) X, converges in probability to X if for all £ > 0 one has lim,,_, o, P(|X,, —

X|>¢)=0.
(ii) X, converges to X almost surely (a.s.), if P(w : lim, o0 X, (w) = X (w)) =
1.

(iii) X, converges to X in £L}(Q, F,P) if lim,_, E|X,, — X| = 0.

(iv) X, converges to X in £2(Q, F,P) if lim,,_, E|X,, — X|? = 0.

(v) X, converges to X in distribution if lim,, ., F,(x) = F(x) in all z € R
at which F' is continuous.

Here are some relations between the different modes of convergence.

Proposition A.2 We have the following implications.
(i) If X,, converges to X almost surely, then also in probability.
(ii) If X,, converges to X in L2(2, F,P), then also in L*(Q, F,P).
(iii) If X, converges to X in L}(Q, F,P), then also EX,, - EX.
(iv) If X,, converges to X in L1(Q, F,P), then also in probability.
(v) If the sequence X,, is bounded and X,, converges to X in probability, then
also in L2(Q, F,P).
(vi) If X, converges to X in probability, then there is a (X, ) such that X,
converges to X almost surely.
(vii) If X, converges to X in probability, then X, also converges to X in
distribution.
(viii) Denote by — any of the modes of convergence in (i)-(iv) of Definition
Then X,, = X and Y, = Y imply X, +Y, > X +Y.

Proof We only prove (vi), the other assertions we leave as an exercise. From the
definition of convergence in probability we have that for each k the probability
P(|X, —X| > 1) tends to zero, so eventually it will become less than 27*. Hence
there is ny, such that P(Ey) < 27, where E; = {|X,, — X| > 1. The Borel-
Cantelli lemma implies that P(lim infx_, Ef) = 1. But for w € liminf;_, o Ef
we can find some N € N such that for all £ > N we have | X, (w) — X (w)| < 7,
hence the X,,, (w) converge to X (w). O
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We also need some results that say, when random variables X, that converge
to a limit X almost surely, also converge in £'. Here we have some answers,
the basic convergence theorems in measure theory.

Theorem A.3 Let X,, — X almost surely.

(i) (Monotone convergence) If the X,, form a nonnegative increasing sequence
with limit X, then EX,, T EX < oco.

(ii) Ifthe X,, are bounded by a random variableY, that is such that E|Y| < oo,
then X,, converges to X in L(Q), F,P). A special case arises when Y can
be taken as a (nonrandom) constant.

(iii) (Fatou’s lemma) Without any of the two above conditions we still have
liminf EX,, > EX, if the X,, are nonnegative.

Remark A.4 Since expectations are by definition integrals w.r.t. the underly-
ing probability measure, we have similar results for integrals of functions w.r.t.
some measure.

A.5 Central limit theorem

The central limit theorem below tells us that the distribution of a standard-
ized sum of iid random variables with finite second moments converges to the
standard normal distribution function. For random variables with the corre-
sponding distributions one speaks of convergence in distribution. Let us make
these notions precise.

Definition A.5 Consider a sequence Zy, Zs,... of (real valued) random vari-
ables, another random variable Z and denote by F;, the distribution function of
Z,, and by F the distribution function of Z. We say that the F,, weakly converge
to F, if F,,(z) converges to F(z) in all z where F is continuous. In this case we
also say that the Z,, converge to Z in distribution.

In probability theory one also considers weak convergence of probability mea-
sures. For random variables this concept takes the following form. We say
that the distributions of the Z,, weakly converge to the distribution of a random
variable Z if for all (real or complex valued) bounded continuous functions f
on R one has the convergence Ef(Z,) — Ef(Z). One of the versions of the
portmanteau theorem states that convergence in distribution of the Z,, to Z is
equivalent to the weak convergence of the distributions of Z,, to that of Z. We
use it in the following form.

Theorem A.6 A sequence Zy,Zs, ... of random variables converges in distri-
bution to a random variable Z iff for all bounded continuous functions h the
convergence Eh(Z,) — Eh(Z) takes place.

Proof Assume convergence in distribution of the Z,,. We have to show conver-
gence of the distribution functions of the Z,, to that of Z in all point « where the
latter is continuous. So, let x € R. First note that P(Z,, < x) = E1(_o 2)(Zn)-
Let € > 0 be given and let 2 be a bounded continuous function that has
value one on (—o0, z], values in (0,1) on (z,z + €) and zero on [z + ¢,00). Let
he(y) = h*(y + €). Note that he < 1(_ 5 < h® and hence Eh.(Z,) < P(Z, <
x) <Eh&(Z,). The two extreme members of this inequality converge to Eh.(Z)
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and Eh°(Z). Use that P(Z < z —¢) < Eh.(Z) and Eh.(Z) < P(Z < x +¢)
to see that with ¢ — 0 we obtain limsup,,_,. P(Z, < z) < P(Z < z) and
liminf,, o P(Z, < z) > P(Z < x). The result follows.

The proof of the converse statement is as follows. Suppose first that h is
a bounded continuous function with compact support contained in an interval
(—A,A] (with A > 0). Let € > 0 be given. Since h is uniformly continu-
ous on (—A, A] there exists N € N such that |h(z) — h(y)| < e as soon as
|z —y| < 1/N. Divide (—A, A] into intervals I = (LY, RY] of equal length
1/N. Let hY = sup{h(z) : # € I)'} and observe that h(x) > hY —¢ for z € I}N.
Then we have Eh(Z,) = Y, Bh(Zu)1 v (Zn) < 3o hYP(LY < Z, < RY) —
S hNP(LY < Z < RY) as n — oo. Hence we have limsup, Eh(Z,) <
S P(LY < Z < RY).

Since we also have Eh(Z) > >, hNP(LY < Z < RY) — ¢, we arrive at
limsup,, Eh(Z,) < Eh(Z) 4+ . Replacing h with —h we get the companion
inequality liminf, Eh(Z,) > >, ﬁfCVIP’(L,ICV < 7Z< R,JCV) —é¢. Let € — 0 to finish
the proof for continuous functions with compact support. Use this result to
prove the assertion for arbitrary bounded continuous h (Exercise . O

Here is a useful result, that show that convergence in distribution is weaker than
convergence in probability (and then also weaker than almost sure convergence).

Proposition A.7 Suppose X, converges to X in probability. Then we also
have convergence of X, to X in distribution.

Proof Let ¢ > 0 and consider

P(X, < z) = P(Xn < 2, |Xn — X| < &) + P(Xp, < 2,|Xp — X| > ¢)
<PX <z+4¢e)+P(|X, — X]|>e).

It follows that limsupP(X,, < z) < P(X < z +¢) for all ¢ > 0. By right
continuity of z — P(X < z) we obtain limsupP(X,, < z) < P(X < x).
Similarly, exchange X and X,, and replace x with = — ¢, one has

P(X <z—-¢)<P(X, <z)+P(X, — X|>e).

It then follows that P(X < z —¢) < liminf P(X,, < z). If x is a continuity
point of z — P(X < z), then we obtain for ¢ — 0 the inequality P(X < z) <
liminf P(X,, < x). Together with the inequality for the limsup, this proves the
assertion. (]

The most important example of weak convergence is the content of the Central
limit theorem:

Theorem A.8 Let X7, Xs,... be a sequence of independent and identically
distributed random variables with mean p and variance o? < oo. Then for all
x € R we have

as n tends to oo, where ® is the distribution function of the standard normal
distribution.

<z) = O(x),
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To connect the statement of Theorem [A.§ with the introduction of this section
it is sufficient to take Z, = > 1 ,(X; — pu)/o\/n, since @ is continuous in any
element of R.

The standard proof of the Central limit theorem uses characteristic functions. In
view of the property that they correspond uniquely to distributions, this sounds
reasonable. However one also needs the theorem that distribution functions F,,
converge weakly to a distribution function F' iff the characteristic functions of
the F,, converge pointwise to the characteristic function of F'. (Note that one
implication of this theorem is easy in view of the portmanteau theorem, the
other implication is harder to prove). Let us take this theorem for granted and
sketch the proof of Theorem

Proof of Theorem Without loss of generality we assume that EX} = 0.
We start off with some facts from analysis.

Recall that for complex z, — z we have the convergence (1 + 22)" — e*.
Let R, (x) = € — Y} _,(iz)*/k! for x € R. Then (this is part of Exercise |A.9)

20z*  Ja"H!

. A3
n! " (n+ 1)!} (A.3)
Let ¢ be the characteristic function of the Xj. It then follows (this is another
part of Exercise |A.9)) that

|R,(2)] < min{

60 1+ 20X < BRy(AX)| < NE (min{|X|2, éIAIIXI?’}) (A4

Letting A — 0, we obtain from (A.4]) by application of the dominated conver-
gence theorem that ¢(\) =1 — 202A%(1 + o(1)) for A — 0.

Now we are ready to prove the assertion of the theorem. Let Z,, = 2:7\/1%&
It has characteristic function ¢z (A) = cb(ﬁ)" Using the expansion above for
¢, we can write ¢z (A) = (1 - %(1 + 0(1))) which converges to exp(—3A?),
the characteristic function of the N(0,1) distribution. In view of the remarks
preceding the theorem, this is exactly what we had to prove. O

Sometimes one has to work with a central limit theorem for arrays. Let us state
what this means. We consider for each n € N integers k,, and random variables
Xk, with k =1,...,k,. The family {X,,, :n e NNk =1,...,k,} is called a
triangular array, a reasonable name if k,, is increasing in n.

Theorem A.9 Consider a triangular array of random variables {X,  : n €
N,k =1,...,k,} with lim, o k, = 00. Assume that for each n the random
variables X, for k = 1,...,k, are independent and identically distributed.
Define S,, = Zzll Xn k. Assume moreover that EX, = 0 for all n,k and
that lim,, o, ES? = 02 with 0> < co. Then we have weak convergence of the
distributions of the S,, to the N(0,0?) distribution.

Proof Exercise [A.12 |

We close this section that all notions and results above can be completely taken
over to the case where one deals with finite dimensional random vectors. The
situation drastically changes if one considers random vectors in infinite dimen-
sional spaces, but this is of no concern for this course.
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A.6 Conditional expectations

Let a probability space (2, F,P) be given. Consider two random variables or
vectors X and Y that both assume finitely many values in sets X and ) re-
spectively. Assume that P(Y = y) > 0 for all y € ). Then the conditional
probabilities P(X = z|Y = y) are all well defined as well as for any function f
on X the conditional expectation E[f (X)|Y = y] := > c» f(2)P(X = z|Y = y).

Consider the function f defined by f(y) = E[f(X)|Y = y]. With the aid of
f we define the conditional expectation of f(X) given Y, denoted by E[f(X)|Y],
as f (Y). A simple calculation suffices to check the relation

R E(f(X)1liy—
ELFOOY] = 3 f@)lmy = 3 e 0y )
" ~ PY =y
Elementary properties of conditional expectation like linearity are in this case
easy to prove. Other properties are equally fundamental and easy to prove.
They are listed in Proposition Replacing X above by (X,Y) we can also
define conditional expectations like E[f(X,Y)|Y].

Proposition A.10 The following properties hold for conditional expectations.
(i) IfX andY are independent, then E[f(X)|Y] = E[f(X)], the unconditional
expectation.

(ii) Let f(X,Y) be the product fi(X)f2(Y). Then
E[A(X)(V)Y] = f(Y)E[f(X)]Y].
(iii) If X and Y are independent, then

Ef(X,V)|Y] =D f(z,YV)P(X = x).

reX
Proof Exercise [A.13] (]

The random variable Y induces a sub-g-algebra of F on €, call it G, which is
generated by the sets {Y = y} and that G = o(Y"). Note that the sets {Y =y}
constitute a partition of €2 and hence every set in G is a finite union of some
{Y =y} A

Consider again the function f above. It defines another function on 2, F say,
according to F(w) = f(y) on the set {w : Y (w) =y}, hence F(w) = f(Y(w)), in
short F = f (Y). In this way we can identify the conditional expectation f Y)
with the random variable F. Note that F' is G-measurable, it is constant on the

sets {Y = y}. Moreover, one easily verifies (Exercise |A.14)) that
E(Fly—yy) = E(f(X)1{y—y)). (A.6)

In words, the expectation of f(X) and its conditional expectation over the sets
{Y =y} are the same, and therefore we will also have

E(F1g) = E(f(X)1¢) for every set G € G. (A7)

Conditional expectation can also be defined for random variables that are not
discrete. To that end we proceed directly to the general definition as it is used in
modern probability theory. That it is possible to define conditional expectation
as we will do below is a consequence of the Radon-Nikodym theorem in measure
theory. The definition is motivated by .

100



Definition A.11 If X is a random variable with E|X| < co and G a sub-o-
algebra of F, then the conditional expectation of X given g is any G-measurable
random variable X with the property that EX14 = EX1¢ for all G € G. We
will use the notation E[X|G] for any of the X above.

Note that the conditional expectation is not uniquely defined, but only up to
almost_sure equivalence, if X and X’ both satisfy the requirements of Defi-
nition then P(X = X’) = 1, see Exercise Different X are called
versions of the conditional expectation. Conditioning with respect to a random
variable (vector) Y is obtained by taking G equal to the o-algebra that Y induces
on ). It is a theorem in probability theory that any version of the conditional
expectation given Y can be represented by a (measurable) function of Y. We
have seen this to be true at the beginning of this section. The most important
properties of conditional expectation that we use in this course are collected in
the following proposition.

Proposition A.12 Let X be a random variable with E|X| < cc.
() E(E[X|F]) =EX
(ii) If X is independent of G, then E[X|G] =
(iii) If H is a sub-o-algebra of G, then E[X|H] = E[E[X|G]|H] (iterated condi-
tioning).
(iv) IfY is G-measurable and E|XY| < oo, then E[XY|G] = E[X|G]Y
(v) If X isindependent of G, Y is G-measurable and f is a measurable function
on R? with E|f(X,Y)| < oo, then E[f(X,Y)|G] = [ f(z,Y)PX(dx), with
PX the distribution of X. Alternatively written, E[f(X,Y)|G] = f(Y),
where f(y) = Ef(X,y).
(vi) The conditional expectation is a linear operator on the space of random
variables with finite expectation.

A special occurs of conditional expectation occurs if G is generated by a partition
{G1,...,Gp} of Q with all P(G;) > 0. Then, completely analogous to (A.5)),

B[x10] = 3 Zp e e, (A9

Indeed, (A.5) is a special case of (A.8). Take G = o(Y) and G; = {Y = y;},
where the y; are the different values that Y assumes.

If the random variable X in Definition has the stronger integrability prop-
erty EX? < oo, then one has (this is Exercise [A.25)

E(X — X)?2 <E(X —Y)?, for all G-measurable Y with EY? < co. (A.9)

Equation offers a nice interpretation of conditional expectation as a pro-
jection, think of this! And with this interpretation in mind, property f
Proposition [A:12]should look familiar: it is analogous to repeated, iterated pro-
jection, first on a subspace, than on a smaller subspace, being equivalent to
immediate projection on the smaller subspace.
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A.7 Filtrations and Martingales

In probabilistic terms the loose term ‘information’ can be expressed by means
of o-algebras. One is given a probability space (2, F,P). A filtration in discrete
time is by definition an increasing sequence of sub-c-algebras of F. So we
have a family F = (F,),>0 where the F,, are sub-o-algebras of F that satisfy
Fn C Fpyq forall n > 0.

Information often comes to us in the form of an observed sequence of random
variables X = (X1, Xs,...), defined on (2, F,P). For each n we then put
Fn=0(Xy,...,X,), the smallest o-algebra that makes X7, ..., X,, measurable
functions on . In this case one often speaks of the filtration generated by the
sequence X1, Xo,... and one sometimes write, to emphasize this relation, FX
and FX. In this situation the F,, are invariant under many transformations
of the observations. For instance if we take S, = >°;_; X (n > 0), then the
filtrations FX and F° are the same: one knows all Si,...,S, iff one knows all
D, CT. ¢4

Let F be a given filtration. A process X that is such that X,, is F-
measurable for all n is called adapted (to F). Obviously, any process X is
adapted to FX.

Martingales form one of the corner stones in modern probability. Let us first
give a formal definition.

Definition A.13 A sequence M of random variables is said to be a martingale
w.r.t. a filtration F if the following conditions are satisfied.

(i) For every n > 0 the random variable M,, is F,,-measurable.
(ii) E|M,| < oo for all n.
(iii) E[Myq1|Fn] = M, for all n > 0.

Property [(iii) jn Definition is equivalent to (this is Exercise [A.26))
E[M,,|Fy] = M, for all m > n. (A.10)

Sometimes this conditional expectation property is explicitly formulated, using
the definition of a conditional expectation as in Definition as

E[M,15] = E[M,15], for all F € F,.
Another equivalent formulation of property [(iii) |is
E[AM,,4+1]|Fn] =0 for all n > 0.

The standard and easiest example of a martingale is the sum of independent
random variables with zero expectation (this is Exercise|A.15)). But there is also
a method to generate new martingales starting from a given one. To explain
this method we have to introduce predictable sequences of random variables. A
process H = (Hy, Ha,...) is said to be predictable w.r.t. a filtration F if for
all n > 1 the random variable H,, is F,,_i-measurable. If we want to include
a variable Hy, we take F_; the trivial o-algebra, which implies that Hy is a
non-random constant. Suppose that M is martingale w.r.t. to a given filtration
F and that H is a predictable process (w.r.t. the same filtration). Assume that
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the products H,,(M,, — M,,_1) have finite expectation (this surely happens if H
is bounded). Define the process V' by

V, = Z H,AM,;, = Z Hy (M, — My_1), (A.11)
k=1 k=1

(with M_; = 0 if we also need k = 0). Then also V is a martingale w.r.t. F
(this is Exercise [A.17).
The relevant notions in continuous time are similarly defined. A filtration in
continuous time is an increasing collection of sub-o-algebras of F. So we have a
family F = (ft)te[o,oo) where the F; are sub-c-algebras of F that satisfy Fs C F;
for all t > s > 0. A process X in continuous time, so X = (X(t),t > 0), is
adapted to the filtration F if X (¢) is F;-measurable for all ¢ > 0.

A martingale in continuous time is an adapted process M that satisfies the
conditions of Definition ‘with n replaced by t’. More precisely, we have for

the martingale property in Definition the analog of ,
E[M;|Fs) = Ms, for all £ > s,

equivalent to
E[Mi1p) = E[M1Fp], for all t > s and F € F. (A.12)

Occasionally we need a convenient property of martingales that have the prop-
erty that EM? < oo for all t. In that case one has (Exercise |A.27)

E[(M; — M,)?|F.] = E[M? — M?|F,], for all t > s. (A.13)

If any continuous time process X is given, then we will again use the notation
FX for the filtration it generates. So FX = {FX : ¢ € [0,00)}, where F¥ is
the smallest o-algebra that makes all the X (s) with s < ¢t random variables.
The theory of continuous time filtrations and stochastic processes is much more
subtle and difficult than the discrete time theory, but in this course we don’t
need these subtleties.

A.8 The heat equation: uniqueness of solutions

In Section [3| we announced that under regularity conditions the heat equation
has a unique solution, see Theorem [3.:3] In this section we state and prove a
theorem on this. In the proof of this theorem we use a maximum principle that
will be discussed first. For given T > 0 and real constants A and B, let D C R?
be the open rectangular domain D = {(t,z) : 0 < t < T, A < z < B}. We
consider a function u that belongs to C12(D) and that is continuous on the
boundary 9D of D. We will also need the parabolic boundary gD = {(t,x) €
0D :t =0, or x € {A, B}}. Here is the parabolic maximum principle.

Proposition A.14 If the function u above satisfies the heat inequality

1
ug(t,x) < §Um(t733), (t,x) € D, (A.14)
then
max_u(t,z) = max u(t,x).
(t,z)eD (t,z)€80D
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Proof The proof is easier if we would have a strict inequality in . So let
us assume this for the time being. Let e € (0,T) and consider in what follows
the restricted domain D, = {(t,z) € D : t < T — e}. Suppose that u has a
maximum on the closure D, of D, that is attained at an interior point (tg,x¢)
of D.. Then the function t — u(t, o) is maximal at ¢ty and hence w;(tg, xg) = 0,
whereas the function x — u(tp, ) is maximal in z¢ and hence wu,.(to,zo) < 0.
Hence, in (tg,xo) the strict inequality would be violated. We conclude
that the maximum of v on D, is attained on the boundary dD..

Suppose now that « is maximal at (T'—¢, 29) € 0D \JpD:. As above we then
have g, (T —¢€,z9) < 0, whereas we also conclude that u: (T —e,x9) > 0 (would
this be negative, than ¢t — wu(t,2) would be decreasing in a neighborhood of
T —¢ and thus we could find ¢ < T'—e with u(t', z9) > u(T —e, zo) contradicting
maximality at (T'— &,2)). This again violates (A.14). Hence we conclude

t,x) = t,x). A.15
(R u(te) = max | u(tz) (A-15)

Now we let £ | 0 and use uniform continuity of u on D to conclude that the left
hand side of (A.15)) increases to max(, ,ycp u(t, ) and the right hand side to
max »)ea,p U(t, r). We proved the assertion for functions u for which we have
strict inequality in .

The general case is as follows. Instead of considering u directly we consider
u’ defined by '(¢,x) = u(t,x) — dt, with § > 0. Then v’ satisfies the strict in-
equality and we conclude in view of the forgoing that the assertion of the propo-
sition is valid for u'. But we also have the two inequalities max, ,yep u'(t,z) >
max ,yep U(t, r) — 6T and max(; z)eq,p ' (t,7) < max z)ea,p u(t, ). Hence,
by 0 | 0, max, ;yep u(t, ¥) < max( z)eq,p u(t, r) and the result follows. O

The uniqueness theorem for solutions to the heat equation is a consequence of
the following

Theorem A.15 Let u € C*%((0,00) x R) and continuous on [0,00) x R. Let
there be nonnegative constants A and B such that |u(t,z)| < Aexp(Bz?) for
all (t,z) € [0,00) x R. If u satisfies the heat inequality u; < tu,, on (0,00) xR
and if u(xz,0) <0 for all z € R, then u(t,x) <0 for all (t,z) € [0,00) x R.
Proof Fix T € (0, {5). We will first show that the assertion of the theorem
is valid on [0, 7] x R. Let w(t,z) = (2T — t)~'/2 exp(2?/2(2T —t)) for (t,z) €
(0,7) x R and note that w satisfies the heat equation. Let § > 0 and define
v =g by v(t,z) = u(t,z) — dw(t, x), then v satisfies the heat inequality as well.
Consider for h > 0 the domain D = Dj, = {(t,z) : t € (0,T),|x| < h}. We
apply the parabolic maximum principle to v with respect to the domain D and
we estimate the function v on 9y D. Letting = +h, one obtains

v(t,+h) < Aexp(Bh?) — dw(t, h)
< Aexp(Bh?) — §(2T) Y2 exp(h?/4T), (A.16)

where the last inequality follows from the previous one by taking ¢ = 0, since

t + w(t, h) is increasing. By taking h big enough (h? > log A‘gﬁ (ﬁ — B)),
we can make (A.16) negative. Since we trivially have v(0,z) < u(0,z) < 0 we

conclude that v(¢,z) < 0 on all of 9yD and hence on D by Proposition
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Note that it now follows that v(¢,2) < 0 on [0,7] x R by letting h — co. This
means that u(t,z) < dw(t,z) and we conclude that thus (by letting 6 | 0)
u(t,z) <0 for all (¢,x) € [0,T] x R. Play now the same game with the function
u’ defined by u/(t,z) = u(t + T,x) for t € [0,T]. Clearly also u’ satisfies the
conditions of the theorem, so we conclude that «'(¢,2) < 0 and hence u(t,z) < 0
for (t,z) € [T,2T] x R. Iteration of this procedure concludes the proof. O

Corollary A.16 Under the conditions of Theorem[A.15|the heat equation with
initial condition u(0,-) = f admits at most one solution.

Proof Suppose that u and u’ are two solutions, then their difference v = u —u’
is a solution to the heat equation with initial condition v(0,2) = 0. A double
application of Theorem yields the result. O

A.9 Exercises

A.1 Let X be a random variable with P(X > 0) =1 and P(X > 0) > 0.
(a) Show that there exists n € N such that P(X > 1/n) > 0. (Reason by
contradiction, assume that P(X > 1/n) =0 for all n € N.)
(b) Show that EX > 0.
(c) Suppose X is such that P(X > 0) = 1 and EX = 0. Show that it follows
that P(X > 0) = 0, equivalently P(X = 0) = 1.

A.2 Show by computation that the density of a non-degenerate multivariate
normal random vector has integral equal to 1.

A.3 Let Z be a standard normal random variable. Show by integration that
Eexp(uZ) = exp(3u?) for u € R. If X has a normal N (y, 02) distribution, what
is Eexp(uX)?

A.4 Let X have the standard normal distribution and ¢(\) = Eexp(iAX), for
AeR.

(a) Argue that ¢'(\) = iE(X exp(iAX)).

(b) Show (use integration by parts) that ¢'(A) = —A¢(A).

(c) Conclude that ¢(\) = exp(—3A?).

(d) Let X ~ N(u,02). Show that ¢(\) = exp(ipX — $0%A?).

A.5 Let Z be a random variable with N (u, 0?) distribution. Determine m(u) =
Ee“? (m is called the moment generating function of Z). Hint: Write the

expectation as an integral with integration variable z and apply the substitution
y = z—u;uo’2

A positive random variable Z is said to have a log-normal distribution with pa-
rameters u and o2 if log Z has a N(u,o?) distribution. What is the expectation
of a log-normally distributed random variable with parameters p and o2?

A.6 Show by computation of the integral that Equation (A.2) holds for standard
normal random variables.

A.7 Use characteristic functions to show that for a multivariate normal random
vector X with X T = (X', X)) the components are independent iff they are
uncorrelated.
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A.8 Let for each n € N the random variable X,, be degenerate in 1/n. Show
that Ef(X,,) — f(0) for every (bounded) continuous function f. Determine the
limit random variable X to which the X,, converge weakly. Show also that the
distribution functions F;, of X,, converge in all x € R. Is the limit function the
distribution function X?

A.9 Define for z € R the functions R,, by R,(z) = ' — Y}'_ (iz)*/k!. Show
that |Ro(z)| < min{2, |z|}, Ru(z) =i [y Rn—1(t)dt and finally that the esti-
mates (A.3) and (A.4) are valid.

A .10 Suppose that X7, Xo,... converges in distribution to the standard normal
distribution. Let (a,) and (b,) be convergent sequences in R with limits a and
b. Show that lim, . P(a, < X, < b,) = ®(b) — ®(a).

A.11 Finish the proof of Theorem [A.6]
A.12 Prove Theorem
A.13 Prove Proposition [A:10]

A.14 Let X and Y be finite valued random variables and f a function defined
on the range of X, and let f(Y) := E[f(X)|Y].
(a) Write F' = f(Y). Show that holds, with as its consequence.
(b) Conversely, if f is a function defined on the range of Y with the property
of Equation (A-6). Show that f(y) = E[f(X)|Y = y] for all y with P(Y =
y) > 0.

A.15 Let X3, Xo,... be an independent sequence with EX,, = 0 for all n. Let
for each n the random variable M,, be defined by M, = 22:1 X}.. Show that
M is martingale w.r.t. the filtration FX.

A.16 Let X1, X5, ... be independent random variables with EX; = 1 for all .
Define P,, = [[\-, X; and let F,, = 0(X1,...,X,,) (n > 1). Show that the P,
form a martingale sequence.

A.17 Show that the process V defined by Equation (A.11) is a martingale.

A.18 Let X,, be multivariate normal random vectors, with expectations u,, and
covariance matrices ¥,,. Suppose that the X,, converge in £?-sense to a random
vector X. Show that also X has a multivariate normal distribution. What are
the expectation and covariance matrix of X?

A.19 Let u : RZ — R be given by u(t,r) = at + 2. Note that u is a solution to
the heat equation u; = Sau,,. Consider the region D = {(t,z) : t > 0, |z < h},
where h > 0. Find (for different values of «) the points of D where u attains a
maximum. Make a sketch of the level sets of u.

A..20 Here is an example of nonunicity of solutions to the heat equation. Let the
initial condition be u(0, -) = 0. One solution is u(t,z) = 0. Let ¢ be an infinitely
many times differentiable function. Show that u(t,z) = > 7, é—nﬂ)!% (t)
is a solution to the heat equation. Next we make the special choice ¢(t) =
exp(—1/t*)1{;50p. This function belongs to C>(R) and is ‘flat’ in ¢ = 0, all
derivatives in ¢ = 0 are zero. Note that now (0, -) = 0, whereas u(t, x) is not
identically zero for ¢t > 0. Why can’t we apply Theorem [A.15]:
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A.21 Let u € C12((0,T) x R) and continuous on [0,7] x R. Assume that u
satisfies |u(t,z)| < Aexp(Blog|z|?) for some A, B > 0 and that u(T,-) = 0.
If u is a solution to the Black-Scholes partial differential equation, then u is
identically zero on [0,7] x R.

A.22 Let X and Y be random variables defined on the same probability space
(Q,F,P).
(a) Show that X + Y and aX are random variables too, where a € R is a
constant. The space of random variables is thus a vector space over R.
(b) Show that XY is a random variable.
(c) Let f : R — R be a Borel-measurable function. Show that f o X (usually
denoted f(X)) is a random variable.

A.23 Show that two versions of the conditional expectation are equal almost
surely: if X and X " both satisfy the requirements of Definition then
P(X = X') = 1. Hint: take G = {X > X'}.

A.24 Prove Proposition [A.12(iii) | from the general Definition of condi-

tional expectation.
A.25 Show the validity of the inequality in (A.9)

A.26 Show that the martingale property [(iii) |of Definition and Equa-
tion [A-10] are equivalent.

A.27 Prove the validity of Equation (A.13]).
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