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Abstract

Portfolio credit risk models typically incorporate the default dependence between obligors that
arises from common risk factors. However, they often ignore obligor-to-obligor default contagion
effects, which can propagate through economic networks. We present a structural framework that
can be layered onto existing factor models to capture higher-order network-based default contagion.
Our approach yields efficient and tractable computations that are applicable to heterogeneous singly
connected networks, which can represent empirically observed dependence structures such as supply
chains, corporate groups and hierarchical governments. As a key contribution, we develop an
expectation-maximization algorithm that estimates default contagion parameters from historical
creditworthiness information. Our simulation-based numerical results show that the impact of default
contagion on risk measures is well estimated by our framework.
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1. Introduction

Many financial institutions manage credit portfolios that are exposed to losses
when obligors default. These portfolios face the risk of substantial aggregate losses
when the defaults tend to cluster in time, even if the marginal default probability
per obligor is relatively small. Effective risk management requires modeling the
risk concentration due to default dependence between obligors. In this work, we
consider a structural model that incorporates default dependence through exposure
to common risk factors and through default contagion that propagates along a
network. In particular, we develop a framework for estimating default contagion
parameters from historical creditworthiness information, which can be used to
estimate portfolio risk measures. We focus on the class of singly connected net-
works, in which there exists at most one single directed path between two obligors.
This choice strikes a balance between practical relevance and model tractability, as
it includes many empirically observed dependence structures while still allowing
for tractable computations and data-driven parameter calibration.

Portfolio credit risk management typically focuses on default dependence that
arises from common risk factors, such as macroeconomic or industry-specific influ-
ences. For example, a recession can lead to a simultaneous increase in default risk for a
large group of obligors. A popular approach in practice is to use a factor model, which
assumes that the defaults of obligors are conditionally independent given some (low-
dimensional) underlying factor. In particular, industry practitioners often use Gaussian
threshold models (see e.g., McNeil ef al., 2015, p. 465), which can be considered an
extension of the structural framework by Merton (1974). For example, most banks use
such a model to calculate (economic) capital requirements for credit risk in the Basel
framework. In these models, default events occur when a latent creditworthiness
variable, which can be interpreted as the distance-to-default, is below a specified
default threshold. The default dependence between obligors originates from the shared
exposure to common risk factors. These models are relatively easy to calibrate and can
be used to estimate risk measures for heterogeneous credit portfolios using a simulation
approach, which contributes to their widespread use.

However, standard factor models typically do not capture obligor-to-obligor
default contagion, in which the default event of one obligor directly causes an
increase in default risk of another obligor. This propagation of default contagion
effects is observed in a variety of important dependence structures, e.g., from a
parent company to subsidiaries (see e.g., Emery and Cantor, 2005), from a sov-
ereign issuer to other domestic entities (see e.g., De Bruyckere et al., 2013), or
along supply chains (see e.g., Agca et al., 2022). The latter is increasingly relevant
for financial institutions, as there has been an increase in supply chain disruptions
due to wars, volatile energy prices, and trade wars. This trend is likely to continue
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in the future due to increasing geopolitical tensions and emerging threats such
as cyber risks and climate risks (both physical and transitional). Furthermore,
default contagion has also received increased attention from regulatory authorities
(see e.g., European Banking Authority, 2017).

Motivated by practical relevance and empirical evidence, our work contributes
to the methodological literature on extending the standard factor models to in-
corporate default contagion effects. Our framework is applicable to a wide range of
economic dependence structures, while allowing for data-driven calibration of
default contagion parameters. Earlier work has already demonstrated that ignoring
the presence of default contagion may lead to a significant underestimation of risk
measures in credit portfolios (see e.g., Egloff ef al., 2007; Anagnostou et al., 2018;
Schiphorst et al., 2024). However, the magnitude of the impact depends strongly
on the network structure and the default contagion parameters that represent the
strength of the dependence between obligors. Identifying the network structure
corresponds to identifying the existence of a direct default dependence between
pairs of obligors, which is often relatively straightforward in practice. For example,
credit analysts can qualitatively assess the presence of legal or supply chain de-
pendencies. In contrast, the estimation of default contagion parameters remains an
open challenge, as the existing methodological literature reflects an important
trade-off. At one end, frameworks that allow for complex network structures lack
adequate methodology for parameter estimation (see e.g., Neu and Kiihn, 2004;
Egloff et al., 2007; Anagnostou et al., 2018). At the other end of the trade-off,
existing estimation-focused frameworks require restrictive assumptions on the
network structure (see e.g., Rosch and Winterfeldt, 2008; Schiphorst et al., 2024).
For example, Neu and Kiihn (2004) suggest choosing parameters based on expert
judgment, Egloff et al. (2007) propose an (ad hoc) proxy based on percentages of
business volume, and Anagnostou et al. (2018) propose a proxy based on spike-
like comovements in CDS spreads. Conversely, Rosch and Winterfeldt (2008)
propose an estimation framework based on historical default rates, but require a
strong homogeneity assumption of a single contagion parameter for the network
connections. In addition, they impose a restriction on the dependence structure that
is similar to the primary-secondary model in Jarrow and Yu (2001), in which
contagion can only propagate from a primary group to a secondary group of
obligors. The framework based on these strong assumptions has been adopted by
several others (e.g., Lee and Poon, 2014; Batiz-Zuk et al., 2015). Schiphorst et al.
(2024) instead propose a moment-based estimation from historically observed
creditworthiness information, which allows for relaxing the homogeneity as-
sumption but still requires the primary-secondary network restriction. To bridge
this gap in the literature, we develop a structural framework that allows for
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estimating default contagion parameters in a more general class of practically
relevant networks.

Our proposed framework is designed to be layered onto existing structural
factor models to additionally capture default contagion. As a key contribution, we
derive an iterative algorithm to calibrate the model to exogenously given default
probabilities via the latent distance-to-default of each obligor. Consequently, the
framework has the desirable property that it can be layered onto an existing model
without affecting the expected credit losses. Building on the calibration to given
default probabilities, we propose a maximum-likelihood approach for estimating
default contagion parameters from time-series of historical creditworthiness in-
formation. This approach does not rely on homogeneity assumptions, works for
models with observed or latent factors, and is applicable to a wide range of
dependence structures. More specifically, the framework applies to the class of
singly connected networks, sometimes referred to as polytrees (see e.g., Pearl,
1988, p. 176). This class allows for efficient tractable computations and captures
many important features of common economic dependence structures. For ex-
ample, it can represent hierarchical dependencies with higher-order propagation of
default contagion, such as corporate parent-subsidiary relationships, supply chains,
and governmental hierarchies. In particular, the class generalizes the restrictive
primary-secondary dependence structure described above, since it includes all such
networks as special cases. Moreover, it could serve as an approximation for net-
works that only slightly deviate from a singly connected network structure.

The default contagion mechanism considered in our framework is inspired by
the model of Neu and Kiihn (2004) and the proposed estimation approach builds
on an idea explored in Schiphorst et al. (2024), in which the latent distance-to-
default is inferred from observed creditworthiness information. This work is
complementary to Schiphorst et al. (2024), which considered a different contagion
mechanism that yielded relatively simple closed-form results at the cost of being
restricted to a primary-secondary structure. Overall, our contribution is primarily
methodological and complements existing empirical work that has demonstrated
the practical importance of default contagion in real economic networks (see
e.g., Agca et al., 2022). Our framework is designed to be readily applicable for
institutions that possess the necessary data. To illustrate the applicability of our
framework, we present a numerical example with empirically motivated choices
for the network structure and other model parameters. We use simulated time-
series of creditworthiness information to illustrate some convergence properties of
our proposed estimation framework.

The remainder of this work is structured as follows. In Sec. 2, we present the
structural model framework with default contagion effects and explain how the
model can be used for portfolio credit risk management. In Sec. 3, we derive a
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framework for numerically inferring the latent distance-to-default from observed
creditworthiness information. In Sec. 4, we present the framework for estimating
the default contagion parameters from historical creditworthiness information.
More specifically, we use an expectation-maximization approach to maximize the
likelihood of time series of observed creditworthiness information. In Sec. 5, we
demonstrate the application of the proposed framework and illustrate that portfolio
risk measures are well approximated by using estimated default contagion para-
meters. Finally, in Sec. 6, we conclude on the obtained results and provide some
final remarks.

2. Structural Model with Default Contagion

In this section, we present the structural model for the joint distribution of default
events with dependence through exposure to common risk factors and through
default contagion. First, Sec. 2.1 presents the details of the latent joint distance-to-
default process and the default contagion network. Then, Sec. 2.2 outlines the details
of the structural default event and the contagion mechanism. Finally, Sec. 2.3
describes how the model can be used in practice.

2.1. Distance-to-default

We consider a credit portfolio with obligors indexed by Z = {1,...,N} and in-
troduce the latent joint distance-to-default process V = [V;];cz. We focus on a
structural Gaussian factor model, which is based on the structural model by
Merton (1974) and is commonly used among industry practitioners (see e.g.,
Liitkebohmert, 2008, p. 23). More specifically, we let F and each &; (for i € 7) be
independent standard Brownian motions and define the distance-to-default V;(¢) of
obligor i € 7 at time ¢ as

Vi(t) = Vi(0) + VpiF (1) + /1 = pi&i(t (1)

The first term, V;(0), represents the initial distance-to-default of obligor i € Z
at initial time 0. The larger (smaller) this initial value, the less (more) likely that
the obligor will be in default at time 7. The second term, ,/p;F (), represents the
dependence on the common factor F. The larger the factor loading /p;, the stronger
the indirect default dependence of obligor i with other obligors. The third term,
V1 = pi&(t), represents idiosyncratic effects that are independent of other obligors
and the common factor. In this model, the distance-to-default V;, V; of two different
obligors 7, j € 7 are conditionally independent given the common factor F.
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We note that the model in Eq. (1) is sometimes generalized by considering a
multivariate process for the common factor F or alternative distributions such as
Student’s ¢ processes for (F, {}icr) (see e.g., McNeil et al., 2015, pp. 442-443).
However, this would yield a conceptually equivalent model, while making the
model less recognizable to industry practitioners. Since our focus is on the default
contagion extension, we decide not to pursue this possibility here.

To model default contagion effects, we consider a directed network with nodes
in 7 and nonnegative edge weights W = [W;;]; ;cz. We will refer to this network as
the default contagion network. This network has a directed edge from j € 7 to
i € T whenever W;; > 0, in which case we say that j is a parent of i and that i is a
child of j. Similarly, if there exists a directed path from j to i, we say that j is an
ancestor of i and that i is a descendant of j. For any obligor i € Z, we denote the
corresponding set of parents as

P:={je€Z|jisaparentof i}={j€Z | W, >0}

We assume throughout this paper that we know the binary parent structure, i.e.,
that P; is given for all obligors i € Z. This assumption is further motivated in
Sec. 4.2. Furthermore, we assume that the network is singly connected (i.e., a
polytree), which means that there is at most one single directed path between each
pair of obligors (see e.g., Pearl, 1988, p. 176). We illustrate in Sec. 2.3.1 that this
assumption still yields a broad class of default contagion networks. Because
a singly connected network is always acyclic, we can order the set of obligors
Z =A{1,...,N} such that the directed edges go only from lower-indexed
to higher-indexed obligors. More precisely, we assume without loss of generality
that

7 is ordered such that j < i, for all parents j € P; of obligori € Z. (2)

2.2. Structural default events with contagion

We consider a two-period model, with initial time O and end time T (e.g., in
1 year). For each obligor i € Z, we model a default event that may occur at time 7,
represented by the default indicator

6; := 1{Default of obligor i at time T'}.

We take a structural approach and assume that a default event occurs when the
latent distance-to-default V;(T) of obligor i € Z at time 7 'is below a certain default
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threshold. We incorporate default contagion by letting the default threshold depend
on the default events of any parents j € P;. More specifically, we assume that

5,:1{&4(T)§Z%6j}, Viel. (3)

JEP;

In the absence of default contagion, i.e.,when none of the parents j € P; default,
the default event of obligor i € Z occurs if V;(T) < 0. Default contagion arises
when a parent j € P; defaults and the default threshold of obligor i increases by
W;;, consequently increasing the default probability. We note that this contagion
mechanism is conceptually similar to the model proposed by Neu and Kiihn
(2004), in which the distance-to-default is adjusted instead of the default threshold.
In principle, other invertible transformations of the distance-to-default could be
considered without significant conceptual changes to our framework.

In the considered approach, there exist multiple types of dependence between
the default events of two obligors i,j € 7. There may be indirect dependence due
to their shared exposure to the common factor F, which is reflected by the dis-
tance-to-default correlation Corr(V;(T), V,(T)) = ,/p;p;- Additionally, there can
exist dependence between the default events of obligors due to default contagion,
which can be direct or indirect. Indirect default contagion dependence arises when
the obligors i,j share a common ancestor. There is direct default contagion
dependence if there exists a directed path between obligor i and obligor j, i.e.,
when one is an ancestor of the other.

Unlike standard factor models without default contagion, the default events of
two obligors 7, j € 7 are generally not conditionally independent given the factor F
in this model. Instead, this conditional independence only holds if there exists no
directed path between two obligors i,j and they do not share any common
ancestors. In contrast, for a very large value Wy, the default of the obligor j € P;
almost guarantees the default of obligor i€ Z. This is because
limyy, ~ooP[Vi(T) < W;;6;]6; = 1] = 1. The case where the default of one obligor
guarantees the default of another obligor exists in real applications, for example in
corporate parent-subsidiary structures.

2.3. Model use

In this subsection, we explain how the model can be used for portfolio credit risk
management. First, Sec. 2.3.1 illustrates that the model can be applied to a wide
range of credit portfolios. Second, Sec. 2.3.2 illustrates the significance of default
contagion in computing risk measures.
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2.3.1. Singly connected networks

In this work, we assume that the directed default contagion network is singly
connected, i.e., that there exists at most a single directed path between any two
obligors. Figure 1 displays a visual example of a (fragment of a) typical singly
connected network, which is similar to the example presented by Pearl (1988,
p. 176). This choice is made specifically with application in mind, as it allows for
tractable model computations, but can also capture many important characteristics
of empirically observed economic networks. These include sparseness of network
connections and the existence of obligors with multiple parents/children.
Furthermore, we highlight some special cases of singly connected networks: First,
the class obviously includes the empty graph, which corresponds to the special
case W;; = 0 for all obligors i,j € Z. This case represents the absence of default
contagion effects, in which the model simplifies to a standard threshold model with
conditionally independent default events.

As a second example, the class of singly connected networks includes all
networks that satisfy the primary-secondary structure in which connections can go
only from a group of primary obligors to a group of secondary obligors. This
assumption has appeared in the literature as an attempt to keep models and their
calibration relatively simple (see e.g., Jarrow and Yu, 2001; Rosch and Winter-
feldt, 2008; Batiz-Zuk et al., 2015; Lee and Poon, 2014; Schiphorst et al., 2024).
For example, the primary group could represent a group of important entities that

Fig. 1. A visual example of a directed singly connected network.
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would affect many other smaller (secondary) entities in case of a default event. An
important limitation of the primary-secondary assumption is that it inherently does
not allow for higher-order propagation default contagion effects.

As another example, the class includes chain-like networks in which each
obligor i € 7 can have a connection to the next obligor j = i + 1. Such networks
could represent supply chain structures in which higher-order default contagion
has been empirically observed (see e.g., Agca et al., 2022). Similarly, the class also
includes more general networks that consist of a collection of tree-like structures.
Such networks represent hierarchical forms of default dependence that could arise
in many different situations, such as corporate parent-subsidiary relationships and
layered supply chains. Another example is the hierarchical structure between
national governments, regional governments, and municipalities. A specific
example of a network consisting of a collection of connected tree-like structures is
considered in more detail in Sec. 5.1.

Additionally, we note that the assumption of a singly connected network
structure does not impose any restriction on the network weights. In this work,
each connection in the default contagion network can have a different weight.
This represents the heterogeneity of realistic credit portfolios and significantly
expands the class of feasible default contagion networks compared to the assumption
of a single homogeneous weight for a large group of connections in the default
contagion network, as is considered in earlier estimation-focused methodological
literature (e.g., Rosch and Winterfeldt, 2008; Batiz-Zuk et al., 2015; Lee and Poon,
2014).

2.3.2. Portfolio credit losses

Within the considered model, portfolio credit losses L are represented by

L= Zel-éi,

i€T

where e; is the exposure to obligor i € 7 that is lost in case of default and is
assumed to be deterministic. We note that in credit risk modeling, each e¢; is
typically split into the product of an exposure at default EAD; and a loss given
default percentage LGD,. The probability of a default event of obligor i € 7
is denoted as PD; = P[6; = 1]. As is common practice in portfolio credit risk
modeling, we treat the exposures lost in default {e;},c; and the default proba-
bilities {PD;},c7 as exogenous inputs.
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Expected losses. We note that expected portfolio losses are independent of the
default contagion parameter W and always equal

E[L] =) eE[5] =) ePD;.
i€T i€Z

As explained in Sec. 3, our framework preserves this property by calibrating the
latent distance-to-default values such that the modeled default probabilities are
equal to the exogenously given default probabilities. Although the calibrated
distance-to-default values depend on W, the modeled default probabilities are, by
construction, always the same. This is an important attractive property of our
framework, which allows it to be layered onto existing portfolio credit risk models,
without affecting the expected losses. Implicitly, it is assumed that the impact of
default contagion is already incorporated in the given default probabilities.

Risk measures. The risk of significant losses is often quantified by risk measures
such as the Value-at-Risk (VaR) or the Expected Shortfall (ES) (see e.g., Liitke-
bohmert, 2008, pp. 13—15). For a given confidence level g, these risk measures can be
defined as

VaR, (L) := inf{x € R|P[L > x] <1 —gq}, (4)
and

1 1
ES, (L) ::Tq , VaR,(L)du. (5)
Due to the heterogeneity of credit portfolios, analytic computation of these risk
measures is generally not possible. Instead, risk measures can be estimated by
simulating portfolio credit losses based on the joint distribution of default events.
Similarly to standard portfolio credit risk models that are commonly used in
practice, the simulation of default events consists of two steps. First, a realization
of the joint distance-to-default V(7)) = [V;(T)];cz is drawn based on the model
specified in Eq. (1). This initial step is identical to the one in standard factor
models without default contagion. Second, the realization of V(T) is used to
determine the corresponding realization of default events, by iteratively evaluating
Eq. (3) for all obligors along the default contagion network. In particular, the
ordering assumed in Eq. (2) ensures that the default threshold of any obligori € 7
has already been computed before the default indicator §; is evaluated. We note
that iterative evaluation of the default contagion thresholds is computationally
inexpensive and can be added to existing implementations of standard factor
models. In particular, we note that it is still possible to use variance reduction
methods such as importance sampling.
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Fig. 2. Probability mass function (PMF) of total portfolio losses L in a stylized portfolio, comparing
three dependence structures: independence, a standard factor model and a factor model with default
contagion.

Loss distribution. We now demonstrate that default contagion can induce
a fundamentally different shape of the loss distribution compared to standard
correlation-based factor models. For this purpose, we consider a credit portfolio
that consists of N = 250 obligors with homogeneous parameters PD; = 0.04 and
e; =1 for all i € 7. Figure 2 shows the portfolio loss distribution for three cases
that correspond to different types of dependence between obligors. The first case
serves as a baseline and represents full independence between the obligors, i.e.,
without common factor dependence and without default contagion. The second
case represents a standard single factor model with default dependence through a
shared common factor, with factor loadings p; = 0.05 for all i € Z. The third case
represents the same factor model extended with additional default contagion
dependence along a network with a single parent of all other obligors. More
specifically, the network weights are chosen to equal W;; = 1.0 for all i € 7 and
0 otherwise.

In the case with default contagion, the loss distribution has a bimodal shape
with an increased probability mass in the tail, driven by the binary default event of
the central parent. Although the direct exposure e, to the central parent is relatively
limited, their default event has a significant impact on total losses due to contagion
effects, increasing the default risk of all other obligors. By construction, the
expected total loss equals E[Z] = 10 in all three cases, since it is assumed that the
effects of contagion are already incorporated in the exogenously given default
probabilities. Consequently, the increased tail mass from default contagion is offset
by a reduction in risk in the absence of the parent default, as represented by the
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leftward shift of the body of the distribution. Overall, this demonstrates that default
contagion can have a significant impact on risk measures, which is revisited in a
more complex network structure in Sec. 5.

3. Distance-to-Default and Creditworthiness

In this section, we explain how the initial joint distance-to-default V(0) = v can be
inferred from observed creditworthiness information in the form of forward-
looking default probabilities. This initial value is required to simulate the joint
distribution of default events, as explained in Sec. 2.3.2. Furthermore, the inferred
distance-to-default is also used to estimate the default contagion parameters W, as
outlined in Sec. 4.3.

First, Sec. 3.1 discusses creditworthiness information and how it can be obtained
in practice. Then, Sec. 3.2 outlines how the creditworthiness information of an
obligor relates to the initial distance-to-default in the considered structural model.
More specifically, we outline an algorithm that numerically infers the latent initial
distance-to-default of each obligor from observed creditworthiness information.

3.1. Creditworthiness

The creditworthiness of an obligor represents the (perceived) likelihood that they
will not default. It is mathematically convenient to represent creditworthiness by a
forward-looking default probability. That is, the creditworthiness of obligor i € Z
can be represented by the forward-looking probability PD; of a default event at the
end time 7, given the information available at the initial time # = 0. In the context
of the structural model presented in Sec. 2, this is represented by

PD,(v) := P[5, = 1|V(0) =], (6)

where the initial joint distance-to-default v represents the information available at
the initial time O.

In practice, estimated forward-looking default probabilities are often available.
For example, financial institutions and credit rating agencies often have dedicated
teams of credit analysts that produce these estimates. These analysts can use
quantitative and qualitative information from various sources, such as financial
statements, macroeconomic data, and industry trends. The default probability
estimates are sometimes grouped into credit ratings, which are essentially a
discretized form of creditworthiness information. Alternatively, forward-looking
default probabilities can be inferred from market prices of credit default swaps
(CDS) or defaultable bonds (see e.g., Hull, 2022, pp. 564-569).

2650028-12
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3.2. Inferring distance-to-default

In this subsection, we outline how the latent distance-to-default can be inferred from
observed creditworthiness information. First, Sec. 3.2.1 explains the general setup.
Then, Sec. 3.2.2 presents some results for computing conditional default probabil-
ities for all obligors i € 7. Finally, Sec. 3.2.3 discusses how the conditional default
probabilities can be used to (numerically) infer the latent distance-to-default.

3.2.1. Distance-to-default and creditworthiness

As expected, the forward-looking default probability PD; defined in Eq. (6) is
strictly decreasing in the initial distance-to-default v;. In fact, there exists a one-to-
one mapping between the vector of default probabilities PD = [PD;],c.7 and the
initial joint distance-to-default v = [v;];c7 for any given model parameters (p, W).
Therefore, it is possible to infer the latent distance-to-default v from observed
creditworthiness information pd = [pd;];c;z by jointly solving the following
equations:

PD;(v) =pd;,, VieT.

As we will illustrate below, it is useful to compute the default probability by
integrating over the conditional default probability PD;r given the common factor
F, ie.,

PD,(v) = | PDy ()P, )
where
PD; p(v) := P[§; = 1|F(T) = F, V(0) = v].

We first show how the distance-to-default can be inferred in the absence of default
contagion, and then consider the more general case with default contagion.

Without default contagion. In the absence of default contagion, i.e., for an
obligor i € Z without parents, the conditional default probability equals

where @ is the standard Gaussian distribution function. In this special case, the
unconditional default probability conveniently simplifies as

P, = [ ¢<%%>dP[F] - (1)(_ \;T>
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and the inferred distance-to-default v; is given by

v, =—VT - &' (pd,). 9)

With default contagion. Unfortunately, the conditional default probability PD; ¢
does not attain such a simple form in the more general case with default contagion,
as it can then also depend on the default events of the parents j € P;. Conse-
quently, the unconditional default probability and the inferred distance-to-default
cannot be computed in a closed form.

However, as we show in Sec. 3.2.2, the conditional default probabilities can still
be computed efficiently for all obligors i € 7 if the default contagion network is
singly connected. Moreover, as we discuss in Sec. 3.2.3, we can approximate the
unconditional default probability by numerical integration and numerically solve
for the inferred distance-to-default.

3.2.2. Conditional default probabilities

We present several results for computing the conditional default probability PD;
of an obligor i € Z. The presented results correspond to varying levels of
restricting assumptions, where more restrictive assumptions yield simpler results.
First, the more general case of an acyclic network is considered in Proposition 1.
Then, the slightly stronger assumption of a (heterogeneous) singly connected
network is considered in Proposition 2. The computation simplifies significantly in
singly connected networks, due to the conditional independence of the default
events of parents. Corollary 1 corresponds to the even stronger assumption of a
primary-secondary structure with homogeneous parameters.

Proposition 1. Suppose that the default contagion network represented by W is
acyclic. Then the marginal conditional default probability PD; of obligor i € T is
given by

PD;r(v) = Z P

de{0, 1} 17l

<Eje7>,- Wid; —vi — \/piF

7 >IP[6PI_ =d|F], (10)

where |P;| is the number of parents of i, ® is the standard Gaussian CDF and
6p, = [0;ljcp, denotes the default indicators of parents j € P;.
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Proof. Consider a fixed initial distance-to-default V;(0) = v;. The conditional
default probability PD;z can then be decomposed as

= ) P[5 =1|F.6p,=d|P[6p, =d|F].
de{o, 1} 7l

Furthermore, in the structural default model, we have that

(3)

G=1 < V(I) <D W6
JEP;
! ep, W6 — vi — oiF (T
() é—i(T)SZ]GP, jjlv p ()
vV5i—=p;

So, by using &(T) ~ N(0,T) and &(T) L (6p,F) we obtain

P[éi _ ]|F, 673i _ d] <Z/67’ \/%_/___p—\/: \/EF> .

O

Essentially, the result in Proposition 1 splits the computation of the conditional
default probability PD;r, by conditioning on the (joint) default events of the
parents j € P;. In the case of a general acyclic network, the computational com-
plexity mainly lies in the joint conditional default probabilities ]P)[(S'pi =d|F } The
computation of them may depend on all ancestors of i and thus requires “global”
network information. These joint probabilities could for example be computed by
using a variable elimination algorithm (see e.g., Koller and Friedman, 2009,
p. 287).

Proposition 2. The following two statements are equivalent:

(1) The default contagion network represented by W is singly connected.
(2) For any obligor i € I, the default events of any two parents j,,j, € P; are
conditionally independent given F, i.e., (6; L ¢;|F).

If either holds, then the joint conditional default probability of the parents
Jj € P; decomposes as

P[6p, = d|F| = HPD PD;;) ' %, Vde {01}/,
JEP;

Proof. We first note that the default events of two obligors are conditionally
independent given F if they do not share a common ancestor and neither is an
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ancestor of the other. These conditions are equivalent to the obligors being “d-
separated given () in the network, which is a criterion for determining independence
in probabilistic graphical models (see e.g., Koller and Friedman, 2009, pp. 69-71).
(1) = (2): Assume that the network represented by W is singly connected.
Suppose, for contradiction, that there exists an obligor i € Z with parents j;,j, €
‘P; that are not conditionally independent given F. It follows that there exists a path
between j; and j, or that there exists an obligor k that is a common ancestor of j,
and j,. Either would lead to a contradiction by violating the assumption of singly
connectedness. A path from j; to j, would imply that there exist two paths from j;
to i: one direct path and one indirect path via j,. Similarly, a common ancestor k
would imply that there exist two paths from & to i: one via j; and one via j,.
—(1) = —(2): Assume that the network represented by W is not singly con-
nected. Then there exist obligors &,/ € Z with (at least) two distinct directed paths
from k to [. Since the distinct paths both end at obligor /, the paths must first
diverge and then converge again at some obligor i € Z. This obligor i thus has two
distinct parents j;,j, € P; that are part of the first and second paths, respectively.
However, the parents j;, j, are not conditionally independent given F, as they are
both part of a path that starts with obligor k. O

Proposition 2 shows that the computation of the joint conditional default
probabilities ]P[épi =d|F ] of the parents j € P; simplifies significantly in the case
of a singly connected network, due to the conditional independence of the parent
default events. Essentially, it eliminates the need for “global” network information
about the ancestors and instead only requires “local” information about the mar-
ginal parent probabilities. The result allows for efficient computation of the con-
ditional default probability PD;r when PD; has already been computed for all
parents j € P;. Assuming that the obligors in the default contagion network are
ordered as in Eq. (2), the result can thus be used to iteratively compute the
conditional default probabilities PD; ¢ for all the obligors i € 7 along the network.
Crucially, the equivalence in Proposition 2 identifies the class of singly connected
networks as the most general class that preserves this property. This is the primary
motivation for our methodological decision to exclude more general network
structures with prominent loops, such as interbank lending networks.

Corollary 1 illustrates how the result simplifies further in the case of a more
restrictive assumption of a homogeneous two-group network. More specifically, it
assumes that all obligors are split into a primary group Z p and a secondary group Z,
such that all connections only go from primary to secondary obligors. Moreover, it
assumes that all default contagion weights equal w and that the (conditional) default
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probabilities of all obligors j € Zp are equal. A similar result was derived in Rosch
and Winterfeldt (2008).

Corollary 1. Suppose that there exists a partition {Zp,Zs} of T and a weight
w >0, such that Wy =w-1{i € Zg and j € Zp}, for all i,j € . Also, suppose
that PD;p = PDpyp, for all j € Zp. Then, each obligor i € Ig has conditional
default probability

N,

- Wk—Vi_\/piF) <NP> k Np—k

PDyp(v) = 3o VAL PD% (1 — PDpp) v,
M ( iy )i PR

where Np := |Zp| equals the number of obligors in the primary group.

Proof. Due to the homogeneous default contagion parameter w, it is sufficient to
consider only the total number of parent defaults

D, :zZ@zZ@.

JEP; JELp

Analogous to the proof of Proposition 1, we can decompose the conditional default
probability PD; ¢ as

Np
= ) P[&; = 1|F,D; = k|P[D; = k|F],
k=0

where

k—v, — JoiF
Pl = 1|F,D; = k| = @<M).
VI=pNT

Since a primary-secondary network is singly connected, the parent default events
are conditionally independent given F. Thus, conditional on F, D; follows a
binomial distribution with probability PDp|. That is

N
FlD; = 17 = (7 ) POt - PDp)
O
We note that a similar result can be obtained when the assumption of equal

conditional default probabilities in Corollary 1 is relaxed. In that case, the total
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number of parent defaults D; instead follows a “Poisson binomial” distribution
conditional on F. We refer the reader to the literature for details on computing
Poisson binomial probabilities (see e.g., Hong, 2013).

Also, we note that for an obligor without parents, the conditional default
probability is given by Eq. (8). In an acyclic network, there always exists at least
one obligor that has no parents.

3.2.3. Unconditional default probability

As noted in Sec. 3.2.1, the unconditional default probability PD; does not have a
simple closed form in the presence of default contagion effects. Therefore, we use
numerical integration to approximate the unconditional default probability PD;
from the condit\ional default probabilities PD;r. The numerical integration
approximation PD;(v) is defined by

PD,(v) = / Z Dy ()dP(F) = Y PDyp, () = PD(). (1)

where the pairs {(w,, F,)}®_; of numerical integration weights w, and nodes F, are
defined as in Appendix A.l.

The approximation lsl\)l- is used to numerically infer the distance-to-default.
More specifically, the numerically inferred distance-to-default v is given by the
unique solution to the equations

PD;(v) = pd,, for all i € T. (12)

Appendix A.2 describes the details for consistently finding the numerical solution
to Eq. (12) by using a standard univariate root-finding algorithm. More specifi-
cally, it is proven that there always exists a unique solution and also that the
solution converges to the true distance-to-default as the numerical integration grid
becomes finer. In addition, Appendix A.2 presents some derivatives that can be
used for gradient-based root-finding algorithms.

Algorithm 1 outlines all the required steps for iteratively inferring the distance-
to-default v for all obligors i € 7 in a singly connected default contagion network.
In essence, the algorithm leverages the ordering assumed in Eq. (2) and Propo-
sition 2 to iteratively compute the distance-to-default along the network. For
obligors without parents, the inferred distance-to-default is computed as in Eq. (9).
For obligors with parents, the inferred distance-to-default is instead numerically
inferred as explained above.
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4. Estimating Default Contagion Parameters

We build on the inferred distance-to-default approach and propose a framework to
estimate the default contagion parameters W from time series of observed cred-
itworthiness information. The proposed framework is designed such that it can be
layered onto existing factor models, regardless of whether the common factor is
observed or unobserved (i.e., latent). First, Sec. 4.1 provides motivation for using
time series of creditworthiness information to estimate default contagion para-
meters. Then, Sec. 4.2 outlines the assumptions of our proposed estimation
framework. Finally, Sec. 4.3 outlines a maximum likelihood approach in which the
default contagion parameters are iteratively estimated for all obligors along the
default contagion network.

4.1. Motivation for time series of creditworthiness information

In principle, default contagion effects only truly arise in the event of a default.
Naturally, attempts have been made to estimate default contagion parameters from
historically observed default events (see e.g., Rosch and Winterfeldt, 2008).
However, such an approach faces several issues. First, because default events are
inherently rare occurrences, the sample of historically observed defaults used for
statistical inference is usually small. Crucially, the impact of default contagion is
most significant for large and centralized entities, which tend to have a relatively
low probability of default. Second, historically observed default events are binary
indicators, which only signal whether a default event occurred or not. Conse-
quently, they provide only limited information about default contagion. Finally,
another important issue arises due to the heterogeneity of default contagion de-
pendencies across pairs of obligors: contagion effects observed after historical
default events are generally not representative of the default dependencies between
obligors in the current credit portfolio. Due to these issues, statistical inference
based on historically observed default events requires unrealistic homogeneity
assumptions.

These issues can be avoided by instead estimating default contagion parameters
from creditworthiness information, represented by forward-looking default prob-
abilities. In contrast to rare default events, changes in creditworthiness can occur
frequently. For example, credit analysts frequently monitor and update the credit
ratings of entities of interest. As another example, liquid CDS markets continu-
ously incorporate new information that reflects the creditworthiness of the un-
derlying entities. Furthermore, creditworthiness represents much more granular
information than binary default event indicators. For example, credit analysts
generally utilize multiple credit rating buckets and quoted CDS spreads can be
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considered to be nearly continuous. Finally, the need for homogeneity assumptions
can be alleviated by the availability of granular obligor-level creditworthiness
information for obligors in the current credit portfolio. The default contagion
dependence between two specific obligors can be directly estimated from their
historical creditworthiness time series.

To further motivate the use of time series of creditworthiness information, we
illustrate how they reflect the underlying default contagion parameters. Consider
an obligor i € 7 with a strong dependence on a parent j € P;, represented by
W;; > 0. Due to the default contagion mechanism modeled in Eq. (3), a default
event of the parent j causes an increase in the default probability PD,. Conse-
quently, an increase (decrease) in the default probability PD; of the parent causes
an increase (decrease) in PD;. This illustrates that in the presence of default
contagion dependencies, default risk is propagated through creditworthiness in-
formation, even without the actual occurrence of a default event. All else being the
same, a larger parameter W;; leads to a stronger propagation of the default risk and
therefore also to a stronger dependence between the creditworthiness of obligors i
and j. It is important to note that this dependence is also partially caused by the
shared exposure to common factors. The maximum likelihood estimation of the
default contagion parameters can therefore intuitively be interpreted as follows:
The default contagion weights W are estimated as the weights that best explain the
observed time series of creditworthiness information of all obligors, taking into
account the existence of common underlying factors.

4.2. Assumptions of the framework

In this work, we focus on the quantitative estimation of the parameters for known
default contagion dependencies. Therefore, it is assumed that for each obligor
i € Z, the set of parents P; is known a priori. Effectively, this assumes that it has
already been identified between which obligors there exist default contagion de-
pendencies. In practice, analysts can use both public sources of information and
nonpublic information obtained through client onboarding processes. For example,
dependencies within corporate groups could be identified via the existence of legal
structures or intercompany loans. As another example, analysts could identify the
dependencies of an obligor on key customers or suppliers. We note that many
banks are expected to identify connected obligors to comply with supervisory
guidelines (European Banking Authority, 2017).

Additionally, it is assumed that the factor loading parameter p is given a priori.
Essentially, this assumes that a calibrated factor model is already available for the
credit portfolio of interest. This is a reasonable assumption for many financial
institutions, as factor models are common practice in industry. For example, most
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banks use a factor model to calculate (economic) capital requirements for credit
risk in the Basel framework, and thus already use factor loading parameter esti-
mates. For example, estimates could be obtained from internal models or from
prescribed formulas (Basel Committee on Banking Supervision, 2005). This as-
sumption makes our proposed framework attractive for practical use, as it can be
used as an extension to existing factor models that have already been calibrated.
Intuitively, the extension captures additional default dependencies that are not yet
well captured by the already calibrated factor models.

Moreover, we assume that we have observed the creditworthiness information
pd;(z,,) for all obligors i € Z and for all time periods ¢, indexedby m =1, ..., M.
More specifically, it is assumed that the creditworthiness information is repre-
sented as forward-looking default probabilities, i.e.,

pd;(z,,) = P[Default of obligor i at time T +t,,|V(t,,) = v(1,,)]

We note that the frequency at which creditworthiness information is available
varies depending on the type of source. For example, CDS prices are often
available at a daily or even intra-daily frequency. In contrast, credit ratings
obtained from rating agencies or internal bank models are typically available on a
monthly basis. However, it is not unlikely that the frequency of the latter will
increase significantly in the future as the processes of determining creditworthiness
become more automated and data-driven. The impact of the number of historical
observations on the performance of the estimation is illustrated in Sec. 5.3.1.

Finally, to estimate the network weights from observed time series of credit-
worthiness information, we assume that our model is well-specified and stationary
over time.

4.3. Maximum likelihood

The default contagion parameter W is estimated by maximizing the likelihood of
observed time series of creditworthiness information. We focus on the general case
in which the common factor process is latent and therefore propose the use of an
expectation-maximization (EM) algorithm (Dempster ef al., 1977). However, we
also briefly discuss how the algorithm simplifies when the common factor is
observed.

Section 4.3.1 describes the EM algorithm, which maximizes the log-likelihood
by iterating between an expectation step and a maximization step. Section 4.3.2
outlines details of the expectation step and Sec. 4.3.3 outlines details of the
maximization step.
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Notation. Before we outline the EM algorithm, we first introduce some notation
that is used below. For conciseness, the values corresponding to a time period 1,
are denoted with a superscript (m), e.g., v Em) :=v;(t,,). Values preceded by A
indicate (normalized) increments over time, e.g.,
Avl(m) — vi(tm) - Vi(tmfl) , AF(m) — F(tm) - F(tmfl) ) (13)
tw — Ln1 Ly — tui

Observations are stacked together in matrix notation, where the rows correspond to
different time periods, and (if applicable) the columns correspond to different
obligors. Moreover, stacked observations corresponding to multiple time periods
are denoted in bold to differentiate from the notation used in Secs. 2 and 3, where
we did not yet consider multiple time periods. For example, v is a matrix with M
rows v := [v™],.; and N columns v; := [v/"1*_. Similarly, pd is also a
matrix of size M x N, Av is a matrix of size (M — 1) x N, and AF is a matrix
of size (M — 1) x 1. Furthermore, a subscript < i or > i represents a grouping
of all obligors with a lower or higher index than the obligor i. For example,
pd.; = [pdj];;} and pd.; := [pdj]jv:iﬂ. Similarly, we denote W; := [W;];cp,
for all parent weights that correspond to obligor i € 7 and W_; := [W; };{, W,
= [Wj]j\’:l- 41 for the weights that correspond to obligors with a lower or higher
index, respectively.

We recall from Sec. 3 that the latent distance-to-default v is not directly ob-
served, but must be inferred from creditworthiness information pd and default
contagion parameters W. To make this explicit, we denote the inferred distance-to-
default as v(W, pd). We note that for the true default contagion parameter W, it

holds that V = »(W, pd).

4.3.1. Expectation-maximization

Essentially, EM is an iterative algorithm for computing maximum likelihood
estimates in models with latent variables. We refer the reader to the literature for a
more comprehensive understanding of EM algorithms and convergence properties
(see e.g., Dempster et al., 1977; Wu, 1983; McLachlan and Krishnan, 2008). In
particular, we note that the application of EM algorithms is well-established in
models with latent factors (see e.g., Rubin and Thayer, 1982).

The considered EM algorithm consists of the following steps. It starts with an
initial estimate W for the default contagion parameter W. The algorithm then
iteratively updates the estimate by switching between the expectation step and the
maximization step until the estimate has converged sufficiently. The expectation
step computes the expectation of log-likelihood ¢(W|pd, AF) over the conditional
distribution of the latent historical factor increments AF, given the historical
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creditworthiness information pd and the latest estimate W. The maximization step
updates the estimate w by maximizing the expectation of the log-likelihood with
respect to W.

In the context of this work, the EM algorithm has the following intuitive
interpretation. Since the latent factor increments AF are not observed, it is not
possible to directly evaluate the log-likelihood. Therefore, the expectation step
essentially approximates the log-likelihood by substituting the latent factor
increments with estimated factor increments. The maximization step then updates
the default contagion weights by maximizing the approximated log-likelihood.
The algorithm switches between improving the estimate for the latent factor
increments and improving the estimate for the default contagion weights.

4.3.2. Expectation step

Proposition 3 expresses the conditional expectation of the log-likelihood in terms
of the inferred distance-to-default increments Av(W,pd), the estimated factor
increments E/u\/ [AF|pd] and a Jacobian term to account for the transformation to
creditworthiness pd. The computation of the estimated factor increments is de-
scribed in Lemma 1 below and the computation of the Jacobian term is described
in Appendix A.3.1.

The decomposition into the components /; is useful for the proposed iterative
approach to the maximization step, as outlined in Sec. 4.3.3.

Proposition 3. The expectation of the log-likelihood can be decomposed as

Eg [((W|pd, AF)|pd] = a + > 4(W), (14)
i€l

where « is a constant that does not depend on W and

(Av,(W) = 2/BAF (W) T Avy(W)

(W) = - e Flog(W), (19
where V(W) = »(W, pd), AF(W) := Eq, [AF|pd], J,(W) = | 2(¥-pd) ]

Proof. We start by factorizing the joint density p[pd, AF] to obtain
((Wlpd, AF) = log (p[pd, AF])
= log (plpd|AF]) + log (plAF]).

Since p[AF] does not depend on W, we can ignore it. Also, p[pd|AF] can be
further factorized over all obligors i € 7 to obtain

log (p[pd|AF]) = log (p[pd,|AF, pd_]).
i€l
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For each i € 7, we perform a change of variables from the observed default
probabilities pd; to the inferred distance-to-default v;(W, pd;) and obtain

Vi

opd, .

log (p[pd;|AF, pd_;]) = log (p[v)|AF, pd_;]) + log (16)

To simplify the first term in Eq. (16), we note the following two points. First,
conditional on AF, the distance-to-default V; of obligor i is independent of the
creditworthiness information pd_; of the lower-indexed obligors j < i. Second, the
distance-to-default V; has independent increments. Hence, we have that

log (p[v;|AF, pd_;]) = log (p[v;|AF])
— log (p[Av| AF]).

Noting the conditional distribution [AV;|AF] ~ N (\/p;AF, (1 — p;)I) of the
(M — 1)-dimensional column vector AV, we get that the log-density equals

M—1

log (p[Av|AF]) = — log (27 (1 = py))

[Av,- — \/EAF] T [Avi — \//T,AF]
2(1 = py)
(Avi — 2\/EAF) T Ay,
2(1—pi) ’

:ai_

where «; is a constant that does not depend on Avw; and thus not on W.
Finally, Eq. (15) follows from taking the expectation over the conditional dis-
tribution of AF, which does not affect the Jacobian term. O

Estimated factor increments. Lemma 1 computes the expectation of the latent
factor increments AF, given creditworthiness information pd and default conta-
gion parameter W. Essentially, the latent factor increments are estimated as a
weighted average of the inferred distance-to-default increments Avw; over all
obligors i € Z, where more weight is given to obligors with a higher factor loading
\/pi- Intuitively, the estimate becomes more accurate as the number of obligors N
increases, as the idiosyncratic components of the distance-to-default increments
average out over a large group of obligors. This is illustrated by the numerical
results discussed in Sec. 5.3.2.

We note that if the factor increments are directly observed, the expectation step
becomes redundant and the EM algorithm simplifies to a standard maximum likeli-
hood approach. More specifically, the estimated factor increments can then simply be
replaced by the observed increments AF in all the steps of the estimation procedure.
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Lemma 1. The conditional expectation ﬁ(W) := Ew[AF|pd] of the latent
factor increments AF given the observed creditworthiness information pd and
default contagion parameter W equals

AF(W) = Av(W,pd)D1 /" (1+ vpD v ) 7, (17)

where \/p = [\/pilict is a row vector and D, _,, is a diagonal matrix with elements
D;=1-p;,.

Proof. We recall that given the default contagion parameter W, there exists a one-
to-one mapping between the creditworthiness pd and the latent distance-to-default
V =v(W,pd). Hence Ey[AF|pd] = E[AF|V = v(W, pd)].

To compute the latter expectation, we first focus on a given historical time point
t,. It follows from Eq. (1) that the distance-to-default increments satisfy AV (") =
VPAF ™M + AEMD e where D - is a diagonal matrix with elements
[v/T — pilicz. Since the (normalized) increments all have unit variance, we have

st (0, D)

It is a well-known result on conditional Gaussian distributions Bishop (see e.g., 2006,
p. 93) that
AFMIAV™ ~ N (AV™DT! /pTE T,
where ¥ = (1+ /pDi!,\/p")~". Furthermore, because the increment pairs
{(AF™, AVm) 1™  are independent over different time periods, we obtain
E[AF™M|V =v(W,pd)] = E[AF™M|AV™ = Av (W, pd)]
= Av™(W,pd)D7!,\/p X, (18)

Finally, the result in Eq. (17) follows from row-wise stacking of the result in Eq. (18)
for different time periods m. m|

4.3.3. Maximization step

The maximization step of the EM algorithm consists of updating an old parameter
estimate WY to the new parameter estimate W(new), by maximizing the condi-

tional expectation of the log-likelihood as in Proposition 3.

Iterative maximization. In large credit portfolios, the default contagion
parameter Wis a sparse and high-dimensional matrix. Consequently, direct optimization
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of the conditional log-likelihood with respect to W can be numerically unstable.
Therefore, we instead propose an optimization approach in which the default contagion
parameters W; = [Wj];cp, are iteratively estimated for each obligor i € 7 along the
default contagion network.

More specifically, we use the decomposition in Proposition 3, to iteratively
maximize each log-likelihood component ¢;(W) with respect to W;. As explained
in Appendix A.3.2, each component ¢;(W) = ¢;(W;,W;) depends only on the
default contagion parameters corresponding to the obligors j < i. Therefore, we
can iteratively compute

~

W, = arg mue/lX 6(W, W<i)’ (19)

where W<i = [Wj];;} and ¢;(W;, W_;) is as defined in Eq. (15).

Since each obligor i € 7 usually has at most a few parents, the maximization
problem in Eq. (19) is low-dimensional and can be solved using standard gradient-
based numerical optimization techniques. Hence, the iterative approach effectively
avoids any numerical issues that arise due to W being sparse and high-dimensional.
See Appendix A.4 for a derivation of the gradient of ¢;(W;, W_;) with respect to W;.

We note that an alternative approach could be to assume a parametric form
W = W(0,X), where € is a lower-dimensional parameter and X represents exog-
enous explanatory variables, e.g.,business volumes or relationship type indicators.
In such an approach, the expected log-likelihood could be optimized directly with
respect to 6. However, this work instead focuses on the most challenging case in
which Wis fully heterogeneous and no additional explanatory variables are given.

5. Application

In this section, we demonstrate the application of our proposed framework and
illustrate important insights that are relevant to risk management. First, Sec. 5.1
describes the considered credit portfolio and default contagion network. Second,
Sec. 5.2 discusses the impact of default contagion on portfolio risk measures and
illustrates that they are well estimated by our framework. Third, Sec. 5.3 illustrates
the convergence of estimating the individual default contagion parameters and the
latent common factor.

5.1. The considered portfolio

To showcase our methodological contribution, we consider a network of hetero-
geneous obligors that highlights the generality of our estimation framework, as the
structure is beyond the scope of existing estimation-focused frameworks restricted
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to primary-secondary networks (e.g., Rosch and Winterfeldt, 2008; Schiphorst
et al., 2024). Overall, our focus is on insights that are robust to changes to
the configuration.

5.1.1. Connected tree structures

As explained in Sec. 2.3.1, singly connected networks generalize many network
structures considered in earlier literature and can capture many important network
characteristics that may be encountered in practical applications. These include
multilayered hierarchical dependence structures, sparse and heterogeneous net-
work connections, and obligors with multiple parents and/or children. To reflect
this, we consider a network of k tree structures that are connected by three central
entities. Figure 3 displays a visual example of the network structure for k = 4.
Each tree consists of a “root” obligor with three children that all have two children
themselves. The three central entities are common parents for all the root obligors
and thus common ancestors of all other obligors. In total, the network consists of
3 + 10k obligors.

Moreover, we represent the heterogeneity of the connected obligors through
the model parameters. We consider independent random network weights
W;; ~ Unif(1.0,1.5) from a range of values inspired by earlier literature (e.g., Neu
and Kiihn, 2004; Egloff et al., 2007; Agca et al., 2022). Also, we consider credit
risk parameters that are representative of a typical credit portfolio. The central
entities i = 1,2, 3 have a relatively low default probability pd; = 0.005, a factor

NS4
s Sl

TN

Fig. 3. Example of the network structure with k = 4 connected trees.

2650028-27



ndReading
June 16, 2026 7:57:24pm WSPC/294-1JFE 2650028 ISSN: 2424-7863

B. Schiphorst et al.

loading parameter p; =0.15, and an exposure lost at default
e; = LGD, - EAD; = 1000. Similarly, all other obligors i > 3 have independently
drawn uniform random parameters pd; ~ Unif(0.005,0.01), p; ~ Unif(0.1,0.2),
and e; ~ Unif(100, 1000). The default probabilities represent credit ratings ranging
from lower investment grade to upper noninvestment grade, the range of factor
loadings roughly corresponds to the parameters for corporate and sovereign expo-
sures prescribed in the Basel framework (Basel Committee on Banking Supervision,
2005), and the exposures lost at default represent heterogeneous loan sizes that can
differ in order of magnitude.

We emphasize that the insights discussed below are robust to changes in this
specific configuration. In particular, we note that the exposures lost at default have
no impact on the estimation of default contagion parameters, whereas the factor
loadings have only a limited impact: Lower factor loadings lead to a more noisy
estimation of the latent factor increments, but simultaneously correspond to a
lower overall impact of the common factor. Moreover, similar results are obtained
for other practically relevant values for the default probabilities and network
weights. Finally, we note that the performance of the EM algorithm does depend
on the number of time periods of observed creditworthiness information and the
number of obligors in the portfolio, as illustrated in Sec. 5.3.

5.1.2. Central entities

The central entities represent the well-established empirical observation that most
economic networks tend to have heavy-tailed degree distributions (see e.g.,
Bacilieri et al., 2025), which essentially means that a small number of entities have
a disproportionally large number of connections. Networks with similar central
entities have also been considered in earlier literature on estimating the impact of
default contagion on portfolio risk measures. For example, (Egloff et al., 2007)
consider a so-called “Heavy Gravity Portfolio” with two obligors that act as central
firms in a supply chain structure and (Anagnostou et al., 2018) consider the default
event of a sovereign issuer that affects many other domestic entities.

In the considered network, the three central entities introduce a significant risk
concentration, as they pose a common risk source for all other obligors in the
network. A default event of one of the central entities causes default contagion
effects that propagate throughout the network, significantly increasing the default
probability of all other obligors and thus causing large portfolio credit losses. In
contrast, if none of the central entities default, all k tree structures are conditionally
independent given the common factor and the impact of default contagion on
portfolio losses is relatively limited. Although the impact of a default event of a
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central entity can be quite significant, their default probability often tends to be
relatively small. Consequently, their default contagion impact is expected to be
concentrated mainly in the tail of the probability distribution of portfolio credit
losses. This characteristic makes networks with central entities especially relevant
for portfolio credit risk.

5.1.3. Simulated time series

As discussed in Sec. 4, our proposed framework estimates default contagion para-
meters from creditworthiness information in the form of time series of forward-
looking default probabilities. Since our contribution is primarily methodological, we
conduct our analysis based on simulated data. This avoids the need for proprietary
datasets and allows us to explore the impact of significantly increasing the number of
observations. We briefly outline the steps to generate the time series of creditwor-
thiness information corresponding to the considered portfolio of connected obligors.

First, the forward-looking default probabilities pdgl) of all obligors i € 7 in the
first time period are set equal to those specified in Sec. 5.1.1. Then Algorithm 1 is
used to calibrate the initial distance-to-default values Vl-(l) for all obligors i € 7.
Using these as a starting point, the model specification in Eq. (1) is used to
simulate the joint distance-to-default V(") for all subsequent time periods
m=2,...,M. Finally, for each simulated distance-to-default Vl-(m), the forward-
looking 1-year default probability pdl(m) is computed using the techniques
described in Sec. 3.

5.2. Portfolio risk measures

We illustrate the impact of default contagion on portfolio risk measures and show
the results of our proposed estimation approach.

5.2.1. The approach

We compute the VaR and ES risk measures, as defined in Eqs. (4) and (5),
respectively, using the approach described in Sec. 2.3.2. We do this for the con-
sidered credit portfolio with k = 10 trees (i.e., N = 103 obligors), for varying
quantiles g and for three different sets of default contagion weights W. The first set
of weights W, is as specified in Sec. 5.1 and represents the presence of default
contagion. The second set of weights W,,;,. = 0 represents the (naive) assumption
of no default contagion. Finally, the third set of weights West = W is estimated
from the generated data described in Sec. 5.1.3. Figures 4 and 5 display the results
for the VaR and ES risk measures, respectively.

2650028-29



ndReading
June 16, 2026 7:57:24pm WSPC/294-1JFE 2650028 ISSN: 2424-7863

B. Schiphorst et al.

Default contagion impact on VaR
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Fig. 4. A comparison of the Value-at-Risk (VaR) for varying quantiles ¢ and for default contagion
weights Wiives Wie, Weg- The estimation of W is based on M = 25 time periods of generated
creditworthiness information.

Default contagion impact on ES
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Fig. 5. A comparison of the Expected Shortfall (ES) for varying quantiles ¢ and for default con-
tagion weights Wi,ives Wiue, Wes- The estimation of W, is based on M = 25 time periods of
generated creditworthiness information.

5.2.2. Default contagion impact

The impact of default contagion on portfolio risk measures is represented by the
difference between the risk measures computed with default contagion weights
Wie and W, ,,.. Overall, the results illustrate that default contagion can have a
significant impact on both VaR and ES risk measures. This has also been observed
in earlier literature (see e.g., Egloff et al., 2007; Anagnostou et al., 2018; Schi-
phorst et al., 2024) and highlights the importance of default contagion in portfolio
credit risk management.

Interestingly, the results also indicate that the impact of default contagion is
greater for higher quantiles. For example, the (relative) impact on VaR is minimal
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for the quantile ¢ = 0.9, but highly material for the quantile g = 0.9999. Since
default contagion is triggered by default events, which are rare occurrences, the
impact tends to be concentrated in the tail of the probability distribution. As
explained in Sec. 5.1, this effect is amplified by the presence of central entities.

Furthermore, we note that the (relative) impact of default contagion is greater
for ES, than for VaR,. This is because ES,, as defined in Eq. (5), is essentially the
average VaR over all higher quantiles in the interval (g, 1), for which the impact is
greater.

5.2.3. Estimated risk measures

The accuracy in estimating risk measures in the presence of default contagion is
represented by the difference between the risk measures corresponding to W, and
VAVest. The displayed error bars represent the standard deviation of the risk measure
estimate in the case of estimated W.

Overall, the results illustrate that the use of estimated default contagion weights
leads to a good approximation of risk measures and provides a substantial im-
provement over the naive assumption of no default contagion. Importantly, the risk
measures are accurately estimated even for extreme losses corresponding to higher
quantiles g, which are not typically observed in historical data. This reinforces the
arguments in Sec. 4.1 for estimating default contagion from creditworthiness in-
formation, which provides a signal for contagion risk even in the absence of actual
default events.

In particular, the results illustrate that using only M = 25 time periods of ob-
served creditworthiness information, e.g., roughly two years at a monthly frequency,
is already sufficient for a reasonable estimate of risk measures. These relatively low
data requirements make the proposed framework attractive even for practical
applications in which no daily data is available, as is often the case for risk man-
agement of standard credit portfolios. As discussed in Sec. 4.3.3, the estimation
accuracy could be improved further by assuming a parametric form for W and
incorporating additional information from exogenous explanatory variables.

We note that the data requirements for accurately estimating portfolio risk
measures are substantially lower than for accurately estimating individual default
contagion weights in W, as discussed in Sec. 5.3.1. This coincides with the
observations in (Schiphorst et al., 2024) and is well explained by the following
quote Neu and Kiihn (2004, p. 14): “Only statistical properties of the model
parameters — not individual parameters themselves — must be captured with
reasonable accuracy in order to allow reliable predictions about its global sta-
tistical properties such as, indeed, the properties of loss distributions.”
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5.3. EM algorithm

The EM algorithm, described in Sec. 4.3, estimates the default contagion para-
meters and the latent factor increments. We illustrate that the estimation errors
converge to zero when increasing the number of observed time periods and the
number of obligors, respectively.

5.3.1. Default contagion weights

The results in Fig. 6 illustrate that the root mean square error (RMSE) in esti-
mating the individual weights in W converges to zero as the number of observed
time periods M increases. In particular, the logarithmic plot indicates that the
convergence rate is close to the order of M ~%3, which is expected for maximum
likelihood estimation. This confirms that the proposed EM algorithm can accu-
rately estimate individual default contagion weights for a heterogeneous credit
portfolio, even if the common factor is not observed and no additional explanatory
variables are used.

The results are shown for two distinct cases: the completely heterogeneous
network represented by W, and a completely homogeneous network with a
single common weight w ~ UNIF(1.0,1.5) for all network connections. The
difference between the two cases illustrates the trade-off between model flexibility
and data requirements for accurate estimation of individual weights. In practical
applications, one could of course choose a model specification that lies between
these two extremes.

T —e— Heterogeneous
051 —e— Homogeneous
I O(M—O.S)
=
[5a]
%)
E 0.1
0.02

10 25 50 100 200 500 1000
Number of time periods M
Fig. 6. A log-log plot with the RMSE of the estimated default contagion weights W for a varying
number of time periods M of observed creditworthiness information and for two distinct cases: the

completely heterogeneous network represented by W, and a completely homogeneous network
with a single common weight w ~ UNIF(1.0, 1.5) for all network connections.
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Fig. 7. A log-log plot with the RMSE in the estimated factor increments AF for varying numbers of
obligors, estimated from the distance-to-default increments inferred from the generated creditwor-
thiness information and the true weights W.

5.3.2. Latent factor

The results in Fig. 7 illustrate that the error in estimating the latent factor increments
AF converges to zero as the number of obligors increases. In particular, the loga-
rithmic plot indicates a convergence to zero at a rate that is close to the order of N =9,

This confirms that the expectation step of the proposed EM algorithm can
accurately estimate the latent common factor increments from the distance-to-
default increments. As explained in Sec. 4.3.2, the estimate AF is essentially a
weighted average of the inferred distance-to-default of all obligors and therefore
becomes more accurate as the number of obligors increases.

6. Conclusion

In this work, we consider a novel framework for modeling and estimating network-
based default contagion in credit portfolios, which can be layered onto existing
structural factor models. Motivated by the practical relevance and empirical evidence
of default contagion, our framework addresses an important gap in methodological
literature, where existing frameworks for estimating default contagion parameters are
restricted to primary-secondary network structures (see e.g., Rosch and Winterfeldt,
2008; Batiz-Zuk et al., 2015; Lee and Poon, 2014; Schiphorst et al., 2024). By
focusing on singly connected networks, our framework strikes a balance between
being applicable to many important dependence structures, while still allowing for
tractable computations and estimation of default contagion parameters.

From an empirical perspective, we explain that singly connected networks
can represent many observed dependence structures, such as corporate groups,
governments, and supply chains. Crucially, our framework can capture higher-order
propagation of default contagion effects, which is typically explicitly excluded through
primary-secondary network assumptions. This highlights the practical relevance of our

2650028-33



ndReading
June 16, 2026 7:57:26pm WSPC/294-1JFE 2650028 ISSN: 2424-7863

B. Schiphorst et al.

methodological contributions. From a theoretical perspective, Proposition 2 shows that
singly connectedness is equivalent to the property of every obligor having condi-
tionally independent parent obligors. This property significantly simplifies computa-
tions and constitutes the most important motivation for our decision to exclude more
general networks with loops, such as interbank lending networks. We use this result to
calibrate the latent distance-to-default of heterogeneous obligors to exogenously given
default probabilities through an iterative algorithm. Building on this, we propose an
EM algorithm to estimate the contagion parameters from historical creditworthiness
information via the inferred latent distance-to-default processes. This estimation ap-
proach allows for a completely heterogeneous default contagion network and works
even when the common factor is not directly observed.

We showcase our methodological contributions through an empirically motivated
numerical experiment, with a heterogeneous credit portfolio and a rich network
structure that incorporates higher-order default contagion effects. The results illustrate
that default contagion can have a significant impact on portfolio risk measures,
highlighting its importance for portfolio credit risk management. Moreover, we
observe and explain that the impact of default contagion tends to be concentrated
primarily in the tail of the probability distribution of portfolio losses. This further
motivates our estimation approach based on creditworthiness information, which offers
a frequent and granular signal of default contagion, even in the absence of actual
default events. Indeed, the simulation-based results indicate that our framework can
accurately estimate portfolio risk measures in the presence of default contagion from a
relatively limited amount of data.

In addition, the results show that our estimation approach can accurately estimate
individual default contagion weights even in the most challenging case: a completely
heterogeneous network without the use of additional explanatory variables. How-
ever, we demonstrate that homogeneity assumptions can substantially reduce the
amount of data required for an accurate estimation of individual weights. In practice,
one could choose a model specification between the two extremes of complete
homogeneity and complete heterogeneity, as a trade-off between data requirements,
model flexibility, and computational feasibility.
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Appendix A.
A.1. Numerical integration

We outline the proposed methodology for determining the pairs {(w,, F,)}%_; of
weights w, and nodes F, for the numerical integration approximation in Eq. (11).
We are specifically interested in weights that satisfy w, > 0 and Zle w, =1, as
those properties are used below in Lemma 2.

We use a simple yet effective approach that could be considered a special case
of univariate Quasi-Monte Carlo (see e.g., Asmussen and Glynn, 2007, p. 265).
Since F ~ N (0,T), we can use the inversion method to obtain F ~ /T®~!(U),
where U ~ Unif(0, 1) and @ is the standard Gaussian CDF. We then choose values

u, = 7 that uniformly spread over the interval (0,1) to obtain
1

W= Fo=VT®'(u,) = VT®! <R+1> (A.1)

If the default contagion network is singly connected, it follows from Propositions 1
and 2 that the numerical integration approximation PD; is given by

R

PD;(v) := ZwrPDi|F,(V)

r=1

I
M=

w > ®(0;5,a0)) [[PDjs9(1 = PDy) 4, (A2)

de{0,1}17il JEP;

‘
Il
_

where

_ 2jer Wydi —vi — /piF
Oi.r.a(vi) = .

VI=pNT
While we propose a univariate Quasi-Monte Carlo approach for our single-factor
model context, full Monte Carlo approaches could be considered for higher-di-
mensional factor model extensions, possibly in conjunction with variance reduc-
tion techniques such as importance sampling.

A.2. Inferring the distance-to-default

We present some details for numerically solving Eq. (12) to infer the latent dis-
tance-to-default v; from an exogenously given default probability pd;. Throughout
this subsection, we consider a fixed obligor i € 7 and fixed numerical integration
pairs {(w,,F,)}% . Also, we assume that PD;f, is given for all j € P; and
r=1,...,R, as would be the case in Algorithm 1.
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A.2.1. Existence and uniqueness

Lemma 2 shows that there exists a unique distance-to-default for any given default
probability pd; € (0, 1).

Lemma 2. Let PD;(+) be as specified in Eq. (7) and let 151\),() be as specified in
Eq. (A.2). Then, for any given pd; € (0, 1), there exists a unique solution v; to the
equation PD;(v;) = pd; and a unique solution v; to the (approximated) equation
151\),'(‘71') = pd;.

Proof. We focus on proving the existence and uniqueness of the solution ¥; that
solves ﬁ)i(ﬁi) = pd;. The proof for the (nonapproximated) solution v; that solves
PD;(v;) = pd; is analogous, with the summations over the numerical integration
nodes replaced by the corresponding integrals.

We first note that each 0; p_, is strictly decreasing in v;. It follows that each
PDjx, is also strictly decreasing in v; since the conditional default probabilities
PDjr, }\of the parents j € P; are positive and do not depend on v;. Finally, it follows
that PD; is strictly decreasing in v;, since all the weights w, are positive. The latter
proves the uniqueness of any solution.

To prove the existence of the solution v;, we show that the function ﬁl\)i has
range (0, 1). We do this by noting that 15]\)i is continuous and has lower and upper
limit O and 1, respectively:

lim PD Zw 11m PDI|F iwr =

V;—00
r=1 r=

VEmOCPD Zw lim | PDyr (v) = ;wrl =1,
where we used the fact that the numerical integration weights are normalized such
that 3% | w, = 1. O

Lemma 3 shows that the approximate distance-to-default ¥; converges to the
true distance-to-default v; as the numerical integration grid becomes finer.

Lemma 3. Let v; be the solution that solves PD;(v;) = pd; and let v; be the
solution that solves ﬁ[\)i(f/i) = pd;, which implicitly depends on the number of
nodes R in the numerical integration approximation. Then, the approximate V;
converges to the true v; as the numerical integration grid becomes finer, i.e.,as
R — o0.

Proof. We consider a fixed € > 0. Since PD;(-) is strictly decreasing in the
distance-to-default, we have PD;(v; + ¢) < pd; and PD;(v; — €) > pd,. Since PD
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(+) converges point-wise to PD;(-), it follows that I;I\Di(v,- +¢) < pd; and I;I\),-(vi -
e) > pd; for sufficiently large R. Finally, since ﬁ),() is also strictly decreasing, we
have v; —e < V; <v;+¢. Hence, for sufficiently large R, it holds that
|V, — v | <e. O

A.2.2. Root finding and derivatives

We outline how to numerically solve the equation PD;(v;) = pd;. As explained in
the proof of Lemma 2, PD;(v;) is strictly decreasing in v;. Therefore, a simple
bracketing approach could be used. However, results are typically obtained faster
with gradient-based root-finding algorithms. Therefore, we present some deriva-
tives of PD; with respect to v;. In addition, we note that PD;(v;) = PD(v;, W;) also
depends on the default contagion weights W; = [W;];cp, and present some deri-
vatives with respect to these weights. The latter are useful for the maximization
step of the EM algorithm outlined in Sec. 4.3.3.

We note that the variables v; and W; do not affect the conditional default
probabilities PD; of the parents j € P;. Therefore, if the variables xi, ..., x; are

equal to either v; or Wj;, we obtain that

OPD(v) _ [ ol
e o DY T p0y04(1 -~ Py el

_ C Ox...0x,
® geonlnl JEP;

To compute the different derivatives of PD;, we can thus substitute in any of the
following results:

000, pa(v)] _ -1 310 r.a(v)].
8vl- \/—————lﬁ le

ey ey i ICUS
0 [0; 5. 4(v1)] G 5[0 ra)]

ow; VT pVT
32‘1’[91',1?,(1("1')] _ 0, a(vi)d;
;0W;; (1 —p)T

where ¢ is the standard Gaussian PDF. Similarly, the derivatives of 151\31- can be
computed by instead using

aPD Zw Z l” HP — PD;jp )¢

r=1 de{0, 1} Vi a JEP;
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We note that these derivatives have a very similar structure as the function };1\),»
itself and can therefore be evaluated without adding a significant amount of
computation time.

Finally, we recall from Eq. (9) that in the absence of default contagion, the
inferred distance-to-default equals v; = /7®!(pd;). Based on experimental
results, this appears to be an effective initial guess for the root-finding algorithm
when numerically inferring the distance-to-default in the presence of default
contagion.

A.2.3. Implicit function

We note that Lemma 2 naturally induces an implicit function v; = v;(W,, pd;) that
satisfies

PDi(vi(Wia pdi)a ‘/Vl) = pdia

for all possible default contagion parameters W; = [W;;];cp. and for all given de-
fault probabilities pd; € (0, 1). By using the chain-rule, we obtain

vi(Wi,pd;) [ OPD;(v{(W;,pdy), W)\ ~' OPD;(v;(W;, pd;), W;)
8Wi N 8\/,’ an ’

and

Ov(W;,pd;)  (OPD;(v;(W;,pd;), W;) -
(9pdl o 8\/[’ ’

where the derivatives of PD; are given in A.2.2.

A.3. Evaluating the log-likelihood

We provide some more details for the evaluation of the (conditional expectation of
the) log-likelihood in Eq. (14).

A.3.1. Jacobian term

The evaluation of the log-likelihood component ¢; in Eq. (15) involves computing
the Jacobian term log(J;(W)) corresponding to the transformation from the latent
distance-to-default v; to the observed unconditional default probabilities pd;.
Lemma 4 shows that this term can be expressed in terms of components £ (m) (W),

i
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which are defined as

oPD "™ (v (W, pd), W)

h(m)(W) = 5 ,
Vi

1

(A.4)

and which can be computed using the results in A.2.2. We note that these com-
ponents are also evaluated for the gradient-based root-finding algorithm used in
Algorithm 1 and could thus be reused for evaluating the log-likelihood.

Lemma 4. The Jacobian term in Eq. (15) can be computed as
log(J Zlog |h (A.5)

Proof. We first note that for each time-period t,, the inferred distance-to-default

"™ (W, pd) = v\") (W, pd ™) only depends on the default probabilities pd ™ of
that same period. Consequently, dv(+pd is a diagonal matrix with diagonal
elements that correspond to different time periods m = 1, ..., M. Therefore, the
Jacobian determinant decomposes as

Ovl(m) (W, pd(m)

o avl(W,pd) . M
- g

apdi m=1

The result in Eq. (A.5) follows from substituting the result in Eq. (A.3) and taking
the logarithm. |

A.3.2. FPartial dependence on W

We recall that the computation of the inferred distance-to-default in Algorithm 1, is
performed iteratively for all obligors i = 1, ..., N, which are ordered as in Eq. (2).
For each obligor i, the inferred distance-to-default v; is computed using the
parameters W; and the inferred distance-to-default v_; of the lower-indexed obli-
gors. Consequently, the computation of the inferred distance-to-default v;(W) =
v;(W;, W_;) only (directly) depends on the parameters W; and (indirectly) on the
parameters W_; of lower-indexed obligors. Analogously, the same holds for the
Jacobian determinant J;(W) = J;(W;, W_;). Finally, we note that the log-likeli-
hood component ¢;(W) defined in Eq. (15) depends on W only via the latent
distance-to-default v; and the Jacobian determinant J;. Hence, we also have
G(W) = G(W, W),
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A.4. Gradient

Lemma 5 computes the derivative of ¢;(W;, W;) with respect to W;, which can be
used for a gradient-based optimization for each iteration of the maximization step,
which is specified in Eq. (19). The derivative is decomposed into the derivatives of
the inferred distance-to-default increments Av;(W,pd) and the Jacobian term
log(J;(W)), which are in turn expressed in terms of the derivatives computed in
A2.2.

Lemma 5. Let (;(W) = {;(W;, W_;) be as defined in Eq. (15), then the derivative
with respect to W, is given by

~\ T
8€i(W)__(Avi_\/EAF> 8Avi_zM: 1 onM™ A6)
ow; B 1 —p oW, =l hl(m> ow; |’ ‘

where
aavm(wy 1 " w) o™ (w) A7)
ow, i, —t, ow; ow; ’
and
on{" (W) _ 92PD[" (v (W), W) ov{" (W)
0Wi - (9\1[2 an
92PD" (v (W), W)
ov;,0W; (A8)

Proof. Since ¢; depends on W; only through Av;(W) and J;(W), we have

ot;(W;) _ ot;(W;) 0Av; 4 dlog(J:(W))
8W, - 8AV,’ 8Wl an '

The result in Eq. (A.6) follows from applying the product rule to Eq. (15) to obtain

onw) AT+ (av,—2ymaF) ) (avi - ymaF)

dAv; 2(1 = py) L —p; ’
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and applying the chain rule to Eq. (A.5) to obtain

dlog(J(W)) &
W -

l m=1

nw) oW

1 on™(w) ‘

Finally, the result in Eq. (A.7) follows directly from the structure in Eq. (13) and
the result in Eq. (A.8) follows from applying the chain rule to Eq. (A.4). O

A.5. Algorithms

Algorithm 1. Numerically inferring the distance-to-default v = [v;];e7 from given
default probabilities pd = [pd,]iez.

Input: Model parameters (p, W) and default probabilities [pd,]icz.
Output: Inferred v = [v;];ez that solves PD;(v) = pd; for all i € 7.
Initialisation: Choose the numerical integration pairs {(wy, FT.)}f:1 as in
Eq. (A.1) and order the obligors Z = {1,..., N} as in Eq. (2).
Computation:
fori=1,...,N do
if 4 has no parents (i.e., P; = ()) then
Compute v; = —/T - ®~1(pd,;).
forr=1,...,Rdo
Compute PD; |, using Eq. (8).
end for
else if i has parents (i.e., P; # () then
Numerically solve for v; in Eq. (11) (see A.2.2).
forr=1,...,Rdo
Compute PD;|p, using Eq. (10).
end for
end if
end for
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Algorithm 2. Estimating default contagion parameters W from historical credit-
worthiness information pd.

Input: Factor loading parameters p = [p;];cz, Historical creditworthiness informa-
tion pd = [pd™]¥_, " and the parent structure P = [Pi]icz.

Output: Estimated default contagion parameters W= [Wz],ez

Initialisation: Choose the numerical integration pairs {(wr, FT)}?=1 as in
Eq. (A.1), order the obligors Z = {1,...,N} as in Eq. (2), choose an initial
estimate W(® and set a tolerance e > 0.

Comp/lltation: .
Set Wnew) « 7 (0),
repeat/\ .

Set W(eld) « Jy7(new),

Expectation step:
Infer Av(W©Y pd) using Algorithm 1 and Eq. (13).
Compute Eyy o) [AF|pd] using Lemma 1.

Maximization step:
fori=1,...,N do

Update /Wi(new) using Eq. (19).
end for

until [|[Weew) — )| < ¢

Set W <« W (new)
return W
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