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Abstract
In this paper, we discuss how tree-based machine learning techniques can be
used in the context of derivatives pricing. Gradient boosted regression trees are employed to learn the pricing map for a couple of classical, time-consuming problems in
quantitative finance. In particular, we illustrate this methodology by reducing computation times for pricing exotic derivative products and American options. Once
the gradient boosting model is trained, it is used to make fast predictions of new
prices. We show that this approach leads to speed-ups of several orders of magnitude, while the loss of accuracy is very acceptable from a practical point of view.
Besides the predictive performance of machine learning methods, financial regulators attach more and more importance to the interpretability of pricing models. For
both applications, we therefore look under the hood of the gradient boosting model
and try to reveal how the price is constructed and interpreted.
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Introduction

Financial institutions in the derivatives business have to deal with daily tasks requiring
more and more computational power. Managing derivative portfolios involves calculating risk measures, determining hedging positions, computing value adjustments, etc.
Researchers in quantitative finance have therefore developed a wide range of models and
techniques to perform these computations as accurately as possible. As models become
more complex and flexible, however, implementing them requires more computational
budget. For instance, pricing (exotic) derivatives with a sophisticated model often involves time-consuming numerical methods, like Monte Carlo simulations. This leads
to severe problems when those prices need to be computed in real-time. Both model
calibration and pricing should therefore be conducted as efficient as possible. Further
examples can be found in the context of risk management, where portfolios are evaluated
for different market scenarios in order to quantify a set of risk measures. This again boils
down to the same task: pricing a lot of (similar) derivative products. Although a lot of
research has been carried out on speeding up state-of-the-art pricing methods, the fight
against computation time is not over yet.
Meanwhile, the field of machine learning has been developing at a high pace. Deep
learning algorithms, gradient boosting machines, Gaussian process regression models,
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random forests, ... now have highly efficient implementations, allowing for a fast evaluation of the resulting models. This is exactly what one needs. Indeed, if we can train a
machine to learn the pricing map, it can be applied to compute new prices very efficiently.
In practice, this is accomplished by summarizing the (parametric) pricing function into
a training set, which is the fuel to train the machine learning model. The trained model
can then be called whenever a real-time price is required. The idea of learning the pricing
map has already been studied the literature by a couple of authors. [5] train Gaussian
process regression models for pricing vanilla and exotic derivatives with models beyond
Black-Scholes. [18] deploy this model for a direct calibration of interest rate models,
whereas [4] use Gaussian processes in the context of XVA computations. Many other
models rely on artificial neural networks. [15] and [7] train neural nets to learn prices
of respectively vanilla options and basket options in the Black-Scholes model, while [17]
and [14] employ them for pricing vanilla options according to more advanced models.
[11] on the other hand directly trains a neural network to return the calibrated model
parameters.
To the best of our knowledge, the use of tree-based machine learning methods has not
been investigated deeply in the literature. This article contributes by studying gradient
boosted regression tree models to learn the pricing map. An empirical study points
out how these models can be deployed and interpreted. The remainder of the paper is
organized as follows. In Section 2, the key features of a gradient boosting model are
described. Section 3 explains how to apply gradient boosting models in the context of
derivative pricing. Numerical experiments illustrate the predictive and computational
performance of this approach. In Section 4, we try to open the black box machine
learning models. Section 5 concludes the paper.
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Gradient boosting machines

The concept of a gradient boosting machine (GBM) was first introduced by Friedman
in 2001 [8], and has since become a state-of-the-art machine learning technique with a
number of competitive implementations, e.g. XGBoost [2], LightGBM [16] and BitBoost
[6]. We present the main ideas of the method in this section.
Consider a (training) set of observations (X, y) = {(xi , yi ) | i = 1, . . . , n}, where
each xi is an input vector of dimension d and yi is the corresponding output. A GBM is
an ensemble method, meaning that multiple base models are combined to produce one
powerful model that captures the relation between inputs and outputs. In particular,
the composite model FK takes an additive form,
FK (x) = c +

K
X

ν hk (x),

(1)

k=1

where each hk (x) is a base model, i.e., a parametric function of a particular family, and ν
is a shrinkage parameter or learning rate. This paper uses decision trees as base models.
The boosting procedure constructs each decision tree hk (x) in a stage-wise manner.
The model is built as follows. Start with an initial constant guess c. In the kth iteration,
add a new decision tree, scaled by the shrinkage factor ν, while keeping the previous
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trees unchanged,
F0 (x) = c

(2)

Fk (x) = Fk−1 (x) + ν hk (x).

(3)

The shrinkage parameter 0 < ν ≤ 1 is used to avoid individual trees from being too
important in the final ensemble. The smaller the shrinkage parameter ν, the more trees
are needed to obtain an accurate fit on the training data. The shrinkage parameter is
therefore often referred to as the learning rate.
The kth decision tree hk is constructed in a typical greedy top-down manner and
minimizes a loss function L. The new tree is constructed such that it maximally improves
the current best additive model Fk−1 , i.e.,
hk = arg min
h

n
X

L(yi , Fk−1 (xi ) + h(xi )).

(4)

i=1

To make this optimization problem feasible in practice, the key idea of Friedman [8] was
to let the trees predict the negative gradient values,


∂L(yi , ŷ)
.
(5)
gi,k = −
∂ ŷ
ŷ=Fk−1 (xi )
The tree hk is then fit to these negative gradients by a least-squares optimization,
hk = arg min
h

n
X

(gi,k − h(xi ))2 .

(6)

i=1

The procedure shown in (5) is very similar to the well-known steepest descent method.
Equation (6) constructs the tree that is most correlated with gi . This can be interpreted
as the steepest descent direction in an n dimensional data space evaluated at Fk−1 (X).
To further improve the predictive performance of GBMs, a technique called DART
[19] was introduced with the goal of reducing over-specialization. Over-specialization
refers to the problem of trees of later iterations affecting only small numbers of instances,
leaving predictions of other instances unchanged. This problem reduces the effectiveness
of those trees and can cause overfitting. To combat this issue, a shrinkage parameter
can be used, but this merely delays the effects of over-specialization. DART – a dropout
technique for GBMs inspired by similar ideas used in the context of neural networks
[13] – is a more structural solution. DART mutes a random selection of previously
constructed trees, and computes the gradients to be fit by the next tree considering
only the non-muted trees. This process diminishes the influence of the early trees and
more evenly distributes the learning across all trees in the ensemble. The probability of
muting a tree is called the drop rate, and we have set it to 10%.
We briefly discuss the most important features and their parameters of GBMs:
- Histogram-based splitting: Histograms are built to avoid repeatedly scanning all
data instances when choosing the tree splits. The algorithm instead only has to
evaluate the bins of the histogram. The maximum number of bins can be chosen
or tuned.
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- Stochastic gradient boosting [9]: In some boosting iterations, a random subsample
of the training data is drawn without replacement. The base model is fit on this
subsample instead of the complete training set. The relative size of the sample
and the frequency of training on a subsample are respectively called the bagging
fraction and frequency. We fix the bagging frequency at 1, i.e. each iteration uses
a subsample, while the bagging fraction is tuned. An additional random effect can
be imposed by randomly sampling a subset of the features on which a tree can
split.
- Regularization: An L2 -regularization term with weight λ is included in the loss
function in order to penalize trees with high leaf scores. Larger λ-values correspond
to stronger penalties. As an additional regularization technique, one can impose a
lower bound on the number of observations in each leaf node of a tree.

3

Boosting derivative pricing

When pricing complex derivative products according to models beyond the Black-Scholes
model, typically no analytic pricing formula exists. One often has to resort to timeconsuming numerical methods. Marking to market a portfolio of such products hence
becomes computationally demanding. In this section, we employ gradient boosting models in order to speed up numerical pricing methods. The main idea of the procedure is
as follows.
1. Construct a training set (X, y) that reflects the targeted pricing function, applied
to the product to be priced. The n × d matrix X is filled with n uniformly sampled
values of the d input parameters. For each of the n parameter combinations, the
corresponding model price is calculated with the selected pricing function. These
values are stored in y. Similarly, a validation and test set are built for the purposes
of model tuning and evaluation.
2. Build a GBM model. This comprises both tuning the hyperparameters and training
the final model.
3. Apply the trained model in order to quickly estimate the product’s price for a new
market situation.
The first two steps in this procedure, the training phase, can be done at any time in
advance, whenever there is computational budget available. Once the training phase is
completed, the final model can be deployed to price the product in real-time, according
to the current market situation. Although training is assumed to be done offline, it is
worth mentioning that LightGBM offers an extremely fast training framework. This
allows for an extensive hyperparameter tuning and hence for a more flexible model. The
tuning follows a train-validate-test approach rather than a cross-validation strategy. The
reason for this choice is twofold. First, the latter is computationally more demanding.
Second, since we are not limited by the amount of data, we can rely on an extended
validation set without losing valuable training instances. The hyperparameters are tuned
by performing a grid search on the parameter search space1 in Table 1, which requires
1

The maximum number of histogram bins is fixed at 255 throughout the grid search. Once the other
hyperparameters were chosen, we checked whether increasing the number of histogram bins resulted in
a lower mean squared error for the validation set.
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fitting 2304 different GBM models. The optimal parameter configuration is selected by
evaluating the corresponding models in a mean squared error sense, in order to place
a stronger penalty on large pricing errors. For the grid search we rely on training and
validation sets each consisting of 10 000 instances.
number of trees (K)

4000, 5000, 6000, 10000

shrinkage parameter (ν)

0.1, 0.15, 0.2, 0.25

number of leaves

8, 16, 24, 32

minimum number of instances per leaf

4, 8, 16, 24

L2 -regularization (λ)

0.8, 1.2, 1.6

bagging fraction

0.3, 0.5, 0.7

maximum number of histogram bins

255

Table 1: Hyperparameter grid for the two applications in this study.
Once the model is trained with the tuned hyperparameters, its pricing accuracy is
measured in terms of both average and worst-case prediction errors, i.e. using the maximum absolute error (MAE), average absolute error (AAE), maximum relative percentage
error (MRPE) and the average relative percentage error (ARPE) as defined below,
MAE = max {|ytrue (i) − ypred (i)|, i = 1, . . . , n} ,

(7)

n

AAE =

1X
|ytrue (i) − ypred (i)|,
n

(8)

i=1


MRPE = max


|ytrue (i) − ypred (i)|
, i = 1, . . . , n ,
ytrue (i)

(9)

n

1 X |ytrue (i) − ypred (i)|
ARPE =
,
n
ytrue (i)

(10)

i=1

where ytrue and ypred refer respectively to the benchmark price and the predicted price.
On the other hand, the computational performance is measured by comparing the prediction time of the GBM model with the time needed for computing the benchmark
prices in the test set.

3.1

Pricing exotic derivatives

We illustrate the methodology for exotic derivative pricing by means of a bonus certificate. This is a path-dependent derivative product that generates payoffs only at the
expiration date T . The payoffs of a bonus certificate with bonus level B and knock-out
level H are given by

ST
if min St ≤ H
0≤t≤T
payoff =
(11)
max(B, S )
else
T
where St denotes the value of the underlying asset at time t. Suppose that we want
to price this product, under the assumption that the underlying asset price behaves as
5

described by the Heston model, [12]. As a benchmark pricing method, we use a Monte
Carlo simulation based on 500 000 sample paths for the value of the underlying asset
price, constructed by taking daily steps (1/250) up to the maturity date.
3.1.1

Training set-up

The goal is to train a gradient boosting model that mimics the Monte Carlo pricing
function. A training set (X, y) is constructed as follows. The input matrix X is filled
with n observations of the d = 10 input parameters: bonus level (B), knock-out level
(H), time to maturity (T ), interest rate (r), dividend yield (q) and the five Heston
parameters, denoted by κ, ρ, θ, η and v0 .2 The observations for the input parameters
are obtained by uniformly sampling according to the ranges in Table 2. For each row
of X, the corresponding Heston model price is calculated via a Monte Carlo simulation.
Note that both the bonus level and the knock-out level are expressed as a percentage of
the spot price of the underlying (S0 ). All calculations are performed with S0 = 1 and
prices are to be interpreted relative to S0 .
Training set
B : 1.05 → 1.55
κ : 0.2 → 1.6

H : 0.55 → 0.95
ρ : −0.95 → −0.25

T : 11M → 1Y
θ : 0.15 → 0.65

r : 2% → 3%
η : 0.01 → 0.25

q : 0% → 5%
v0 : 0.01 → 0.25

Test/validation set
B : 1.1 → 1.5
κ : 0.3 → 1.5

H : 0.6 → 0.9
ρ : −0.9 → −0.3

T : 11M → 1Y
θ : 0.2 → 0.6

r : 2% → 3%
η : 0.02 → 0.25

q : 0% → 5%
v0 : 0.02 → 0.25

Table 2: Input parameter ranges for sampling the training, validation and test set.
Although this training set (X, y) could perfectly be used to train a GBM model, we
first extend the input matrix X by means of feature engineering. Adding new input
parameters, which are transformations of the original inputs, allows us to incorporate
domain knowledge about the relation to be learned. For each observation
xi = (Bi , Hi , Ti , ri , qi , κi , ρi , θi , ηi , v0i ),

i = 1, . . . , n

(12)

we compute the values of
Hi
,
Bi

Hi Ti ,

e−ri Ti ,

e−qi Ti ,

e(ri −qi )Ti
,
Bi

ri − qi ,

ρi θi ,

κi θi

and

v0i
ηi

(13)

and add them as new input variables. If these combined inputs would not offer added
value, the boosting framework will simply ignore them and rarely include split conditions
on these variables. The augmented input matrix X̃ thus consists of 19 columns and
(X̃, y) serves as the final training set. A test and validation set are generated similarly
by sampling according to slightly narrower parameter ranges as given in Table 2 and
then adding combined features based on these values.
Tuning the hyperparameters of the gradient boosting model - either with the extended input matrix X̃ or the original matrix X - results in the optimal configuration
as displayed in Table 3. Feature engineering has (in this empirical study) no impact on
the optimal hyperparameter setting for pricing bonus certificates. However, note that
this configuration highly depends on the chosen parameter grid in Table 1.
2
κ = rate of mean reversion, ρ = correlation asset price - vol, θ = vol-of-variance, η = long run
variance, v0 = initial variance.
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feature engineering

no feature engineering

BC

AP

BC

AP

number of trees (K)

10000

10000

10000

10000

shrinkage parameter (ν)

0.2

0.1

0.2

0.15

number of leaves

16

16

16

8

minimum number of instances per leaf

24

4

24

16

L2 -regularization (λ)

0.8

1.6

0.8

1.6

bagging fraction

0.5

0.3

0.5

0.5

maximum number of histogram bins

255

2047

255

2047

Table 3: Optimal hyperparameter setting for the two applications in this study.
3.1.2

GBM’s price predictions

Given the optimal hyperparameter setting, three GBM models are trained on differently
sized training sets. The empirical performance of these models is summarized in Table
4. Alternatively, we trained the three models on the original training set (X, y) to
with feature engineering

without feature engineering

Size of training set

10 000

100 000

1 000 000

10 000

100 000

1 000 000

In-sample prediction
MAE
AAE
MRPE
ARPE

7.9116e-04
1.4065e-04
6.9812e-04
1.2778e-04

2.2404e-03
3.7152e-04
1.9924e-03
3.3433e-04

5.9594e-03
5.4051e-04
5.0191e-03
4.8044e-04

9.1007e-04
1.5280e-04
7.2565e-04
1.3897e-04

2.4648e-03
4.0847e-04
2.2115e-03
3.6789e-04

6.4242e-03
5.7396e-04
5.7268e-03
5.1210e-04

Out-of-sample prediction
MAE
1.4618e-02
AAE
1.0610e-03
MRPE
1.1065e-02
ARPE
9.5880e-04

5.2133e-03
5.8812e-04
4.1159e-03
5.3283e-04

4.3289e-03
5.3294e-04
3.2906e-03
4.8322e-04

1.3652e-02
1.0706e-03
1.1489e-02
9.7101e-04

5.5312e-03
6.3131e-04
4.4840e-03
5.7395e-04

3.9807e-03
5.7261e-04
3.5128e-03
5.2097e-04

Computation time
Prediction time (s)
Speed-up

42.18
× 5852

42.09
× 5864

43.38
× 5690

42.58
× 5797

42.38
× 5825

42.14
× 5858

Table 4: Performance of GBM models for pricing bonus certificates in the Heston model. Outof-sample predictions and their computation time3 correspond to a test set of 100 000 instances.

illustrate the effect of feature engineering. In this example, feature engineering seems to
have only little impact on the predictive performance of the model. In the remainder
of the discussion we will focus on the models trained on the extended set (X̃, y). In
terms of average prediction errors, the GBM model trained on 10 000 instances already
achieves decent results. The model is capable of predicting 99 511 of the 100 000 test
prices within a 0.5% range of their benchmark value. For the remaining 489 prices the
maximum prediction error reaches higher levels, up to a worst-case relative prediction
error of 1.11%. Training the GBM model on more observations improves both the
maximum and the average predictive performance, while the time needed to make these
predictions stays nearly constant. Prediction time indeed does not depend on the number
of training instances when the hyperparameter configuration is fixed. For the model
3

Machine specifications: Intel(R) Core(TM) i7-7600U CPU @ 2.80GHz, 2901 Mhz, 2 Core(s), 4
Logical Processor(s).
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trained on 100 000 instances, the worst-case out-of-sample relative error has reduced to
0.41%. Predicting 100 000 (test) prices takes about 42 seconds, which is almost 6000
times faster than the benchmark pricer. We thus achieve a tremendous speed-up in
pricing, while giving up only little accuracy.
In Figure 1a, the predictive and computational performance of the three models
are summarized visually. Accuracy results are measured out-of-sample and correspond
to the relative errors in Table 4. There is a significant improvement when training on
10-5

103

error

10-2

102

10-6

10-7

10-3

10-4

MSE (test set)
MSE (training set)
irreducible error

error

MRPE
ARPE
training
prediction

time (seconds)

10-1

10 000

100 000

1 000 000

10-8

101

10 000

100 000

1 000 000

training size

training size

(a) Predictive and computational perfor-

(b) In-sample and out-of-sample MSE vs. ir-

mance. Errors are measured out-of-sample.

reducible error.

Figure 1: GBM performance for bonus certificates in function of the training set size.
100 000 instances instead of 10 000, while further augmenting the training set to 1 million
instances has little impact. The right y-axis in Figure 1a refers to the computation time
related to the models, i.e. the time needed for training each model and making 100 000
predictions with it. While prediction time stays roughly constant, training time increases
sharply with the number of instances in the training set. However, recall that training
needs to be done only once. Figure 1b compares in-sample and out-of-sample mean
squared prediction errors (MSE) of the three models. The out-of-sample errors decrease
with the size of the training set, whereas the in-sample errors increase. The horizontal
red line refers to the irreducible error, defined as the variance of the noise () in the
Monte Carlo pricer. Here, we estimate the irreducible error as the average squared
standard error for all Monte Carlo simulated prices in the test set, i.e.
100
000
X
1
σi2
V ar() ≈
100 000
500 000

(14)

i=1

σi
where √500
is the standard error corresponding to the Monte Carlo procedure that
000
computes the ith price in the test set. If a model has an in-sample MSE which is lower
than the irreducible error, the model is capturing patterns caused by the randomness
in the Monte Carlo pricer and is hence overfitting the training data. Figure 1b shows
that the GBM model trained on a small training set is clearly overfitting, despite all
regularization techniques that were used. When the training set size increases, the insample and out-of-sample errors converge and the problem seems to be solved.
Instead of summarizing the predictive performance into one number for the entire
test set, we now look at the predictions individually and the distribution of their errors.
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Figure 2 shows histograms of the out-of-sample relative errors for the three models, i.e.
BCpred (i) − BCtrue (i)
,
BCtrue (i)

i = 1, . . . , 100 000,

(15)

where BCtrue refers to the prices calculated according to the benchmark Monte Carlo
method, while BCpred are the prices predicted by the GBM model. The histogram clearly
Relative prediction error (BC)

1mio
100k

0.06

10k

0.04

0.02

0

−0.01

−0.005

0

0.005

0.01

Figure 2: Out-of-sample relative errors of bonus certificates predicted by GBM models trained
on respectively 10 000, 100 000 and 1 000 000 instances.

narrows when the training set expands from 10 000 to 100 000 observations, while the
improvement is less pronounced when the training set is enlarged once more. In Figure
3, we inspect the predictions of the GBM model trained on 100 000 instances in more
detail. In the left panel, the predicted prices are plotted against the benchmark prices.
Prices range from 0.95 to 1.45 and their absolute prediction error does not seem to
depend on the price level. Figure 3b displays the absolute prediction errors as defined
by the numerator in Equation (15). Note that this histogram is not exactly centered
around zero. In fact, 60.39% of the predicted prices are lower than their benchmark
value.

3.2

Pricing American options

The second application concerns the pricing of American options. These products are
often the reference instruments for calibration, since most liquid options on single stocks
are usually of American type. However, few closed form formulas exist for pricing American options, resulting in a slow calibration procedure. In this section, we focus on pricing
American put options according to the binomial tree model [3], where we discretize the
lifetime of the options in time steps of 1/750.

9

7.5%

5%

2.5%

0%
-6

-3

0

3

(a) Out-of-sample predictions.

6
10-3

absolute error

(b) Absolute prediction errors.

Figure 3: Out-of-sample predictive performance of the GBM model for bonus certificates, trained
on 100 000 instances.

3.2.1

Training set-up

We first generate a training set (X, y) that reflects the binomial tree pricing function
for American put options. The input matrix X is filled with n uniformly sampled observations of the five input parameters: strike price (K), time to maturity (T ), volatility
(σ), interest rate (r) and dividend yield (q). The sampling ranges for training, test and
validation set are stated in Table 5. Note again that we implicitly assume the initial
value of the underlying (S0 ) to be equal to 1.
Training set
K : 0.4 → 1.6

T : 1.5M → 12.5M

σ : 5% → 105%

r : 2% → 3%

q : 0% → 5%

Test/validation set
K : 0.5 → 1.5

T : 2M → 1Y

σ : 10% → 100%

r : 2% → 3%

q : 0% → 5%

Table 5: Input parameter ranges for sampling training, validation and test set.
For each input observation, the price of the American put option is calculated with
a binomial tree and stored in y. In order to avoid too many zero prices in the data sets,
we delete those instances with prices below 0.0001 and replace them by newly sampled
values of the input parameters and their corresponding higher price. Next, we augment
the input matrix X with the following transformations of the original input variables:
√
σ T,

KT,

Kσ,

e−rT ,

r − q,

and

e(r−q)T
.
K

(16)

This feature engineering procedure results in a final input matrix X̃ with 11 feature
columns. Table 3 states the optimal hyperparameter configuration for the GBM model
pricing American put options. In this case, the optimal parameter setting changes when
feature engineering is incorporated.
3.2.2

GBM’s price predictions

We build GBM models on both the original training set (X, y) and the augmented set
(X̃, y), where the corresponding optimal hyperparameters are used. In both cases, three
10

models are trained on respectively 10 000, 100 000 and 1 000 000 training instances.
Table 6 summarizes their performance4 in terms of predictive power and computation
time. Although we deleted and replaced prices below 0.0001 in all data sets, Figure 4a
shows that the test set still contains a lot of small prices. More specifically, 9.52% of
the test prices are below 0.01. Therefore, relative pricing errors are large and do not
give a reliable summary of the predictive performance. We focus on the absolute error
measures instead.
with feature engineering

without feature engineering

Size of training set

10 000

100 000

1 000 000

10 000

100 000

1 000 000

In-sample prediction
MAE
AAE
MRPE
ARPE

1.1706e-03
1.1164e-04
1.0000
1.2581e-02

1.6190e-03
1.5962e-04
1.4138
1.3868e-02

2.9238e-03
1.7225e-04
3.6790
1.3587e-02

1.3412e-03
2.2757e-04
1.5810
25506e-02

2.4801e-03
3.0878e-04
3.6678
3.0356e-02

3.6053e-03
3.3450e-04
4.9752
3.2217e-02

Out-of-sample prediction
MAE
4.5707e-03
AAE
3.4636e-04
MRPE
4.7584
ARPE
1.7340e-02

1.8891e-03
1.8653e-04
1.5033
1.1891e-02

1.8933e-03
1.6838e-04
2.2447
1.0765e-02

4.6224e-03
5.4407e-04
7.5866
3.5553e-02

2.5484e-03
3.4930e-04
5.4077
2.7044e-02

2.3492e-03
3.2802e-04
2.3651
2.6156e-02

Computation time
Prediction time (s)
Speed-up

45.06
× 88

44.57
× 89

31.52
× 126

31.07
× 128

31.34
× 127

45.07
× 88

Table 6: GBM performance for American put options with respect to the binomial tree method.
Out-of-sample predictions and their computation time correspond to a test set of 100 000 observations.

First of all, we inspect the effect of feature engineering on the resulting model performance. We observe that the absolute prediction errors are nearly halved due to the
feature engineering procedure. On the other hand, the prediction time of these models
is significantly higher. Feature engineering itself has no direct impact on the prediction
time, but the resulting hyperparameter setting has. The main driver is in this case
the number of leaves, which is only 8 when the model is trained on (X, y), leading to
reduced prediction times. Since we attach more importance to the improved accuracy,
the Figures in the remainder of the discussion are based on the models built on (X̃, y).
The absolute errors in Table 6 show that the worst-case prediction error is of order
−3
10 for all models, while the average prediction error becomes smaller than two basis
points when the training set is large enough. Again, we observe that the in-sample errors
increase when the training set expands, while the out-of-sample predictive performance
improves. The same evolution can be seen in the mean squared prediction errors in
Figure 4b. Since in-sample and out-of-sample mean squared errors converge to a similar
value, the GBM model does not seem to suffer from overfitting when the training set is
large enough. Focusing again on computation time, we observe that each model (trained
on (X̃, y)) needs approximately 45 seconds to predict the 100 000 prices in the test
set. This is roughly 90 times faster than calling the binomial tree model. However,
note that this speed-up is computed for a test set containing maturities that range from
two months to one year. Since the computation time in the binomial tree model grows
quadratically with the maturity, the effective speed-up for long-term options will be even
4
Some of the raw predictions made by the GBM model were negative. In all graphs and accuracy
results reported, these negative prices are set to zero.
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Figure 4: Left: histogram of the option prices in the test set. Right: in-sample and out-of-sample
predictive performance of the three GBM models.

higher than the values reported in Table 6. Figure 5 visualizes the distribution of the
out-of-sample prediction errors for each of the three models. The prediction errors are
in these histograms defined as
APpred (i) − APtrue (i),

i = 1, . . . , 100 000,

(17)

where APtrue refers to the price calculated with the benchmark binomial tree model and
APpred to the price predicted by the GBM model. We recognize an overall improvement
Absolute prediction error (AP)

1mio

0.06

100k
10k

0.04

0.02

0

−0.004

−0.002

0

0.002

Figure 5: Out-of-sample prediction errors for GBM models trained on sets of 10 000, 100 000
and 1 000 000 instances.
in predictive performance when extending the training set from 10 000 to 100 000 observations. Training on 1 million observations improves the model only slightly. Figure
12

6 focuses on the predictive performance of the model trained on 100 000 observations.
Figure 6a plots the predicted prices against the benchmark prices calculated with the
binomial tree model. The absolute errors do not seem to depend on the price level.
The prediction errors in Figure 6b, defined by Equation (17), are roughly symmetrically
distributed around zero, with 55.80% of the prices being lower than their benchmark
value.
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(a) Out-of-sample predictions.
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(b) Absolute prediction errors.

Figure 6: Out-of-sample predictive performance of the GBM model for American put options,
trained on 100 000 instances.

4

Boosted predictions explained

In this section we shift our attention from predictive performance to interpretability
of the pricing models. For both applications, we look under the hood of the gradient
boosting model and try to reveal how the price is constructed and interpreted.

4.1

Feature importance

Feature importance plots reveal how much importance a model attaches to each input
variable in the data. A simple way to measure feature importance in tree-based models
consists in counting the number of times a variable is used in the model, i.e. how
many times a regression tree in the ensemble makes a split on this variable. Figure 7
presents the split feature importances for the GBM models for bonus certificates and
American put options, both trained on 100 000 observations. As stated in Table 3,
both models consist of 10 000 regression trees with maximum 16 leaves. The aggregate
feature importance is therefore bounded by (16 − 1)×10 000 = 150 000 splits. Figure
7a shows that the initial variance v0 , the ratio of knock-out and barrier level H/B, the
long run variance η, the bonus level B and the speed of mean reversion κ are the five
variables on which the model relies most to make its predictions. In particular, 88 119
(of the 149 847) splits are based on one
√ of these five variables. Similarly, Figure 7b
shows that the time-scaled volatility σ T , the moneyness e(r−q)T /K, the strike K and
the interactions Kσ and KT are the most important drivers for predicting prices of
American put options. These variables account for 140 984 of the 150 000 splits in the
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Figure 7: Feature importance plots for the models trained on 100 000 instances, measured by
the number of times each feature is used in the model.

model. Note that four of these five variables are constructed by feature engineering,
again indicating the importance of this procedure.
Alternatively, the important features can be identified by directly looking at the
feature’s impact on the predictions made by the model, i.e by computing the increase
in prediction error when this feature is not available. Permutation feature importance,
introduced by [1], makes a feature irrelevant by permuting its observed values. A feature
is important if the permutation increases the error, as in this case the model relies on the
feature for making predictions. Figure 8 shows the permutation feature importances,
measured by the increase in out-of-sample mean squared error, for the GBM models
trained on 100 000 instances. Although the importance plots for bonus certificates in
Figure 7a and Figure 8a do not result in exactly the same order, they largely agree on
the most important variables. For American put options, we observe that the five most
important variables in Figure 8b agree with those in Figure 7b. Moreover, they again
have a significantly higher importance value than the remaining input variables.

4.2

Feature impact and prediction smoothness

Partial dependence plots [8] and individual conditional expectation curves [10] are graphical tools for gaining insight in the effect of a subset of input variables on the prediction of
a (black box) model. A partial dependence function indicates how the average predicted
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Figure 8: Out-of-sample permutation feature importance plots for the GBM models trained on
100 000 instances.

value changes when a subset of features xS varies, i.e.
n

fSP D (xS ) =

1X
FK (xS , x∗i )
n

(18)

i=1

where FK is the model, n the number of training instances and x∗i the ith observation
in the training set excluding the values of xS . A partial dependence plot is built by
varying the values of xS over their domain. Since this results in an average curve,
the plot could be misleading when input variables interact with each other. Individual
conditional expectation (ICE) plots try to overcome this issue by disaggregating the
average in Equation (18). For the ith observation in the training set, the ICE function
is given by
ICE
fi,S
(xS ) = FK (xS , x∗i ).
(19)
Averaging all n ICE curves produces again the partial dependence plot. Figure 9a
displays in black the partial dependence plot regarding the bonus level B in the GBM
model for bonus certificates. In fact, we consider the subset
!
H e(r−q)T
xS = B,
,
,
(20)
B
B
as the predictions have no meaning when these input variables are not linked. We let B
vary over the interval [1.1, 1.5] and adapt the other two features using the values of Hi ,
15

ri , qi and Ti in the training set. Figure 9a shows that the average impact on the price is
increasing with B. In grey, we added the ICE curves for 100 randomly selected training
observations. All these curves seem to be increasing as well. A monotonic relation was
indeed expected, since a higher bonus level B should result in a higher payoff. Figure
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Figure 9: ICE curves (grey) and partial dependence plot (black) for the GBM model predicting
prices of bonus certificates.

9b zooms in on one arbitrary ICE curve. It turns out that the expected monotonic
relation is not consistently satisfied. This imperfection could be tackled by imposing a
(marginal) positive monotonic constraint for B, which would enforce the price to increase
with B, all other variables being constant. However, an increase in B leads to changes
e(r−q)T
in H
and the constraint will not be satisfied in practice, unless the feature
B and
B
engineering procedure is dropped. For this reason, we did not impose any monotonic
constraints in our models. The stepwise curve in Figure 9b moreover affirms the typical
rectangular structure of tree-based models. Since observations are assigned to a finite
number of leaf nodes, prediction curves such as those in Figure 9 will never be smooth.
As a consequence, one should be careful when computing price sensitivities using these
models. Figure 10 presents the partial dependence plot and 100 randomly selected ICE
curves for the volatility (σ) in the GBM model for American put options. In particular,
the subset xS equals


√
xS = σ, σ T , Kσ ,
(21)
where σ varies from 10% to 100% and both T and K are extracted from the training
set. An increasing relation can be seen for all curves in Figure 10a. Figure 10b shows
one arbitrary ICE curve in detail, which illustrates that the expected monotonic relation
for σ is again violated. The true price curve, given by the prices computed by the
benchmark binomial tree model, is added in blue to give an idea about the accuracy
of the predictions. The predicted price decreases when σ goes from 20% to 40% and is
moreover too low in this volatility range. However, one should take into account that
the scale on the y-axis in Figure 10b is rather small.
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5

Conclusion

In this paper, we illustrated how tree-based machine learning methods are employed
for pricing derivative products. We showed that gradient boosted decision tree models
manage to speed up the pricing procedure of (exotic) derivative products with several
orders of magnitude. In particular, we illustrated the approach for exotic and American
options. Building a gradient boosted machine boils down to two steps. First, the hyperparameters need to be tuned. This introduces a lot of model flexibility which allows
for a good fit. On the other hand, it can be hard to find an optimal configuration and
the resulting model highly depends on human choices. Secondly, the final model has to
be trained according to the optimal hyperparameter setting. Once trained, the model is
able to compute derivative prices according to any new market situation, as long as the
parameters still belong to the initial ranges of the training set. Since gradient boosted
models can be evaluated extremely fast, they allow for real-time derivative pricing. In
the last part of the paper, we discussed how tree-based models can be understood better. Feature importance plots showed on which parameters the models rely most, while
partial dependence plots and individual conditional expectation curves illustrated how
the predicted price moves when the product parameters are slightly shifted. Finally, we
want to point out that the same methodology can be applied to other (parametric) pricing models and products. However, we believe that an error analysis should be carried
out carefully for each specific application.
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