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processes” (K. and Rivero - preprint).



2/ 27

Old and new examples of scale functions for spectrally negative Lévy processes

Spectrally negative Lévy processes and scale functions

Recollections

• X = {Xt : t ≥ 0} with probabilities {Px : x ∈ R} will always denote
a spectrally negative Lévy process (i.e. Π(0,∞) = 0 and −X is not
a subordinator).

• For θ ≥ 0 we may work with the Laplace exponent

ψ(θ) := log E0(eθX1).

• For each q ≥ 0, the, so-called, q-scale function W (q) : R 7→ [0,∞)
defined by W (q)(x ) = 0 for x < 0 and otherwise continuous
satisfying ∫ ∞

0

e−βxW (q)(x )dx =
1

ψ(β)− q
for all β sufficiently large is fundamental to virtually all fluctuation
identities concerning spectrally negative processes. For example the
classical identity

Ex (e−qτ+
a 1(τ+

a <τ−0 )) =
W (q)(x )
W (q)(a)

for q ≥ 0, 0 ≤ x ≤ a.
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Spectrally negative Lévy processes and scale functions

Recollections

• X = {Xt : t ≥ 0} with probabilities {Px : x ∈ R} will always denote
a spectrally negative Lévy process (i.e. Π(0,∞) = 0 and −X is not
a subordinator).

• For θ ≥ 0 we may work with the Laplace exponent

ψ(θ) := log E0(eθX1).

• For each q ≥ 0, the, so-called, q-scale function W (q) : R 7→ [0,∞)
defined by W (q)(x ) = 0 for x < 0 and otherwise continuous
satisfying ∫ ∞

0

e−βxW (q)(x )dx =
1

ψ(β)− q
for all β sufficiently large is fundamental to virtually all fluctuation
identities concerning spectrally negative processes. For example the
classical identity

Ex (e−qτ+
a 1(τ+

a <τ−0 )) =
W (q)(x )
W (q)(a)

for q ≥ 0, 0 ≤ x ≤ a.



2/ 27

Old and new examples of scale functions for spectrally negative Lévy processes
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Papers which (implicitly) use scale functions
Asmussen, S., Avram, F. and Pistorius, M. (2004) Russian and American put options under exponential phase-type Lévy models.

Stochast. Process. Appl. 109, 79–111.

Avram, F., Chan, T. and Usabel, M. (2002) On the valuation of constant barrier options under spectrally one-sided exponential

Lévy models and Carr’s approximation for American puts. Stochast. Process. Appl. 100, 75–107

Avram, F., Kyprianou, A.E. and Pistorius, M.R. (2004) Exit problems for spectrally negative Lévy processes and applications to

(Canadized) Russian options. Ann. Appl. Probab. 14, 215–235.

Avram, F., Palmowski, Z. and Pistorius, M.R. (2006) On the optimal dividend problem for a spectrally negative Lévy process,

Annals of Applied Probability, accepted.

Baurdoux, E.J. (2007) Last exit before an exponential time for spectrally negative Lévy processes. Preprint.

Baurdoux, E.J. and Kyprianou A.E. (2007) The McKean stochastic game driven by a spectrally negative Lévy process. Preprint.

Baurdoux, E.J. and Kyprianou A.E. (2007) The Shepp-Shiryaev stochastic game driven by a spectrally negative Lévy process.

Preprint.

Bertoin, J. (1996b) On the first exit time of a completely asymmetric stable process from a finite interval, Bull. London Math. Soc. 28,

514–520.

Bernyk, V, Dalang, R.C. and Peskir, G. (2007) The law of the supremum of a stable Levy process with no negative jumps. Research

Report No. 29 (2006), Probab. Statist. Group Manchester

Bertoin, J. (1997b) Exponential decay and ergodicity of completely asymmetric Lévy processes in a finite interval, Ann. Appl. Probab. 7,

156–169.

Bingham, N.H. (1975) Fluctuation theory in continuous time, Adv. Appl. Probab. 7, 705–766.
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Bingham, N.H. (1976) Continuous branching processes and spectral positivity. Stochast. Process. Appl. 4, 217–24

Boxma, O. J. and Cohen, J.W.(1998) The M/G/1 queue with heavy-tailed service-time distribution. IEEE Journal on Selected Areas in

Communications. 16, 749–763.

Chan, T. (2004) Some applications of Lévy processes in insurance and finance. Finance 25, 71–94.

Chaumont, L. (1994) Sur certains processus de Lévy conditionnés à rester positifs. Stoch. Stoch. Rep. 47, 1–20.

Chaumont, L. (1996) Conditionings and path decomposition for Lévy processes. Stochast. Process. Appl. 64, 39–54.

Chiu, S.K. and Yin, C. (2005) Passage times for a spectrally negative Lévy process with applications to risk theory. Bernoulli 11,

511–522.

Doney, R.A. (1991) Hitting probabilities for spectrally positive Lévy processes. J. London Math. Soc. 44, 566–576.

Doney, R.A. (2005) Some excursion calculations for spectrally one-sided Lévy processes. Séminaire de Probabilités XXXVIII. 5–15.

Lecture Notes in Mathematics, Springer, Berlin Heidelberg New York.

Doney, R.A. (2007) Ecole d’été de Saint-Flour. Lecture notes in Mathematics, Springer, Berlin Heidelberg New York.

Doney, R.A. and Kyprianou, A.E. (2005) Overshoots and undershoots of Lévy processes. Ann. Appl. Probab. 16, 91–106.

Dube, P., Guillemin, F. and Mazumdar, R. (2004) Scale functions of Lévy processes and busy periods of finite capacity. J. Appl.

Probab. 41, 1145–1156.

Hilberink, B. and Rogers. L.C.G. (2002) Optimal capital structure and endogenous default. Finance and Stochastics, 6 237–263.

Emery, D.J. (1973) Exit problems for a spectrally positive process, Adv. Appl. Probab. 5, 498–520.

Furrer, H. (1998) Risk processes perturbed by α-stable Lévy motion. Scandinavian. Actuarial Journal. 1, 59–74
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Huzak, M., Perman, M., Šikić, H. and Vondracek, Z. (2004) Ruin probabilities and decompositions for general perturbed risk
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Korolyuk, V.S. (1974) Boundary problems for a compound Poisson process. Theory Probab. Appl. 19, 1–14.

Korolyuk V.S. (1975a) Boundary Problems for Compound Poisson Processes. Naukova Dumka, Kiev (in Russian).

Korolyuk, V.S. (1975b) On ruin problem for compound Poisson process. Theory Probab. Appl. 20, 374–376.
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reflected Lévy processes. Seminaire de Probabilites, to appear.

Pistorius, M.R. (2005) A potential theoretical review of some exit problems of spectrally negative Lévy processes. Seminaire de
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The problem with scale functions.....

Very few tractable examples. (Concentrating henceforth on the case
q = 0 in which case we shall write W instead of W (q)) Examples include:

• Compound Poisson with negative exponentially distributed jumps of
mean µ, arrival rate λ and positive drift c such that c − λ/µ > 0.

W (x ) =
1
c

(
1 +

λ

cµ− λ
(1− e(µ−c−1λ)x )

)
• Variants on this theme can be dealt with when the exponentially

distributed jumps are replaced by jump distributions having rational
transforms.

• Brownian motion with drift µ.

W (x ) =
1
µ

(1− e−2µx )

• α-stable process with α ∈ (1, 2).

W (x ) = xα−1/Γ(α)

.
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Dig a little deeper ....

• Furrer (1998) studies ruin of an α-stable process with α ∈ (1, 2) plus
a drift ct and deduces that

W (x ) =
1
c
(1− Eα−1,1(−cxα−1))

where
Eα−1,1(z ) =

∑
k≥0

z k/Γ(1 + (α− 1)k)

is the two-parameter Mittag-Leffler function with indices α− 1 and
1.

• An unusual example from queuing theory due to Boxma and Cohen
(1998). Let η(x ) = ex erfc(

√
x ) and consider a compound Poisson

with rate λ satisfying 1− λ > 0, negative jumps with d.f.
F (x ,∞) = (2x + 1)η(x )− 2

√
x/π and unit positive drift. Then

W (x ) =
1

1− λ

(
1− λ

ν1 − ν2
(ν1η(xν2

2)− ν2η(xν2
1))

)
.

where ν1,2 = 1±
√
λ.
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• Asmussen in his book ’Ruin Probabilities’ studies a compound
Poisson with rate λ, negative jump of fixed size α and positive drift
c. Then

W (x ) =
1
c

bx/αc∑
n=1

e−λ(αn−x)/c 1
n!

(
λ

c

)n

(αn − x )n

• Two new scale function occurring in study of Lévy-Lamperti
processes [Chaumont, K. and Pardo (2007)]. The Lévy processes in
question have unbounded variation processes with no Gaussian
component and jump measure which is stable like (with stability
parameter α ∈ (1, 2)) near the origin and has exponentially decaying
tails. Their Laplace exponents are Γ(θ + α)/[Γ(θ)Γ(α)] and
Γ(θ − 1 + α)/[Γ(θ − 1)Γ(α)] and the respective scale functions are

W (x ) = (1− e−x )α−1 and W (x ) = (1− e−x )α−1ex .



10/ 27

Old and new examples of scale functions for spectrally negative Lévy processes
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Method for obtaining new examples

New examples: preliminaries

Henceforth we shall restrict ourselves to discussing the case of 0-scale
functions for processes which do not drift to −∞. [But with mild
adaptation the the forthcoming methodology works for generating q-scale
functions of oscillating LPs or LPs that drift to −∞.]
We make use of two simple facts.

• The definition of the scale function through its LT, integration by
parts and the Wiener-Hopf factorization for spec. neg. processes
imply that ∫ ∞

0

e−βxW ′(x )dx =
1

φ(θ)

where φ is the Laplace exponent of the descending ladder height
process H = {Ht : t ≥ 0}.

• ∫ ∞

0

dt · P(Ht ∈ dx ) = W ′(x )dx .



11/ 27

Old and new examples of scale functions for spectrally negative Lévy processes
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Method for obtaining new examples

A simple idea for generating scale functions

• Pick your favouite subordinator H or equivalently Laplace exponent
φ for which one knows its potential density OR can invert the
Laplace transform 1/φ(θ).

• But then you need to know that a Lévy process exists for which your
favourite H corresponds to its descending ladder height process.

• No problem - thanks to the Wiener-Hopf factorisation!
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Parent process for given H

Suppose that H is a (killed) subordinator with Laplace exponent

φ(θ) = κ+ ζθ +
∫

(0,∞)

(1− e−θx )Υ(dx )

such that Υ is absolutely continuous with monotone non-increasing
density. Then there exists a spectrally negative Lévy process X ,
henceforth referred to as the parent process, such height process is
precisely the process H . The Lévy triple (a, σ,Π) of the parent process is
uniquely identified as follows. The Gaussian coefficient is given by
σ =

√
2ζ. The Lévy measure is given by

Π(−∞,−x ) =
dΥ(x )

dx
. (1)

Finally

a =
∫

(−∞,−1)

xΠ(dx )− κ. (2)
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Bounded and unbounded variation

• When Υ(0,∞) <∞. The parent process is given by

Xt = (κ+ Υ(0,∞))t +
√

2ζBt − St (3)

where B = {Bt : t ≥ 0} is a Brownian motion, S = {St : t ≥ 0} is
an indpendent driftless subordinator with jump measure ν satisfying

ν(x ,∞) =
dΥ
dx

(x ).

• When Υ(0,∞) = ∞. The parent process X always has paths of
unbounded variation.
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Old and new examples of scale functions for spectrally negative Lévy processes

GTSC scale functions

Tempered stable descending ladder height

Introduce a new family of scale functions called
Gaussian-Tempered-Stable-Convolution class (GTSC). Choose a
descending ladder height process H to have Laplace exponent:

φ(θ) = κ+ ζθ + cΓ(−α)(γα − (γ + θ)α)

The associated Lévy measure is given by

Υ(dx ) = cx−α−1e−γxdx (x > 0).

Here the parameter regimes (partly to respect conditions on Υ) are:

κ ≥ 0,
ζ ≥ 0
c > 0,

α ∈ [−1, 1)
γ > 0.
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Old and new examples of scale functions for spectrally negative Lévy processes

GTSC scale functions

GTSC parent processes

The parent process with the tempered stable choice of H is characterized
as follows:

Π(dx ) = c
γ

|x |α+1
e−γ|x |dx + c

(α+ 1)
|x |α+2

e−γ|x |dx for x < 0

ie jump part is the result of the independent sum of a tempered stable
subordinator and another spectrally negative Lévy process, also belonging
to the class of (generalized) tempered stable processes, but whose jump
component has unbounded variation.

σ =
√

2ζ

Instead of giving a we give the Laplace exponent of parent process

ψ(θ) = κθ + ζθ2 + cθΓ(−α)(γα − (γ + θ)α).
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Old and new examples of scale functions for spectrally negative Lévy processes

Method of Laplace inversion

Take α = m/n ∈ ∩(0, 1)

Let f (z ) = ψ(zn − γ). Because of the structure of the Laplace exponent
a little algebra shows that

f (z ) = c0 + cmzm + cnzn + cm+nzm+n + c2nz 2n ,

where
c2n = ζ,
cn+m = −cΓ(−α)
cn = κ− 2ζγ + cΓ(−α)]γα,
cm = cΓ(−α)γ,
c0 = ζγ2 − γ(κ− ζ)− cΓ(−α)γα+1.

Denote by z1, . . . , z` the distinct roots of f (z ) and by m1, . . . ,m` their
multiplicities and for k = 1, 2, ..., ` and j = 1, ...,mk let

Akj =
1

(mk − j )!
dmk−j

dzmk−j

[
(z − zk )mk

f (z )

]
z=zk
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Old and new examples of scale functions for spectrally negative Lévy processes

Method of Laplace inversion

Using Laplace inversion:

W (x ) =
∑̀
k=1

mk−1∑
j=0

Akj
1
j !

e−γxx (j+1)/n−1E (j )
1
n , 1

n

(zkx
1
n )

where

E (j )
α,β(x ) =

∂j

∂x j
Eα,β(x ) =

∑
n≥k

(
n
k

)
k !

xn−k

Γ(nα+ β)

and

Eα,β(x ) =
∞∑

n=0

xn

Γ(β + αn)

is the two-parameter Mittag-Leffler function.

Can perform similar analysis for the case α = −m/n ∈ [−1, 0)
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Old and new examples of scale functions for spectrally negative Lévy processes

Method of Laplace inversion

Special cases

• Take H as an inverse Gaussian subordinator: α = 1
2 , κ = ζ = 0,

φ(θ) = δ((2θ + γ2)
1
2 − γ) so that σ = 0 and

Π(dx ) =
3δ

2
√

2π
|x |− 5

2 e−
1
2 γ2|x |+

(γ2/2 + ϕ)δ√
2π

|x |− 3
2 e−

1
2 γ2|x | for x < 0.

W (x ) =
1

2δγ

[
(1 + γ2x )erfc(−γ

√
x/2) + γ

√
2x/πe−γ2/2x − 1

]

• Take α ∈ (0, 1), κ = ζ = 0: φ(θ) = cΓ(−α)(γα − (γ + θ)α) so that
σ = 0 and

Π(dx ) = c
γ

|x |α+1
e−γ|x |dx + c

(α+ 1)
|x |α+2

e−γ|x |dx for x < 0

W (x ) =
∫ x

0

e−γxyα−1Eα,α(γαyα)dy .
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• Take α ∈ (0, 1), κ = ζ = 0: φ(θ) = cΓ(−α)(γα − (γ + θ)α) so that
σ = 0 and

Π(dx ) = c
γ

|x |α+1
e−γ|x |dx + c

(α+ 1)
|x |α+2

e−γ|x |dx for x < 0

W (x ) =
∫ x

0

e−γxyα−1Eα,α(γαyα)dy .
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Old and new examples of scale functions for spectrally negative Lévy processes

Method of potential density

Computing potential density:

• Take H to be a Gamma process: α = κ = ζ = 0,
φ(θ) = −c log(γ/(γ + θ)), so σ = 0

Π(dx ) = c|x |−2e−γ|x |dx + cγ|x |−1e−γ|x |dx for x < 0

W (x ) =
∫ γx

0

e−y

∫ ∞

0

1
Γ(ct)

yct−1dtdy

• Take H to be a compound Poisson with rate λ and gamma
distributed jumps with parameters ν ∈ (0, 1) and γ > 0, killed at
rate κ ≥ 0. Let ρ = λ/(λ+ κ)

Π(dx ) =
λ(1− ν)γν

Γ(ν)
|x |ν−2e−γ|x |dx+

λγν+1

Γ(ν)
|x |ν−1e−γ|x |dx for x < 0

W (x ) =
1

λ+ λ
+

ργν

λ+ κ

∫ x

0

yν−1e−γyEν,ν(ργνyν)dy .
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Old and new examples of scale functions for spectrally negative Lévy processes

Method of potential density
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Figure: Scale functions W (q)(x) for a GTSC which oscillates:
concavity/convexity proved by Ronnie Loeffen.
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Old and new examples of scale functions for spectrally negative Lévy processes

Special, conjugate and complete scale functions

Special and conjugate scale functions

Instead of taking a tempered stable descending ladder height, take a
special Bernstein function. That is to say, choose the Laplace
exponent of the descending ladder height φ such that

φ(θ) = κ+ ζθ +
∫

(0,∞)

(1− e−θx )Υ(dx ) for θ ≥ 0

with the assumption that Υ is absolutely continuous with a decreasing
density and such that

φ(θ) =
θ

φ∗(θ)
for θ ≥ 0

where φ∗ is also a Bernstein function (the conjugate to φ) which we shall
write as

φ∗(θ) = κ∗ + ζ∗θ +
∫

(0,∞)

(1− e−θx )Υ∗(dx ).
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Old and new examples of scale functions for spectrally negative Lévy processes

Special, conjugate and complete scale functions

Special and conjugate scale functions ctd.

• Potential analysis of special Bernstein functions gives us an
expression for the potential function associated to φ and hence an
expression for the the special scale function whose parent process
has Laplace exponent ψ(θ) = θφ(θ):

W (x ) = ζ∗ + κ∗x +
∫ x

0

Υ∗(y ,∞)dy

and W is a concave function.

• If it so happens that Υ∗ is absolutely continuous with non-increasing
density, then we get the conjugate scale function

W ∗(x ) = ζ + κx +
∫ x

0

Υ(y ,∞)dy .

(also concave) whose parent process has Laplace exponent
ψ∗(θ) = θφ∗(θ)
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Old and new examples of scale functions for spectrally negative Lévy processes

Special, conjugate and complete scale functions

Complete scale functions

• In particular if φ is a complete Bernstein function (ie it is a
special Bernstein function such that Υ is absolutely continuous with
a completely monotone density) then φ∗ is completely monotone
and both Υ and Υ∗ have non-increasing densities.

• Since most known examples of special Bernstein functions are
complete Bernstein functions, the latter remarks suggest that for
each known example of pairs of conjugate complete Bernstein
functions one gets for free examples of (conjugate) parent processes
and their scale functions.
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Old and new examples of scale functions for spectrally negative Lévy processes

Special, conjugate and complete scale functions

Example

• Take φ(θ) = aθβ−α + bθβ where 0 < α < β ≤ 1 and so parent
process has Laplace exponent

ψ(θ) = aθβ−α+1 + bθβ+1, θ ≥ 0.

which is the sum of two independent spectrally negative stable
processes.

• The conjugate parent process has Laplace exponent

ψ∗(θ) =
θ2

aθβ−α + bθβ

which is an oscillating process, has no Gaussian component, and has
Lévy measure given by

Π∗(−∞,−x ) =
d2

dx2

[
1
b
xβ−1Eα,β(−axα/b)

]
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Old and new examples of scale functions for spectrally negative Lévy processes

Special, conjugate and complete scale functions

• Finally the scale functions are given by

W (x ) =
1
b

∫ x

0

tβ−1Eα,β(−atα/b)dt

and

W ∗(x ) =
a

Γ(2− β + α)
x1−β+α +

b
Γ(2− β)

x1−β , x ≥ 0.

• Note also that scale functions are continuous in the parameters of ψ
and ψ∗ and hence we may vary the parameters a, b, α, β to their
extremes to get other examples. Eg

W ∗(x ) = b +
a

Γ(1− α)
xα

is a scale function!
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Old and new examples of scale functions for spectrally negative Lévy processes

Moral of the story:

The Wiener-Hopf factorisation gives us a route for chanelling potential
theory of subordinators into the theory of scale functions for spectrally
negative Lévy processes.


	Spectrally negative Lévy processes and scale functions
	Method for obtaining new examples
	GTSC scale functions
	Method of Laplace inversion
	Method of potential density
	Special, conjugate and complete scale functions

