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. Since Sp E' is a closed subspace, H = Sp £ & Sp El, soSpFE = H <—
—
SpE~ = {0}.
E C Sp E implies Sp E- c E-. On the other hand, z € E+ implies
x € (Sp E)*, which implies x € Sp B by continuity of y — (x,y). So
Sp E = E*, and the proof is completed.
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. Let {f.} Cauchy in Fy(S,X). Then for any s € S, {f.(s)} Cauchy
in X, and so convergent. Define f(s) = lim, o fn(s). Let € > 0 be
given. There exists an N € N s.t. for all n,m > N, ||f, — fmll < €.
Thus for any s € S, || f.(s) — fm(s)]] < e, but then || f.(s) — f(s)]| <e,

or [|[fo = fll <e.
(a) Expand rhs.

(b) First item shows that for any v € X, (Tu,w) = 0 for all w € X,
and thus (Tu,Tu) = 0 or Tu=0 or T' = 0.

(c) Rotation over 90° degrees in R?.
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4. (a) For any {z;} € co is | 31 migi| < ||l o0y |yi| with equality
for z; =0 for i > N or y; = 0, and x; = |y;|/y; otherwise.

(b) For any {z;} € co, imy_oo Ln{z;} = > o) @iy < oo, thus
supy |Ln{zi}| < oo. Since Ly € B(cy,C), and ¢y and C are
Banach, the uniform boundedness principle shows that ||yl =
supy || Ll < oo.

ot

. For any x € X, thanks to I — T being bounded, (I —T) Y~ T"z =
limy oo (I — T) 25:0 Tz = limyoox — TN = 2, 50 I — T is



6.

surjective. From > 7 T"(I — T)zx = limy_ye0 ZnNzo ™ —T)x =
limy ooz — TNz = 2, it follows that I — T is injective. Since X
is Banach, the open mapping theorem now shows that I — T has a
bounded inverse.

(a) [{x,2)] < ||z||||z]| with equality when = = 2.
(b) If X is Hilbert, then the Riesz representation theorem shows that
any f € X'isof the form f,. If f — f, is surjective, then previous

item shows that z — f, is an isometric isomorphism between X
and X'. Since X’ is Banach, we infer that X is Banach.



