Eixercises Functional Analysis

April 21, 2020

. Let (X, d) be a metric space and E C X be compact. Show that for any
x € X, there exists a e € E with d(z, E) := inf cp d(z,y) = d(x, e).

. Let X C R? be compact. Show that that for 1 < ¢ < p < oo, LP(X) C
L9(X), and that the embedding is continuous.

. Show that for p € [1, 00|, 7 is complete.
. Show that ¢*° is not separable.

. Let ¢y be the space of all sequences that converge to 0. Show that cg
is a closed linear subspace of £*°. Is ¢y separable?

. Show that d({z,}, {yn}) = 3200, 27" L2l defines a metric on the

1+ [2n—yn|
linear space of real-valued sequences. Show there exists no norm || || on

this space such that d({z,}, {y.}) = [[{zn} — {un}|-

. (Gram-Schmidt) Let {v;} be linearly independent in an inner product
space X. Show that {e;}, defined by

i—1
vl,ej

— epej

.

is orthogonal, and that span{e;: 1 < j <i} =span{v;: 1 <j <} for
any 7 € N.

. Show that there is no inner product on C|0, 1] that induces the L!(0, 1)-
norm on that space.
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. Which of the following expressions defines an inner product on C?[0, 1]

(being the space of two times continuously differentiable real functions
on [0, 1])

o (f.9)= [y F(O)g(t)dt
o (f,9)= [y F(Dg(t) + F'(t)g' (1) + f"(t)g"(¢) dt
and for those who do, do they give rise to a Hilbert space?

Show that || f|| := maxsepo, | f(¢)] + | f”(t)] defines a norm on C?[0, 1],
and that w.r.t. this norm, C?[0, 1] is a Banach space.

Let V' be the linear subspace of Cg[0, 1] of functions f of type f(z) = ax
for some a € R. Let 1: 2 +— 1 € Cg[0,1]. Compute d(1,V), and show
that the minimal distance is attained for several f € V.

Let V' be the linear subspace of Cgl0, 1] of functions f with f(1) = 0.
Show that V' is a Banach space. Let W its subspace consisting of
functions g with fol g(x)dxz = 0. Show that W is a closed subspace.
Let f € V be defined by f(z) =1 — 2. Compute the distance d(f, W),
and show that this distance is not attained.

Prove that Y -, # = %2 (Hint: Compute the Fourier series of f: z —
r € L&[—m, 7|, and use Parseval’s theorem).
Let V' be the linear space Cg[0,1]. Define L € L(V,V) by (Lf)(z) =

(a) Equip V' with the L>*-norm. Show that L € B(V, V), compute its
is norm, and give an f € V with ||Lf|| L1 = || L] Bv,v) |l fll 2o°[0,1-

(b) Equip V with the L?*norm. Show that L € B(V,V), compute
its is norm, and show that for any 0 # f € V, |[Lf]lz2p1 <
LI B 11 L2j0,1)-

(Supplement to the proof of Thm. 3.54)

(a) Show that span{cos®z: 0 < k < n} = span{coskz: 0 < k < n}
(Hint: Recall that Chebychev polynomial T),(t) := cos(n arccos(t))
of degree n has a non-zero leading coefficient (27! when n > 1),
and use that cosnx = T),(cosx).)
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(b) Show that span{coskxz: k > 0} is dense in C[0, 7].

(Haar basis (Alfréd Haar 1909)) Let ¢(z) := {(1) i 2 I[é),\l][[) 1k P(z) =
1 xe€]0, %]
-1 ze (%’ 1] ’ W,k(ﬂﬂ) = 2e/2¢(2£95 - k)
0 xeR\0,1]

(a) Show that U := |2 {¢es: k=0,...,2°=1}U{¢} is a countable
orthonormal collection in L%[0, 1].

(b) Show that span(Uévzgl{wM: k=0,....20—-1}U{¢}) = {f €
L2[0,1]: fl(r2-~ (k41)2-ny is constant Vk = 0,...,2Y —1}.

(c) Show that W is an orthonormal basis for L]0, 1].
Let X = {z € (*: #suppr < oo}. Define T : X — X:z —

(x1,m9/2,23/3,...). Show that T € B(X, X) and that it is bijective,
but that 7! is not bounded.

Let X,Y be Banach spaces, T € B(X,Y) be injective. Show that
T-':ImT — X is bounded iff Im T is closed in Y.

Let X1 = (X, || |]1) and X3 = (X, | ||2) be Banach spaces. Show that if
for some constant C, || ||1 < C||||2, then both norms are equivalent.

Let Y = Cg[0, 1]. Let X its linear subspace of the continuous differen-
tiable functions on [0,1]. Let T: X — Y : uw— o'
(a) Show that 7" is not bounded.

(b) Show that G(T') is closed (Hint: Let X D {u,} — u, and {u} —
w. Show that fg w(T)dr = u(t) — u(0).)
Apply a theorem to conclude that X is not closed.
Let X = Cgla,b], [ :== f — [’ f(z)de € X', and {Q,} C X' be a
sequence of quadrature formulas of the form @, f = foi) win) f (:Ugn))

(n) (n) (n)

for some a <z’ <0 < Lpiny < b and weights w; ", . .. ,w,(;;zl) e R.

(a) Show that [|Q,|| = Zfﬁ? |w§n)|.
(b) Show that if for any polynomial p, lim, .. Q,(p) = I(p), and
sup,, ||@nl| < oo, then for any f € Cla,b], lim, o, Qn(f) = I(f).
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(c¢) Show that both conditions from (21b) are also necessary condi-
tions.

(For the sequence of (n+1)-point Newton-Cotes formulas, it holds that
{]|@x]|} is unbounded, whereas for the sequence of (n+ 1)-point Gauss-
Legendre formulas, or the sequence of composite trapezoidal rules ob-
tained by subdividing [a, b] into n equal subintervals and by applying
the trapezoidal rule to each of these subintervals, the sequence {||Q,]}
is bounded, because YK (™| = STHM M — )

7

22. For inner product spaces X, Y, let T' € L(X,Y), S € L(Y, X) such
that (T'x,y)y = (z,Sy)x for all (z,y) € X x Y. Show that G(T') is
closed. Conclude that T'€ B(X,Y’) when X and Y are Hilbert spaces.

23. Let Y be a subspace of a linear space X. On X define the equivalence
relation © ~ z whenever x — z € Y. The quotient space X/Y is the
linear space of equivalence classes [z] := {z: x ~ z}. In the following,
let X be a normed linear space and Y a closed linear subspace.

(a) Show that X/Y is a normed linear space with
2]l = inf{||z +y[|: y € Y},

(b) Show that 7" € L(X, X/Y) defined by = + [z] is bounded, and
I < 1.

(c) If X is a Banach space, show that X/Y is a Banach space. Hint:
Let {u;} be a Cauchy sequence in X/Y. Being a Cauchy sequence,
show that it has a subsequence {u,,} with [ju,,,, — u,| < 27%
Show inductively existence of a sequence {z,,} C X with [z,,] =
Up, and ||z,,,,, — xp,|| < 27". Show that {z,,}, and finally {u;} are
convergent.

it+1

24. Let X be a Banach space, Y be a normed linear space, and let {L,}
be a sequence in B(X,Y) such that for any x € X, Lz :=lim, o, L,z
exists.

(a) Show that L € B(X,Y).

(b) By means of a counterexample, show that not necessarily lim,, o, L, =

L.



25. In [Rynne & Youngson, Exer. 5.8] it was shown that there exists a
non-zero f € (¢*°) with f(e,) = 0 for all n > 1, confirming the fact
that 1 — (£2) : @+ (b — Y o1 a;b;) is not surjective (we know that
the image is (¢g)’). It appears that an explicit construction of such
an f is not possible. The following comes a bit ‘closer’ to an explicit
construction:

Let ¢ be the space of be l for which lim;_,. b; exists.

(a) Show that c is a separable Banach space.
(b) Construct a non-zero f € ¢ with f(e,) =0 for all n > 1.

(¢) Conclude again that there exists a non-zero f € (£>°) with f(e,) =
0 for all n > 1.

26. Let Y be a subspace of a linear space X. The codimension of Y is
defined as codimY = dim X/Y. When codimY = 1, any element of
X/Y is called a a hyperplane parallel to Y.

(a) Show that for any 0 # f € X*(:= L(X,F)) and ¢ € F, {z €
X: f(z) = ¢} is a hyperplane parallel to ker f. It determines the
half-spaces {z € X: f(z) < ¢} and {z € X: f(x) > c}.

(b) Let X be a normed linear space, and for some r > 0, let xy € {z €
X:||z|| = r}. Show that there exists a hyperplane H > zy such
that {x € X: ||z|| < r} entirely lies in one of the two hyperplanes
determined by H.

27. Tt is known that T : L*°[0,1] — (L'[0,1]): v — (u fol v(z)u(x) dr)
is a linear (isometric) isomorphism.
(a) On C10,1] € L*>|0,1], consider §: v — v(0). Show that § €
(Clo,1])"
(b) Show that Au € L'[0,1] such that §(v) = fol
Clo,1]).
(c) Show that 3f € L*®[0, 1] for which Au € L'[0, 1] such that f(v) =
fol v(z)u(z) dz (v € L®[0,1]).

(d) Assume that L'[0,1] is reflexive, i.e. that the linear isometry
Jioq) o L'[0,1] — L'[0,1]” is surjective. Show that in this case

v(x)u(z)de (v €



for any f € LOO[O 1" and v € L>|0, 1], for w = JLl[o 1}(T’)*lg it
holds that f(v fo x) dzx, and conclude a contradiction.
(e) Show that L™ [O, 1] is not reﬂexwe.

28. Let W be a finite dimensional linear subspace of a normed linear space
X.

(a) Show that W is closed.

(b) Show that for any = € X, there exists a w € W with ||z — w| =
inf,epw ||z —v||. (Hint: Note that it is sufficient to consider v with
o]l < 2]]].)

29. Consider the odd function f, on [0, 7] deﬁned by f(z) = z(m — x)
Compute || f[172;_, - and with that, 377 and finally > >

] n=0 nG

n=0 (2n +167

30. Let Y be a closed linear subspace of a normed space X. Show that for
r € X\ Y there exists a f € X' with f(z) =1 and f(YV) =
(This property is used on many places in [Rynne & Youngson]|, for
example in the proof of Thm. 5.43.)

31. Let X and Y be finite dimensional linear spaces equipped with bases
O = {¢1,...,0n} and ¥ = {4)y,...,1,}, respectively, and let T €
L(X,Y)=B(X,Y).

(a) When » = 77" | x;¢;, show that Tw = Y 1" | yith; where § = T
and T = [i(T¢;)li<i<ni<jcm € F", and W' = {4y, ... 4} s
the basis for Y’ that is dual to ¥. The matrix T is the represen-
tation of T € L(X,Y’) equipped with ® or W, respectively.

(b) Show that {Jxo1,..., Jx¢n} is a basis for X” that is dual to
={¢},...,¢ }, being the basis for X’ that is dual to ®.

(¢) Show that the representation of 77 € L(Y’, X’), equipped with W’
and @', is given by the transpose T'.

32. (Part of the closed range theorem) Let X and Y be normed linear
spaces, and T' € B(X,Y).

(a) Show that Im T is closed if and only if Im 7" = °ker T”.

(b) Now let X be a Banach space. Show that if info,ex ”HZ;WLY > (0 and

ker T" = {0}, then T is bijective, and even boundedly invertible.
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33. Let X be a normed linear space, and U a one-dimensional linear sub-
space. Show that there exists a projection P on X with Im P = U and
I1P]| = 1.

34. (a) Let H be a Hilbert space, and let Ty : H — H' be the Riesz
operator, i.e. (Txy)(z) = (x,y)y. Show that for W C H, W° =
THWL, and O(THW) = WL.

(b) For Hilbert spaces H and K, and T' € B(H, K), by using (34a) and
[Rynne & Youngson, Lemma 5.52] show that ker T* = (ImT)*,
and ker T = (ImT*)*.

35. Let X and Y be finite dimensional Hilbert spaces equipped with bases
O = {¢1,...,0n} and U = {4)y,...,1,}, respectively, and let T €
L(X,Y)=B(X,Y).

(a) Setting Fx: F™ — X: &' 37" x;¢;, and analogously Fy : F" —
Y, show that the matrix T that represents T is given by Fy ' T Fx.
(b) Equipping F™ with (Z,¢)sm = > . , 2;y;, show that ® is an
orthonormal basis if and only if Fi' = F%. (Hint: Expand
(Fx@, Fxy)x-)
(c¢) Show that if ¥ is orthonormal, then (TZ, §)p = (T Fx@, Fy¥)y
(@ e F™ iy € F).
(d) Let ® and ¥ be orthonormal.
i. Show that the representation of 1™ is T*.
ii. Show that T* = T~ if and only if T* = T

(e) Let X =Y, & = ¥ be orthonormal. Show that 7% = T if and
only if T* =T, and T*T = TT* if and only if T*T = TT"*.

36. For a Banach space X, let A, B € B(X).

(a) Show that if AB is boundedly invertible, and A and B commute,
then both A and B are boundedly invertible (this is needed for
showing the fourth <=--implication in the proof of [Rynne &
Youngson, Thm 6.39])

(b) Give an example showing that the condition that A and B com-
mute cannot be dropped.



37. Give an example showing that [Rynne & Youngson, Lemma 6.29] is
generally not valid in a real inner product space.

38. Let H be a complex Hilbert space and 7" € B(H). Show that if (T'z, z)
is real for all x € H, then T is self-adjoint.

39. Let H be a Hilbert space. Let M, N be closed linear subspaces of a
Hilbert space H such that

a:= inf sup [(m, n) , (1)
0£meM gznen [lm]l[|n]]
V0 #n € N, I3m € M with (m,n) # 0. (2)

(a) With Qu denoting the orthogonal projector onto N, let R :=
(Qn)|m € B(M,N). Show that |Rm| > «|m]|] (m € M),
ker R* = {0}, and conclude that R is boundedly invertible.

(b) Defining P := R™'Qy € B(H, H), show that P is a projector
with Im P = M.

(c) Using that (Qyu,n) = (u,n) (u € H,n € N), and QuR™"' =1,
show that Im(/ — P) C N*. Show that PN+ = {0}, and conclude
that Im(I — P) = N+

(d) Show that Im P* = N, Im(I — P*) = M*. The operators P and
P* are called biorthogonal projectors. Note that P = P* if and
only if M = N.

(e) Conversely, let P € B(H) be a projector. Show that M :=Im P,
N = Im(I — P)* are closed linear subspaces that satisfy (1) and

2).

40. Let H be a Hilbert space. An operator 7" € B(H) is called nilpotent
when for some n € N, T" = 0.

(a) Show that the spectrum of a nilpotent operator is {0}.
(b) Construct a non-zero nilpotent operator T' € B({?).

41. For a complex Hilbert space H, let T € B(H). On p(T) = C\ o(T),
define the resolvent Rr(\) := (M —T)~' € B(H).

a ow that for alln € N, r, < ||T™||~, and so r, < liminf, o ||T™|| ™.
Show that for all n € N, ro(T) < || 77|, and so 7, (T) < liminf,, s ||T7]|



(b) Show that
Ry(A) = Rr(v) = (v = A) Rr(A) R (v),

and for A # v,
RT(AA) = fT(V) + Rr(v)* = (Rr(v) = Rr(A) Rr(v).

(c) Givenn € B(H)',set f =noRy: p(T) — C. Show that for A # v,

) = )

N, +n(Rr(v)?)

< [Inlll[Br(W)[[|| Rr(v) — Rr(A)],

and conclude that f is analytic.

(d) Show that for [A| > [T, Rr(A) = A1 >°07 ((AMT)", and conse-
quently,

FO) =271 (A ). (3)

(e) Since f is analytic, complex function theory learns us that f has
a unique Laurent expansion about the origin that is valid in every
A € p(T), and thus that (3) is valid for all |A| > r,(T).
Conclude that for |A| > r,(T), {(A7'T)"} — 0, and thus that
{(\"'T)"} C B(H) is bounded.

(f) Show that for [\ > ro(T), limsup, ,.. |7"||* < |A|, so that
limsup,, . |7"|* < ro(T), and eventually

lim |77 = re(T).

n—oo

42. Let X and Y be normed linear spaces and 7' € B(X,Y).

(a) Show that if in X, {z,} — z, then in Y, {T'z,,} — Tx.

(b) Show that if, additionally, 7" is compact, then {Tz,} — Tz.
(Hint: Assuming that the statement is wrong, conclude that there
exists an 7 > 0 and a subsequence {1, } With || T2y m) —Tz|| >
n. Now derive a contradiction.)

43. Let X be an infinite dimensional normed linear space. Show that any
set A C X that has non-empty interior is not compact.
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44. (Existence of a minimizer) Let V' be a normed space over R, K C V. An
f: K — Ris called weakly lower semi-continuous (w.l.s.c) if {v,} C K
and v, = v € K imply f(v) <liminf, . f(v,).

A set K C V is called weakly closed if {v,} C K and v, — v imply
veE K.

(a) Show that the norm on V' is w.l.s.c. (Hint: given v € V| select a
suitable £ € V).

(b) If V is reflexive, K C V is bounded and weakly closed, and
f: K — Ris w.ls.c, show that there exists a u € K with f(u) =
inf,er f(v). (Hint: Consider {v,} C K with lim, . f(vn) =
inf,er f(v).)

(¢) Show that in the previous item the condition of K being bounded
can be omitted when f additionally satisfies f(v) — oo for ||v|| —
oo. (Hint: Pick any vy € K and consider K, := {v € K: f(v) <

f(vo)}-)
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