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. (4pt) Prove that for a non-empty subset E of a Hilbert space H, it holds

that Sp E = H if and only if E+ = {0}.

. (4pt) Recall that for a non-empty set S, and a normed space X, Fy,(5, X)

is the normed linear space of bounded functions f: .S — X equipped with

[flle = sup{[|f(s)]|: s € S}.
Show that F,(S, X) is a Banach space when X is a Banach space.

. (6pt) Let X be a complex inner product space, and T: X — X be a linear

operator.
(a) Show that for any u,w € X,
HTu,w) =(T(v+w),u+w) — (T(u—w),u —w)
+¢0Tm+4wxu+w»—(nu—mmu—m@)

(b) Show that (Tw,u) = 0 for all w € X, implies that T = 0.

(c¢) Give an example that demonstrates that (3b) is generally not true in
a real inner product space.

. (6pt) Given {y;} C C, for N € N, let Ly : {x;} — sz\; ZiYi-

(a) Show that Ly € ) with |[Lylle = S0, Jyil-
(b) Suppose that for all {z;} € co, it holds that ;. z;y; is convergent.
Prove that {y;} € ¢*.

. (4pt) For a Banach space X, let T € B(X). Assume that for any x € X,

ano T"z is convergent. Show that I — T is boundedly invertible.

. (6pt) Let X be an inner product space.

(a) Show that for any z € X, f,(z) := (z,2) defines an f, € X’ with
1f=llxr = llzllx-

(b) Show that z — f,: X — X’ is surjective if and only if X is a Hilbert
space.



