
Summary : HB (extension of l in functionals)

Corot : Let X normed 1in . sp. W 1in subspace , fw C- W
'

.

Then F extension f× EX' with Hf×K×, = Hfwllw , .

Corot : With X & W as above
,
let ace X with 8 :=fnefwHx -WH >o .

Then Ffex ' with KfH×, = I g f@ 1=0 g

f- ⇐ 1=8 .

Corot :

a)ttxEXlo3FfEXlwithf@I-kxllandHfHx-ibjHoceX.l1×11 = sup flfcx, l : HfH× , E i 3

c) Fact y ex , Ffex
' with fan # fly) .|

,mpa, yay , . . .pgµ, , , µ, ,µ , ,



§ 5.5 Second dual
,
reflexive spaces , and dual operators

For X normed tin space , X
' and so X

"

IX ' )
' (seconded) are

Banach
.Is X" F X ? (isometric isomorphic )

temme Hoax def Fa:X
'
-F by Fec =f⑦ .

Then Fae EX
" and HEcH×u=HxH× ,

prod Fac is linear . IEA ) I = If I Ekfllx , Axl!× g
so Fz EX

"

with 11 Fall e Hoch
×
.
Even

Hall
,
a sup t fail a sup IE# l

'

all fall
,"

J { f-EX 'iHfH× , El }ffEXliHfHxF4HBPefJj.X-sX4byJx@cjEfz.Islinear and isometry .

If ran ]×=X
"

g
le

. J× is isometric isomorphism , then X

is called reflexive . I TextX".
I

Mirror



remade When X isn't Banach
,
then not reflexive ,

remade If d.mx eos , then reflexive . Indeed
,
we know

dim X = dem X' = dem Xd"
g
and dim@an J, ) =dim X

P
( using dual basis)

because isometry ,

[Hib q refl . norm space 9-Banach Ensopramceed]
The Any Hilbert space H is reflexive .

proof Recall Riesz map TH : H- H' and Sim
. Ty . : H's H" by

C) City Koc ) - easy >
y g ⇐ fkgt-eg.fi#=eII'f,TIgsH

THI
TH ITH ,

are conjugate 1in
.

isometric isomorphisms . So any YEH
"

is of the form 4 = Ty , TH y .
Now

(2) Ca )
4cg) - (THI y )(g) = ey ,II ' g >* = gcy )

or y Ee Tay) .
In other words

, /T*=T#f and so
surjective . ty
-

Thin For pears) is LP reflexive .(exec .) (generalization above prop. )
(use that for PEE gas) XP )

'ele )



The Let X Banach .
Then X refl .⇒ X

' refl .
proof . ⇒
X refl . means theex" FaceX s

.

t 4=7×04 i.e
. Y# Is fcx) Hfe X'

X" reft means Vg EX
"

IfeX
'

s.t.pl#I=yLf)VyeX
⇐ a J = I Cf) Hoax

it

fees
which holds true for f -go ]×

⇐ Suppose X is not refl . Then F Y EX" Iran Tx .

Since X is Banach
,
ran ], is Banach ,

so closed in X"
.

So FyeX
" '
with y Cran 3×7=0 I fo (HB)

9 = Ty . f) for some f.EX' ( because X' refl . )

ttxex it holds fed a#xlkf) = × ,
f)Deo )

P
def Tx .de/fJx , ⇒DM" ) - O

⇒ f- = o ⇒9=0 Z D



The Let y closed In subsp of reft . X .
Then y refl .

proof Any elem from y ' is ofthe form fly for some FEX
'

.

( indeed such fly a-y
'
,
and given an

element from y
'
, you can extend

it to an elem from X' LHB))

so to show that Hgey " F ye y s-

t

g (fly ) = fly) Hfe X
' )

Let gey
"
.
First we extend grey

" to some of EX
"

:

Def off ) - gtfly) . Then I gift le kgHy" II fly "y, E Hgllyutlfllx ,

so ofEX
"
.
X refl , so Fxex with Edf) - fcx, ttfex '

Remains to show ace Y . Let x # y . y closed , so FFEX
' with

fly 1=0 & feel = I ( HB) .

A = fee ) = off ) - gffly ) = O f D

↳
O



Def Let 0¥ We X g
0/42 EX'

. Annihilators of W or 2
are

No = ffex '
: fed -- o Hxew }

02 = fxex : fed =o Hfe 23

( for X Hilbert is fex) of the form ex,y > , so annihilators
generalize orth . complements)

Lemmy Let 0¥ ME WzEX g
0=2 , EZ EX

'

.
Then

a) WE E W? g %zE°Z ,

b) he
,
EH? ) and 2

, ECZ ,
)°

c) Wi & 02 , are closed kn subspaces,

exercise
.



(compare : For a closed subspace Y of Hdb Hg Y
#
= Y )

The Let W and 2 be non -empty dosedlinsubspaces of X or X!
Then 0@O) = W g

and ifxseflexue , 925=2

proof oooo Let PETWO ) 1W.

W dosed
,
so FFEX' with far-offHo

(HB)
so few° and p # two) Z .

• Let ge 912
.

2 closed
,
so FYEX" with 424=0,418749*3,b

(doesn't mean yet)

X refl , so ye J×Lq) for some qEX .

Hf c-2
,
one y =fLq) so qe°2 ,

and

0¥ 4cg ) = gig) so get
°

Z . D

Next
, for X= Co , we construct closed subsp 2€ X

'

with 92)°= X "
.

So X refl . necessary for 2nd statement .



Recall T : l
't
- co

.

:{ an} m ( { bn} a- II. anbn ) is

linear
,
isometric isomorphism

( for pears) adem for lE→ @P )
' )

Let V :={fan } El' : ?@Yan -03 is proper, closed subs l
't

,

so 2 : > TLV) is proper , closed subspace Col .

Let Spiez - { 9%3 Eco : fdq37=o Hf ETH) }

= { " : § an Pne Afan ) EV }

Taking ,
for any k , fan} - eaten ,

⇒ put , = - Pu Hk .

From km pn=o ⇒ Spn 3=0 .
So 02=901

,

but then 925=6' ¥2 .

Cord : co non -refl , and since closed in LA
,
also

led non - refl .



Summary : X normed tin
. space .

F.④ EX
"

by F.④f) = fed

]× : X →X " : x 1→ Exec ) is kn
. isometry .

X is called reflexive when I× is isomorphism

The X Banach .
Then X refl ⇐ X ' refl .

The Closed In subsp of refl es refl .

For WCX
,
Z c X

'

,
annihilators WE X '

g
Z CX

are defined by . - .

The W
,
2 dosed subsp of X & X ' .

Then TWO)=W ,
and

, if X is refl g (2)0=2


