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ThenT

'
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red In exerc .
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,
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Latter

L
can be viewed as gener. of T't to normed ( in spaces .
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= (rant)° b) KerT = IranT' )
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b) exec . (HB needed)



The teBL.gg/soX-Y ⇒ Hey ,

a) T isomorphism ⇒ T
'

isomorphism
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"
e
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lemme TEBLX,y) . Then Ty ?T = T
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Y " Y X Y
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pf txex , f E Y
'

Jyltxtf) - f-Ex ) = @
' fkx) =L, (Tf) - tf

"

] ft

Corot If XEY ,
then X refl # Y refl

proofs X EY means Flin isomorp .

T :X→ Y , so

T
"

:X
"
- y

' ' Im lsomorp .

Let X refl
,
i.e . Tx 1in Csometric) isomorp .

Then Ty a T "oJ×o T
' kn isomorp .

Cord : l
't
non - refl .

T

proof co non -refl , and so co
'

non - refl (Banach X is refl

and co
' elk

.

⇐ X
'
is refl )



§ 5.6 Projectors and complementary subspaces (not dear why
part of Chs )

Def X l in space . Subspace U , U are called complementary
when X = U⑤ V.

( i.e . HocEX F! yell , yeEV
with x=U×tV× )

lemmy P:X to use is a projector (i.e .

P is linear
,
and PEP )

(the projector on U along V )
and I- P : x to V

,

lemme P prog
'

⇒I-P proj .
ran P = Ker I-P

Ker P = ran I-P

tenma If P :X-X is proj , then her P & her I-P are
complementary

so I - I correspondence between complementary subspaces
and projectors .

Def X normed l in space , then U &V are called topological
complementary if P is bounded .

In that case U & V closed ( because kernel of bmoaupndgd tin



tenma X Banach
,
X= Uto V and U

,
U dosed

.

Then U
,
V topological complementary .

proof Let P be corr
. proj onto U (so I-P proj onto V)

we show GCP ) closed in Xxx
.
Then ctosedgraphtheorem

shows P bounded
.

Xxx
u

Let fog , Psg )→ (x , y ) . Then from U closed
,
it follows yell .

From x -y = l im CI-P) xn and V closed
,
it follows x-yet

so o = Pfc -y) = Pac - Py a Poc - y or c- GCP) .

Recall : lemme H Hills
,
U dosed In subsp , then U & l't topol . comp!

pref Pi H→ U : x ↳ best app from U is orth proj .

In contrast : In Banach X
,
a closed subsp U not necessarily

has a topological complement . Ee : X =L
's

, .U= Co .

(proof not easy )



Irightharpoonup
§ 5.7 Weak & weak-* convergence

lstaderelfast3ft right .. . I

skip Lemma 5.67 and everything related to metric dfw on X !

Def X normed ( in space .

a) . fog } cX converges weekly to xex when Iim fkn)=f④ Hfex
'

b) ffn} ex'
n weak-*_ to f-ex' when km f.③ = fee, Hoax

Notations : Lan 3 - so
g fn Es f .

⇐a) weak and weak-* limits are unique

b) weakly con u . Seqare bounded ; and so are weak -*
come

seqswhenxisB-anachproof.atfn Es f g
fn E g ,

then fcxtegcx ) Hx ⇒ f-g
kn - se g og-y ,

then HfEX ' f@-y)⇒ ⇒ x=y CHB)

b) Let an ox .
Then Hfe X'

, sup { feed in Seo . fkn )=] tf)
{ I × Een) : new ) CX

"
a BH , F) . Unf.bound.pr-in.pe

shows fll Tweens 11×4 in I bountdedl Banach ,
and Hxn 11×-117×4411×1 , .

Let fn If .

Then toe
, sup ftfncx, I in } es . Applyunef.boundp.us

ing X
's BCX, IF) & XBean .



temma fan} → x ⇒ soon I - x ( and⇐ when dim Xecs)

{ f. I → f ⇒ Sfs ? - f ⇒ Sfn3Ef
⇐ when X is refl )

proof If x.→x , then VFEX
' Ifan, -fcsglehftlllxn-all so

If dim X es
,
let fol

. .→ lol basisX ,

with dual basis 361,4130¥ '
.

M m

Then an = ? 0.1cg , Iq. . If xn- x. then 01!@g)→ Oils,
and so og→ x

If fn → f , then fn - f . Latter means glfn ) → gcf )

for all g EX
"

,
so in part. , Tx In ) → Tpe) Cf) g

i. e.
, fn Ef .

Both statements equiv when X refl .



props .

Let H Hilbert
.

a) xn - x ⇒ each , y > → easy > Fy

b) If dim H=D and Sen } orthon - seq ,

then en -o

( so generally weak cone is weaker than convergence )
proofs : Exec

.

-
n
.
-
--

Lemme Let sax with SpT=X .

Then if ffn3cX'
is bounded

,

and { fins , } converges ASES .
Then Ffex

'

s.tffn3Ef.pro#LetC:=supfHfnll*.:nEIN} . Let KEX. We show {f.④3 come .
Let e > o be given .

Fte Sps with hoc -the # .

I f-neo - fmecslelfneci-fntjltlfntt-fmtslttfmttt-fn.ec, I
⑤ ② ③

①&③ e SE . t is finite tin comb , of SES .
So for n ,

m large

enough , ② e F .
So Ifn@33 Cauchy in #, so come .

Def feel : slim fix ) .
Obu felt

,
I facile supftfncxsl : n } ECIbell

so f EX
'

D


