
Summary - Te BK,y) then dual T
'

by LT'fKxI=fEx) is

in Bly ' , X ' ) and HT'll = 4TH
. If T

- ' exists
,
then

I ' )
- '
= LT- ' J .

- Kent =Trant ' )
,
Kent ' e (rant)° (annihilators ) .

- T (isometric) isomorphism ⇒ T
'

(isometric) isomorphism .
g.
evaluation Mapps

-
X -y ex reft ⇒ y refl (use JyT=T"Tx) .

- complementary subspace UN of ten space X : X=U⑤V
.

I - I corn with projectors .

-

U EV are topological comp I when P : x↳ use is bounded .

- Banach X=U⑤V ell eV closed ⇒ Uav top comp!

{ an} - x when freq ) → Ax, Hfex ' .

{ fn } Ef when feel → fee , ttxex
.

( weak or weak-* convergence )



props .

Let H Hilbert
.

a) xn - x ⇒ each , y > → easy > Hy

b) If dim H=D and Sen } orthon - seq ,

then en -o

( so generally weak cone is weaker than convergence )
proofs : Exec

. #

Lemme Let sax with SpT=X .

Then if ffn3cX'
is bounded

,

and { fncs , } converges ASES .
Then Ffex

'

s.tffn3Ef.pro#LetC:=supfHfnH*.:nEIN} . Let REX. We show {f.④3 come .
Let e > o be given .

Fte Sps with Nx- t
.
He # .

I f-neo - finagle lfneci-fntsltlfntt-fmtolttfmttt-fn.ec, I
① ② ③

①&③ e SE . t is finite tin comb , of SES .
So for n ,

m large

enough , ② e F .
So Ifn@)) Cauchy in #, so conv .

Def feel : slim fix ) .
Obu felt

,
If le sup ftfncxsl : n } ECIbell

so f EX
'

. D



TI Let X separable normed 1in - space . Sfnkx ' bounded .

Then ffn } has a weak -* convergent subseq .

( generalizes Bolzano -W . for finite dimensional X' )

proof Let fsuT=X . { fits , ) } is bounded seq in F, so (Bw)
has a convsubseqffn.cm ,@ ,

) : MEIN} . { fn.cm, : MEIN }
has come subs ffzcmgcszj c. MEN } etc .

{ fn : n } • a e . . . o e - - - -

{ fn.cm; m ) Me o.O . ⑤ .
- -

{ fzcmjm} ④ a ⑥ . . . ① .
- - -

{ frying :m } ④ .
o

- -

( \
I

consider 'diagonal
' f fnmcm , : MEIN } .

Hk is ffnmcm,# im } come
,
since form>k it is asubseq

of ffnu.cm, Lsu) : m ) .

X - Tsu} ESE ,
so prev .

lemma shows ffnmcm, f
for some ft X

'

.



The Let X reft and 9*3 CX bounded
.
Then 9%3 has

a weakly come sub seq.

( generalizes B -W when dim Xeco)

proof
=pSxT3

.

is separable (¥ ,

{ 7k xoxo : aiEQTIQ ) is dense),
and refl ( because closed in reft x) . So y

"
is separable,

and so y
'

separable (was a cons . of HB) .

{ Tycoon ,} bounded seq in Y
"

,
so

, previous thing Fsubseqffycxm.gl}
that is weak-* converge to some gey

"

,
thus to some ]y② forsomezey

(because Y is reft ) . For each fell ' , it holds fly C- y
'

g
and so

I'm fkn@, I =hmftylxncmD-hmDyKn@pHflyJ-TyeHflyJ-ftyLzkfEdgl.e. fan@, }-z .

D



Chb Lin
. operators on Hilbert spaces

H
,
k Hills

. TEBLH
,

k) . We show 7 ! T
't

,
theadjoint ofTg

e Tac
, y >k =

ex
,

#
y >* ⇐EH , YEK)

lulncqueness 9 . Existence : Recall Riesz TH : H → H '

by
(Tfy )@c) = easy>* is bijective

,
isometric

, conj linear .

Recall T isomorphism⇒ dual T
'
is isomorphism .

A M q
-

H M' k
'
k

props a)TETI 'T
'

Ty C- Blk
,
H) & IIT

*

11=11TH

b) LT't )
*
=T

C) T isomorphism ⇒ T
't

isomorphism
proof ex

,TI 'T
'

Tkysk = (T
'

Thy)⑦=Iky7Cx ) -etc,y>y

TI 'T 'The c- Hk, H) & KII 'T
'Tell = HT 'll = 4TH .

b) ex , My >
*
= e.Tix

, y >k=ey,Te=eTyTx¥=esgTy¥
c) Tiso ⇒T

'
so⇐T

't
150

•
T
't

, so ⇒ LT't )*=T ISO
.



lemme H
,

K Hilbert
, T.IE BCH,k)

a) (MT. tdTz)*=pt TTIITE (so BHC, k )→ BLK,H ) :TtsT*

is conj linear isometry)
b) TEBLH,k ) SEBCK

,
Z) ⇐ Hdb)

then @TJ*=T*s*
.
←

of . kert rant ')

c) HT*TH= HTIR d) kerT=@anT*)t
e) kente (rant )

-1

f) Kent's ⇐ rant -K

g) WhenT.orequeu.TT isomorph .

,
then

' ELT- 1)* .

Pif c) HTT KENT* until#Taz
tcf

.
LT 'T ⑤ ' I '

KTxk2=eTx.TK> = ex,T*Tx> e 11×112115×711

d) From e.Tx ,y > = ex ,T*y> follows xekerT⇐xe@anT*f
⑦

f) Kerth fo} ⇐ (rant )t=9o3⇐, k=@anT)
-7-rant
-true for any subsp

g) Let TT
- '
EI

,
then I=I*=LTT ' Hee- 1)* Tt

Anal
. THT- 1) * - I .



Prep H
,
k Hdb

. Fqe a) T invertible

b) Kent* = fol & Faso HTsell 2 a Koch

proof a) ⇒ b ) rant = K ,
so kerT*=(rant)±= So ?

Invertible means bounded ly invertible Copen mapping)
so Koch E HT 'll kTock

.

b)⇒ a) kertao > ⇒ rant = K

second prop shows T is injective , and rant closed e

.

Let 3Txn } → y .
Then 9Txn3 Cauchy , so 343 Cauchy

so convergent to some x ,
but then y=Tx . D

An mxn matrix A is an element of Bff?Fm) . mtg
From

< AE.IS#m=eE, Atty Spa (toe
, y)

it follows that A-
*

= AT .



Def TEBCH) = BCH,H ) is called normal when TT¥T*T
.

Prof Ift is normal , then Ktx 11=117×11 Hoc

pref HToc IR- HT'5clR= etc
,
Tx > - eT*x

,
Ttx >

= ex
, (T*T - TT

't ) x > =o B

Def TEBCH ) is called self-adjoint when T=T*

Prod Sets of self-adjoint operators in BCH) is closed .

proof Let soft} →T .

Then { If } →T't

( Il Tn -T 11=1113*-5*11 )
,
so 9Th ) →T't.

Prof Let TEBLH) .
Then TT't

,
#Tg E Itt

't )
g Iz (T-TD

are self-adjoint

( T=EEtT*) to Iie-t) )



Def TEBLH ) is called unitary when T*=T
- '

.

Lemma Let It a complex Hilbert space ,
TE BCH ) .

-

Then <Tx
,
x > = o Hoc ⇒ To

proof exec .

6.8

(nottrue for real Hills : rotation over go° in R2)

Prep H complex Hills. space . TEBCH) . fee right-shift
a) T*T=I ⇐ T is isometry

Got unitary)

b) T unitary ⇐ T is isometric isomorphism

proof a) ⇒ HTxlf=eT*Tx
,
X > = 11×112

⇐ e TtTx
,
so = HTxlR=ex

,
x >

. Apply previous prop
onto I-T'T

.

b) ⇒ Unitary implies isometry by a) . Unitary map is invertible
.

⇐ T*T=I by a) .
write yIx

TT
*

y
de TT*Tx = Tx = Y D

Prof Set of unitary operators in BCH ) is closed . Proof exer .



Spectrum of an operator

A complex Hilbert space , Te BHC )

• Spectrum of T g OE ) : = { KEE : T-AI not invertible }

- C)x) is eigen pair of T when Tx =Dx & x#o

(eigenvalue, eigenvector)

Then kerf- II ) ¥ So) so dEOE )
.

•
Other possibility for XEOLT) is ran E-DI ) # H (not when

dem Hed)
IF

For X normed kn space ,
TEBLX) go.LT/:=fdEEiT-dI not

boundedly invertible)
so another possibility for de -047
L



E

Prep a) OLT) E fzelc : lzlelltk } /- KT"

b ) OCT is closed

c) oft ) = LI : dealt ) }

proof a) For Hl > ATH is 115 'T Hel so

I- d-
' T inv

,
but then T-dI inv

.

b) Let T- XI inv ( i.e . d # OCT) .
Then

T-µI = T-ditch-A)I =(THI) (Ita-m) IT)

is nub when Id -pile HCT- II)
- " H
- I

c) T-XI inv ⇒ CT-II)*=T* -II Inu .

exe S :LIE:(x.gxz , - - - Insco , x.pg. - - )

(Soc )
,

=@ x )
,
⇒ x.⇒ g Coachella! ⇒ xz=o etc .

→ S has no eigenvalues
57

. .ec, ,xz ,
- - - ) - Gczpcz , - -- )

SFC
= Xx Xz=dx , , xz=dxz , - -- - ⇒ x.=L , d ,d?- - - r ) ELZ

Iff Idle I



115*11=1
.
So { DEE : Idle i3 c- OSC't ) s { TEE : Idle i3

and Oct ) is closed ⇒ of* I = { KEE e
. Idle i } ,

and so 0$ ) = f decl :X let } .

=

Thin a) off) ) =p@LT) ) for any polymeal p .

b) When T is invertible
,
then of ' ) =L Mm : MEof )}

proof
a) When pest thenoCpLtD-o@stII-cstoLII-cst-pCtTD.Solet p # Cst .

Fixing de E ,
let get d - plz) = c E-M ) . . . . Hun ) with c to

Cothern p =D)
Then def of LTD⇒ XI- pit) nub ⇐ qe) nub

⇒ LT-m.
I ) - - - - - Eph II nub (⇒ E-MI) surj and

E-ME) - - - EphI) inj , but
⇒ T-MI , --

-
- -

gTANI nub since they commute ,
both by

⇐ fZEE : q⑦=o} a 047=01

⇒ { ZEE : d=p②3 no =0 ES DEI PELT))

b) For µ fog µ- ' I-T
'
= -T

'

pi
- ' (MI-T) , so µ-

'
Eof ' )⇒
ME OCT)

Use of of - ' ) .


